arXiv:hep-th/0310266 v2 9 Dec 2004

Cosmological constant and noncommutativity:

A Newtonian point of view.

Juan M. Romero^{(1)∗}and J. A. Santiago^{(2)†}

(1)Instituto de Ciencias Nucleares Universidad Nacional Autónoma de México Apartado Postal 70-543, México, DF, MEXICO

(2)Centro de Investigación Avanzada en Ingeniería Industrial Universidad Autónoma del Estado de Hidalgo Apartado Postal 42-090, Pachuca, MEXICO

Abstract

We study a Newtonian cosmological model in the context of a noncommutative space. It is shown that the trajectories of a test particle undergo modifications such that it no longer satisfies the cosmological principle. For the case of a positive cosmological constant, spiral trajectories are obtained and corrections to the Hubble constant appear. It is also shown that, in the limit of a strong noncommutative parameter, the model is closely related to a particle in a Gödel-type metric.

∗e-mail: sanpedro@nuclecu.unam.mx †e-mail: sgarciaj@uaeh.reduaeh.mx

1 Introduction

It is well known that Newtonian gravity is no-relativistic, however, from it one can get to conclusions which fully agree with general relativity. For instance, J. Michell (1784) [1] and P. S. Laplace (1796) [2] have shown that the idea of black hole can be obtained from pure Newtonian gravity; though black holes do require general relativity to be completely justified. On the other hand, in a cosmological level E. A. Milne (1934) [3] did show that, from fluid equations and the cosmological principle, the Friedmann equation for the case of pressureless matter can be deduced. This approach is still valid when pressure is much less than the energy density; otherwise general relativity must be used [4]. Extensions of this approach can be found in Ref. [5]. Moreover, the same equation can be obtained even from Newton’s second law [6]. For a recent discussion of these topics see e.g. Refs. [7, 8]. A great advantage of Newtonian gravity is its simplicity as it is just an external potential in a flat space. This simplicity allows one to study concepts otherwise difficult to understand from general relativity.

A difficult concept to introduce in general relativity is that of a noncommutative (NC) space, however it can be incorporated in other field theories where it has proved useful for exploring possible modifications to the physics of small scales. The seminal idea of this proposal has been attributed to Heisenberg [9]. NC spaces appear in a natural fashion in the context of string theory under some backgrounds [10]. Moreover, one can also construct in an independent manner a field theory in a NC space [11]. The way to build this field theory starts by changing in the action the usual product of functions by a deformed product of the form (f ⋆ g)(x) = f(x)g(x) + θ i 2 {f(x), g(x)}_{P S} + O(θ^2), (1) where {., .}_{P S} denotes a Poisson structure and θ is a parameter controlling deformation such that when it is negligible the commutative limit is regained [12]. By considering the usual Poisson structure and making θ = h̄, the usual field theories are obtained. However, if one considers alternative Poisson structures one gets to new theories. For instance, taking

{x_i, x_j } = Θ_{ij} , (2) with Θ_{ij} a constant, real and antisymmetric tensor; and requesting associativity of the product, then the Moyal product f(x) ⋆ g(x) = e^{ih̄Θij ∂xi ∂yi} f(x)g(y)|_{x=y}, (3) is obtained. In particular, the noncommutativity relation

[x_i, x_j]_⋆ = x_i ⋆ x_j − x_j ⋆ x_i = ih̄Θ_{ij} , (4)

holds. An interesting property of field theories in these spaces is the mixing of infrared and ultraviolet (UV/IR) divergences [13]. This divergence mixing implies that the physics at large distances is not disconnected from the physics at short scales. Several interactions have been investigated in this context, for example, for the case of the Standard Model see Ref. [14]. Nevertheless, despite considerable progress, the task of accomplishing a final version of NC general relativity has not been completed yet; though versions of topological models with torsion already exist. For a detailed description see Ref. [15] and references therein.

