arXiv:hep-th/0309267 v1 30 Sep 2003

LPT Orsay September 2003 hep-th/0309267

Classical Liouville action on the sphere with three hyperbolic singularities

Leszek Hadasz^1 Laboratoire de Physique Thèorique, Bât. 210, Université Paris-Sud, 91405 Orsay, France and M. Smoluchowski Institute of Physics, Jagiellonian University, Reymonta 4, 30-059 Kraków, Poland

Zbigniew Jaskólski^2 Physics Institute University of Zielona Góra ul. Szafrana 4a, 65-069 Zielona Góra, Poland

Abstract

The classical solution to the Liouville equation in the case of three hyperbolic singularities of its energy-momentum tensor is derived and analyzed. The recently proposed classical Liouville action is explicitly calculated in this case. The result agrees with the classical limit of the three point function in the DOZZ solution of the quantum Liouville theory.

1e-mail: hadasz@th.if.uj.edu.pl 2e-mail: Z.Jaskolski@if.uz.zgora.pl

1 Introduction

In the last few years a considerable progress in the Liouville theory has been achieved [1]. The solution to the quantum theory based on the structure constants proposed by Otto and Dorn [2] and by A. and Al. Zamolodchikov [3] was recently completed by Ponsot and Teschner [4–6] and by Teschner [1, 7].

On the other hand there exists so called geometric approach originally proposed by Polyakov [8] and further developed by Takhtajan [9–12]. In contrast to the operator formulation of the DOZZ theory the correlators of primary fields with elliptic and parabolic weights are expressed in terms of a path integral over conformal class of Riemannian metrics with prescribed singularities at the punctures. Some of the predictions derived from this representation can be rigorously proved and lead to deep geometrical results [13–17].

In spite of these achievements the relation between both approaches is not fully understood [18, 19]. This in particular concerns the problem of path integral representation of the Liouville correlators with hyperbolic weights which in order requires an appropriate choice of the Liouville action functional. A step in this direction was done in our previous paper [20] where we constructed the classical Liouville action satisfying the Polyakov conjecture in the case of hyperbolic singularities.

In the present paper we calculate the classical Liouville action for three hyperbolic singularities and show that the result agrees with the classical limit of the corresponding DOZZ three point function. In the case of three singularities the monodromy problem considerably simplifies and the solution can be find in terms of hypergeometric functions [21]. It shares all the properties required by the construction of the Liouville action and the proof of the Polyakov conjecture given in [20].

The organization of the paper is as follows. In Sect.2 we briefly describe the SL(2, R) monodromy problem for n ≥ 3 hyperbolic singularities on the Riemann sphere. The singularity structure of the corresponding solutions to the Liouville equation is analyzed. In Sect.3 we present the essential steps of the construction of the classical Liouville action and calculate its partial derivatives with respect to the conformal weights. In Sect.4 we derive the solution to the monodromy problem in the case of three hyperbolic singularities. The corresponding solution to the Liouville equation defines a singular hyperbolic geometry on the sphere. We illustrate the structure of the closed geodesics and the singular lines of this geometry on two examples. In Sect.5 we find an explicit expression for the classical Liouville action and compare it with the classical limit of the DOZZ three point function invariant with respect to the reflections α → Q − α.

The classical Liouville action proposed in [20] can be easily generalized to the case of an arbitrary number of elliptic, parabolic and hyperbolic singularities on the Riemann sphere. The results of the present paper provide additional justification for this construction. The path integral representation of correlation functions based on this action functional may provide a new insight into the geometric content of the quantum Liouville theory and is certainly worth further investigations. Also the classical theory itself rises some interesting questions concerning the existence and the uniqueness of regular solutions to the SL(2, R) monodromy problem. Let us finally mention that the classical solutions with hyperbolic singularities are of interest in 3-dim gravity where they describe multi-black-hole configurations [22–26].

