arXiv:hep-th/0310250 v1 27 Oct 2003

Chain and Hamilton - Jacobi approaches for systems with purely second class constraints

Dumitru Baleanu^1 and Yurdahan Güler^2

Department of Mathematics and Computer Sciences, Faculty of Arts and Sciences, Cankaya University-06530, Ankara , Turkey

Abstract

The equivalence of the chain method and Hamilton-Jacobi formalism is demonstrated. The stabilization algorithm of Hamilton-Jacobi formalism is clariffied and two examples are presented in details.

PACS: 11.10 Ef: Lagrangian and Hamiltonian approach

1On leave of absence from Institute of Space Sciences, P.O BOX, MG-23, R 76900 Magurele- Bucharest, Romania, E-mail: dumitru@cankaya.edu.tr 2E-Mail: yurdahan@cankaya.edu.tr

1 Introduction

The quantization of second-class constrained systems, initiated by Dirac [1] and developed by various authors [2] is subjected to intense debates during the last years. A powerful method, based on the introduction of extra variables was proposed in [3] and it leads us to convert the second class-constraints into first class ones. Recently, in [4] a second-class constrained system was investigated and a gauge theory was found without introducing extra variables. In [5] the authors proposed to eliminate half of the second-class constraints and converted the second half to the first-class constraints. This method is called the chainmethod and it was subjected recently to various investigations [6] In the chain method one primary constraint is producing, under some assumptions, a set of constraints.At the end all primary constraints produce a chain of second class constraints but some of them are in involution. The next step of the method is to produce a gauge theory by adding an extra term in the canonical Hamiltonian in such a manner that half of the constraints are eliminated [5].Despite of many attempts to elucidate the integrability conditions of the second-class constrained systems in Hamilton- Jacobi formalism (HJ) based on Carathéodory’s approach [7] and initiated in [8] there are some hidden parts which must be clarified. The main problem is to clarify when the stabilization algorithm come to an end and to make a deep exploration of the equivalence with Dirac’s formulation. On the other hand we have to keep in mind the physical interpretation of (HJ) partial differential equations involved in (HJ) formalism [9]. All this issues are important for the construction of the integrability of the second-class constrained systems in (HJ) formalism [10].

The main aim of this paper is to show that the stabilization algorithms produce the same constraints and that the lagrange multipliers of chain method arise naturally in (HJ) formalism.

The plan of the paper is as follows:

In sec. 2 the (HJ) formalism and the chain method are briefly presented. In sect. 3 the equivalence of both method are investigated and two examples were analyzed. Sec. 4 is devoted to conclusions.

2 The methods

2.1 Hamilton-Jacobi formalism

Let us assume that the Lagrangian L is singular and the Hessian supermatrix has rank n-r. The Hamiltonians to start with are

H^′_α = H_α(t_β, q_a, p_a) + p_α, (1) where α, β = n−r+1, · · · , n,a = 1, · · · n−r. The usual Hamiltonian H_0 is defined as H_0 = −L(t, q_i, q̇_ν , q̇_a = w_a) + p_aw_a + q̇_μp_μ |_{pν =−Hν} , ν = 0, n − r + 1, · · · , n. (2) which is independent of q̇_μ.Here q̇_a =^{dqa}_{dτ} ,where τ is a parameter. The equations of motion are obtained as total differential equations in many variables as follows

dq_a = (−1)^{Pa +PaPα} ∂_rH^′_α ∂p_a dt_α, dp_a = −(−1)^{PaPα} ∂_rH^′_α ∂q_a dt_α, dp_μ = −(−1)^{PμPα} ∂_rH^′_α ∂t_μ dt_α, μ = 1, · · · , r, (3)

dz = (−H_α + (−1)^{Pa +PaPα} p_a ∂_rH^′_α ∂p_a )dt_α, (4)

where z = S(t_α, q_a) and P_i represents the parity of a_i.