In this work we introduce noncommutativity in a cosmological Newtonian model and study its consequences. To this end we first construct a NC classical mechanics. Starting from the Poisson structure in Eq. (2), we extend to the phase space as {x_i, x_j } = Θ_{ij} , {x_i, p_j } = δ_{ij} , {p_i, p_j } = 0. (5) Notice that changing to a commutator this Poisson structure, the commutation rules of a NC quantum mechanics are obtained [16]. However by using Eq. (5) a NC classical mechanics can also be constructed. For example, with a Hamiltonian of the form H = p_ip^i 2m + V (x), (6)

one gets the equations of motion

ẋ_i = p_i m + Θ_{ij} ∂V ∂x^j , (7)

ṗ_i = − ∂V ∂x^i , (8) which yields, mẍ_i = − ∂V ∂x_i + mΘ_{ij} ∂^2V ∂x_j ∂x_k ẋ_k. (9)

Notice that there is a correction to Newton’s second law that depends on the NC Θ parameter and on variations of the external potential V (x). This correction term can be regarded as a perturbation to the space due to the external potential. Eq. (9) has interesting properties itself. One of them is that the t → −t symmetry is broken unless the NC parameter is also transformed as Θ → −Θ. A similar phenomenon occurs in field theory [17]. Also the rotational symmetry for a central potential is broken. It can be shown that for the Kepler potential Eq. (9) yields a perihelion shift of the planets. In particular, for the case of Mercury this shift imposes a bound to the noncommutativity scale of the order of 10^{15}GeV [18]. This is a remarkable bound as the lowest one previously found was of the order of 10^{17}GeV , given by NC-QCD [19]. A detailed study of Eq. (9) can be found in Refs. [18, 20] and some other aspects of a NC classical mechanics in Ref. [21].

The main aim of this letter is to study Eq. (9) for a Newtonian cosmological model. The first outcome is that a NC space cannot be consistent with the cosmological principle as there is a privileged direction. Both, the cases with positive and negative cosmological constant Λ are discussed. For a negative Λ, the solutions obtained oscillate about the origin with a frequency depending on Θ. In the positive Λ, but otherwise commutative case, the trajectories are straight lines in which the particle departs from the origin exponentially with time. However, in the NC case, the trajectories are spirals in which the particle distance to the origin also grows exponentially with time but now Θ introduces small oscillations. The contribution of these oscillations to the distance become important just after every time period T ∝ 1/Θ; and in this period the distance r ∝ e^T = e^{1/Θ} is traveled. I.e. noncommutativity at small distances (Θ small) produces effects at large distances, and therefore it connects short and large distances. This phenomenon is analogous to the mixing of UV/IR divergences in field theory. Also, as it will be shown shortly, the corrections to the distance r give raise to corrections in the Hubble constant of the model. Finally, in the strong Θ limit, it is shown that the model is closely related to a particle in a Gödel-type metric and that the trajectories are circles which at the quantum mechanical level have quantized radius.

This work is organized as follows. In section 2 the Newtonian limit of general relativity without matter but with cosmological constant is briefly reviewed. In section 3 the NC case is studied. The strong Θ limit is considered in section 4 and finally in section 5 the results are summarized.

2 AdS and dS in the Newtonian limit

Einstein’s equations with cosmological constant, Λ, in vacuum are R_{μν} − 1 2 g_{μν} R = Λg_{μν} . (10)

Their solutions for maximum symmetry are of the form

ds^2 = − ( 1 − Λr^2 3 ) c^2dt^2 + dr^2 ( 1 −^{Λr2}_3

) + r^2dΩ^2. (11)

For negative Λ this is the anti de Sitter space and for positive Λ is the de Sitter space. In the Newtonian limit, c → ∞ and Λ → 0 but cΛ finite, the metric in Eq. (11) generates the potential V = − Λmc^2 6 r^2. (12)

The Hamiltonian of the system is H = p^ip_i 2m − Λmc^2 6 r^2. (13)

Assuming the usual Poisson structure the equations of motion m d^2⃗r dt^2 = m Λc^2 3 ⃗r, (14) are obtained. For negative Λ there is an attractive force and the particle oscillates about the origin with a distance (to the origin) given by r_{Λ<0}(t) = A| sin √ Λt|; but for positive Λ the force is repulsive and the particle departs exponentially fast from the origin, i.e. r_{Λ>0}(t) = Be^{√Λt}.