2 SL(2, R) monodromy problem

The construction of the Liouville action proposed in [20] relies on solutions of a special monodromy problem for the Fuchsian equation

∂^2ψ(z) + 1 8β T (z)ψ(z) = 0 (1)

where T (z) = n∑ j=1 [ Δ_j (z − z_j )^2 + c_j z − z_j ] (2) is assumed to be regular at infinity and Δ_j are hyperbolic conformal weights

Δ_j = 2β(1 + λ^2_j ) , λ_j ∈ R , j = 1, ..., n . (3)

The problem is to adjust the accessory parameters c_j in such a way that the equation (1) admits a fundamental system of solutions with SL(2, R) monodromies around all singularities. If Ψ(z) is such a system with Wronskian normalized to 1, then for each singularity z_j there exists an element B_j ∈ SL(2, R) such that the system Ψ^j (z) = B_j Ψ(z) has the canonical form Ψ^j (z) = ( ψ^j_+(z) ψ^j_−(z) ) = (iλ_j )^{− 1}2 ( e^i2^{ϑj} (z − z_j )^12^{(1+iλj )}u^j_+(z) e^{− i}2^{ϑj} (z − z_j )^12^{(1−iλj )}u^j_−(z) ) , (4)

where ϑ_j ∈ R. u^j_±(z) are analytic functions on the disc D_j = {z ∈ X : |z −z_j | < min_{i, i≠j} |z_i −z_j |}

such that u^j_±(0) = 1. Each system Ψ^j (z) defines by the formula e^{− φ(z,z̄)}2 = ± i √ m 2 ( ψ^j_+(z)ψ^j_−(z) − ψ^j_+(z)ψ^j_−(z) ) (5) the same single-valued, real solution φ(z, z̄) to the Liouville equation

∂ ¯∂φ =^m_2 e^φ . (6)

In the case of hyperbolic weights the singularity structure of φ can be described by means of the multi-valued conformal maps

ρ_j(z) = ( ψ^j_+(z) ψ^j_−(z) ) 1_{iλj} = e ϑj λj [ z − z_j + c_j 2Δ_j

(z − z_j )^2 + O ( (z − z_j )^3 )] . (7)

Singularities of ρ_j (z) on X = Ĉ \ ⋃_n j=1{z_j } are branch points of infinite order located at zeros of ψ^j_+(z) or ψ^j_−(z). In spite of this complicated analytical structure one easily checks that the metric e^φd^2z coincides with the pull-back of the metric

λ^2_j d^2ρ m |ρ|^2 sin^2 (λ_j log |ρ|) (8) by the map ρ_j (z). We shall briefly discus the consequences of this fact.

The only singularities of the metric e^φd^2z are closed, non-intersecting smooth lines with the following properties:

• the locations z_j of the energy-momentum tensor singularities are the only limit points^3 of these lines;

• there are no regions in Ĉ bounded by singular lines which do not contain at least one point z_j ;

• none of the singular lines which separate z_j from all other points z_i, i ≠ j contains branch points of ρ_j .

Let Σ_j be the “most distant from z_j ” singular line around z_j , defined by the property that there are no singular lines separating Σ_j from all the points z_i, i ≠ j. Σ_j is an inverse image of one of the singular lines of the metric (8) on the ρ plane:

ρ_j (Σ_j ) = {ρ ∈ C : λ_j log |ρ| = πl_j}

for some l_j ∈ Z. It follows from the behavior of the hyperbolic geometry near singular lines that there exist a closed geodesic Γ_j separating Σ_j from all other “most distant” singular lines Σ_i, i ≠ j. Then Γ_j = ρ^{−1}_j ( {ρ ∈ C : λ_j log |ρ| = π(l_j +^1_2 )} ) and the map ρ_j is invertible on the hole H_j around z_j :

H_j = ρ^{−1}_j ( {ρ ∈ C : λ_j log |ρ| ≤ π(l_j +^1_2 )} ) The geometry on H_j is therefore isomorphic to that of the metric (8) on the disc {ρ ∈ C : λ_j log |ρ| ≤ π(l_j +^1_2 )}.

The region “between the holes” (H_i ∩ H_j = ∅ for all i ≠ j): M ≡ Ĉ \ n⋃ j=1 H_j (9)

carries a hyperbolic geometry with geodesic boundaries. It is however not guaranteed that for n > 3 there are no line singularities in M. We say that a solution to the SL(2, R) monodromy problem is regular if the corresponding metric e^φd^2z is regular on M. Note that in the case of three singularities any solution is regular.