On the surface of constraints the system of differential equations(3) is integrable if and only if [H^′_α, H^′_β ] = 0, ∀α, β. (5)

2.2 The chain method

Let us consider a singular Lagrangian L(q_a, q̇_a), a = 1, · · · N admitting a primary constraint ϕ_1(p_a, q_a) = 0. (6) We assume that the Lagrangian possesses only 2n(n < N) second-class constraints. The total Hamiltonian is

H = H_c + λϕ_1, (7)

where H_c is the canonical Hamiltonian and λ is a parameter to be determined. Taking into account the integrability conditions we obtain the following one-chain system: ϕ_2(p_a, q_a) ≡ {ϕ_1, H} = 0, · · · , ϕ_{2n}(p_a, q_a) ≡ {ϕ_{2n−1}, H} = 0. (8) Since the set of constraints ϕ_i is composed of second-class constraints, the matrix M_{ij} = {ϕ_i, ϕ_j } is nonsingular. Explicitly,

M_{ij} =

0 0 0 · · · 0 0 −α 0 0 0 · · · 0 α ∗ 0 0 0 −α ∗ ∗ . . . . 0 0 α 0 ∗ ∗ 0 −α ∗ ∗ 0 ∗ α ∗ ∗ · · · ∗ ∗ 0

, on Σ_{2n}. (9)

Here ”on ∑ 2n” means the weak equality modulo the constraints ϕ_1 = ϕ_2 = · · · = ϕ_{2n} = 0. On the other hand we have

{ϕ_1, ϕ_n} = −α(p_a, q_a) (10)

and half of the second class constraints, as we can be seen from (9), are in involution [5].The advantage of this method is that it gives some new information about the form of M_{ij} and that some of the constraints are in involution. The next step is to generalize the procedure to a chain of K primary constraints. We denote these constraints by ϕ^{(1)}_1 , ϕ^{(2)}_1 , · · · , ϕ^{(K)}_1 .

ϕ^{(1)}_1 = 0 ϕ^{(2)}_1 = 0 · · · ϕ^{(K)}_1 = 0 ϕ^{(1)}_2 ≡ {ϕ^{(1)}_1 , H} = 0 ϕ^{(2)}_2 ≡ {ϕ^{(2)}_1 , H} = 0 · · · ϕ^{(K)}_2 ≡ {ϕ^{(K)}_1 , H} = 0 ϕ^{(1)}_{M1} ≡ {ϕ^{(1)}_{M1−1}, H} = 0 ϕ^{(2)}_{M2} ≡ {ϕ^{(2)}_{M2−1}, H} = 0 · · · ϕ^{(K)}_{MK} ≡ {ϕ^{(K)}_K , H} = 0 (11) The Hamiltonian H is given by

H = H_c + K∑ m=1 v^{(m)}_0 ϕ^{(m)}_1 (12)

{ϕ^{(l)}_i , ϕ^{(m)}_j } ≈ 0 , i ≤ r_l, j ≤ r_m; l, m arbitrary , (13) Using the same arguments as before we observe that the K × K matrix

α ≡ α_{11} · · · α_{1K} . . . . α_{K1} · · · α_{KK} (14)

where α_{mn} = {ϕ^{(l)}_{rl+1}, ϕ^m_{rm} } must have at least one non-zero element in each row [5] The method is applicable to local field theory too. Let us assume that the local Lagrangian density L is singular and admits only one second-class constraints ϕ_1(⃗x), ϕ_2(⃗x), · · · , ϕ_{2n}(⃗x) and only ϕ_1(⃗x) is primary. In this method we have infinite number of constraint equations. If we calculate the bracket of constraints we will construct the matrix M_{ij} = {ϕ_i, ϕ_j } as

M_{ij} (⃗x, ⃗y) =

0 0 0 · · · 0 0 −α 0 0 0 · · · 0 α ∗ 0 0 0 −α ∗ ∗ . . . . 0 0 α 0 ∗ ∗ 0 −α ∗ ∗ 0 ∗ α ∗ ∗ · · · ∗ ∗ 0 δ(⃗x − ⃗y) (15)

