arXiv:hep-th/0311185 v1 20 Nov 2003

The Lanczos potential as a spin-2 field

Daniel Cartin^∗ Naval Academy Preparatory School 197 Elliot Street, Newport, RI 02841-1519 (Dated: November 20, 2003)

The Lanczos potential Labc acts as a tensor potential for the spin-2 field strength Wabcd in an role similar to that of the vector potential Aa for the Maxwell tensor Fab. After some general considerations inspired by the example of electromagnetism, we consider the linear spin-2 theory and a Born-Infeld type action in terms of Labc.

PACS numbers: 11.10.Lm, 04.20.-q, 04.50.+h

I. INTRODUCTION

The study of gravity, in the form of general relativity has been based traditionally on the metric tensor g_{ab}, and with good reason – one can intuitively see how distances are altered by, for example, the passage of a gravitational wave or the proximity of a massive object. There are several other approaches that have been considered, such as twistor theory and the null surface formalism [1], that are based on other mathematical objects. Although these are not widely used, they have provided insights into the broader theory, and can make explicit certain relations or results that are not as clear in the metric formulation.

With this in mind, we undertake the study of spin- 2 theories based on the Lanczos potential L_{abc} [2]. This tensor acts as potential for the spin-2 field W_{abcd}, exactly as the 1-form A_a does for the spin-1 field strength F_{ab}. In fact, we will see that there are similarities between the two that will allow us to take results from electromagnetism, and transfer them directly over to a corresponding spin-2 result. It is this analogy that we intend to study further, and develop the connections between electromagnetism, both the simplest and oldest of the gauge theories, and general relativity, well-known for its high degree of non-linearity and the difficulty in quantizing it.

Because the Lanczos potential for a Weyl candidate tensor W_{abcd} (any tensor which possesses the symmetries of the Weyl tensor) is not widely known, we first give a brief explanation of its properties in Section I A, and relate it to the linearized metric perturbation in Section I B. This decomposition of W_{abcd} in terms of L_{abc} can only be done in four space-time dimensions (with arbitrary signature); as far as is known, there is no comparable result in higher dimensions [3]. However, in four dimensions, we can write down the linearized spin-2 field equations in terms of L_{abc}, and obtain a correspondence between these solutions and those in terms of a metric perturbation h_{ab}.

Our eventual goal will be to have a Lanczos potential formulation that is equivalent to general relativity; as a first step, this paper looks at fields acting on flat

∗Electronic address: cartin@naps.edu

space-time. In particular, we examine the Hamiltonian formulations of two actions – the linear action in Section III, the other based on the Born-Infeld action in Section IV. We also examine various gauge choices for the various fields obtained in the 3+1 decomposition of the tensor L_{abc}.

A. The Lanczos potential

Based on work done by Lanczos [2]. and later updated by others (e.g. [4, 5]), one can show that it is possible to express a Weyl candidate tensor W_{abcd} in terms of a rank- 3 tensor L_{abc}, now called the Lanczos potential. Starting with a generic W_{abcd}, we can write it in the form W_{abcd} = L_{ab[c;d]} + L_{cd[a;b]} −^∗L^∗_{ab[c;d]} −^∗L^∗_{cd[a;b]} , (1) where L_{abc} is a potential chosen to have the symmetries L_{abc} = −L_{bac} L_{[abc]} = 0, (2) along with

L^b_{ab} = 0, (3a) L^{;c}_{abc} = 0. (3b)

Working in terms of spinors, Illge [6] showed that any Weyl candidate spinor W_{ABCD} = W_{(ABCD)} can be written in terms of a potential L_{ABCC}′ , such that W_{ABCD} = 2∇^{X′}_{(A}L_{BCD)X}′ . (4) This is the spinor form of the decomposition of the Weyllike tensor (1).The proof by Illge uses the spinor form of the Lanczos potential, and thus holds only for a fourdimensional Lorentzian spacetime; however, Bampi and Caviglia [5] showed that this relation holds regardless of the signature of the metric (although still in four dimensions).