3 Classical Liouville action, n ≥ 3

Each regular solution to the SL(2, R) monodromy problem uniquely determines the region M ⊂ Ĉ (9). We start from the standard Liouville action on M

S_L [M, ϕ] = 1 2π ∫ M d^2z ( ∂ϕ ¯∂ϕ + m e^ϕ ) + 1 2π ∫ ∂M |dz| κ_z ϕ , (10) 3with respect to the flat metric on the complex plane

where d^2z =^i_2 dz ∧ d̄z and κ_z is a geodesic curvature of ∂M computed in the flat metric on the complex plane. For finite locations z_j of hyperbolic singularities M is unbounded and one has to impose an appropriate asymptotic conditions on admissible solutions. It can be done by means of the modified action

S^∞_L [M, ϕ] = lim_{R→∞} S^R_L [M, ϕ] , (11)

S^R_L [M, ϕ] = 1 2π ∫ M^R d^2z ( ∂ϕ ¯∂ϕ + m e^ϕ ) + 1 2π ∫ ∂M |dz| κ_z ϕ + 1 πR ∫ |z|=R |dz| ϕ + 4 log R ,

where M^R = {z ∈ M : |z| ≤ R}. The stationary point of this functional φ(z, z̄) is given by the formula (5). In the case of regular solution it defines on M the hyperbolic metric e^φd^2z with geodesic boundaries.

On each hole H_j there exists a unique flat metric with the only singularity at z_j such that the boundary ∂H_j = Γ_j is geodesic and its length is 2π^{λj√}_m . It can be constructed as the

pull-back by ρ_j (z) of the metric^{λ2j}_{m |ρ|2} d^2ρ. Its conformal factor is given by the formula

φ_j (z, z̄) = log [ λ^2_j m |ρ_j (z)|^2 | | | dρ_j(z) dz | | | 2] (12)

and satisfies the sewing relations along the boundary:

φ(z, z̄) = φ_j (z, z̄), n^a∂_aφ(z, z̄) = n^a∂_aφ_j (z, z̄) for z ∈ Γ_j . (13)

Using the expansion (7) one gets

φ_j (z, z̄) = log λ^2_j m − log |z − z_j |^2 + c_j 2Δ_j

(z − z_j ) + c̄_j 2Δ̄_j

(z̄ − z̄_j ) + O ( |z − z_j |^2 ) . (14)

We define on H^ϵ_j the regularized classical action

S^ϵ_L [H_j , φ_j] = 1 2π ∫ H^ϵ_j d^2z ( ∂φ_j ¯∂φ_j + m e^{φj} ) + 1 2π ∫ ∂H^ϵ_j |dz| κ_z φ_j + (λ^2_j − 1) log ϵ . (15)

The complete classical Liouville action for hyperbolic singularities then reads

S_L [ϕ] = 4β lim_{ϵ→0} S^ϵ_L [ϕ] ,

S^ϵ_L [ϕ] = S^{1/ϵ}_L [M, ϕ] + n∑ k=1 S^ϵ_L [H_k, φ_k] . (16)

The action above differs from the one proposed in [20] only by a function of λ_j . This can be easily verified using the indentity ∫ H^ϵ_j d^2z m e^{φj (z,z̄)} = 2πλ^2_j ( log r_je^− ϑj λj − log ϵ ) = −2πλ^2_j log | | |r^{−1}j dρ_j dz (z_j ) | | | − 2πλ^2j log ϵ

valid for ϵ small enough. The difference is due to the fact that the line integral in (15) extends over the entire boundary of H^ϵ_j and not only over Γ_j .

With the help of the sewing relations (13) one can rewrite the classical action S^ϵ_L [φ] (16) in the form

S^ϵ_L [φ] = 1 2π ∫ M d^2z ( ∂φ ¯∂φ + m e^φ ) + 1 2π n∑ k=1 ∫ H^ϵ_k d^2z ( ∂φ_k ¯∂φ_k + m e^{φk} ) (17)

+ 1 2π n∑ k=1 ∫ |z−z_k |=ϵ |dz| κ_z φ_k + ϵ π ∫ |z|=ϵ^{−1} |dz| φ − ( 4 + n∑ k=1 (1 − λ^2_k) ) log ϵ .