To find the subset of constraints which are in involution we follow the procedure used before.To simplify the problem and to explain the method we consider the two-chain case. Let us assume the set of the constraints in involution as {χ_1, χ_2, · · · , χ_r; ψ_1, ψ_2, · · · , ψ_q}. To stop the chain we transform the Hamiltonian as H^{′′} = H_c + 1 2 χ^T α^{−1}χ, (16)

where χ = ( χ_{r+1} ψ_{q+1} ) (17)

For field theory let us assume that only a primary constraint Φ_1 generates 2n- 1 constraints denoted by Φ_α, α = 2, · · · 2n. Using the same procedure as before we construct the corresponding extended Hamiltonian as

H^{′′′} = H_c + 1 2 ∫ d⃗xα^{−1}(⃗x)Φ^2_{n+1}(⃗x), (18)

such that we eliminated half of the constraints and the resulting system is a first-class one.

3 Equivalence of the methods

Let us consider a singular Lagrangian L admitting 2n second class constraints and K of them are primary. Let us denote the primary constraints by H^′_1, H^′_2 · · · , H^′_K . Consistency conditions read as dH^′_α = {H^′_α, p_0 + H_0}dτ + {H^′_α, H^′_β }dt_β , α, β = 1, · · · K. , (19) H_0 = H_c There are two cases to be studied. First, all of the variations (19)might vanish identically. In this case there is no need to go one further step. The system is integrable.Second, some of the variations might vanish identically, and the other variations, say m of them, do not vanish. These non-vanishing variations will give (m) differential equations in ṫ_β =^{dtβ}_{dτ} . Here one should notice that although we impose the conditions that t_β are independent variables, theory forces us to calculate them as the solutions of differential equations which arise from the variations. Now, since all variations are zero the system is integrable. The price we pay for this is the determination all of the independent variables as function of τ . As we can see from (19), when τ = t, ṫ_β is nothing that the expression of the Lagrange multiplier from chain corresponding to the primary constraint H_β . This result is valid in general , at the final stage , all velocities of the gauge variables are the Lagrange multipliers of the chain method. The next step in the (HJ) formalism is to calculate the action. Since the system is second-class, the ”Hamiltonians” are not in involution. One way to solve this problem is to try to solve all equations of motion.When we are dealing with non-linear equations this way is very difficult to be used. Another way to bypass this problem is to make the ”Hamiltonians” in involution by selecting half of them and transforming H^′_0 as in (16) for discrete case or as in (18) for fields.

3.1 Examples

To illustrate the approaches we will present two examples.

1.Consider the Lagrangian L = 1 2 (q̇_1+q_5)^2+ 1 2 (q̇_2+q_6)^2+ 1 2 (q̇^2_3+q̇^2_4 )−q_5(q_2+V_1(q_3, q_4))+q_6(q_1+V_2(q_3, q_4))−V_3(q_3, q_4), (20) where V_1, V_2 and V_3 are any functions of their arguments. Let us apply (HJ) formalism for this system. The primary constraints are

H^′_1 ≡ p_5, H^′_2 ≡ p_6 (21) The usual canonical Hamiltonian is

H_0 = 1 2 4∑ i=1 p_i^2 − q_5(p_1 − q_2 − V_1(q_3, q_4)) − q_6(p_2 + q_1 + V_2(q_3, q_4)) + V_3(q_3, q_4), (22) so H^′_0 = p_0 + H_0 (23) These expressions give the following equations of motion:

