arXiv:hep-th/0309273 v1 30 Sep 2003

Horava-Witten Cosmology

*R. Arnowitt, *James Dent, and B. Dutta**

*Center For Theoretical Physics, Department of Physics Texas A&M University, College Station,TX 77843-4242, USA

**Department of Physics, University of Regina Regina SK, S4S OA2, Canada

We consider the cosmology of the reduced 5D Horava-Witten M-Theory (HW) with volume modulus and treating matter on the orbifold planes to first order. It is seen that one can recover the FRW cosmology in the Hubble expansion era with relativistic matter, but if a solution exist with non-relativistic (massive) matter it must be non-static with a Hubble constant that depends on the fifth dimension. (The same result holds when 5-branes are present.) This difficulty is traced to the fact that in HW, the volume modulus couples to the bulk and brane cosmological constants (so that the net 4D constant vanishes naturally). This situation is contrasted with the Randall-Sundrum 1 model (which is here treated without making the stiff potential approximation) where the radion field does not couple to the cosmological constants (and so one must instead fine tune the net constant to zero). One finds that non-relativistic matter is accommodated there by changing the distance between the end branes.

1. Introduction

The Horava-Witten M-Theory [1-4] is a natural model one might use to try to build a more fundamental theory of cosmology. The model examines 11 dimensional (11D) supergravity on an orbifold M_{10}×S^1/Z_2 where Z_2 is a reflection in the 11th dimension. Alternately one may think of this space as an 11D bulk space bounded by two 10D orbifold planes at x^{11}=0 and x^{11} = πρ, where by convention physical space is x^{11} = 0.

The construction of the model involves imposing the interlocking constraints of anomaly cancelation, local supersymmetry and Yang-Mills (YM) gauge invariance, and leads to a phenomenologically satisfying framework. Thus one finds that E_8 Yang-Mills multiplets must exist on each orbifold plane (which can easily be broken to the Standard Model (SM) gauge group on the physical plane), three generation models exist, and the 11D Planck mass, κ, is related to the 10D YM coupling constant, λ, by

λ^2 = 2π ( 4πκ^2 )_{2/3} (1) This leads in the simplest case of the manifold M_4×X×S^1 /Z_2 to [3]

G_N = κ^2 16π^2 ~V ρ

; α_G = ( 2πκ^2 )_{2/3} 2 ~V (2) where ~V is the CY volume of X and α_G is the GUT scale coupling constant. Hence for ~V = M^{−6}_G where M_G = 3×10^{16} GeV is the GUT mass and α_G = 1/24, one finds κ^{−2/9} ∼= M_G and 1/πρ ∼= 4.7×10^{15}. Thus one has a natural explanation of the Planck scale - GUT scale hierarchy: the fundamental parameter is the 11D κ which sets the GUT scale while the 4D Planck mass is a derived quantity which is accidentally large due to 4π factors. Further, the orbifold length is O(10) times the CY length.

2. The 5D Model

The last point shows that as one goes below the GUT scale, one first encounters a 5D theory on the manifold M_4×S^1/Z_2. We parameterise this with coordinates x^μ and y = x^{11}, where 0 ≤ y ≤ πρ. The 5D theory includes the following moduli: V = e^ϕ (the CY volume modulus), b_i (the shape moduli), as well as the matter fields F_{μν} (the YM field strength), C^p (the chiral matter fields) and the matter superpotential W. In addition there are topological parameters

α_i = π √ 2 ( κ 4π )_{2/3} 1 ~V 2/3 β_i , β_i = − 1 8π^2 ∫ C_i trR ∧ R (3)

where β_i are integers (the first Pontrjagin class of the CY).