It follows from (5) and (12) that

φ = − log m + . . . , φ_k = − log m + . . . , (18)

where the dots denote the m−independent terms. This implies that the integrals in the first line of (17) do not depend on m. The only source of m dependence of the classical action are therefore the line integrals in (17) and consequently the m−dependent term in S_L [φ] is

− 2β π log m n∑ k=1 ∫ |z−z_k |=ϵ |dz| κ_z + 2ϵ ∫ |z|=ϵ^{−1} |dz| = 4β(n − 2) log m . (19)

As was shown in [20] the classical action (17) satisfies the Polyakov conjecture

∂S_L [φ] ∂z_j = −c_j . (20)

Once the accessory parameters c_j are known the relations (20) allow to compute the classical Liouville action up to the z_j −independent terms.

We conclude this section calculating the partial derivatives of the classical action (17) with respect to the parameters λ_j . Using the equations of motion

∂ ¯∂φ =^m_2 e^φ , ∂ ¯∂φ_k = 0 , (21)

the sewing relations (13), and integrating by parts one gets ∂ ∂λ_j S^ϵ_L [φ] = 1 2π n∑ k=1 ∫ H^ϵ_k d^2z ∂ ∂λ_j m e^{φk} + i 4π n∑ k=1 ∫ |z−z_k |=ϵ ∂φ_k ∂λ_j (¯ ∂φ_k dz̄ − ∂φ_k dz ) (22)

+ 1 2π n∑ k=1 ∫ |z−z_k |=ϵ |dz| κ_z ∂φ_k ∂λ_j + 2λ_j log ϵ .

It follows from the expansion (14) that the second and the third term in (22) cancel in the limit. Changing the variables z = ρ^{−1}_k (ρ) in the first one and using (12) one gets 1 2π ∫ H^ϵ_k d^2z ∂ ∂λ_j m e^{φk(z,z̄)} = 1 2π ∫ ρ^{−1}_k (H^ϵ_k )

d^2ρ ∂ ∂λ_j ( λ^2_k |ρ|^2 ) (23)

= 2δ_{jk} ( π(l_j + 1/2) − ϑ_j − λ_j log ϵ ) , where ρ^{−1}_k (H^ϵ_k) = {ρ ∈ C : ϵ e ϑk λk ≤ |ρ| ≤ e^{πλj (lj +1/2)}} for ϵ small enough. This finally gives ∂ ∂λ_j S_L [φ] = 4β lim_{ϵ→0} ∂ ∂λ_j S^ϵ_L [φ] = −8β ( ϑ_j − π(l_j + 1/2) ) . (24)

Let us note that the Liouville action S_L [φ] does not depend on the signs of λ_j . In consequence the l.h.s of (24) is an odd function of λ_j . It follows from (4) that one can always choose ϑ_j to be an odd function of λ_j as well. Then l_j changes to −l_j − 1 with the change of sign of λ_j .

4 Classical solution, n = 3

In this section we shall analyze the solution of the SL(2, R) monodromy problem for three hyperbolic singularities on the Riemann sphere. The energy-momentum tensor with singularities located at z = 0, 1 and ∞ has the form

T (z) =

Δ_1 z^2 + Δ_2 (1 − z)^2 + Δ_1 + Δ_2 − Δ_3 z(1 − z) . (25)

Let us consider the systems of solutions of the corresponding Fuchsian equation (1)

Ψ^1(z) = ( ψ^1_+(z) ψ^1_−(z) ) = ( (iλ_1)^{− 1}2 e^i2^{ϑ1} ψ(iλ_1, iλ_2, iλ_3; z) (iλ_1)^{− 1}2 e^{− i}2^{ϑ1} ψ(−iλ_1, −iλ_2, −iλ_3; z) ) (26)

where

ψ(λ, μ, ρ; z) = z^{1+λ2} (1 − z)^{1−μ2}_2F_1 ( 1 + λ − μ + ρ 2 , 1 + λ − μ − ρ 2 , 1 + λ; z )

and_2F_1(a, b, c; z) is the hypergeometric function. This system has Wronskian normalized to 1 and its monodromy around z = 0 is diagonal:

Ψ^1(e^{2πi}z) = ( −e^{−πλ1} 0 0 −e^{πλ1} ) Ψ^1(z) .