dq_1 = (p_1 − q_5)dt, dq_2 = (p_2 − q_6)dt, dq_3 = p_3dt, dq_5 = dq_5, dq_4 = p_4dt, dp_1 = q_6dt, dp_2 = −q_5dt, dq_6 = dq_6 dp_3 = (−q_5^{∂V1}_{∂q3} + q_6^{∂V2}_{∂q3} −^{∂V3}_{∂q3} )dt dp_4 = (−q_5^{∂V1}_{∂q4} + q_6^{∂V2}_{∂q4} −^{∂V3}_{∂q4} )dt. (24) Using (24) variations of constraints H^′_1 and H^′_2 follows as

dH^′_1 = {H^′_0, H^′_1}dt + {H^′_2, H^′_1}dq_6, dH^′_2 = {H^′_0, H^′_2}dt + {H^′_1, H^′_2}dq_5, (25) so H^′_3 = p_1 − q_2 − V_1, H^′_4 = p_2 + q_1 + V_2. (26) Imposing the variations of H^′_3 and H^′_4 to be zero and taking into account (26) we obtain another two new ”Hamiltonians”:

H^′_5 = 2q_6 − p_2 − ∂V_1 ∂q_3 p_3 − ∂V_1 ∂q_4 p_4, H^′_6 = −2q_5 + p_1 + ∂V_2 ∂q_3 p_3 + ∂V_2 ∂q_4 p_4. (27)

If we consider the variations of (27) we obtain a first order equation for q_5 and q_6. A simple calculation shows that q̇_5 and q̇_6 have the same form as the Lagrange multipliers from chain method. At this point we conclude that our results are in agreement to [5] . If we choose, for example, V_1(q_3, q_4) = q_3, V_2(q_3, q_4) = q_4 and V_3(q_3, q_4) = 0, then (24) becomes

dq_1 = (p_1 − q_5)dt, dq_2 = (p_2 − q_6)dt, dq_3 = p_3dt, (28) dq_4 = p_4dt , dp_1 = q_6dt, dp_2 = −q_5dt, dp_3 = −q_5dt, dp_4 = q_6dt. (29)

The solution of (28) is

q_6(t) = C_9 cos(t) − C_{10} sin(t), q_5(t) = C_9 sin(t) + C_{10} cos(t), (30) q_4(t) = −C_9 cos(t) + C_{10} sin(t) + C_7t + C_5, (31) q_3(t) = C_9 sin(t) + C_{10} cos(t) + C_8t + C_6, q_2(t) = C_4t + C_1, (32) q_1(t) = C_3t + C_2, p_1(t) = C_9 sin(t) + C_{10} cos(t) + C_3, (33) p_2(t) = C_9 cos(t) − C_{10} sin(t) + C_4, p_3(t) = C_9 cos(t) − C_{10} sin(t) + C_8,(34) p_4(t) = C_9 sin(t) + C_{10} cos(t) + C_7, (35)

where C_i, i = 1, · · · 10 are constants.

Imposing H^′_3 = H^′_4 = H^′_5 = H^′_6 = 0 we obtain the following restrictions on the above constants

C_3 = C_7, C_4 = −C_8, C_4 = −C_2 − C_5, C_3 = C_1 + C_6. (36)

As it is seen the above example is two-chain example and three constraints are commuting each other. The main aim was to make the system integrable and to find the action.One way is to introduce the expressions of q_i, i = 1 · · · 6 in H^′_0 and then we will find the action using only one ”Hamiltonian”. In the following we will apply the other method, mainly we will use only half of the constraints and we will try to modify the Hamiltonian H^′_0 such that it will be involution with them. Having in mind to obtain an integrable system and with physical interpretation from (HJ) point of view we choose the following ”Hamiltonians”

H^′_1 = p_5, H^′_2 = p_6, H^′_3 = p_1 − q_2 − V_1 (37) Using (16) the new form of H^′_0 is