We consider the simplest model keeping only the volume modulus V and neglecting the shape moduli and other moduli. The action reads S = − 1 2κ^2_5 ∫ M_5 √ g[R + 1 2 V^{−2}∂_αV ∂^αV + 3 2 α^2V^{−2}] + 1 κ^2_5 ∑ i ∫ M^{(i)}_4 √ −gV^{−1}3(−1)^{i+1}α − 1 16πα_{GUT} ∑ i ∫ M^{(i)}_4 √ −gV trF^{i2}_{μν} (4) − ∑ i ∫ M^{(i)}_4 √ −g [ (D_μC)^n(D_μC̄)^n + V^{−1} ∂W ∂C^n ∂W̄ ∂C̄^n + D^{(μ)}D^{(μ)} ]

We note the appearance of the cosmological constant scaled by αV^{−1}, both in the bulk and on the branes with coefficients predicted by the theory. These coefficients (arising from anomaly cancellation) arrange the net cosmological constant seen on the branes to be zero without any fine tuning.

For the metric we chose the cosmological ansatz

ds^2 = a(t, y)^2dx^kdx^k − n(t, y)^2dt^2 + b(t, y)^2dy^2, (5) which must obey the following orbifold boundary conditions at y_1 = 0 and y_2 = πρ:

(−1)^i 1 b a^′ a | | | y=y_i = ρ_i 6M^3_5

; ρ_i = ρ_{ir}e^{ϕi} + ρ_{inr}e^{−ϕi} + 3M^3_5 α_ie^{−ϕi}

(−1)^i 1 b n^′ n | | | y=y_i = − 2ρ_i + 3p_i 6M^3_5

; p_i = p_{ir}e^{ϕi} − 3M^3_5 α_ie^{−ϕi} ϕ^′ | | | y=y_i = [( 3bα_i − bρ_{inr} M^3_5 ) e^{−ϕ} ] y=y_i (6) where ρ_{ir,nr} and p_{ir} are the energy densities and pressues on the orbifold planes. (The subscripts r, nr refer to relativistic (massless) and nonrelativistic (massive) matter and M_5 is the 5D Planck mass.)

3. Hubble Expansion Era We look for solutions of the field equations that describe the Hubble expansion era. Here the matter density is much less than the characteristic energy scale of the Calabi-Yau manifold or the orbifold scale i.e. ρ_{matter}≪M^4_G. We can thus think of brane matter as a perturbation on the vacuum. The vacuum solution of the field equations and boundary conditions for the metric of Eq.(5) has been obtained in [5] to be a(y) = n(y) = f^{1/2}; b(y) = b_of^2; V(y) = b_of^3, where f(y) = c_o + α|y|. This solution preserves Poincaire invariance and breaks 4 of the 8 supersymmetries, which is appropriate for getting N=1 supersymmetry when one descends to four dimensions. The parameters b_o and c_o are arbitrary due to flat directions in the potential and we take them here to be of O(1). We treat matter as a perturbation

a(y, t) = f^{1/2}(1 + δa(y, t)) n(y) = f^{1/2}(1 + δn(y)) b(y) = b_0f^2(1 + δb(y, t)) V (y) = b_0f^3(1 + δV (y, t)) (7)

It is useful to introduce the following variables:

Δa^′ ≡ δa^′ + α 2f δV − α 2f δb Δn^′ ≡ δn^′ + α 2f δV − α 2f δb ΔV^′ ≡ δV^′ + 3α f δV − 3α f δb (8) and define the Hubble constant as H = ȧ/a. Here prime means y derivative and dot denotes time derivative.

The significance of the variables of Eq.(8) is that they are invariant under a y coordinate re-parameterization ȳ = y + f(y) where f(y) is O(δa).

