arXiv:hep-th/0310085 v2 15 Oct 2003

NRCPS-HE-03-36

Tensionless Strings:

Physical Fock Space and Higher Spin Fields

G.K.Savvidy Demokritos National Research Center Ag. Paraskevi, GR-15310 Athens, Hellenic Republic

E-mail: savvidy@inp.demokritos.gr

Abstract

I study the physical Fock space of the tensionless string theory with perimeter action, exploring its new gauge symmetry algebra. The cancellation of conformal anomaly requires the space-time to be 13-dimensional. All particles are massless and there are no tachyon states in the spectrum. The zero mode conformal operator defines the levels of the physical Fock space. All levels can be classified by the highest Casimir operator W of the little group E(11) for massless particles in 11-dimensions. The ground state is infinitely degenerated and contains massless gauge fields of arbitrary large integer spin, realizing the irreducible representations of E(11) of fixed helicity. The excitation levels realize CSR representations of little group E(11) with an infinite number of helicities. After inspection of the first excitation level, which, as I prove, is a physical null state, I conjecture that all excitation levels are physical null states. In this theory the tensor field of the second rank does not play any distinctive role and therefore one can suggest that in this model there is no gravity.

1 Introduction

A string model which is based on the concept of surface perimeter or length was suggested in [1]. It describes random surfaces embedded in D-dimensional space-time with the following action S = m · L = m π ∫ d^2ζ √ h √ K^{ia}_a K^{ib}_b , (1)

where m has dimension of mass, h_{ab} is the induced metric and K^i_{ab} is the second fundamental form (extrinsic curvature). There is no Nambu-Goto area term in this action. Because the action has dimension of length L, alternative to the area, we have introduced a new dimensional parameter m which is very similar to the mass parameter in the action for relativistic point particle. This observation can be justified better if one takes a limit in which a surface shrinks into a single world-line, in that case the action (1) reduces to its length S → m ∫ ds, (2) and allows to identify a new parameter m with the quantity which is in clear analogy with the point particle mass. Geometrically, the action is a natural extension of the geometrical concept of length, which is well defined for space-time curves, into two-dimensional surfaces^1.

The best way to understand the concept of surface perimeter is to use simple analogy with general relativity. In gravity the action measures the area of the four-dimensional universe alternative to its four-volume. The action includes scalar curvature term [R] = cm^{−2} and together with the volume element [ √ gd^4X] = cm^4 has dimension cm^2. The coupling constant in front of the action should be therefore of dimension mass square: m^2 = 1/G_N . In our case dimension of extrinsic curvature is [K] = cm^{−1} and volume element has dimension [d^2ζ √ h] = cm^2, therefore our coupling constant has dimension of mass.

At the classical level this model is tensionless because for the flat Wilson loop the action is equal to its perimeter S = m(R + T ) [1]. One can guess therefore that the spectrum of the theory is massless or even continuous, but because of string rigidity there are nontrivial vibrational modes and the spectrum is masseless^2. The solution of this nonlinear, high-derivative, two-dimensional world-sheet CFT is [22]:

X^μ_L = x^μ + 1 m π^μζ^+ + i ∑ n≠0 1 n β^μ_n e^{−inζ+} , Π^μ_L = me^μ + k^μζ^+ + i ∑ n≠0 1 n α^μ_ne^{−inζ+} , (3) where k^μ is momentum operator and α_n,β_n are oscillators with the following commutator relations [x^μ, k^ν ] = iη^{μν} , [α^μ_n, β^ν_k ] = n η^{μν} δ_{n+k,0}. The similar expansion exists also for the right moving modes α̃_n,β̃_n . The essential difference between tensionless and standard string theories is the appearance of additional zero mode [e^μ, π^ν ] = iη^{μν} , meaning that the wave function is a function of two continuous variables k^μ and e^μ: Ψ_{P hys} = Ψ(k, e).

1In [4] the action is proportional to the spherical angle and has dimensionless coupling constant. 2This model also differs from the tensionless string models based on Schild’s work on ”null” string [5, 6, 7, 8] with its most likely continuous spectrum [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21].

It was suggested in [22] that e^μ should be interpreted as a polarization vector. This fact has very important physical consequences. In particular it leads to high degeneracy of all physical states.

Our aim is to study spectral properties of the model and the structure of its physical Fock space in analogy with the standard string theory [23, 24, 25, 26, 27, 28]. This is quite possible using the above mode expansion of the fields and exploring corresponding new gauge symmetries. In particular one should be able to prove that the physical Fock space is positive definite, i.e. ghost-free.

This tensionless theory is invariant under new extended symmetries [22]. It is invariant with respect to the standard conformal transformation with generators

L_n = ∑ l : α_{n−l} · β_l : and with respect to the infinite-dimensional Abelian transformation (11),(18) generated by the operator Θ = Π^2 − m^2 with the following components (10),(32),(37): k^2, k · e, k · α_n, k · α̃_n, Θ_{nl}. Therefore in covariant quantization scheme the space-time equations which define physical Fock space have the following form [22]:

k^2 k · e k · α_n k · α̃_n Θ_{nl} L_n L̃_n

Ψ_{P hys} = 0, n, l = 0, 1, 2, .... (4)

As one can clearly see from the first equation in (4) all particles, with arbitrary large spin, are massless. This pure massless spectrum is consistent with the tensionless character of the theory and, what is very important, also tells us that there are no tachyon states.

Our aim is to describe physical meaning of different operators in this system and analyze solutions of these space-time equations in details. They are similar to the Virasoro equations in Gupta-Bleuler quantization of standard string theory:

(L_0 − 1)Ψ_{P hys} = 0, L_nΨ_{P hys} = 0 n = 1, 2, .....

where the first equation is a generalization of Klein-Gordon equation because L_0 = α^′ k^2 + N̂ and N̂ =^1_2 ∑_{n≠0} α_{−n}α_n is a mass level operator. The rest of Virasoro equations allow to prove the absence of negative norm states on every mass level of physical Fock space and require the space-time to be 26-dimensional: D_c = 26.

In our previous consideration of the tensionless strings we found that the critical dimension is D_c = 13 [22]. This follows from the cancellation of the conformal anomaly. The contribution to the central charge from bosonic coordinates is 2 ×^D_{12} =^D_6 , which is twice bigger than in the standard bosonic string theory. The contribution of Faddeev- Popov ghosts to the central charge remains the same, therefore the absence of conformal anomaly requires the space-time to be 13-dimensional.

It is also important that L_0 in our case has different meaning, because it has the form L_0 = k · π/m + Ξ̂, where Ξ̂ = ∑ n≠0 α−nβn. We shall define Ξ̂ as our new level operator with eigenvalues

Ξ = 0, 1, 2... and shall identify the operator k · π/m with the length of the highest Casimir operator of the Poincaré group.

A natural question arose, whether the physical Hilbert space on every level Ξ is positive-definite, i.e. ghost-free in analogy with the well known No-ghost theorem [23, 24, 25, 26, 27, 28] in the standard string theory. We shall demonstrate that first two levels Ξ = 0, 1, ground and excitation states, are well defined and that there are no negative norm waves. The vacuum state Ξ = 0 is infinitely degenerated and contains massless particles of increasing tensor structure A^{μ1,...,μs} (k) s = 1, 2, .... After inspection of the first level Ξ = 1, which happens to be a physical null state, we conjecture that all excitation levels Ξ = 1, 2, 3, ... are physical null states.

Let us first describe the ground state, Ξ = 0. The wave function Ψ_0(k, e) ≡ |k, e, 0 > is defined as α_n |0, k, e > = β_n|0, k, e > = 0, n = 1, 2, .. and the system of equations (4) reduces to the following four equations [22]:

k^2 Ψ_0 = 0, e · k Ψ_0 = 0, (e^2 − 1) Ψ_0 = 0, k · π m Ψ_0 = −Ξ Ψ_0 = 0. (5)

It follows from the third equation that Ψ_0 is a function defined on a unit sphere e^2 = 1, η^{μν} = (− + ...+) and can be expanded in the corresponding bases:

Ψ_0 = |0, k, e > = A(k) + A^{μ1} (k) e_{μ1} + A^{μ1 ,μ2} (k) e_{μ1} e_{μ2} + ...|0, k > .