Condition (3a) is known in the literature as the Lanczos algebraic gauge, while the condition (3b) is called the Lanczos differential gauge. The term ’gauge’ comes from the fact, proven by Bampi and Caviglia [5], that requiring these latter two conditions on L_{abc} was not strictly necessary, and thus the trace and divergence of L_{abc} could be fixed to be arbitrary tensors^1. In this paper, we will assume that the algebraic gauge holds (3a); since the Lanczos decomposition (1) is invariant under transformations

L_{abc} → L_{abc} − 2 3 V_{[a}g_{b]c}, (5)

there is no loss of generality in working with this gauge, by choosing V_a = L^b_{ab} . In fact, if we suppose only the first three algebraic conditions (2) and (3a) hold – neglecting the differential relation (3b) – then the tensor L_{abc} is equivalent to a spinor L_{ABCC}′ = L_{(ABC)C}′ [8]. The differential gauge choice (3b) is not the most natural to use, however, when working with the linear Hamiltonian; we explore this issue and look at other possibilities in Section III B.

As can be seen, the tensor L_{abc} acts like an abelian connection for W_{abcd}; all of the usual non-linearity of the Levi-Civita connection is swept under the rug, so that there is no simple relationship between L_{abc} and Γ^a_{bc}. One way to see how to quantify this relation is the following [9], where we will use spinor notation. Suppose we consider a torsion-free metric connection ∇_{AA}′ ; we can define a new connection ^∇_{AA}′ by introducing a spinor Γ_{ABCC}′ = Γ_{(AB)CC}′ such that ^∇_{AA′} ξ_B = ∇_{AA′} ξ_B − 2Γ^X_{BAA′} ξ_X . (6) The new connection ^∇_{AA}′ is still metric, but no longer torsion-free; the Weyl tensor Ψ̂_{ABCD} of this connection will be takes the form Ψ̂_{ABCD} = Ψ_{ABCD} − 2∇^{X′}_{(A} Γ_{BCD)X′} − 4Γ^{X′}_{X(AB} Γ^X_{CD)X′} . If we set Ψ̂_{ABCD} = 0, then, using the spinor decomposition (4) of Ψ_{ABCD} in terms of the Lanczos spinor L_{ABCC}′ , we have ∇^{X′}_{(A}L_{BCD)X}′ = ∇^{X′}_{(A}Γ_{BCD)X}′ +2Γ^{X′}_{X(AB} Γ^X_{CD)X}′ . (7) We have a non-linear relation between the Lanczos potential and the torsion necessary to insure a space-time has a vanishing Weyl tensor. Obviously, it is much easier if we are given the spinor Γ_{ABCC}′ to solve for the matching spinor L_{ABCC}′ . However, it can be shown [9] that a particular choice of L_{ABCC}′ = Γ_{(ABC)C}′ will work for Kerr-Schild space-times.

B. Comparing linear spin-2 fields

Since we will be working with the Lanczos potential L_{abc} as a potential for a spin-2 field, we next consider it

1 There is also geometric reason to refer to these as gauge choices;

see Hammon and Norris [7].

relative to the more usual form of the linearized equations of motion based on a symmetric tensor h_{ab}. For our comparison, we start with the action as a function of L_{abc}, L_{lin} = 1 16 W^{abcd}W_{abcd}, (8) on a flat background, i.e. using the form (1) of W_{abcd} in terms of the tensor L_{abc}, but using partial derivatives instead of covariant derivatives, and we raise and lower indices with the flat metric η_{ab}. Varying with respect to the potential gives C^{,d} abcd = 0 ⇒ L ,d abc,d = 0, (9) where we have used the differential gauge (3b) to get the second equation^2.

On the other hand, we can consider the spacetime metric to be of the form g_{ab} = η_{ab} + h_{ab} and take the linear order terms of the Einstein equations R_{ab} = 0. If we do so, then the spin-2 field equations are given by h^{,c}_{ab,c} = 0, (10) using the gauge condition h^{,b}_{ab} =^1_2 h_{,a} where h = η^{ab}h_{ab}. The question now is how to relate these two equations of motion (9) and (10) for L_{abc} and h_{ab}, respectively.