Hubble’s constant H can be defined by the formula ṙ = Hr, (15) which for Λ > 0 yields H = √ Λ. For a study of the symmetries of Eq. (14) see Ref. [8].

3 Noncommutative case

Let us now study the same system as in the previous section, but now introducing the Poisson structure from Eq. (5). Firstly, we shall see that a NC space is not compatible with the cosmological principle. For that, as Θ_{ij} is a 3 × 3 antisymmetric matrix, it can be written as Θ_{ij} = ϵ_{ijk}Θ_k . Therefore, ⃗Θ defines a privileged direction. For instance, if this vector is taken along the z direction (i.e. Θ_k = δ_{k3}Θ) and Poisson brackets from Eq. (5) are assumed, we obtain the relationships

{x_1, x_2} = Θ, {x_2, x_1} = −Θ, {x_3, x_i} = 0. (16)

That is, noncommutativity only affects the plane perpendicular to the z direction. This defines a privileged direction and in such a space the cosmological principle is not possible.

Let us now turn to the Hamiltonian in Eq. (13) with the Poisson structure from Eq. (5). By taking Θ_{ij} = ϵ_{ij3}Θ one gets to the equations of motion mẍ = mΛc^2 3 x − Λc^2 3 m^2Θẏ, (17) mÿ = mΛc^2 3 y + Λc^2 3 m^2Θẋ, (18) mz̈ = mΛc^2 3 z. (19)

These equations are essentially identical to those for a harmonic oscillator in a constant magnetic filed along the z direction. As expected, movement along the z direction is not affected by noncommutativity, but it is in the plane perpendicular to z. This is the reason behind being unable to take solutions of the form ⃗r = R(t)⃗r(t_0), which are consistent with the cosmological principle.

As the Θ parameter affects only the x-y plane, for simplicity (unless stated otherwise), we will assume the solution z(t) = 0 along the z direction. Now, looking for solutions of the form x = x_0e^{ωt} and y = y_0e^{ωt}, we find that

ω = √ α ( 1 − β^2 2α ) ± ( 1 − β^2 2α )_2 − 1 1/2 , (20) y_0 = x_0 βω α − ω^2 , (21)

with α = Λc^2/3 and β = mΘα. To second order in Θ this yields ω = √ α ( 1 − β^2 4α ∓ β 2α √ −α ) . (22)

It can be seen from Eq. (22) that if Λ < 0 the movement is completely oscillatory as in the commutative case. However, the oscillations now get corrected by the NC parameter. That is, the cosmological constant gets a correction from Θ. On the other hand, if Λ > 0 the frequencies are no longer real as they get an imaginary correction from Θ of the form

ω = ω_R ± ω_I = √ α ( 1 − β^2 4α ) ± i β 2 , (23)

so that a test particle now departs from the origin and it also oscillates in the x-y plane, in contrast to the commutative case. To this order, linearly independent trajectories in the x-y plane are (x, y) = e^{ωRt} ( cos(ω_I t), ( 1 − β^2 8α ) sin(ω_I t) ) , (24) (x, y) = e^{ωRt} ( sin(ω_I t), − ( 1 − β^2 8α ) cos(ω_I t) ) . (25)

Therefore, in this case the trajectories are no straight lines, but spirals. This trajectories are schematically shown in Figure 1. From these solutions, Eqs. (24) and (25), it can be seen that the cosmological principle is broken in the NC plane.

On the other hand the particle distance to the origin at time t is r(t) = Ae^{√ωRt} √ 1 − β^2 4α cos^2 ω_I t. (26)

To first order in Θ this grows exponentially. However, to second order small oscillations appear. The behaviour of r(t) is shown schematically in Figure 2. The oscillations in r(t) are analogous to the scale factor oscillations of a cosmological model of a quasi-steady-state type [22, 23].

Figure 1: Trajectories of a particle in a space with positive cosmological constant. Left figure represents the commutative case. Right figure is for the noncommutative one.