We clearly see that because we have additional variable e_μ the vacuum state in infinitely degenerated. The fields A^{μ1,...,μs} (k) describe massless particles of increasing tensor structure. They are symmetric traceless tensor fields because they are harmonic functions on a sphere e^2 = 1, and it follows from the last equation in (5), that k_{μ1} A^{μ1,...μs} (k) = 0. Thus the fields A^{μ1,...μs} are: 1) symmetric traceless tensors of increasing rank s = 0, 1, 2, ..., 2) divergent free k_{μ1} A^{μ1,...μs} = 0 and 3) satisfying massless wave equations k^2 A^{μ1,...μs} = 0. All the above conditions are sufficient to describe integer spin fields [29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41]. Thus the ground state is infinitely degenerated and contains gauge particles of arbitrary large fixed helicity. Every tensor gauge field A^{μ1,...μs} , s = 0, 1, 2, .. appears only once in the spectrum. The infinite degeneracy of the vacuum state reflects enhanced symmetry of the model. In some sense the leading Regge trajectory degenerates into a single ground state and one can only speculate that it may describe unbroken phase of standard string theory when α^′ → ∞ [2, 3].

Two remarks are in order. The first remark is connected with the infinite degeneracy of the vacuum state. It has been found that statistical system of random surfaces with the same perimeter energy functional (1) can be formulated on a cubit lattice, and is equivalent to a spin system with competing ferromagnetic and anti-ferromagnetic interaction [50]. It is a remarkable fact that this spin system also has exponential degeneracy of the vacuum and excitation states of order 2^N , where N is the size of the lattice. This degeneracy should be compared with only double degeneracy of the vacuum state of the Ising model with area energy functional.

The second remark is connected with the four vacuum equations (5), they actually coincide with the four equations introduces by Wigner in 1963 [43, 44, 45, 46, 47, 48, 49] in order to describe the irreducible representations of the little group of the Poincaré group. Therefore these equations naturally follow form the tensionless theory, which is formulated in terms of Lagrangian mechanics and action principle. They describe 0_s representations of massless particles of fixed helicity. For these representations the highest Casimir operator W = (k ·π/m)^2 = Ξ^2 of the little group E(11), which is Euclidean group of SO(11) rotations and displacements T(11) for massless particles in 11-dimensions, is equal to zero: Ξ = 0. Alternatively, the excitation levels realize the second class of infinite dimensional representations 0(Ξ) for which Ξ ≠ 0 and describe states with an infinite number of helicities. As we shall see in tensionless theory they are physical null states and therefore do not produce explicit contradiction with the obvious experimental fact that there are no particles with infinite number of helicities.

Indeed, the first excitation state Ξ = 1 of the closed string depends on four polarization tensors ξ_{μν} (e), ω_{μν} (e), ζ_{μν} (e) and χ_{μν} (e). The restriction on these tensors follows from our space-time equations (4). Solving them we shall see that χ_{μν} (e) = 0 , ω^{μν} = ω(e)k_μk_ν = −ζ^{μν} and ξ_{μν} (e) remain arbitrary, thus

Ψ_1 = [ ξ_{μν} (e)α^μ_{−1}α̃^ν_{−1} + ω_{μν} (e)(α^μ_{−1}β̃^ν_{−1} − β^μ_{−1}α̃^ν_{−1}) ]|0, k, e > . (6)

The norm of this state is < Ψ_1|Ψ_1 >= −ω^∗_{μν} ω^{μν} = −|ω|^2 (k^2)^2 and therefore is equal to zero! It is also normal to the ground state < Ψ_0|Ψ_1 >= 0. Thus the first excitation is a physical null state and realizes the infinite-dimensional representation 0(Ξ) with Ξ = 1. This consideration allows to make a conjecture that all excitations are physical null states and therefore define gauge parameters of huge gauge group. In this respect new extended algebra of our space-time equations (4) should play a crucial role defining positive definite metric in physical Fock space on every level.

In the next sections we shall review solution of our basic world-sheet equations in conformal gauge together with the mode expansion of these fields (3) and calculation of the critical dimension in path integral formulation of the theory and shall formulate our space-time equations (4) in Gupta-Bleuler quantization scheme [22]. I shall also describe extended symmetries of the model in terms of new Θ algebra (34), (35) and (36). It is an Abelian extension of conformal algebra and equations (33) suggest its oscillator representation. To this author it is not known, whether this algebra has appeared also somewhere else.

Our main goal is to solve these space-time equations for the first few levels and to find out the appropriate interpretation of the corresponding operators. We shall see that the vacuum is infinitely degenerated and every massless fixed helicity state appears only once in the physical spectrum and there are no tachyon states. In this model the tensor field of the second rank does not play any distinctive role and therefore one can suggest that in this model there is no gravity. The inspection of the first level shows that it is a physical null state defining gauge transformation of the ground state wave function.

In the last section I shall also present a short review of the finite- and infinitedimensional representations of the little group of the Poincaé group defined by Wigner [43, 44]. These representations naturally appear in this tensionless string theory on different levels of the physical Fock space.

2 Equations and symmetries of the Model B

The gonihedric action (1) can be represented in the form [22] S = m π ∫ d^2ζ √ h √ (Δ(h)X_μ)^2 = 1 π ∫ d^2ζ Π^μ √ hΔ(h)X_μ, (7)

here h_{ab} is the world-sheet metric, Δ(h) = 1/ √ h ∂_a √ hh^{ab}∂_b is Laplace operator and I shall consider the model B, in which two field variables X^μ and h_{ab} are independent. This is nonlinear, high-derivative, two-dimensional world-sheet conformal field theory which can be solved exactly .

To get classical equations and world sheet energy-momentum tensor one should compute variation of the action with respect to the coordinates X^μ

(I) △(h) Π^μ = 0 (8)

and the metric h^{ab}

(II) T_{ab} = ∂_{{a}Π^μ ∂_{b}}X^μ − h_{ab} h^{cd} ∂_c Π^μ ∂_dX^μ = 0, (9)

where we have introduced the operator Π^μ:

Π^μ = m △(h)X^μ √ (△(h)X^μ)^2 . It has a property very similar to the constraint equation for a point-like relativistic particle but with the essential difference that it is a space-like vector,

(III) Θ ≡ Π^μΠ^μ − m^2 = 0. (10)

The energy momentum tensor is conserved ∇^a T_{ab} = 0 and is traceless h^{ab}T_{ab} = 0, thus we have high-derivative nonlinear two-dimensional world-sheet conformal field theory. Equations (8), (9) and (10) completely define the system. We have equation of motion (8) together with the constraint equations (9) and (10). We should stress that in addition to the conformal generators (9) we have an enhanced symmetry generators (10) responsible for the symmetry transformation[22]: δ ( √ h Δ(h)X^μ) = Ω Π^μ, δΠ^μ = 0, δh = 0. (11)

Indeed the variation of the action is δS = 1 π ∫ d^2ζ Π^μ δ( √ hΔ(h)X^μ) = m^2 π ∫ d^2ζ Ω, (12)

and is a total derivative because Ω = ∇^a √ h ϑ_a. This transformation can be partially integrated out if we add the term χ_a √ h ∂^a Π^μ to the transformation (11). The action is still invariant, because Π^2 − m^2 = 0 and Π^μ∂_aΠ^μ = 0. Then δ( √ hΔ(h)X^μ) = Π^μ ∇^a √ h ϑ_a + √ h ϑ_a ∂^a Π^μ = ∇^a( Π^μ √ h ϑ_a ) and we have our new symmetry transformation in the form

δ(∂_a X^μ) = Π^μ ϑ_a, δΠ^μ = 0, δh = 0. (13)

One can also check that δT_{ab} = 0. As we shall see, the theory avoids many obstacles of high derivative field theory, thanks to this extended symmetry.