In fact, we can do this by writing L_{abc} in terms of a rank-2 tensor K_{ab}, much as we did originally by expressing W_{abcd} as a sum of derivatives of L_{abc}. The relevant result in this case is the following [10]. Suppose we have a tensor with the symmetries of the Lanczos potential; then, on a Ricci-flat spacetime with Lorentz signature metric g_{ab}, we can locally find a traceless, symmetric tensor K_{ab}, such that^3 L_{abc} = −∇_{[a}K_{b]c} + 1 3 g_{c[a}∇^dK_{b]d}. (11)

In the specific case we are considering on a flat spacetime, by writing K_{ab} = 1 2 h_{ab} − 1 8 η_{ab}h, then our general form (11) for L_{abc} becomes^4 L_{abc} = 1 2 ( h_{c[a,b]} − 1 6 η_{c[a}h_{,b]} ) . (12)

2 On generic four-dimensional manifolds of any signature, the equation ∇^a C_{abcd} = 0 give rise to the equation ∇^d∇_d L_{abc} = 0 by the use of an algebraic identity between L_{abc} and C_{abcd} [4].

3 We assume here that we can choose a real, instead of complex, tensor K_{ab}. This can be done for several spacetimes of interest that are not necessarily Ricci-flat; for discussion and references, see Andersson and Edgar [10].

4 As an aside, we note that this relation illuminates the discussion in Section 5.7 of Penrose and Rindler [11], and especially the origin of equations such as (5.7.12) in that work.

Using this last relation, we can now see the correspondence between solutions L_{abc} of the equations of motion (9), and solutions h_{ab} of the usual spin-2 equations (10), up to gauge transformations of h_{ab}. To show that h_{ab} gives rise to a solution L_{abc}, we can simply use the relation (12) to form the linearized Lanczos potential. To go in the opposite direction, suppose that h_{ab} and h^′_{ab} are two metric perturbations that give the same Lanczos potential L_{abc}. Then, Δh_{ab} ≡ h^′_{ab} − h_{ab} gives a Lanczos potential of zero, and satisfies the linearized Einstein equations R_{ab}(Δh_{cd}) = 0. Because of this, the Riemann tensor constructed from Δh_{ab} is identically zero; hence, Δh_{ab} corresponds to a constant multiple of a flat metric to linear order, which can be absorbed by a gauge transformation.

II. GENERAL CONSIDERATIONS

We have seen that (at least at the level of linearized equations) we can relate the metric and Lanczos potential formalisms, mapping solutions of one type over to the other. The question is how to go beyond this to higher orders. One method would be to continue on a perturbative path, adding a second order term to the relation (11) given previously for K_{ab}, i.e.

K^{(2)}_{ab} = α_1h_{ac}h^c_b + α_2hh_{ab} + O(h^3). (13)

Then we could continue along using a bootstrap method, order by order, with the action (8) and try to match the Einstein form of general relativity. There has also been other methods for using L_{abc} as a spin-2 field, using a variety of action principles to obtain field equations (see [12, 13] for some examples and further references).

However, in this paper, we will take a different approach by emphasizing the analogy to electromagnetism. Since the field strength W_{abcd} of the Lanczos potential has the same symmetries as the Weyl tensor, it can described in terms of their electric and magnetic components E_{ab} and B_{ab}, respectively, given as E_{ac} = W_{abcd}t^bt^d B_{ac} =^∗W_{abcd}t^bt^d, (14) where t^a is a unit time-like vector. So we can transfer over theoretical frameworks from electromagnetism into the study of spin-2 fields, when written in terms of L_{abc}. In the following, we will use this intuition to obtain several results about Lanczos potential actions.