From Eq. (26) it can be seen that the effect of the noncommutativity in r(t) is essentially suppressed, showing up only when ω_I t = nπ. That is, when t = nπ ω_I = 3nπ mΘΛc^2

. (27)

The distance traveled by the test particle during this time is r(t = nπ/ω_I ) ∝ e (_{3πn} m √_{Λc2} )_1 Θ . Now, taking the limit Θ → 0, then r → ∞. Thus, for small Θ the first oscillation will appear at a very long distance and this can be interpreted as that noncommutativity at short distances has effects at very long ones; i.e. short and very long distances are no disconnected. This phenomenon is analogous to the mixing of the UV/IR divergences appearing in a field theory in a NC space. Notice that for this phenomenon to be observed, corrections to second order in Θ have to be considered. Also note that the time defined in Eq. (27) is proportional to the time the particle requires to turn n times about the origin.

Now, by defining Hubble’s constant from ṙ = Hr, for the Λ > 0 case we find H = √ ω_R = √ α ( 1 − β^2 4α ) . (28)

Figure 2: Distance to the origin for the particle position as a function of time. Order zero and first order are represented by the line on the left. Second order by the line on the right.

Therefore, to this order a constant correction to H appears. To higher orders Hubble’s constant gets corrections that depend on time.

4 Strong Θ limit

The strong Θ limit in Eqs. (17)-(19) can be obtained as (mΛc^2/3) → 0 and Θ → ∞, but (mΛc^2/3) mΘ finite, so that mẍ = − Λc^2 3 m^2Θẏ, (29) mÿ = Λc^2 3 m^2Θẋ, (30) mz̈ = 0. (31)

Eqs. (29)-(31) can also be regarded as the equations of motion of a charged particle in a magnetic field along the z direction. In such a case, Λ plays the role of the charge and Θ the magnetic field. If the particle speed along the z direction is zero, then it describes a circle centred in (x_0, y_0). Whether the movement is clock or anticlockwise depends on the sign of Λ. Moreover, as in the quantum formalism the commutation relations,

[x̂, ŷ] = ih̄Θ, (32)

hold and therefore the radius r̂ of the circles is quantized,

r̂^2 = 2h̄Θ ( n + 1 2 ) ; (33)

just as it happens in quantum mechanics to a charged particle in a uniform magnetic field [27].

As explained in Sec. 1 the commutative version of this model yields results in agreement with general relativity. Assuming that analogously happens for the noncommutative case, we could say that if at the beginning of the universe matter was dominated by a cosmological constant (i.e. vacuum) and the space is NC with Θ strong, then at the quantum level a test particle would describe helices of quantized radius; but as Θ becomes weak, the circles get deformed.

Now, by considering the metric

ds^2 = − ( dt + Ω sinh^2 lρ l^2 dϕ )_2 + sinh^2 2lρ 4l^2 dϕ^2 + dρ^2 + dz^2, (34)

taking the limit l → 0, and expressing it in terms of the coordinates

x = ρ cos ϕ, y = ρ sin ϕ, (35)

then the geodesics of this metric are of the same form as the equations of motion (29)-(31); where Ω plays the role of the Θ (Λc^2/3) parameter. Since for the l^2 = 2Ω case one has the Gödel metric [24], the metric in Eq. (34) is called a Gödel-type metric and is the solution to Einstein’s equations with cosmological constant and nonzero energy momentum tensor. For more properties of this metric see e.g. Ref. [25]. An interesting relationship between this space and Landau’s problem can be found in Ref. [26].

Another way of getting noncommutativity is through a Matrix model. In this formalism it is also possible to propose a Newtonian cosmological model [28]. Its worth mentioning that recently new observations have been obtained suggesting the existence of a positive cosmological constant [29].