3 Solution in Conformal Gauge

We can fix the conformal gauge h_{ab} = ρη_{ab} using reparametrization invariance of the action and represent it in the form (see (7)) Ś = m π ∫ d^2ζ √ (∂^2X)^2 = 1 π ∫ d^2ζ Π^μ ∂^2X^μ, Π^μ = m

∂^2X^μ √ (∂^2X)^2

. (14)

In this gauge the equations of motion are more simple (I) ∂^2Π^μ = 0 (15) and they should be accompanied by the constraint equations (9) and(10) (II) T_{ab} = ∂_{{a}Π^μ ∂_{b}}X^μ − η_{ab} ∂_c Π^μ ∂^cX^μ = 0,

(III) Θ = Π^μΠ^μ − m^2 = 0. (16) In the light cone coordinates ζ^± = ζ^0 ± ζ^1 T_{ab} takes the form T_{++} = 2 ∂_+Π^μ∂_+X^μ, T_{−−} = 2 ∂_−Π^μ∂_−X^μ, (17) with trace equal to zero T_{+−} = 0. The conservation of the energy momentum tensor takes the form ∂_−T_{++} = ∂_+T_{−−} = 0 and requires that its components are analytic T_{++} = T_{++}(ζ^+) and anti-analytic T_{−−} = T_{−−}(ζ^−) functions. Thus our system has infinite number of conserved charges. This residual symmetry can be easily seen in gauge fixed action (14) written in light cone coordinates ∫ √ (∂_+∂_−X^μ)^2 dζ^+dζ^−, it is invariant under the transformations ζ^+ = f(ζ̃^+), ζ^− = g(ζ̃^−) where f and g are arbitrary functions. Our new symmetry transformation is δ(∂_aX^μ) = Π^μ ω_a, Π^μ → Π^μ. (18) The classical equation is ∂^2 Π^μ = 0, therefore Π^μ is a function of the form

Π^μ = m

∂^2X^μ √ (∂^2X)^2 = 1 2 (Π^μ_L(ζ^+) + Π^μ_R(ζ^−)). (19)

One can find now that ∂_+ ∂_− X^μ =^1_2 [Π^μ_L(ζ^+) + Π^μ_R(ζ^−)] Ω(ζ^+, ζ^−), where Ω(ζ^+, ζ^−) is arbitrary function of ζ^+ and ζ^−. Thus X^μ is a sum of inhomogeneous and homogeneous solutions

X^μ = 1 2 [X^μ_L(ζ^+) + X^μ_R(ζ^−)] + 1 2 ∫_ζ+ 0 ∫_ζ− 0 [Π^μ_L(ζ̃^+) + Π^μ_R(ζ̃^−)] Ω(ζ̃^+, ζ̃^−)dζ̃^+dζ̃^−, (20)

where X^μ_L (ζ^+), X^μ_R(ζ^−) are arbitrary functions of ζ^+ and ζ^−. We have therefore two left X^μ_L (ζ^+), Π^μ_L(ζ^+) and two right movers X^μ_R(ζ^−), Π^μ_R(ζ^−). These degrees of freedom are twice bigger than in the standard string theory, this is simply because world-sheet equations here are of the forth order. The constraints (17) take the form

T_{++} = 1 2 Π̇^μ_L(ζ^+) Ẋ^μ_L (ζ^+), T_{−−} = 1 2 Π̇^μ_R(ζ^−) Ẋ^μ_R(ζ^−)], (21)

verifying the fact that they are indeed functions of only one light cone variable and are Ω independent.

4 Critical Dimension D_c = 13

The action (14) is invariant under the global symmetries δX^μ = Λ^{μν} X_ν + a^μ, where Λ^{μν} is a constant antisymmetric matrix, while a^μ is a constant. The translation invariance of the action (14) δ_aX^μ = a^μ results into the conserved momentum current

P^μ_a = ∂_aΠ^μ, ∂^aP^μ_a = 0, P^μ = ∫ P^μ_0 dσ (22)

(ζ^1 ≡ σ) and Lorentz transformation δ_ΛX^μ = Λ^{μν} X_ν into angular momentum current

M^{μν}_a = X^μ∂_aΠ^ν −X^ν ∂_aΠ^μ+Π^μ∂_aX^ν −Π^ν∂_aX^μ, ∂^aM^{μν}_a = 0, M^{μν} = ∫ M^{μν}_0 dσ. (23)

Last two terms in M^{μν}_a define internal angular momentum current and we shall find an appropriate physical interpretation for them considering representations of the Wigner’s little group of the Poincaré group in the next sections. They actually describe helicities of the massless particles. One can also check that δM^{μν} = 0 under transformation (13),(18).

From its definition the momentum density P^μ_0 (ζ^0, ζ^1) = ∂_0Π^μ is conjugate to X^μ(ζ^0, ζ^1) and therefore [X^μ(ζ^0, ζ^1), P^ν_0 (ζ^0, ζ^{′1})] = iη^{μν} δ(ζ^1 − ζ^{′1}). From (14) we can deduce the propagator < Π^μ(ζ)X^ν (ζ̃) > =^{ημν}_2 ln(|ζ − ζ̃|μ). Using explicit solution (20) one can get < Π^μ_R(ζ^−)X^ν_R(ζ̃^−) >= η^{μν} ln[(ζ^− − ζ̃^−)μ)], < Π^μ_L(ζ^+)X^ν_L(ζ̃^+) >= η^{μν} ln[(ζ^+ − ζ̃^+)μ)]. Now we are in a position to compute the two-point correlation function of the energy momentum operator:

< T T_{++}(ζ^+) T_{++}(ζ̃^+) > = 1 4 D (ζ^+ − ζ̃^+)^4

. (24)

The ghost contribution to the central charge remains the same as for the standard bosonic string:

< T T^{gh}_{++}(ζ^+) T^{gh}_{++}(ζ̃^+) > = − 13 4 1 (ζ^+ − ζ̃^+)^4 , therefore the absence of conformal anomaly requires the space-time to be 13-dimensional, close to the 11-dimensional space-time of M-theory [22]

D_c = 13. (25)

This result can be qualitatively understood if one takes into account the fact that the field equations here are of the fourth order and therefore we have two left movers and two right movers of X and Π fields, thus two times more degrees of freedom than in the standard bosonic string theory 2 ×^D_8 =^D_4 . We shall confirm this calculation also using mode expansion of conformal generators L_n in the next section.

5 Mode Expansion and Quantization

Let us now find mode expansion of different operators in the general solution (19),(20). The appropriate boundary condition for closed strings is simply periodicity of the coordinates X^μ(ζ^0, ζ^1) = X^μ(ζ^0, ζ^1 + 2π). The arbitrary periodic functions X^μ_L and X^μ_R can be written as normal mode expansions in the form [22]:

X^μ_L = x^μ + 1 m π^μζ^+ + i ∑ n≠0 1 n β^μ_n e^{−inζ+} , X^μ_R = x^μ + 1 m π^μζ^− + i ∑ n≠0 1 n β̃^μ_n e^{−inζ−} , (26)

where X^μ =^1_2 (X^μ_L(ζ^+) + X^μ_R(ζ^−)), and in similar manner Π^μ =^1_2 (Π^μ_L(ζ^+) + Π^μ_R(ζ^−))

Π^μ_L = me^μ + k^μζ^+ + i ∑ n≠0 1 n α^μ_ne^{−inζ+} , Π^μ_R = me^μ + k^μζ^− + i ∑ n≠0 1 n α̃^μ_ne^{−inζ−} . (27) Substituting the above mode expansion into the basic commutator [X^μ_{L,R}(ζ^±), P^ν_{L,R}(ζ^{′±})] = 2πiη^{μν} δ(ζ^± − ζ^{′±}) gives

[e^μ, π^ν] = [x^μ, k^ν ] = iη^{μν} , [α^μ_n, β^ν_k ] = n η^{μν} δ_{n+k,0},

where α^μ_0 = k^μ, β^μ_0 = π^μ/m are zero modes momentum. We can also deduce a less trivial commutator [22]

[∂_±X^μ_{R,L}(ζ^±), Π^ν_{R,L}(ζ^{′±})] = −2πiη^{μν} δ(ζ^± − ζ^{′±}), (28)

which tells us that Π and E ≡ −Ẋ form a second pear of canonically conjugate variables of our higher derivative theory. All other commutators are equal to zero. It is important that commutators and momentum operator Π are invariant under transformation (13),(18).