A. Equations of motion

We begin by looking at the equations of motion for a general Lanczos potential action; with a Lagrangian L = L(W_{abcd}), we define G^{abcd} = −8 δL δW_{abcd} . (15)

Using the decomposition (1) of W_{abcd} in terms of L_{abc}, we can show that the equations of motion in this case are

∇^aG_{abcd} = 0. (16)

Note that, unlike the case of electromagnetism, there is no separate Bianchi identity; the divergence of the Weyl tensor comes directly from the Bianchi identity ∇_{[a}R_{bc]de} = 0, and is given by ∇^aC_{abcd} = ∇_{[c}R_{d]b} − 1 6 g_{b[c}∇_{d]}R. (17)

Next, we write down the 3+1 decomposition of the equations of motion on a flat background, splitting four-dimensional spacetime into its space and time portions and replacing covariant derivatives ∇_a with partial derivatives. We also split the four-dimensional metric into g_{ab} = q_{ab} − t_at_b, with t^a a constant timelike vector (t^at_a = −1) and q^{ab} the spatial metric. Since the equations feature W_{abcd} only as it appears in G_{abcd}, we use the fields D_{ac} = G_{abcd}t^bt^d H_{ac} =^∗G_{abcd}t^bt^d, (18) Then, the field equations (16) become ∂H^{ab} ∂t + ϵ^{ij(a}∂_iD^{b)}_j = 0 ∇^aH_{ab} = 0, (19) and ∂D^{ab} ∂t − ϵ^{ij(a}∂_iH^{b)}_j = 0. ∇^aD_{ab} = 0 (20)

For electromagnetism, the equations (19) are a geometric restriction on the fields from the Bianchi identity for F_{ab}; here, they are field equations, and thus are satisfied only on-shell.

One way to obtain solutions for the fields D_{ab} and H_{ab} is by linearizing the Weyl tensor C_{abcd}. Suppose we start with a metric g_{ab} whose Weyl tensor has zero divergence (i.e. a C-space), its Levi-Civita connection ∇_a and its Weyl tensor C_{abcd}, and linearize the metric around the flat metric η_{ab}; expanding in terms of a parameter ϵ, we have

∇_a = ∂_a + ϵ∇^{(1)}_a + O(ϵ^2), C_{abcd} = ϵ C^{(1)}_{abcd} + O(ϵ^2). (21)

There is no Weyl tensor for the flat metric η_{ab}; the potential L^{(0)}_{abc} is pure gauge. Therefore, to order ϵ, the Bianchi identity (17) for the linearized Weyl tensor is exactly the same as the equations of motion for the Lanczos potential (16). Specifically,

0 = ∇^aC_{abcd} = ϵ∂^aC^{(1)}_{abcd} + O(ϵ^2). (22)

From this correspondence, we can find solutions to our equations of motion, based on linearization of the Weyl tensor.

Of course, once we have a solution for D_{ab} and H_{ab} (and hence E_{ab} and B_{ab}, based on the particular action L we are using), we need to find how other matter is affected by this. Just as electromagnetism has its Lorentz force law, we conjecture that test particles would have trajectories given by a something similar to the geodesic deviation equation. We suppose there are test particles to be traveling along a family of trajectories, with each particle having a tangent vector u^a to its path, and a vector n^a which gives the separation between the particles. Then the interaction between the particles and the field strength W_{abcd} is assumed to be

d^2n^a dσ^2 + W^a_{bcd}u^bn^cu^d = 0, (23)

where σ is the parameter along the geodesics. However, this only seems applicable to point particles, where we can think in terms of geodesics.

For a more general relation between L_{abc} and generic matter fields, we can introduce a coupling to a matter current of the form L_{int} = L_{abc} J^{abc}, (24) where J^{abc} is the matter current. We can relate this to a symmetric tensor T^{ab}, just as we could write the potential L_{abc} in terms of a tensor K_{ab}, by again using (11). Choosing K^{ab} = T^{ab} − 1 4 η^{ab}T, with T the trace of T^{ab}, we have that J^{abc} = T^{c[a,b]} − 1 3 η^{c[a}T^{,b]}, (25)

and the equations of motion become C^{abcd}_{,d} = J^{abc} = T^{c[a,b]} − 1 3 η^{c[a}T^{,b]}. (26)

We compare this to the divergence of the Weyl tensor (17); using the Einstein equations R_{ab} −^1_2 g_{ab}R = T_{ab}, where T_{ab} is the usual energy-momentum tensor for matter, leads to the identification of the tensor T^{ab} as the energy-momentum tensor. The fact that the divergence of T^{ab} is zero comes from the trace-free nature of the left-hand side of (26).