We shall show that for arbitrary hyperbolic weights we can choose a real number ϑ_1(λ_1, λ_2, λ_3) that appears in (26) in such a way that the monodromy matrix M^1_2 at z = 1,

Ψ^1(e^{2πi}(1 − z)) = M^1_2 Ψ^1(1 − z) ,

belongs to SL(2, R). To this end let us consider an auxiliary normalized system

Ψ̃^2(z) = ( ψ̃2_+(z) ψ̃2_−(z) ) = ( (iλ_2)^{− 1}2 ψ(iλ_2, iλ_1, −iλ_3; 1 − z) (iλ_2)^{− 1}2 ψ(−iλ_2, −iλ_1, iλ_3; 1 − z) )

with a diagonal monodromy around z = 1,

Ψ̃^2(e^{2πi}(1 − z)) = ( −e^{−πλ2} 0 0 −e^{πλ2} ) Ψ̃^2(1 − z) .

Using the method of [21] one can calculate the transition matrix

Ψ^1(z) = S^{1 2} Ψ̃^2(z) .

In the case of hyperbolic singularities λ_i ∈ R it can be written in the form

S^{1 2} = i √ λ_1λ_2 ( e^{i ϑ1}2 g_− e^{i ϑ1}2 g_+ −e^{−i ϑ1}2 g_+ −e^{−i ϑ1}2 g_− ) (27)

where g_± =

Γ(iλ_1)Γ(±iλ_2) Γ (_{1+iλ1±iλ2+iλ3} 2 ) Γ (_{1+iλ1±iλ2−iλ3} 2 ) . With the formula (27) one can easily calculate the monodromy M^1_2 of Ψ^1(z) at z = 1 :

M^1_2 = S^{1 2} ( −e^{−πλ2} 0 0 −e^{πλ2} ) ( S^{1 2} )_{−1}

= λ_1λ_2 e^{−πλ2} |g_−|^2 − e^{πλ2} |g_+|^2 − ( e^{πλ2} − e^{−πλ2} ) e^{iϑ1} g_+g_− ( e^{πλ2} − e^{−πλ2} ) e^{−iϑ1} g_+g_− e^{πλ2} |g_−|^2 − e^{−πλ2} |g_+|^2 .

Using elementary properties of the gamma function one checks that det S^{1 2} = 1. Thus the monodromy matrix M^1_1 belongs to SL(2, R) if and only if g_+g_−e^{iϑ1} is a real number. This yields the condition :

e^{2iϑ1(λ1,λ2,λ3)} = g_+g_− g_+g_− = Γ^2(−iλ_1) Γ^2(iλ_1) γ (_{1+iλ1+iλ2+iλ3} 2 ) γ (_{1+iλ1−iλ2+iλ3} 2 ) γ (_{1−iλ1−iλ2+iλ3} 2 ) γ (_{1−iλ1+iλ2+iλ3} 2 ) (28)

where γ(x) = Γ(x) Γ(1 − x) . It follows that Ψ^1(z) with ϑ_1(λ_1, λ_2, λ_3) determined by (28) is a normalized solution to the SL(2, R) monodromy problem with singularities at z = 0, 1, ∞ and with a diagonal monodromy at z = 0. Using the transformation properties of the the Fuchsian equation (1) and the conformal map w(z) = ( z_2 − z_3 z_2 − z_1 ) z − z_1 z − z_3 (29)

one can obtain a normalized solution Ψ(z) for arbitrary locations z = z_1, z_2, z_3 of singularities with a diagonal monodromy at z_1:

Ψ(z) = ( dw(z) dz )_− 1_2

Ψ^1(w(z)) . (30)

With an appropriate choice of a conformal map w(z) and a permutation of the conformal weights one can use this formula to obtain solutions diagonal at other locations.

In particular, for the weights Δ_1, Δ_2, Δ_3 at 0, 1, ∞ the solution Ψ^2(z) with a diagonal monodromy at z = 1 reads

ψ^2_±(z) = (iλ_2)^{− 12} e^{± 12 ϑ1(λ2,λ1,λ3)} (−1)^{12} ψ(±iλ_2, ±iλ_1, ±iλ_3, 1 − z) (31)

and the solution Ψ^3(z) with a diagonal monodromy at z = ∞ is given by

ψ^3_±(z) = (iλ_3)^{− 12} e^{± 12 ϑ1(λ3,λ2,λ1)} (−z^2)^{12} ψ ( ±iλ_3, ±iλ_2, ±iλ_1, 1 z ) . (32)

Fig. 1 Closed geodesics and line singularities of the metric e^φd^2z.