Using above mode expansion we can find the generators of the Lorentz group M^{μν} (23) M^{μν} = J^{μν} + E^{μν} + O^{μν} , (29) where

J^{μν} = x^μk^ν − x^ν k^μ = i(k^μ∂^ν_k − k^ν ∂^μ_k ) E^{μν} = e^μπ^ν − e^ν π^μ = i(e^μ∂^ν_e − e^ν ∂^μ_e ) O^{μν} = 2i ∑ n≠0 1 n (β^μ_{−n}α^ν_n − β^ν_{−n}α^μ_n + β̃^μ_{−n}α̃^ν_n − β̃^ν_{−n}α̃^μ_n) (30)

The unusual term in this expression is E^{μν} , which acts on the new variable e^μ. Indeed, as we explained in the introduction, the difference between tensionless and standard string theories is the appearance of additional zero mode [e^μ, π^ν ] = iη^{μν} , meaning that the wave function is a function of two continuous variables k^μ and e^μ, the momentum and polarization, Ψ_{P hys} = Ψ(k, e). This means that one should define not only initial and final momenta of the tensionless strings, but also the initial and final directions of the polarization vector. This fact has very important consequences. In particular it leads to high degeneracy of the physical states. This can be seen if one expands the wave function in terms of new vector variable e^μ: Ψ_{phys} = ∑ s Ψ_{μ1,...,μs} e^{μ1} ...e^{μs} , these fields Ψ_{μ1 ,...,μs} belong to the same level of the Fock space Ξ.

These fields are nontrivial helicity eigenstates of the highest Casimir operator W = w^2_{D−3} of the Poincaré group, which is the square of the D-3 Pauli-Lubanski form w_{D−3} = k ∧M = k ∧E, and defines 0_s or 0(Ξ) representations of the little group E(11) depending on whether W = Ξ^2 is zero or not. We shall analyze this expansion in the next sections.

To guarantee that string states are Lorentz multiplets one can check the commutators [L_n, M^{μν} ] = 0, [Θ_{n,m}, M^{μν} ] = 0. (31)

6 Enhanced Gauge Algebra, Θ-Algebra

Let us now define the Fourier expansion of our constraint operators, they are the conformal operators L_n and our new operators Θ_{n,m}

L_n =< e^{inζ+} : P^μ_L ∂_+X^μ_L :>, Θ_{n,l} =< e^{inζ++ilζ−} : Π^μ Π^μ − m^2 :> (32) thus we have [22]

L_n = ∑ l : α_{n−l} · β_l : L̃_n = ∑ l : α̃_{n−l} · β̃_l : Θ_{0,0} = m^2(e^2 − 1) + ∑ n≠0 1 4n^2

: (α_{−n} α_n + α̃_{−n} α̃_n) :

Θ_{n,0} = im n e · α_n − 1 4 ∑ l≠0,n 1 (n − l)l : α_{n−l} · α_l : n = ±1, ±2, .. Θ_{0,n} = im n e · α̃_n − 1 4 ∑ l≠0,n 1 (n − l)l : α̃_{n−l} · α̃_l : n = ±1, ±2, .. Θ_{n,k} = − 1 2nk : α_n · α̃_k : n, k = ±1, ±2, .... (33) The conformal algebra has here its classical form but with twice larger central charge

[L_n , L_k ] = (n − k)L_{n+k} + D 6 (n^3 − n)δ_{n+k,0} (34)

and with the similar expression for right movers L̃_n. The reason that the central charge is twice bigger than in the standard bosonic string theory 2 ×^D_{12} =^D_6 is simply because we have two left and two right movers of X_μ field, twice bigger degrees of freedom^3.

The full extended gauge symmetry algebra of constraints (32) takes the form [ L_n, Θ_{0,0}] = −2nΘ_{n,0} [L̃_n, Θ_{0,0}] = −2nΘ_{0,n} [ L_n, Θ_{k,0}] = −(n + k)Θ_{n+k,0} [L̃_n, Θ_{k,0}] = −2nΘ_{k,n} [ L_n, Θ_{0,k}] = −2nΘ_{n,k} [L̃_n, Θ_{0,k}] = −(n + k)Θ_{0,n+k} [ L_n, Θ_{k,l}] = −(n + k)Θ_{n+k,l} [L̃_n, Θ_{k,l}] = −(n + l)Θ_{k,n+l} [ L_n, k^2 ] = 0 [ L̃_n, k^2 ] = 0 [ L_n, k · e] = − i m k · α_n [ L̃_n, k · e] = − i m k · α̃_n [L_n, k · α_l] = −l k · α_{n+l} [L̃_n, k · α̃_l] = −l k · α̃_{n+l}, (35) 3Such doubling of modes is reminiscent of the bosonic part of the N = 2 superstring [51]. In the last model there was an essential problem in identifying the Y^μ coordinates which are introduced in addition to the normal coordinates X^μ [51]. In our model the coordinate field X has simply two sets of commuting oscillators and the conjugate fields are described by a separate field Π_μ.

where we have included commutators with the operators k^2, k · e, k · α_l, k · α̃_l because they are constituents of the τ dependent part of the operator Θ as one can see from the formula (37). Therefore we added them to the full algebra of gauge operators. One should stress that it is an essentially Abelian extension [Θ_{n,k}, Θ_{l,p}] = 0, n, k, l, p = 0, ±1, ±2, ... (36) One can easily check that Jacobi identities between all these operators are satisfied, therefore the relations (34), (35) and (36) define Abelian extension of conformal algebra and hint that there exist symmetries higher than the conformal algebra. The equations (33) suggest its oscillator representation. To this author it is not known, whether this algebra has appeared also somewhere else. In the next section we shall analyze the physical Fock space, new generators play fundamental role in defining the particle spectrum of this theory.

7 Physical Fock Space

To define the physical Hilbert-Fock space we should first impose our new constraint Θ = Π^2 − m^2. The reason is that as we shall see it defines the spectrum of the theory [22]. Indeed the last operator has a linear and quadratic ζ^0 ≡ τ dependence which in fact uniquely defines the spectrum of this string theory:

(Π^2 − m^2) = k^2 τ^2 + 2{me · k + k · Π_{oscil}}τ + Π^2_{oscil} + 2me · Π_{oscil} + m^2(e^2 − 1). (37)

The first operator diverges quadratically with τ and the second one linearly. Therefore in order to have normalizable states in physical Hilbert-Fock space one should impose corresponding constraints. We are enforced to define the physical space as k^2 Ψ_{phys} = 0, e · k Ψ_{phys} = 0, k · α_n Ψ_{phys} = 0, k · α̃_n Ψ_{phys} = 0, n = 1, 2, ... (38) The first equation states that all physical states with different spins are massless. This is consistent with the tensionless character of the theory. The rest of the constraints which come from the oscillatory part of the operator Θ = Π^2 − m^2 take the form Θ_{n,k}Ψ_{phys} = 0 n, k = 0, 1, 2, .... (39) We have to impose the conformal constraints as well

(L_0 − a)Ψ_{phys} = 0 (L̃_0 − a)Ψ_{phys} = 0 L_nΨ_{phys} = 0 L̃_nΨ_{phys} = 0 n = 1, 2.. (40)

together with ”level”^4 matching condition

(L_0 − L̃_0)Ψ_{phys} = 0. (41)

Thus the physical Fock space is defined by the equations (38),(39),(40) and (41). We shall make considerable efforts to understand and solve these space-time equations.

4We shall define this concept below.