Thus these are the natural variables that will appear in the field equations. To linear order, the field equations read:

Δa^{′′} = b^2_of^3 ( H^2 + H ḃ b − 1 12 ϕ̇^2 ) ≡ b^2_of^3A_1 (9)

Δn^{′′} + 2Δa^{′′} = b^2_of^3 ( 3H^2 + 2Ḣ + 2H ḃ b + b̈ b + ϕ̇2 4 ) ≡ b^2_of^3A_2(10)

3Δa^′ + Δn^′ − ΔV^′ = b^2_of^4 α ( 4H^2 + 2Ḣ − ϕ̇2 6 ) ≡ b^2_of^4 α A_3(11)

ΔV^{′′} + 3α f (Δn^′ + 3Δa^′ − ΔV^′) = b^2_of^3 ( ϕ̈ + 3Hϕ̇ + ḃ b ϕ̇ ) ≡ b^2_of^3A_4(12)

The boundary conditions at y = y_i of Eq.(6) to linear order are

Δa^′_i = (−1)^i ( b^2_of^5_i 6M^3_5 ρ_{ir} + 1 6M^3_5 f_i ρ_{inr} ) (13)

Δn^′_i = (−1)^{i+1} ( b^2_of^5_i 6M^3_5

(2ρ_{ir} + 3p_{ir}) + 1 6M^3_5 f_i 2ρ_{inr} ) (14)

ΔV^′_i = (−1)^{i+1} 1 M^3_5 f_i ρ_{inr} (15)

and f_i = f(y_i). It is important to note that the same variables, Δa^′, Δn^′, ΔV^′ that appear in the field equations also enter into the boundary conditions on the orbifold planes. While coordinate invariance requires the use of these variables in the bulk, it is not necessary that they also are the quantities that occur at the boundaries, and the fact that they do is a special feature of the Horava-Witten model. Thus the ΔV^′_i combination of Eq.(15) arises from the brane cosmological constant term in Eq.(4) (which as mentioned above is just what is needed to cancel the total cosmological constant on the brane). The fact that ΔV^′_i appears in Eq.(15) has a special significance that we will discuss in detail below.

It is easy to solve the field equations and impose the boundary conditions. One determines in this way Δa^′, Δn^′, ΔV^′ plus an additional integral constraint from the G_{yy} equation. The results are

Δa^′ = b^2_o α (∫_f f_1

df^′f^{′3}A_1 + c_1 ) (16a)

c_1 = − λ 6 ( b^2_of^5_1 ρ_{1r} + 1 f_1 ρ_{1nr} ) ; λ = α b^2_oM^3_5

(16b)

∫_{f2} f_1

df^′f^{′3}A_1 = λ 6 ( b^2_o ( ρ_{1r}f^5_1 + ρ_{2r}f^5_2 ) + ( ρ_{1nr} f_1 + ρ_{2nr} f_2 )) (16c)

3Δa^′ + Δn^′ = b^2_o α (∫_f f_1

df^′f^{′3} (A_1 + A_2) + c_1 + c_2 ) (17a)

c_1 + c_2 = − λ 6f_1 ρ_{1nr} (17b) ∫_{f2} f_1

df^′f^{′3} (A_1 + A_2) = λ 6 ( 1 f_1 ρ_{1nr} + 1 f_2 ρ_{2nr} ) (17c)

ΔV^′ = b^2_o α (∫_f f_1

df^′f^{′3} (A_4 − 3A_3) + c_3 ) ; c_3 = λ f_1 ρ_{1nr} (18a) ∫_{f2} f_1

df^′f^{′3} (3A_3 − A_4) = λ ( 1 f_1 ρ_{1nr} + 1 f_2 ρ_{2nr} ) (18b)

b^2_o α (∫_f f_1

df^′f^{′3} (A_1 + A_2 + 3A_3 − A_4) + c_1 + c_2 − c_3 ) = b^2_of^4 α A_3 (19)

We consider first the static case where ϕ̇ = 0 = ḃ. Here using the definitions of A_i in Eqs.(9-12) one has that A_4 = 0 and A_3 = A_1 + A_2 = 4H^2 + 2Ḣ. Hence 3× Eq.(17c) - Eq.(18b) yields the constraint: λ 2 ∑ i ρ_{inr} = 0. (20)

Thus the HW equations do not tolerate a static metric with non-relativistic matter (without fine tuning between the two orbifold planes). If we set ρ_{inr} to zero, the remaining equations are totally consistent for arbitrary amounts of ρ_{ir} and reproduce FRW cosmology for the radiation dominated era. Further, the solution then is stable in the sense that if we add an additional amount of ρ_{ir}, we get another static solution of the same type^a.