All solutions Ψ^1(z), Ψ^2(z) and Ψ^3(z) define the same singular solution to the Liouville equation on the punctured sphere. The closed geodesic and the closed line singularities of the corresponding hyperbolic geometry e^φd^2z can be found as appropriate levels of the functions ρ_j in regions where they are invertible. Two examples of this structure are presented on Fig.1.

5 Classical Liouville action, n = 3

For arbitrary location of singularities of T (z) the accessory parameters can be determined from the regularity of the energy–momentum tensor at infinity or, equivalently, from (25) and the transformation properties of T (z) applied in the case of the global conformal map (29). They have the form

c_i =

Δ_i + Δ_j − Δ_k z_j − z_i + Δ_i + Δ_k − Δ_j z_k − z_i (33)

with i, j, k = 1, 2, 3, i ≠ j ≠ k. Integrating the equations (20), and their complex conjugate counterparts one then obtains:

S_L [φ] = (Δ_1 + Δ_2 − Δ_3) log |z_1 − z_2|^2 + (Δ_2 + Δ_3 − Δ_1) log |z_2 − z_3|^2 (34) + (Δ_3 + Δ_1 − Δ_2) log |z_3 − z_1|^2 + R(λ_1, λ_2, λ_3) .

Proceeding to the limit z_1 → 0, z_2 → 1, z_3 → ∞ in (24) one gets the equations ∂ ∂λ_j R(λ_1, λ_2, λ_3) = −8β ( ϑ_j (λ_1, λ_2, λ_3) − π(l_j +^1_2 ) ) (35)

where ϑ_1 is given by (28), and ϑ_2 and ϑ_3 are determined by (31) and (32), respectively.

In order to calculate the constants l_j one can consider the limit of small positive λ_j. It follows from (28) that lim_{λj →0+} ϑ_j (λ_1, λ_2, λ_3) = π. Thus, for λ_j → 0_+,

ρ_j(z) = e^{a+ πλj} (z − z_j ) + O(λ_j )(z − z_j ) + O((z − z_j )^2) ,

where a does not depend on λ_j . The geodesics around z_j are then described by the equations |z − z_j | ≈ e^{−a− πλj} e^{πλj (l+ 12 )} . For λ_j small enough the “most distant from z_j ” closed geodesic should be still close to z_j . On the other hand the next to the “most distant” singular line should stay away from z_j in this limit. Both conditions are met only for l_j = 0.

Integrating (35) and taking into account (19) one finally gets

R(λ_1, λ_2, λ_3) = 8β ∑ σ_1,σ_2 =± F ( 1 + iλ_1 2 + σ_1 iλ_2 2 + σ_2 iλ_3 2 )

+ 8β 3∑ j=1 ( H(iλ_j) + π 2 |λ_j| ) + 4β log m + const. (36)

with F (x) = ∫_x 1 2 dy log γ(y), H(x) = ∫_x 0 dy log Γ(−y) Γ(y)

. (37)

The parameterization of the conformal weights used in [3] reads

Δ_α = α(Q − α) (38)

where α ∈ (0, Q/2] ⊂ R or α ∈ Q/2 + iR^+. The “background charge” Q is related to the Liouville coupling constant b as Q = b + 1 b . Comparing the formulae for the central charge obtained in the DOZZ and in the geometric approach [9, 18] c_L = 1 + 6Q^2 = 1 + 48β

as well as the expressions for the conformal weights (3) and (38) one obtains the relations β = Q^2 8 , α = Q 2 (1 + iλ) , (39)

where λ ∈ R in the case of hyperbolic weights. The semi-classical regime of the Liouville theory corresponds to c_L ≫ 1, which can be achieved by taking b → 0. Consequently the relations (39) turn into β = 1 8b^2 , α = 1 2b (1 + iλ) . (40)

The DOZZ three-point function has the form [3]

C(α_1, α_2, α_3) = [ πμγ ( b^2 ) b^{2−2b2} ]_{(Q−}^∑_{αi)/b} × (41) Υ_0Υ(2α_1)Υ(2α_2)Υ(2α_3) Υ( ∑ α_i − Q)Υ(Q + α_1 − α_2 − α_3)Υ(α_1 + α_2 − α_3)Υ(α_1 − α_2 + α_3) where for x in the strip 0 < ℜ(x) < Q the function Υ(x) can be defined through the integral representation

log Υ(x) = ∞∫ 0 dt t [ (_1 2 Q − x )_2 e^{−t} − sinh^2

(_1 2 Q − x )_t 2 sinh^{bt}_2 sinh^t_{2b} ] (42)

and Υ_0 = dΥ(x) dx | | x=0 . (43)