We are now interested to study ”level by level” physical space solving the full system of space-time equations described above. As we just explained the essential difference with the standard string theory is the appearance of additional zero modes

[e^μ, π^ν ] = [x^μ, k^ν ] = iη^{μν}

meaning that the wave function is a function of the momentum and polarization vectors k^μ and e^μ Ψ_{P hys} = Ψ(k, e). (42)

The other difference is that despite the fact that we have the same conformal algebra as in the standard string theory nevertheless there is an essential difference consisting in the oscillator representation of conformal operators. In particular, as we have seen above, the operators L_0 and L̃_0 do not define a mass spectrum any more, instead, as we shall see, they define the helicities of the massless representations of the little group of Poincaré group. To make these things more clear it is helpful to separate zero modes α_0 and β_0 from other high modes. The L_0 and L̃_0 operators will take the form

{ α_0β_0 + ∑ n≠0 α_{−n}β_n − a } Ψ_{P hys} = { k · π m + ∞∑ n=1 α_{−n}β_n + β_{−n}α_n } Ψ_{phys} = 0, { α_0β_0 + ∑ n≠0 α̃_{−n}β̃_n − a } Ψ_{P hys} = { k · π m + ∞∑ n=1 α̃_{−n}β̃_n + β̃_{−n}α̃_n } Ψ_{phys} = 0, (43)

where the constant a should be tuned to eliminate vacuum oscillations. After introducing the ”level” operators Ξ̂_L and Ξ̂_R as

Ξ̂_L =^∞∑ n=1 ( α_{−n}β_n + β_{−n}α_n ), Ξ̂_R = ∞∑ n=1 ( α̃_{−n}β̃_n + β̃_{−n}α̃_n ), (44)

the above space-time equations, which involve L_0 = k · π/m + Ξ̂_L and L̃_0 = k · π/m + Ξ̂_R, will take the form k · π m Ψ_{P hys} = −Ξ̂_LΨ_{P hys} = −Ξ̂_RΨ_{P hys}. (45)

In the vacuum state of all oscillators the eigenvalues of these operators are equal to zero Ξ_L = Ξ_R = 0, thus we can define the vacuum as a zero level state, and the equations reduce to the following one k · π m Ψ_0 = 0. (46)

In general, when oscillators are in high excitation states, the eigenvalues of these operators are integer numbers Ξ_L = Ξ_R = Ξ = 0, 1, 2... and we can use them to define levels of our Fock space. In this theory, with all its massless states, these numbers allow to identify subsets R^Ξ of states in the full Hilbert-Fock space. At the same time these numbers actually define irreducible representations 0_s or 0(Ξ) of the Euclidean little group E(11). Therefore string states represent an explicit realization of different irreducible representations of the (D-2)-dimensional Euclidean group E(D − 2) consisting of SO(D − 2) rotations in the transverse hyperplane and D − 2 displacements T(D-2).

Now let us consider the constraint Θ_{0,0}, it has the form

{ m^2(e^2 − 1) + ∞∑ n=1 1 2n^2

(α_{−n} α_n + α̃_{−n} α̃_n) } Ψ_{phys} = 0 (47)

and again for the vacuum state it reduces to the equation

(e^2 − 1) Ψ_0 = 0. (48)

One should study in great details this Hilbert-Fock space in order to learn more about the spectrum of the theory and to prove the absence of the negative norm states. Let us start from the ground state.

8 Ground state, Ξ = 0

First of all let us build the table of equations as follows, on the left hand side we shall show symbolically all our space-time equations (38),(39), (40),(41) and on the right hand side the equations to which they reduce for the vacuum state

k^2 k · e k · α_n k · α̃_n Θ_{nm} L_n L̃_n

Ψ_{P hys} = 0, ⇒ k^2 k · e 0 0 (e^2 − 1) k · π k · π

Ψ_0 = 0. (49)

Thus for the ground state Ψ_0 ≡ |k, e, 0 > which is defined as α_n |0, k, e > = β_n|0, k, e > = 0, n = 1, 2, .. from the above consideration we have four equations

k^2 Ψ_0 = 0, e · k Ψ_0 = 0, (e^2 − 1) Ψ_0 = 0, k · π Ψ_0 = 0. (50)

If one changes by hand the first equation in this system introducing a mass term (k^2 + M^2)Ψ_0 = 0 then it is easy to see that consistency condition, which comprises in computing all commutators between four operators in (50) will require M^2 = 0. Indeed [ L_0, e·k ] = [ k · π, e · k] = −ik^2 = iM^2 = 0.

The metric signature is η_{μν} = (−1, +1, ..., +1) and the e^μ is a space-like unit vector. This fact is not accidental because the initial vector Π_μ was a space-like vector (10) and therefore its zero frequency part e^μ (see mode expansion (27)) inherited this property. Therefore the first three equations allow to interpret the vector e_μ as a polarization vector normal to the momentum vector k_μ [22]. The space-time wave function Ψ_0 = Ψ(k, e) depends therefore on two independent variables: space-time momentum k^μ and polarization vector e^μ (42). The wave function is a function on a unit sphere e^2 = 1 and can be expanded in the corresponding bases

Ψ_0 = |0, k, e >= {A(k) + A^{μ1} (k) e_{μ1} + A^{μ1 ,μ2} (k) e_{μ1} e_{μ2} + ...}|0, k > . (51)

We clearly see that because in this model we have additional variable e_μ the vacuum state in infinitely degenerated. Every field A^{μ1,...,μs} (k) describes massless particle of increasing tensor structure. It is a symmetric traceless tensor field because it is a harmonic function on a sphere e^2 = 1. The constrain (40), (45),(46) reduces to the last equation in (50) k·π|k, e, 0 > = i k_μ ∂ ∂e_μ |k, e, 0 > = i {k_{μ1} A^{μ1} (k) +k_{μ1} A^{μ1,μ2} (k) e_{μ2} +...}|0, k >= 0 (52) and it follows from this equation that k_{μ1} A^{μ1,...μs} (k) = 0. (53) Thus the fields A^{μ1,...μs} are: 1) symmetric tensors of increasing rank s = 0, 1, 2, ..., 2) traceless in the sense that η_{μ1 ,μ2} A^{μ1,...μs} = 0, 3) divergent free k_{μ1} A^{μ1,...μs} = 0 and 4) satisfying massless wave equations k^2 A^{μ1 ,...μs} = 0. All the above conditions are sufficient to describe integer spin fields [29]. In the vacuum we have therefore massless fields A^{μ1,...μs} (k) of integer spin and momentum vector k^μ, they are fixed helicity states of the little group E(11). Thus the vacuum is infinitely degenerated and every fixed helicity state appears only once in the physical spectrum and there are no tachyon states. What is also important, our tensor fields expansion is invariant under Abelian gauge transformation

e_μ → e_μ + χ(k)k_μ, (54)

where χ(k) is an arbitrary function of momentum k.

9 First Excited Level Ξ = 1

Let us now consider the first excitation of the most general form

|Ψ_1 >= [ ξ_{μν} (e)α^μ_{−1}α̃^ν_{−1} + ω_{μν} (e)α^μ_{−1}β̃^ν_{−1} + ζ_{μν} (e)β^μ_{−1}α̃^ν_{−1} + χ_{μν} (e)β^μ_{−1}β̃^ν_{−1} ]|k, e, 0 >, (55)

where polarization tensors ξ_{μν} (e), ω_{μν} (e), ζ_{μν} (e) and χ_{μν} (e) are in general a function of the vector e_μ. Using operator algebra of (α, β) oscillators one can see that Ξ̂_L|Ψ_1 > = Ξ̂_R|Ψ_1 >= |Ψ_1 >,

thus justifying the fact that it is a level one state Ξ_L = Ξ_R = 1 (see equation (45). The equation (45) now takes the form 1 m k · π |Ψ_1 > = i m k_μ ∂ ∂e_μ |Ψ_1 > = −|Ψ_1 > . (56)