Horava-Witten M-Theory also allows the introduction of 5-branes in the bulk transverse to the orbifold direction, and one may generalize the above result for this case. Again one finds that for static solutions, ρ_{inr} must vanish (assuming no fine tuning between the non-relativistic energy densities on the orbifold planes and the 5-branes).

aThis result was first presented in a different form at the First International Conference on String Phenomenology (Oxford, July 2002) [6]. It is also implicit in the analysis of [7], though the authors of [7] seem not to have observed the above results

4. Non-relativistic Matter and Time Dependence As shown above, Horava-Witten theory does not tolerate a static solution with massive non-relativistic matter. We show now that if non-relativistic matter is present the only possible consistent solution (if one exists) requires either the fifth dimension length or the volume modulus (or both) to be time dependent, and also the Hubble constant must be y-dependent. This follows directly from the G_{yy} field equation, Eq.(19), which may be equivalently written as the bulk equation

A_1 + A_2 − A_3 − A_4 = f dA_3 df (21)

with boundary condition

A_3(y_1) = − 7 6 λ ρ_{1nr} f^5_1

(22)

Further, subtracting Eq.(17c) + Eq.(18b) from Eq.(19) evaluated at y = y_2 one finds

A_3(y_2) = + 7 6 λ ρ_{2nr} f^5_2

(23)

and so A_3 is y dependent. But from Eq.(11), to linearized order, we have that A_3 = 4H^2 + 2Ḣ. Therefore the Hubble constant is also y dependent, i.e. H = H(y,t). Finally, inserting the A_i into Eq.(21) gives 3H ( ḃ b − ϕ̇ ) + b̈ b − ϕ̈ = f dA_3 df (24)

and since we have seen A_3 is y dependent, one must have ḃ b − ϕ̇ ≠ 0. (25)

Thus if a consistent solution exists with ρ_{nr} present, it must be non-static and y-dependent.

5. Randall-Sundrum (RS1) Model The Randall-Sundrum (RS1) model is a 5D phenomenology very similar in structure to the reduced 5D Horava-Witten theory. RS1 has been discussed by a large number of people (see e.g. [8-11]) and we briefly compare it here to HW. The RS action is given by S = ∫ d^5x √ −g ( − 1 2κ^2

R − Λ + 1 2 ∂_μϕ∂^μϕ − V (ϕ) )

+ ∑ i=1,2 ∫ d^4x √ −g (L_{mi} − V_i (ϕ)) (26)

Here Λ is the bulk cosmological constant, and the scalar field ϕ plays the role of the volume modulus. However, note that ϕ does not couple to the matter (which is characterized by L_{mi}). The cosmological metric is chosen as [11]

ds^2 = e^{−2N} dt^2 − a_o(t)e^{−2A}dx^kdx^k − b^2dt^2 (27)

with an expansion around the vacuum solution of A = A_o(y) + δA, N = A_o(y) + δN, b = b_o + δb, and ϕ = ϕ_o + δϕ. The variables that are invariant under y reparameterization now read ΔA^′ ≡ δA^′ − A^′_o δb b_o − A^{′′}_o ϕ^′_o δΦ (28) ΔN^′ ≡ δN^′ − A^′_o δb b_o − A^{′′}_o ϕ^′_o δΦ (29)

ΔΦ^′ ≡ δΦ^′ − Φ^′_o δb b_o − Φ^{′′}_o Φ^′_o δΦ (30)

and indeed these are the quantities that appear in the bulk field equations. The boundary conditions are (in RS the physical brane is at y=y_2)

ΔA^′_i = (−1)^{i+1} κ^2 6 b_oρ_i (31)

3ΔA^′_i + ΔN^′_i = (−1)^{i+1} κ^2 6 ρ_{inr} (32)