5 Summary

In this letter a Newtonian cosmological model in a NC classical mechanics is studied. As in a NC space there are privileged directions, the trajectories of a test particle are not compatible with the cosmological principle. If the cosmological constant is negative, the trajectories are oscillatory, with oscillation frequency depending on the NC parameter. On the contrary, if the cosmological constant is positive, the trajectories on the NC plane are spirals and to first order in Θ the distance from the origin to the particle, r(t), grows exponentially fast. To this order Hubble’s constant is the same as for the commutative case. To second order, however, r(t) also grows exponentially but develops small oscillations. In this approximation Hubble’s constant gets corrections. The oscillation period in r(t), T ∝ 1/Θ, so for Θ small this period is very long. On the other hand, because r(t) grows exponentially with time, the distances at which perturbations can be observed are very long. Therefore, considering noncommutativity at short distances has implications at large distances. Finally, it is shown that in the strong Θ limit the trajectories are circles, whose radius are discretized at the quantum level. In this limit there is a relation with a Gödel-type metric.

6 Acknowledgments

We would like to thank J. David Vergara for useful suggestions and Adolfo Zamora for critical reading and useful comments to improve the manuscript. JAS acknowledges financial support from the PROMEP program under grant PTC-260.

References

[1] J. Michell, 1784, Phil. Trans. R. Soc. (London), 74, 35.

[2] P. S. Laplace, 1796, Exposition du Monde, (Paris), Vol. II, p. 305.

[3] E. A. Milne, A Newtonian Expanding Universe, Quart. J. Math. 5, 64 (1934); republished in Gen. Relativ. Gravit. 32, 1939 (2000); W. H. McCrea, E. A. Milne, Newtonian Universes and the Curvature of Space, Quart. J. Math. 5, 64 (1934); republished in Gen. Relativ. Gravit. 32, 1949 (2000).

[4] Y.B. Zeldovich and I.D. Novikov, Relativistic Astrophysics. Vol. 2, The University of Chicago Press (1983).

[5] J. C. D’Olivo, M. P. Ryan, A Newtonian Cosmology Based on a Yukawa Type Potential, Class. Quant. Grav. 4 (1987) L13-L16; J. A. S. Lima, V. Zanchin, R. Brandenberger, On the Newtonian Cosmology Equations with Pressure, Mon. Not. Roy. Astron. Soc. 291 (1997) L1-L4.

[6] S. Weinberg, Gravitation and Cosmology: Principles and Applications of the General Theory of Relativity, John Wiley & Sons, 1972.

[7] Y. S. Myung, Role of the cosmological constant in the holographic description of the early universe, Phys. Lett. B 578 (2004) 7, Preprint hep-th/0306180.

[8] G. W. Gibbons, C. E. Patricot, Newton-Hooke spacetimes, Hpp-waves and the cosmological constant, Class. Quant. Grav. 20 (2003) 5225, Preprint hep-th/0308200.

[9] W. Pauli, Scientific Correspondence, Vo. II p.15, Ed. Karl von Meyenn, Springer-Verlag, 1985.

[10] N. Seiberg and E. Witten, String Theory and Noncommutative Geometry, JHEP 09 (1999) 032, Preprint hep-th/9908142.

[11] R. J. Szabo, Quantum Field Theory on Noncommutative Spaces, Phys.

Rept. 378 (2003) 207, Preprint hep-th/0109162

[12] L. Castellani, Noncommutative geometry and physics: a review of selected recent results, Class. Quant. Grav. 17 (2000) 3377, Preprint hep-th/0005210.

[13] S. Minwalla, M. V. Raamsdonk, N. Seiberg Noncommutative Perturbative Dynamics, JHEP 02 (2000) 020, Preprint hep-th/9912072.

[14] M. Chaichian, P. Presnajder, M.M. Sheikh-Jabbari, A. Tureanu, Noncommutative Standard Model: Model Building, Eur. Phys. J. C 29 (2003) 413, Preprint hep-th/0107055. X. Calmet, B. Jurco, P. Schupp, J. Wess, M. Wohlgenannt, The Standard Model on Non-Commutative Space-Time, Eur. Phys. J. C 23 (2002) 363, Preprint hep-ph/0111115.