Let us now consider the rest of the equations for the first level wave function:

k^2 k · e k · α_1 k · α̃_1 Θ_{00} Θ_{10} Θ_{01} Θ_{11} L_1 L̃_1

|Ψ_1 >= k^2 k · e k · α_1 k · α̃_1 m^2(e^2 − 1) +^1_2 (α_{−1}α_1 + α̃_{−1}α̃_1) im e · α_1 im e · α̃_1 −^1_2 α_1α̃_1 α_0β_1 + β_0α_1 α_0β̃_1 + β_0α̃_1

|Ψ_1 >= 0. (57)

The equation Θ_{00}|Ψ_1 >= 0 takes the form

(e^2 − 1)ξ^{μν} + 1 2 ζ^{μν} + 1 2 ω^{μν} = (e^2 − 1)ω^{μν} + 1 2 χ^{μν} = (e^2 − 1)ζ^{μν} + 1 2 χ^{μν} = (e^2 − 1)χ^{μν} = 0

with the solution χ^{μν} = 0, ζ^{μν} + ω^{μν} = 0, e^2 − 1 = 0 and we are left with the state |Ψ_1 >= [ ξ_{μν} (e)α^μ_{−1}α̃^ν_{−1} + ω_{μν} (e)(α^μ_{−1}β̃^ν_{−1} − β^μ_{−1}α̃^ν_{−1}) ]|k, e, 0 > . (58) The equations kα_1|Ψ_1 >= kα̃_1|Ψ_1 >= 0 tell us that k^μω_{μν} = ω_{μν} k^ν = 0. (59) The equations Θ_{10}|Ψ_1 >= Θ_{01}|Ψ_1 >= Θ_{11}|Ψ_1 >= 0 take the form e^μω_{μν} = ω_{μν} e^ν = 0 (60) and finally our constraints L_1|Ψ_1 >= L̃_1|Ψ_1 >= 0 are ω_{μν} β^ν_0 |k, e, 0 > = 1 m ω_{μν} π^ν |k, e, 0 > = i m ω_{μν} ∂ ∂e_ν |k, e, 0 > = 0, (61) and k^μξ_{μν} = ξ_{μν} k^ν = 0. (62) Having in mind the equations (51), (52) for the vacuum wave function the first equation reduces to the form ω_{μμ1} A^{μ1,μ2,...μs} = 0. (63) We can also compute the norm of this state: < Ψ_1|Ψ_1 >= −2ω^∗_{μν} ω^{μν} , (64) it is remarkable that it is independent on the tensor ξ_{μν} . Thus we have to analyze solutions of the equations (56), (59), (60),(62) and (63). From (60) it follows that nonzero components of ω_{μν} are only ω_{00}, ω_{0,D−1}, ω_{D−1,0}, ω_{D−1,D−1} simply because this tensor should be orthogonal to D − 2 space-like mutually orthogonal polarization vectors e^μ_1 , e^μ_2 , ....., e^μ_{D−2}, e_ie_j = δ_{ij} (65) and the equations (59) tell us that ω_{00} = ω_{0,D−1} = ω_{D−1,0} = ω_{D−1,D−1}, thus ω_{μν} = ω(e)k_μk_ν . It follows now that the norm (64) of our first level physical state (58) is zero! The only remaining restriction on polarizations ξ_{μν} and ω_{μν} are equations (62) and (56)

k^μξ_{μν} = ξ_{μν} k^ν = 0, k_μ ∂ ∂e_μ ξ_{λϱ}(e) = im ξ_{λϱ}(e), k_μ ∂ ∂e_μ ω(e) = im ω(e). (66) Because the first level physical wave function (58) has zero norm, it defines gauge transformation of the ground state wave function Ψ_0. We have to learn how this gauge transformation acts on the high spin fields A^{μ1,...μs} .

10 Enhanced Gauge Invariance

Let us summarize our findings. The first two levels of our physical Fock space are: the ground state wave function Ψ_0 which uniquely describes massless states of increasing helicities A^{μ1,...μj} and the first excited state wave function Ψ_1 of the form: Ψ_1 = [ ξ_{μν} α^μ_{−1}α̃^ν_{−1} + ω_{μν} (α^μ_{−1}β̃^ν_{−1} − β^μ_{−1}α̃^ν_{−1}) ]|k, e, 0 >, (67) with nonzero tensors ξ_{μν} (e) , and ω_{μν} = k_μk_ν ω(e), and these tensors are subject to the constraint (66). The norm of the state Ψ_1 is equal to zero and it is orthogonal to the ground state wave function < Ψ_1|Ψ_1 >= 0, < Ψ_0|Ψ_1 >= 0. (68) Thus Ψ_1 is physical null state, and so we can add it to any physical state with no physical consequences. We could therefore impose an equivalence relation Ψ_0 ∼ Ψ_0 + Ψ_1. (69) Let us first consider the case when ω(e) = 0. Expanding the tensor ξ_{μν} (e) in e series ∑ J ξ^{μ1 ...μs} μν e_{μ1} ...e_{μs} from equations (66) we can get its properties k^μ ξ^{μ1 ...μs}_{μν} = k^ν ξ^{μ1 ...μs}_{μν} = 0, k_{μs} ξ^{μ1 ...μs−1 μs}_{μν} = im ξ^{μ1 ...μs−1}_{μν} , Ξ = 1. (70) Then using explicit form of the Ψ_1 function Ψ_1 = ( ∑ s ξ^{μ1 ...μs} μν e_{μ1} ...e_{μs}) ( ∑ s A_{μ1,...,μs} e^{μ1} ...e^{μs}) α^μ_{−1}α̃^ν_{−1}|0, k > the equivalence relation δΨ_0 = Ψ_1 will imply the gauge transformation of the tensor fields A^{μ1,...,μs} of the form δA = Aδφ δA^{μ1} = A^{μ1} δφ + Aδφ^{μ1} δA^{μ1μ2} = A^{μ1μ2} δφ + A^{{μ1} δφ^{μ2}} + Aδφ^{μ1μ2} ............ (71)

where δφ = ξ_{μν} α^μ_{−1}α̃^ν_{−1} δφ^{μ1} = ξ^{μ1}_{μν} α^μ_{−1}α̃^ν_{−1} δφ^{μ1μ2} = ξ^{μ1 μ2}_{μν} α^μ_{−1}α̃^ν_{−1} .................................. (72)

These gauge parameters have following properties: k_{μs} δφ^{μ1...μs−1 μs} = im δφ^{μ1...μs−1} . (73) Analogous transformation is generated by the tensor ω_{μν} (e) = ω(e)k_μk_ν : ω(e) = ∑ s ω^{μ1 ...μs} e_{μ1} ...e_{μs}, with the level one condition, Ξ = 1 k_{μs} ω^{μ1 ...μs−1 μs} = im ω^{μ1...μs−1} , thus in this case δφ = ω k_μk_ν (α^μ_{−1}β̃^ν_{−1} − β^μ_{−1}α̃^ν_{−1}) δφ^{μ1} = ω^{μ1} k_μk_ν (α^μ_{−1}β̃^ν_{−1} − β^μ_{−1}α̃^ν_{−1}) ... . ................. (74)

11 Representations of the Little Group E(11)

All Lorentz transformations L which leave a fixed null vector k_μ = k(1, 0, 0, 1) invariant L k = k form a subgroup called ”little group” [43]^5. The group of Lorentz transformations which leave a null vector k_μ invariant is a two-dimensional Euclidean group of rotations R(θ) = exp (−iM_{xy}θ) in the plane transverse to the vector ⃗k and displacements T^′ (α) = exp (−iαπ^′ ), T^{′′} (β) = exp (−iβπ^{′′} ), which are induced by Lorentz generators M_{xy} , π^′ = M_{zx} − M_{tx}, π^{′′} = M_{zy} − M_{ty} . (75) They form the Euclidean algebra E(2)

[π^′ , π^{′′} ] = 0, [M_{xy}, π^′ ] = iπ^{′′} , [M_{xy}, π^{′′} ] = −iπ^′ . (76)

Two Casimir operators of the Poincaré group are given by the operators P = k^2 and W = w^2 - square of the Pauli-Lubanski vector w^μ = ϵ^{μνλρ}k_ν M_{λρ}

W = π^{′ 2} + π^{′′ 2} (77)

where we have used

w_0 = M_{xy} , w_z = −M_{xy}, w_y = M_{zx} − M_{tx} = π^′ , w_x = M_{zy} − M_{ty} = π^{′′} .