H^{′′}_0 = p_0 +^1_2 (p^2_1 + p^2 + p^2_4) +^1_8 (p_2 − q_1 − V_2)^2 + V_3 −^1_2 (p_2 + q_1 + V_2)(2q_6 − p_2 −^{∂V1}_{∂q3} p_3 −^{∂V1}_{∂q4} p_4) +^1_8 (p_2 + q_1 + V_2)^2(1 + (^{∂V1}_{∂q3} )^2 + (^{∂V1}_{∂q4} )^2) (38) Since H^′_1, H^′_2, H^{′′}_0 are commuting the corresponding system is integrable. The corresponding action is

S = ∫ dt{ 1 2 (p^2_3 + p^2_4) + 1 8 [p_2^2 − (q_1 + V_2)^2][1 + ( ∂V_1 ∂q_3 )^2 + ( ∂V_1 ∂q_4 )^2]} (39)

2. The bosonized Lagrangian for the chiral model in (1+1) dimensions is written as [11] L = ∫ dx[ 1 2 (∂_μϕ + A_μ)(∂^μϕ + A^μ) − 1 4 F_{μν} F^{μν} − ε^{μν} ∂_μϕA_ν ] (40)

The canonical Hamiltonian density becomes

H_c = ∫ dx[ 1 2 (π^2 + (∂_xϕ)^2 + π^2_1) + π_1∂_xA_0 + (π + ∂_xϕ + A_1)(A_1 − A_0)], (41)

where π, π_0, π_1 represent the momenta conjugate to ϕ, A_0, A_1 respectively. In (HJ) formalism the primary Hamiltonian density is

H^′_1 = π_0. (42) The equations of motions corresponding to (41) and (42) are

dϕ = (π + A_1 − A_0)dt, dA_1 = (π_1 + ∂_xA_0)dt, dπ = [∂_x(A_1 − A_0) + ∂^2_xϕ]dt, dπ_1 = −(2A_1 + A_0 − ϕ − ∂_xϕ)dt

(43)

Taking into account the variation of (42) we obtain the second ”Hamiltonian” as H^′_2 = ∂_x(π_1 + ϕ) + π + A_1 (44) From (44) we obtain another ”Hamiltonian” density as H^′_3 = π_1 (45) Finally, imposing the variation of H^′_3 to be zero we obtain the last ”Hamiltonian” density as H^′_4 = −π − ∂_xϕ − 2A_1 + A_0 (46) We identified the matrix M_{ij} from chain method (15) as

M(x, y) = 0 0 0 −1 0 0 1 0 0 −1 0 2 1 0 −2 0 δ(x − y). (47)

As we can easily see from (47) the ”Hamiltonians” H^′_1, H^′_2, H^′_3, H^′ are not in involution and using (5)the system of equations (43)is not integrable. In addition, we mention that if we continue to consider the variation of H^′_4 we will obtain that Ȧ_0 is nothing the value of the Lagrange multiplier in the Dirac’s formulation. The modified canonical density Hamiltonian becomes

H^{′′}_0 = p_0 + H_c − 1 2 π^2_1. (48) We have three ”Hamiltonian” densities which are in involution

H^{′′}_0 = p_0 +^1_2 (π^2 + (∂_xϕ)^2) + π_1∂_xA_0 + (π + ∂_xϕ + A_1)(A_1 − A_0), H^′_1 = π_0, H^′_2 = π + ∂_x(π_1 + ϕ) + A_1

(49)

If we ignore the surface term, the action corresponding to (49) becomes S = ∫ dxdt[− 1 2 (π^2 + (∂_xϕ)^2) − (π + ∂_xϕ + A_1)(A_1 − A_0) − ϕ̇A_1]. (50)