[15] H. Garcia-Compean, O. Obregon, C. Ramirez, M. Sabido Noncommutative Topological Theories of Gravity, Phys. Rev. D 68 (2003) 045010, Preprint hep-th/0210203;

M. A. Cardella, D. Zanon, Noncommutative deformation of four dimensional Einstein gravity, Class. Quant. Grav. 20 (2003) L 95.

[16] M. Chaichian, M. M. Sheikh-Jabbari, A. Tureanu, Hydrogen Atom Spectrum and the Lamb Shift in Noncommutative QED, Phys. Rev. Lett. 86 (2001) 2716, Preprint hep-th/0010175.

[17] M.M. Sheikh-Jabbari, Discrete Symmetries (C,P,T) in Noncommutative Field Theories, Phys. Rev. Lett. 84 (2000) 5265, Preprint hep-th/0001167.

[18] J. M. Romero, J. D. Vergara, The Kepler problem and non commutativity, Mod. Phys. Lett. A 18 (2003) 1673, Preprint hep-th/0303064.

[19] C. E. Carlson, C. D. Carone, R. F. Lebed, Bounding Noncommutative QCD, Phys. Lett. B 518 (2001) 201, Preprint hep-ph/0107291.

[20] J. M. Romero, J. A. Santiago, J. D. Vergara, Newton’s Second Law in a Noncommutative Space, Phys. Lett. A 310 (2003)9, Preprint hep-th/0211165.

[21] C. Acatrinei, Comments on Noncommutative Particle Dynamics, Preprint hep-th/0106141. B. Mirza, M. Dehghani, Noncommutative geometry and the classical orbits of particles in a central force potential, Commun. Theor. Phys. 42 (2004) 183, Preprint hep-th/0211190; A. A. Deriglazov, Poincare covariant mechanics on noncommutative space, JHEP 03 (2003) 021, Preprint hep-th/0211105; A. A. Deriglazov, Noncommutative relativistic particle on the electromagnetic background, Phys. Lett. B 555 (2003) 83, Preprint hep-th/0208201; A. E. F. Djemai, On Noncommutative Classical Mechanics, Preprint hep-th/0309034; A. Berard, H. Mohrbach, Monopole and Berry Phase in Momentum Space in Noncommutative Quantum Mechanics, Phys. Rev. D 69 (2004) 127701, Preprint hep-th/0310167.

[22] F. Hoyle, G. Burbidge, J. V. Narlikar, A Different Approach to Cosmology, (2000) Cambridge University Press; Astrophysical Deductions from the Quasi Steadystate Cosmology, 1994a, MNRAS, 267, 1007; Further astrophysical quantities expected in a quasi-steady state Universe 1994b, A&A, 289, 729.

[23] J. V. Narlikar, R. G. Vishwakarma, A. Hajian, T. Souradeep, G. Burbidge, F. Hoyle, Inhomogeneities in the Microwave Background Radiation interpreted within the framework of the Quasi-Steady State Cosmology, Astrophys. J. 585 (2003) 1, astro-ph/0211036.

[24] K. Gödel, An Example of a New Type of Cosmological Solutions of Einstein’s Field Equations of Gravitation, Rev. Mod. Phys. 21, (1949) 447.

[25] M. J. Reboucas, J. Tiomno, On the Homogeneity of Riemannian Space- Times of Gödel type, Phys. Rev. D 28 (1983) 1251.

[26] N. Drukker, B. Fiol, J. Simón, Goedel-type Universes and the Landau Problem, JCAP 10 (2004) 012, Preprint hep-th/0309199.

[27] O. L. De Lange, R. E. Rabb, Operator Methods in Quantum Mechanics, Oxford University, 1991.

[28] E. Alvarez, P. Meessen, Newtonian M(atrix) Cosmology, Phys. Lett. B 426 (1998) 282, Preprint hep-th/9712136.

[29] P. J. E. Peebles, B. Ratra, The Cosmological Constant and Dark Energy, Rev. Mod. Phys. 75 (2003) 559, astro-ph/0207347; T. Padmanabhan, Cosmological Constant - the Weight of the Vacuum, Phys. Rept. 380 (2003) 235, Preprint hep-th/0212290.