From (42) one gets the relations

Υ(^1_2 Q) = 1 , (44) Υ(x + b) = γ(bx)b^{1−2bx}Υ(x) . (45)

It follows from (45) that for b → 0 d dx log Υ(x) ≈ 1 b [log γ(bx) + (1 − 2bx) log b] (46)

and therefore log Υ(x) ≈ 1 b^2 [ F (bx) + ( bx(1 − bx) − 1 4 ) log b ] (47)

with the integration constant determined from (44). One also checks that for b → 0

log Υ_0 ≈ 1 b^2 [ F (0) − 1 4 log b ] . (48)

Using (47) and the identity (λ ∈ R) :

F (1 + iλ) = F (0) −^1_2 π|λ| − H(iλ) + iλ(log |λ| − 1) ,

one obtains

log Υ ( 1 + iλ 2b ) ≈ 1 b^2 [ F ( 1 + iλ 2 ) + λ^2 4 log b ] , (49)

log Υ ( 1 + iλ b ) ≈ 1 b^2 [ F (0) − H(iλ) − 1 2 π|λ| + ( λ^2 − 1 4 ) log b ] (50) + iλ b^2 [ log |λ| b − 1 ] . The classical limit of the three-point function [3] can then be written in the following form log C ≈ − 1 b^2 [ − 4F (0) + ∑ σ_1,σ_2=± F ( 1 + iλ_1 2 + σ_1 iλ_2 2 + σ_2 iλ_3 2 )

+ 3∑ j=1 ( H(iλ_j) + 1 2 π|λ_j| ) + 1 2 log ( πμb^2 ) (51)

− i b^2 3∑ j=1 λ_j [ 1 − log |λ_j | + 1 2 log ( πμb^2 ) ] .

Under the reflection α → Q − α, (λ → −λ) the DOZZ three point function changes accordingly to the formula [3] S(iα_1 − iQ/2) = C(Q − α_1, α_2, α_3) C(α_1, α_2, α_3)

, (52)

where S is the so called reflection amplitude S(P ) = − ( πμγ ( b^2 ) )−2iP/b Γ(1 + 2iP/b)Γ(1 + 2iP b) Γ(1 − 2iP/b)Γ(1 − 2iP b) . (53)

On the other hand the classical Liouville action is by construction symmetric with respect to this reflection. This discrepancy can be overcome if one considers instead of C(α_1, α_2, α_3) the symmetric three-point function C̃(α_1, α_2, α_3):

C̃(α_1, α_2, α_3) = 3∏ j=1 √ S ( iα_j − i^Q_2 ) C(α_1, α_2, α_3) . (54)

Taking into account the classical limit of the reflection amplitude for real λ

log S ( − λ 2b ) ≈ 2i b^2 λ [ 1 − log |λ| + 1 2 log ( πμb^2 )] . (55)

and the formulae (34), (19), and (51) one easily verifies that in the limit b → 0 log C̃ ≈ − 1 b^2

S_L [φ] + const.

where the relation m = πμb^2 is assumed and the constant on the r.h.s. is independent of z_j , λ_j and m.

Acknowledgements

L.H. would like to thank L.Takhtajan for enlightening discussions. The work of L.H. was supported by the EC IHP network HPRN-CT-1999-000161. Laboratoire de Physique Théorique is Unité Mixte du CNRS UMR 8627.

References

[1] J. Teschner, Liouville theory revisited, Class. Quant. Grav. 18 (2001) R153 [arXiv:hepth/0104158].

[2] H. Dorn and H. J. Otto, Two and three point functions in Liouville theory, Nucl. Phys.

B 429 (1994) 375 [arXiv:hep-th/9403141].

[3] A. B. Zamolodchikov and A. B. Zamolodchikov, Structure constants and conformal bootstrap in Liouville field theory, Nucl. Phys. B 477 (1996) 577 [arXiv:hep-th/9506136].

[4] B. Ponsot and J. Teschner, Liouville bootstrap via harmonic analysis on a noncompact quantum group, arXiv:hep-th/9911110.