B. Duality invariance

In electromagnetism, only the linear Maxwell equations are invariant under the duality transformation E_a → B_a, B_a → −E_a. For more general actions, other types of duality have to be considered. One possibility is to have rotations between E_a, B_a and D_a, H_a, namely, E_a + iH_a → e^{iθ}(E_a + iH_a), D_a + iB_a → e^{iθ}(D_a + iB_a), (27) rotating through a given angle θ. We will do something comparable, following the procedure used by Gibbons and Rasheed [14] for electromagnetism, and consider infinitesimal transformations of the form δF_{abcd} =^∗G_{abcd}, δG_{abcd} =^∗F_{abcd}, (28)

Substituting in our defining relation (15) for G_{abcd}, these infinitesimal transformations (28) give 1 2 ϵ^{ab}_{ef} W^{efcd} = 1 2 ϵ_{ijrs}G^{rs}_{kl} ∂ ∂W_{ijkl} ( −8 ∂L ∂W_{abcd} ) . Using the commutativity of the derivatives, and substituting the definition of G_{abcd} into this equation, we get 1 2 ϵ^{ab}_{ef} W^{efcd} = 32ϵ_{ijrs}g_{km}g_{ln} ∂L ∂W_{rsmn} ∂ ∂W_{abcd} ( ∂L ∂W_{ijkl} ) . Because of the pair symmetry ϵ_{ijkl} = ϵ_{klij}, we can rewrite this as 1 2 ϵ^{ab}_{ef} W^{efcd} = 16ϵ_{ijrs}g_{km}g_{ln} ∂ ∂W_{abcd} ( ∂L ∂W_{rsmn} ∂L ∂W_{ijkl} . )

If we integrate this equation with respect to W_{abcd}, we get the following relation 1 2 ϵ^{ab}_{ef} W^{efcd}W_{abcd} = 32ϵ_{ijrs}g_{km}g_{ln} ( ∂L ∂W_{rsmn} ∂L ∂W_{ijkl} ) . Notice that we have set the integration constant equal to zero, to ensure that our weak-field Lagrangian (8) satisfies the equation. Finally, substituting into this equation, using the definition of G^{abcd}, we find that W^{abcd}W^∗_{abcd} = G^{abcd}G^∗_{abcd}, (29) i.e. E^{ab}B_{ab} = D^{ab}H_{ab}. We can see that this relation is obeyed by our Maxwell-type action for W_{abcd} (8), since D_{ab} = E_{ab} and H_{ab} = B_{ab}.

Not only is there the possibility of duality between the electric and magnetic fields, but also a Hodge duality involving the potential L_{abc} itself. Suppose we define a tensor G_{abc} such that M_{abc} =^∗L_{abc}. Notice that M_{abc} has exactly the same symmetries as H_{abc}, since

L_{[abc]} = 0 ⇔ M^b_{ab} = 0 (30)

and vice versa. This establishes a duality between the electric and magnetic fields of the two potentials L_{abc} and M_{abc}, since E^M_{ab} = B^L_{ab} B^M_{ab} = −E^L_{ab}, (31) where the superscript refers to the potential used in the definition of each field. If we let (L_{abc} + iM_{abc}) → e^{iα}(L_{abc} + iM_{abc}), (32) this introduces a corresponding transformation of the electric and magnetic fields (E_{ab} + iB_{ab}) → e^{iα}(E_{ab} + iB_{ab}). However, only the linear spin-2 equations are invariant under this transformation; for the more general case, we would want to consider transformations similar to the duality of the electromagnetic fields (27), except in terms of the potentials. Since G_{abcd} has the same symmetries as the Weyl tensor, it has its own Lanczos-type potential, which we will call P_{abc}^5. Then transformations of the form (L_{abc} + i^∗P_{abc}) → e^{iα}(L_{abc} + i^∗P_{abc}), (M_{abc} + iP_{abc}) → e^{iα}(M_{abc} + iP_{abc}), (33)

will lead to duality relations, analogous to those in (27), between the fields E_{ab} and H_{ab}, and between B_{ab} and D_{ab}.