4 Conclusions

In this paper we proved that the chain method and (HJ) formalism are equivalent. In other words both stabilization algorithms gave the same set of constraints. Since the system is second-class constrained it appears that the last Hamiltonian or Hamiltonian density in (HJ) contains a variable which was undefined by the system of the equations corresponding to the primary constraints and the Hamiltonian H^′_0. If we take the variation of the last Hamiltonain we obtained the velocity of that variable. We have shown that this velocity is nothing that the Lagrange multiplier in Dirac’s formalism. In fact, in (HJ) formalism we have no Lagrange multipliers to start with but we have a set of variables q_α corresponding to the primary constraints H^′_α = p_α + H_α, α = 1, · · · K. And the end of the stabilization algorithm of (HJ) we obtained a set of ”Hamiltonians” and a set of new equations for q̇_α. The remaining problem is to analyzed the integrability of the system of total differential equations. For second class-constrained systems (HJ) formalism is not integrable in the sense of (5). To make it integrable we have several options corresponding to several techniques of modifying the set of second class-constraints into a first-class one. For (HJ) formalism this step is crucial because the action delivered by it depends drastically of the form of the ”Hamiltonians”. In other words only for ”Hamiltonians” in the form H^′_α = p_α + H_α it is possible to calculate the action given by (4). Following this idea we calculated the action of (HJ) corresponding to the gauge system obtained after applying the chain method.

5 Acknowledgments

One of the authors (D. B.) would like to thank M. Henneaux for stimulating discussions and encouragements. This work is partially supported by the Scientific and Technical Research Council of Turkey.

References

[1] Dirac P. A. M., Lectures on Quantum Mechanics Yeshiva University, New York, (1964).

[2] Hanson A. Regge T. and Teitelboim C., Constrained Hamiltonian systems, Academia Nationale dei Lincei, Rome (1976), Sundermeyer K., Constrained Dynamics, Lecture Notes in Physics, vol.169, Springer-Verlag, New-York., (1982), Henneaux M., Phys. Rep. 126 (1985) 1 , Henneaux M. and Teitelboim C., Quantization of Gauge Systems, Princeton University Press (1992),

Govaerts J., Hamiltonian Quantisation and Constrained Dynamics Leuven University Press, Leuven (1991), Shabanov S., Phys. Rep. 326 (2000)1 , Dominichi D., Gomis J., Longhi G. and Pons J. M., 25 (1984) 2439, Henneaux M., Phys. Lett. B315 (1992) 283.

[3] Batalin I. A. and Fradkin E.S., Phys. Lett. B180 (1986) 157, Batalin I.A. and Fradkin E.S., Nucl. Phys. B279 (1987) 514, Batalin I.A. Fradkin E.S. and Fradkina T.E., Nucl. Phys. B332 (1990) 723, Batalin I.A. and Tyutin I.V., Int. J. Mod. Phys. A6 (1991) 3255.

[4] Batalin I. A. and Marnelius R., Mod. Phys. Lett.. A16(2001) 1505, Lyakhovich S.L. and Marnelius R., Int. J. Mod. Phy. A16(2001) 4271.

[5] Mitra P. and Rajaraman R., Ann. Phys. 203 (1990) 137; Ann. Phys. 203, (1990) 157, Loran F.and Shirzad A., Int. J. Mod. Phys. A17 (2002) 625.

[6] Mojiri M. and Shirzad A. ,hep-th/0210119.

[7] Carathéodory C., Calculus of Variations and Partial Differential Equations of First Order, Part II Holden-Day, (1967), Kastrup H. A., Phys. Rep. 101 no. 1-2 (1983) 1, Pimentel B.M., Teixeira R. G. and Tomazelli J. L., Ann. Phys. 267 (1998) 75, [8] Güler Y., Nuovo Cimento 100 B (1987) 251,

Güler Y., J. Math. Phys. 30 (1989) 785, Güler Y., Nuovo Cimento 107 B (1992) 1398.

[9] Goldenberg J., Newman E. and Rovelli C. , J. Math. Phys. 32 (1991) 2739.

[10] Baleanu D. and Güler Y., J. Phys. A: Math. Gen. 34 (2001) 73, Baleanu D. and Güler Y., Mod. Phys. Lett. A16 (2001) 135.

[11] Faddeev L. D. and Jackiw R., Phys. Rev. Lett. 60 (1988) 1692.