[5] B. Ponsot and J. Teschner, Clebsch-Gordan and Racah-Wigner coefficients for a continuous series of representations of U_q(sl(2, R)), Commun. Math. Phys. 224 (2001) 613 [arXiv:math.qa/0007097].

[6] B. Ponsot and J. Teschner, Boundary Liouville field theory: Boundary three point function, Nucl. Phys. B 622 (2002) 309 [arXiv:hep-th/0110244].

[7] J. Teschner, A lecture on the Liouville vertex operators, arXiv:hep-th/0303150. [8] A. M. Polyakov as reported in refs. [9, 10, 13, 14, 17].

[9] L. A. Takhtajan, Semiclassical Liouville Theory, Complex Geometry Of Moduli Spaces, And Uniformization Of Riemann Surfaces, In *Cargese 1991, Proceedings, New symmetry principles in quantum field theory* 383-406.

[10] L. A. Takhtajan, Topics in quantum geometry of Riemann surfaces: Two-dimensional quantum gravity, published in Como Quantum Groups 1994:541-580, [arXiv:hepth/9409088].

[11] L. A. Takhtajan, Liouville theory: Quantum geometry of Riemann surfaces, Mod. Phys.

Lett. A 8 (1993) 3529 [arXiv:hep-th/9308125].

[12] L. A. Takhtajan, Liouville Theory: Ward Identities For Generating Functional And Modular Geometry, Mod. Phys. Lett. A 9 (1994) 2293 [arXiv:hep-th/9403013].

[13] P. G. Zograf and L. A. Takhtajan, On Liouville equation, accessory parameters and the geometry of Teichmüller space for Riemann surface of genus 0, Math. USSR Sbornik 60 (1988) 143 [14] P. G. Zograf and L. A. Takhtajan, On uiformization of Riemann surfaces and the Weil- Petersson metric on Teichmüller and Schottky spaces. Math. USSR Sbornik 60, (1988) 297 [15] P. G. Zograf, The Liouville action on moduli spaces, and uniformization of degenerating Riemann surfaces Leningrad Math.J. 1 (1990) 941 - 965.

[16] L. Cantini, P. Menotti and D. Seminara, Proof of Polyakov conjecture for general elliptic singularities, Phys. Lett. B 517, 203 (2001) [arXiv:hep-th/0105081].

[17] L. Takhtajan and P. Zograf, Hyperbolic 2-spheres with conical singularities, accessory parameters and Kähler metrics on M_{0,n}, Trans. Amer. Math. Soc. 355 (2003), 1857-1867, [arXiv:math.cv/0112170].

[18] L. A. Takhtajan, Equivalence of Geometric h < 1/2 and Standard c > 25 Approaches to Two-Dimensional Quantum Gravity, Mod. Phys. Lett. A 11 (1996) 93 [arXiv:hepth/9509026].

[19] J. Teschner, From Liouville theory to the quantum geometry of Riemann surfaces, arXiv:hep-th/0308031.

[20] L. Hadasz and Z. Jaskolski, Polyakov conjecture for hyperbolic singularities, arXiv:hepth/0308131, to appear in Phys. Lett. B.

[21] A. Bilal and J. L. Gervais, Exact quantum three point function of Liouville highest weight states, Nucl. Phys. B 305, 33 (1988).

[22] M. Banados, C. Teitelboim and J. Zanelli, The Black Hole In Three-Dimensional Space- Time, Phys. Rev. Lett. 69 (1992) 1849 [arXiv:hep-th/9204099].

[23] D. R. Brill, Multi-Black-Hole Geometries in (2+1)-Dimensional Gravity, Phys. Rev. D 53 (1996) 4133 [arXiv:gr-qc/9511022].

[24] M. Welling, Explicit solutions for point particles and black holes in spaces of constant curvature in 2+1-D gravity, Nucl. Phys. B 515 (1998) 436 [arXiv:hep-th/9706021].

[25] L. Cantini, P. Menotti and D. Seminara, Polyakov conjecture and 2+1 dimensional gravity, arXiv:hep-th/0112102.

[26] L. Cantini, P. Menotti and D. Seminara, Liouville theory, accessory parameters and 2+1 dimensional gravity, Nucl. Phys. B 638 (2002) 351 [arXiv:hep-th/0203103].