Δϕ^′_i = ( − ϕ^{′′}_o ϕ^′_o + (−1)^{i+1} b_o 2 V^{′′}_i (ϕ_o) ) δϕ(y_i) (33)

where V^{′′}_i ≡ ∂^2V_i/∂ϕ^2_i . The important difference between RS1 and HW is that the ϕ boundary condition now depends both on Δϕ^′_i and δϕ(y_i). The reason for this is that in the RS phenomenology the ϕ field does not couple to the cosmological constants on the branes, while in HW it couples to both bulk and brane cosmological constants (and also to other matter). It was this coupling that eliminated the δϕ(y_i) term in Eq.(15) and was needed to naturally cancel the net brane cosmological constant (which, in contrast is fine tuned to zero in RS1).

We summarize here the results obtained by solving the field equations and imposing the boundary conditions. δϕ(y_i) = − (−1)^{i+1 1}_2 b_oρ_{inr} +^3_{κ2} b^2_o ( 2H^2 + Ḣ ) ϕ^{′′}_o + (−1)^{i+1 bo}_2 ϕ_oV^{′′}_i | | | |_{y=yi} (34)

Note that in the stiff potential limit, V^{′′}_i → ∞, one has δϕ(y_i) → 0 (in accord with [11]). Eq.(34) is a generalization of this result. The factor 2H^2

+ Ḣ evaluates to

2H^2 + Ḣ = κ^2 12b_oF (y_2) ( ρ_{1nr} + e^{−4Ao(y2)}ρ_{2nr} ) (35)

where

F (y) = ∫_y 0 dy^′e^{−2Ao(y′)} (36) Thus δϕ(y_i) depends only on the non-relativistic energy density. The integrated bulk equations for δϕ(y) also gives a relations involving δϕ(y_i): ∫_1 0 dy δb b_o = ∑ i (−1)^i δϕ(y_i) ϕ_o(y_i) + ∫_1 0 dy A^{′′}_o b^2_o ( 2A^′_oe^{4Ao} F (y) + e^{2Ao} ) ( 2H^2 + Ḣ )

− ∫_1 0 dy A^{′′}_o κ^2 6 b_oA^′_oe^{4Ao} ρ_{1nr} (37)

where ϕ(y_i) is given by Eq.(34). The left hand side of Eq.(37) is just the fractional change of the invariant distance between the branes. Thus the Randall-Sundrum model accommodates a static solution (to O(ρ)) with ρ_{nr} ≠ 0 by allowing the distance between the branes to change by an amount proportional to ρ_{nr}.

This work was supported in part by National Science Foundation Grant PHY-0101015 and in part by the Natural Science and Engineering Research Council of Canada.

6. References

References 1. P. Horava and E. Witten, Nucl. Phys. B 460, 506-524 (1996) [hep-th/9510209].

2. P. Horava and E. Witten, Nucl. Phys. B 475, 94-114 (1996) [hep-th/9603142]. 3. E. Witten, Nucl. Phys. B 471, 135-158 (1996) [hep-th/9602070]. 4. P. Horava, Phys. Rev. D 54, 7561-7569 (1996) [hep-th/9608019]. 5. A. Lukas, B. Ovrut, K. Stelle, and D. Waldram, Nucl. Phys. B 552, 246-290 (1999) [hep-th/9806051].

6. R. Arnowitt, J. Dent, and B. Dutta, [hep-th/0211035]. 7. T. Kobayashi, and Koyama, JHEP 0212, 056 (2002) [hep-th/0210029]. 8. L. Randall and R. Sundrum,Phys. Rev. Lett. 83, 3370-3373 (1999) [hep-ph/9905221].

9. O. DeWolfe, D.Z. Freedman, S.S. Gubser, and A. Karch, Phys. Rev. D 62, 046008 (2000) [hep-th/9909134].

10. C. Csaki, M. Graessner, L. Randall, and J. Terning, Phys. Rev. D 62, 045015 (2000) [hep-ph/9911406].

11. J. Cline and H. Firouzjahi, Phys. Rev. D 64, 023505 (2001) [hep-ph/0005235].