III. LINEAR SPIN-2 ACTION

As we saw in Section I B, we can relate the equations of motion for linear perturbations h_{ab} and L_{abc}; in this section, we look at the Hamiltonian formulation of the same action. Again we take the case of a flat spacetime with a constant time vector t^a; we save for a future paper the case of more general background space-times, and the question of what constraints may exist for these backgrounds to ensure consistency.

A. Hamiltonian formalism

Here again, we split the metric g_{ab} into its spatial part q_{ab} and time-like vector t^a; after this is done, we define the potentials ϕ_{ab} = L^{c(ij)}t_cq_{ai}q_{bj}, (34a) A_{abc} = L^{ijk}(q_{ai}q_{bj}q_{ck} − q_{i[a}q_{b]c}q_{jk}), (34b) and χ_{ab} = L^{c[ij]}t_cq_{ai}q_{bj} V_a = L^{ijk}t_iq_{aj}t_k. (35) We can show that A_{abc} retains the symmetries of H_{abc}, namely

A_{abc} = A_{[ab]c} A_{[abc]} = 0 (36)

In addition, the algebraic gauge condition (3a) for the tensor L_{abc} makes ϕ_{ab} and A_{abc} trace-free: ϕ_{ab}q^{ab} = A_{abc}q^{bc} = 0. (37) As will be seen, the Lanczos potential is made up of two spin-2 fields, ϕ_{ab} and A_{abc}, and two gauge fields V_a and

5 In other words, E^P_{ab} = D_{ab} and B^P_{ab} = H_{ab}.

χ_{ab} with three degrees of freedom each. After making the appropriate gauge choice, only one of these will remain a dynamical field; we will return to this subject in Section III B.

The electric and magnetic parts of the field strength W_{abcd} are given in terms of the potentials (34) and (35) by E_{ab} = −ϕ̇_{ab} + 3 2 ∂_{(a}V_{b)} − 1 2 q_{ab}∂^cV_c − ∂^cA_{c(ab)}, (38a) B_{ab} = ϵ_{ij(a}S^{ij}_{b)}, (38b)

where we have defined ϵ_{abc} = ϵ_{abcd}t^d and S^{ij}_b = 1 2 Ȧ^{ij}_b + ∂_bχ^{ij} + ∂^{[i}ϕ^{j]}_b + ∂^{[i}χ^{j]}_b + 1 2 ∂^aϕ^{[i}_a q^{j]}_b + 3 2 ∂^aχ^{[i}_a q^{j]}_b.

(39)

Because E_{ab} and B_{ab} are contractions of W_{abcd} with two time vectors t^a (instead of the single vector used with electromagnetism), both E_{ab} and B_{ab} contain the time derivative of a potential.

We start with the linear spin-2 action (8), written in terms of the electric and magnetic fields as L_{lin} = 1 2 (E^{ab}E_{ab} − B^{ab}B_{ab}). (40) If we use the more appropriate tensor S_{abc}, then from the definition of the magnetic field B_{ab} in terms of S_{abc}, given in (38b), L_{lin} = 1 2 E^{ab}E_{ab} − S^{abc}S_{abc}. (41) Since L_{lin} δE_{ab} = − L_{lin} δϕ̇_{ab} L_{lin} δS_{abc} = 1 2 L_{lin} δȦ_{abc} , (42)

we have that the momenta for this action are π^{ab} = −E^{ab} π^{abc} = −S^{abc}. (43) From this, the linear spin-2 Hamiltonian is H_{lin} = 1 2 π^{ab}π_{ab} − π^{abc}π_{abc} − π^{ab}∂^kA_{kab} − 2π^{abc}∂_aϕ_{bc} − 3π^{abc}∂_cχ_{ab} + 3 2 π^{ab}∂_aV_b. (44)

The time derivatives of both V_a and χ_{ab} are absent from the Hamiltonian, so we have that δH_{lin} δχ_{ab} = 3∂_cπ^{abc} = 0, (45a) δH_{lin} δV_a = − 3 2 ∂_bπ^{ab} = 0. (45b)

This gives use two constraints,

C^{ab} = ∂_cπ^{abc} C^a = ∂_bπ^{ab}. (46)

By using the form of the Hamiltonian (44), we can show that these commute with H_{lin} and each other.