To describe representations of the little group one can take M_{xy} in a diagonal form with integer eigenvalues s = 0, ±1, ±2, ... and then from Lorentz subalgebra (76) it follows that both π generators have Jacoby: form [43]

M_{xy} =

. −2 − 1 0 + 1 + 2 .

, π^′ =

. 0 Ξ/2 Ξ/2 0 Ξ/2

Ξ/2 0 Ξ/2 Ξ/2, 0 Ξ/2 Ξ/2, 0 .

, (78)

π^{′′} =

. 0 iΞ/2 − iΞ/2 0 iΞ/2 − iΞ/2 0 iΞ/2 − iΞ/2, 0 iΞ/2 − iΞ/2, 0 .

. (79)

These infinite-dimensional representations can be characterized by the parameter Ξ which can be assumed to be any positive real number. One can now compute the Casimir operator W for these representations:

W = π^{′ 2} + π^{′′ 2} = Ξ^2. (80)

5For simplicity we shall consider in details only four-dimensional space-time. The extension to high dimension can be found in [44], see also [45, 46, 47, 48, 49].

Let us define the state with fixed helicity s (0, ±1, ±2, ...) as M_{xy}|s >= s|s >. It can be represented as an infinite vector with entry one in the row s:

|s >=

. 0 1 0 0 0 0 .

(81)

The action of the π^′ generators on this vector can be found by using (79) π^′ |s >= Ξ 2 (|s − 1 > +|s + 1 >), π^{′′} |s >= iΞ 2 (|s − 1 > −|s + 1 >). These relations tell us that under the Lorentz boosts the state with helicity |s > transforms into the states with helicities |s ± 1 > with the amplitude proportional to Ξ/2.

Only in the case when Ξ = 0 we shall have invariant pure helicity states |s > which decouple from each other. These are well known physical representations 0_s appearing in standard field theory of massless particles, where W = Ξ^2 = 0.

When Ξ ≠ 0 we shall have representations, in which helicity of the ”particle” can take any integer value s = 0, ±1, ±2, .... If one prepares a ”particle” in a pure helicity state s = N then after Lorentz boosts one can find the same ”particle” in different helicity states with nonzero amplitude. These are so called ”continuous spin representations - 0(Ξ) ” CSR [43]. Let us introduce the coherent state of different helicities |φ >= ∑ s e^{isφ}|s > . Under rotation R(θ) in xy-plane it will transform as R(θ)|φ >= ∑ s e^{isφ}R(θ)|s >= ∑ s e^{isφ}e^{inθ}|s >= |φ + θ > and under Lorentz boosts as π^′ |φ >= ∑ s e^{isφ}π^′ |s >= ∑ s e^{isφ} Ξ 2 (|s − 1 > +|s + 1 >) = Ξ cos φ|φ > (82) and π^{′′} |φ >= Ξ sin φ|φ >. In high dimensions the displacement generators are π_i, i = 1, ..., D − 2 and the little group for the massless particles in D-dimensions is a (D-2)-dimensional Euclidean group E(D − 2) induced by the following Lorentz generators: M_{ij} , π_i = M_{D−1i} − M_{0i}, i = 1, ..., D − 2 (83) with commutators

[ π_i, π_j ] = 0, [ M_{ij} , π_k ] = i(δ_{ik}π_j − δ_{jk}π_i), [M_{ij} , M_{kl}] = i(δ_{ik}M_{jl} − δ_{il}M_{jk} + δ_{jl}M_{ik} − δ_{jk}M_{il}). (84)

The highest Casimir operator of the Poincaré algebra is given by W = w^2_{D−3} - the square of the D − 3 Pauli-Lubanski form w^{μ1,...μD−3}_{D−3} =^1√_{2(D−3)!} ϵ^{μ1 ,...μD−3,νλρ}k_ν M_{λρ} and has the form W = ∑ i π^2_i (85)

If W = Ξ^2 = 0 we have again finite-dimensional irreducible representations of the transverse group SO(D −2) which we shall identify as pure ”generalized helicity” states 0_s. By generalized helicity one should understand an irreducible representation with SO(D − 2) quantum numbers. If on the other hand W = Ξ^2 ≠ 0 the irreducible representations of the little group E(D − 2) are infinite-dimensional and contain infinite number of irreducible representations of SO(D − 2), and I suggest to denote them again as 0(Ξ).

Discussing the representations of the Poincaré group Wigner was arguing that the relativistic wave function should depend on two variables x and ξ in order to describe irreducible representations of the little group. For that he suggested three equations (equations (6.5),(6.6)and (6.7) in [43]):

(p · p)ψ = M^2ψ (ξ · ξ)ψ = ψ (p · ξ)ψ = 0, (86)

(in massless case M^2 = 0) and postulated that the Lorentz generators should have the form M^{μν} = i(p^μ∂^ν_p − p^ν ∂^μ_p + ξ^μ∂^ν_ξ − ξ^ν ∂^μ_ξ ) = J^{μν} + E^{μν} .

Computing the Casimir operator W = w^2 = (p ∧ M)^2 of the Poincaré group for this representation of M^{μν} , that is the square of the Pauli-Lubanski vector w^μ, he has found that W = V^2, where V = ip∂_ξ. The eigenvalue Ξ of the last operator V ψ = Ξψ defines the irreducible representation of the little group with W = Ξ^2. Thus the forth Wigner equation is (equation (6.17) in [43]) ip ∂ ∂ξ ψ = Ξψ. (87)

When Ξ = 0 the representations describe usual fixed helicity states of massless particles 0_s. When Ξ ≠ 0 the representations are infinite-dimensional with infinite helicities 0(Ξ), so called ”continuous spin representations” CSR.

This analysis tells us that our equations (43) and definition of the ”level” operator (44), (45) naturally correspond to the representation of the little group E(11) with Ξ_L = Ξ_R = Ξ. In our case Ξ is a level number and takes only integer values Ξ = 0, 1, 2, .... The ground state corresponds to the representations 0_s with Ξ = 0 and all high level states of (α_n, β_n) oscillators correspond to the CSR representations 0(Ξ) with Ξ = 1, 2, ....

12 Conclusion

In conclusion let us consider in brief the high levels. The Ξ = 2 level contains twenty five tensors because we have five relevant operators in the left sector

α^μ_{−1}α^ν_{−1}, α^μ_{−1}β^ν_{−1}, β^μ_{−1}β^ν_{−1}, α^μ_{−2}, β^μ_{−2} and the same amount in the right sector. Corresponding tensors are subject to the constraints

k^2 k · e k · α_1 k · α̃_1 k · α_2 k · α̃_2 Θ_{00} Θ_{10} Θ_{20} Θ_{01} Θ_{02} Θ_{12} Θ_{21} Θ_{11} Θ_{22} L_1 L̃_1 L_2 L̃_2

|Ψ_2 >= k^2 k · e k · α_1 k · α̃_1 k · α_2 k · α̃_2 m^2(e^2 − 1) +^1_2 (α_{−1}α_1 + α̃_{−1}α̃_1) +^1_8 (α_{−2}α_2 + α̃_{−2}α̃_2) im e · α_1 +^1_8 α_{−1}α_2 im 2 e · α_2 −^1_4 α_1α_1 im e · α̃_1 +^1_8α̃_{−1}α̃_2) im 2 e · α̃_2 −^1_4α̃_1α̃_1 −^1_4 α_1α̃_2 −^1_4 α_2α̃_1 −^1_2 α_1α̃_1 −^1_8 α_2α̃_2 α_0β_1 + β_0α_1 + α_{−1}β_2 + β_{−1}α_2 α_0β̃_1 + β_0α̃_1 + α̃_{−1}β̃_2 + β̃_{−1}α̃_2 α_2β_0 + β_2α_0 + α_1β_1 α_0β̃_1 + β_0α̃_1 + α̃_1β̃_1

|Ψ_2 >= 0.(88)

It is rather complicated system of space-time equations and we shell describe solution of these equations in a separate place.