For the time derivatives of our fields ϕ_{ab} and A_{abc}, the equations of motion are

ϕ̇^{ab} = π^{ab} + 3 2 ∂^{(a}V^{b)} − 1 2 q^{ab}∂_cV^c − ∂_cA^{c(ab)}, (47a) Ȧ^{abc} = −2π^{abc} − 2∂^cχ^{ab} + 2∂^{[a}χ^{b]c} − 2∂^{[a}ϕ^{b]c} − (∂_dϕ^{d[a})q^{b]c} − 3(∂_dχ^{d[a})q^{b]c}. (47b)

Note that, in writing these equations, we have added terms that preserve the symmetries of ϕ_{ab} and A_{abc}. Finally, we have that

π̇^{ab} = −2∂_cπ^{c(ab)}, (48a) π̇^{abc} = −∂^{[a}π^{b]c}. (48b)

By combining these equations together, we expect to get a wave equation for the dynamical field; this requires choosing a proper set of gauge conditions, which we consider next.

B. Gauge conditions

When we plug in the expressions (47a) and (47b) for π^{ab} and π^{abc}, respectively, in terms of the various fields into the equations of motion (48a) and (48b), we find that

0 = (ϕ̈^{ab} − ∂_c∂^cϕ^{ab}) − 3 2 ∂^{(a}T^{b)} + 1 2 q^{ab}∂_cT^c, (49a)

0 = (Ä^{ab} − ∂_d∂^dA^{abc}) + 2∂^cT^{ab} − 2∂^{[a}T^{b]c} + 3(∂_dT^{d[a})q^{b]c},

(49b)

where

T^a = V̇^a − ∂_bχ^{ab} − ∂_bϕ^{ab}, (50a)

T^{ab} = χ̇^{ab} + 1 2 ∂^{[a}V^{b]} + 1 2 ∂_cA^{abc}. (50b) Doing the same for the constraint relations give conditions on the mixed derivatives ∂_bϕ̇^{ab} and ∂_cȦ^{abc}, given by ∂_bϕ̇^{ab} = 3 4 ∂_c∂^cV^a + 1 4 ∂^a∂^cV_c + 1 2 ∂_i∂_j A^{aij}, (51a)

∂_cȦ^{abc} = −2∂_c∂^cχ^{ab} − ∂_c∂^{[a}χ^{b]c} − ∂_c∂^{[a}ϕ^{b]c}. (51b)

At this stage, we have the possibility of wave equations for both ϕ^{ab} and A^{abc}; since we want to limit this to only one dynamical spin-2 field, we must make the appropriate gauge choice. As mentioned in Section I A, we are free to choose the Lanczos differential gauge (3b); if we break it into its 3+1 components, we find that

t^aq^{bk}L^{,c}_{abc} = 0 ⇒ V̇^k = ∂_i(ϕ^{ik} + χ^{ik}), (52a) q^{aj} q^{bk}L^{,c}_{abc} = 0 ⇒ χ̇^{jk} = − 1 2 ∂^{[j} V^{k]} − 1 2 ∂_iA^{jki}. (52b)

Thus, taking this differential gauge in its entirety will give T^a = T^{ab} = 0, but will leave us still with two dynamical fields.

We have written the decomposition of the Lanczos differential gauge above in a manner to suggest our eventual solution. If we take only half the gauge condition, then we get a wave equation for one of the fields. After this is done, we can choose an additional gauge condition to reduce the degrees of freedom to one massless spin-2 field. We have already mentioned that the field tensor W_{abcd} is invariant under transformations by a vector V_a, given by (5). However, on any conformally flat space-time, W_{abcd} is also invariant under the transformation [12] L_{abc} → L_{abc} + F_{ab;c} − F_{c[a;b]}, (53) where F_{ab} is an anti-symmetric tensor. By using this additional gauge freedom, we can make an appropriate choice of gauge.