I should also mention that in our early attempts [53, 54] to write down space-time equations for the tensionless strings we were using the general finite and infinite-dimensional representations of the Lorentz group defined as (j, λ), where j is integer or half-integer spin and λ is arbitrary complex number, very similar to the parameter Ξ introduced in the previous section. If λ is real and is equal to j plus natural number N = 1, 2, 3.. then representation (j, λ) is finite-dimensional, otherwise it is infinite-dimensional and contains all representations of the little group with spins j + 1, j + 2, ..... The number of representations used in our approach was growing polynomially with spin in order to produce physically acceptable spectrum. This grows should be compared with the exponential grows of spin states in Ramond generalization of the Dirac equation [52].

The author wishes to thank D.Gross for hospitality in KITP in Santa Barbara, where part of this work was completed and would like also to thank P.Ramond, C.Thorn and R.Woodard for pointing out the Wigner’s articles [43] and hospitality in University of Florida. This work was supported in part by the EEC Grant no. HPRN-CT-1999-00161.

References

[1] G. Savvidy and K. Savvidy. Mod.Phys.Lett. A8 (1993) 2963

G. Savvidy and K. Savvidy, Int.J.Mod.Phys. A8 (1993) 3993 R.V.Ambartzumian and et al, Phys.Lett. B275 (1992) 99 G. Savvidy. JHEP 0009 (2000) 044 R. Manvelian and G. Savvidy,Phys.Lett.B533 (2002) 138

[2] D.Gross, Phys.Rev.Lett. 60 (1988) 1229 [3] D. Amati, M. Ciafaloni and G. Veneziano, Phys. Lett. B 216 (1989) 41. [4] A.Polyakov. Nucl.Phys.B268 (1986) 406

H.Kleinert. Phys.Lett. 174B (1986) 335 T.Curtright and P. van Nieuwenhuizen. Nucl.Phys.B294 (1987)125 [5] A. Schild, “Classical Null Strings, Phys. Rev. D 16, 1722 (1977). [6] H. J. de Vega and N. Sanchez, Phys. Lett. B 197 (1987) 320. [7] M. Gasperini, N. Sanchez and G. Veneziano, Nucl. Phys. B 364 (1991) 365. [8] C. O. Lousto and N. Sanchez, Phys. Rev. D 54 (1996) 6399 [9] F. Lizzi, B. Rai, G. Sparano and A. Srivastava, Phys. Lett. B 182, 326 (1986). [10] F. Lizzi and G. Sparano, Phys. Lett. B 232, 311 (1989). [11] J. Gamboa, C. Ramirez and M. Ruiz-Altaba, Nucl. Phys. B 338 (1990) 143. [12] U. Lindstrom, B. Sundborg and G. Theodoridis, Phys. Lett. B 253 (1991) 319. [13] U. Lindstrom, B. Sundborg and G. Theodoridis, Phys. Lett. B 258, 331 (1991). [14] H. J. De Vega and A. Nicolaidis, Phys. Lett. B 295 (1992) 214. [15] J. Isberg, U. Lindstrom and B. Sundborg, Phys. Lett. B 293 (1992) 321 [16] S. Hassani, U. Lindstrom and R. von Unge, Class. Quant. Grav. 11 (1994) L79. [17] J. Isberg, U. Lindstrom, B. Sundborg, G. Theodoridis, Nucl. Phys. B 411 (1994) 122 [18] G. Bonelli, Nucl. Phys. B 669 (2003) 159 [19] U. Lindstrom and M. Zabzine, arXiv:hep-th/0305098. [20] F. Lizzi, Mod. Phys. Lett. A 9, 1495 (1994) [21] A. A. Zheltukhin and U. Lindstrom, JHEP 0201 (2002) 034 [22] G. K. Savvidy,Conformal Invariant Tensionless Strings, Phys. Lett. B 552 (2003) 72. [23] R. C. Brower and C. B. Thorn, Nucl. Phys. B 31 (1971) 163. [24] E. Del Giudice, P. Di Vecchia and S. Fubini, Annals Phys. 70 (1972) 378. [25] R. C. Brower and P. Goddard, Nucl. Phys. B 40 (1972) 437. [26] R. C. Brower, Phys. Rev. D 6 (1972) 1655.

[27] P. Goddard and C. B. Thorn, Phys. Lett. B 40 (1972) 235. [28] P. Goddard, C. Rebbi and C. B. Thorn, Nuovo Cim. A 12 (1972) 425.

[29] M. Fierz and W. Pauli, Proc.Roy.Soc. A173 (1939) 211

W.Rarita and J.Schwinger, Phys.Rev. 60 (1941) 61 J.Schwinger, Particles, Sourses, and Fields (Addison-Wesley, Reading, MA, 1970) [30] L. P. S. Singh and C. R. Hagen, Phys.Rev. D9 (1974) 898, 910 [31] C.Fronsdal, Massless fields with integer spin, Phys.Rev. D18 (1978) 3624 [32] S. Ferrara and C. Fronsdal, Phys. Lett. B 433 (1998) 19 [33] P. Haggi-Mani and B. Sundborg, JHEP 0004 (2000) 031 [34] B. Sundborg, Nucl. Phys. Proc. Suppl. 102 (2001) 113 [35] E. Witten, Talk at the John Schwarz 60-th Birthday Symposium, http://theory.caltech.edu/jhs60/witten/1.html [36] A. K. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227 (1983) 41. [37] A. K. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227 (1983) 31. [38] M. A. Vasiliev, Higher spin gauge theories,hep-th/9910096. [39] E. Sezgin and P. Sundell, JHEP 0109 (2001) 036 ; arXiv:hep-th/0305040. [40] A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019. [41] D. Francia and A. Sagnotti, Phys. Lett. B 543 (2002) 303 [42] W. F. Chagas-Filho, Symmetries in particle and string theories,hep-th/0309219. [43] E. Wigner, in Theoretical Physics ed. A.Salam (International Atomic Energy, Vienna, 1963) p 59; E. Wigner, Ann. Math. 40 (1939) 149.

[44] L. Brink, A. M. Khan, P. Ramond and X. Xiong, J. Math. Phys. 43 (2002) 6279 [45] L. Abbott, Phys. Rev. D 13 (1976) 2291. [46] K. Hirata, Prog. Theor. Phys. 58 (1977) 652. [47] L. C. Biedenharn J. Phys. A: Math. Gen. 21 (1988) 3593 [48] D. Zoller, Class. Quantum Grav. 11 (1994) 1423.

[49] E. G. Floratos and F. T. Hadjioannou, “A Construction of the Unitary Representations of the Lorentz Group on an E_2 Bases” Athens 1971, Unpublished [50] G.K.Savvidy and F.J.Wegner. Nucl.Phys. B413 (1994)605

G.K.Savvidy and K.G.Savvidy. Phys.Lett. B324 (1994) 72 G.K. Savvidy and K.G.Savvidy. Phys.Lett. B337 (1994) 333; G.K.Savvidy, K.G.Savvidy and P.G. Savvidy. Phys.Lett. A221 (1996) 233 R.Pietig and F.J.Wegner. Nucl.Phys. B466 (1996) 513; B525 (1998) 549

[51] M. Ademollo, A. D’Adda, R. D’Auria, E. Napolitano, P. Di Vecchia, F. Gliozzi and S. Sciuto, Nucl.Phys. B77 (1974) 189, Nucl.Phys. B114 (1976) 297; Phys.Lett.62B (1976) 105; L.Brink and J.H.Schwarz,Nucl.Phys.B121 (1977) 285 [52] P.Ramond, Phys.Rev.D3 (1971) 2415 [53] . K. Savvidy and K. G. Savvidy, JHEP 9804 (1998) 008 [54] G. K. Savvidy, Phys. Lett. B 438 (1998) 69