In addition, because we are dealing with the linear spin-2 field, we have the additional symmetry (32) between the potential L_{abc} and its Hodge dual M_{abc} = ∗L_{abc}. Thus, for whatever gauge choice we make, when ϕ^L_{ab} is the only dynamical field for the potential L_{abc}, then A^M_{abc} will be the same for the potential M_{abc}. This can already be seen in the Lanczos differential gauge, since q^{aj}q^{bk}L^{,c}_{abc} = 0 ⇔ T^{ab} = 0, while q^{aj}q^{bk}M^{,c}_{abc} = q^{aj}q^{bk ∗}L^{,c}_{abc} = 0 ⇔ T^a = 0. We will see that the gauge condition^6

∗L^{a(bc)}_{,a} = 0 (54)

will give the Hamiltonian formulation in terms of the field ϕ_{ab}; the dual condition

L^{a(bc)}_{,a} = 0 (55)

will do the same in terms of A_{abc}.

If we choose the gauge condition^∗L^{a(bc)},a = 0, this is equivalent to the relations

∂_{[a}χ_{bc]} = 0, (56a) Ȧ_{abc} = 2∂_{[a}ϕ_{b]c} + 2∂_{[a}χ_{b]c}

+ ∂_kϕ^k_{[a} q_{b]c} + ∂_kχ^k_{[a} q_{b]c},

(56b)

χ̇^{ab} = 1 2 ∂_cA^{abc} − 3 2 ∂^{[a}V^{b]}, (56c)

6 This condition is used by Novello and Neves [13] to isolate one of the two spin-2 fields as dynamical. They consider this as a necessary and sufficient condition which does not allow for the dual choice, so that what we call ϕ_{ab} is their only dynamical field.

In the last relation (56c), we have used the identity

∂_{[a}A_{bc]d} = (∂_kA^k_{[ab} )q_{c]d}. (57)

We have also taken advantage of the relation ∂_d∂^{[a}A^{bc]d} = 0, which results from the gauge equations (56a) and (56c). When this gauge is chosen, the field equation (48b) for π̇^{ab} becomes a constraint on the mixed derivative of A^{c(ab)},

∂_cȦ^{c(ab)} = 3 2 ∂_c∂^{(a}χ^{b)c} + ∂_c∂^cϕ^{ab} − 5 2 ∂_c∂^{(a}ϕ^{b)c}. (58)

This, along with the previous condition (51b) on ∂_cA^{abc} = −2∂_cA^{c[ab]} completely specifies the divergence of Ȧ_{abc}. On the other hand, choosing the condition L^{a(bc)},a = 0 gives the equations

∂^aV_a = 0, (59a)

ϕ̇^{ab} = ∂_cA^{c(ab)} + 1 2 ∂^{(a}V^{b)}, (59b)

V̇^a = ∂_b(3χ^{ab} − ϕ^{ab}). (59c)

This choice reduces the equation of motion (48a) for π̇^{abc} to a constraint on ϕ^{ab} given by

∂^{[a}ϕ̇^{b]c} = 5 2 ∂^{[a}∂_dA^{b]cd} + 3 4 ∂^c∂^{[a}V^{b]}

+ (∂^i∂^j A^{[a}_{ij} )q^{b]c} − 1 2 (∂^i∂^j V^{[a})q^{b]c},

(60)

where we have used the fact that the gauge equations (59a) and (59c) imply that ∂_c∂_dϕ^{cd} = 0. Together with the constraint (51a), we have conditions on both the curl and the divergence of the time derivative ϕ̇^{ab}.

IV. ANALOGUE OF THE BORN-INFELD ACTION

Now that we have examined the linear spin-2 theory in terms of the Lanczos potential, the question is how to proceed to higher order. Since there are only two cubic invariants for Weyl-like tensors, one could study an action of the form L = 1 16 W^{abcd}W_{abcd} + α_1W_{abcd}W^{abrs}W^{cd}_{rs} + α^∗_2 W_{abcd}W^{abrs}W^{cd}_{rs} + O(W^4), with two coefficients α_i to be determined. Then, one can look at the 3+1 decomposition, and see if there is a choice of coefficients that will give equations for ϕ^{ab} that match those of the Einstein equations to the same order. Yet this would require the same effort at every perturbation order, without a guiding principle to fix the coefficients.

To develop the non-linear theory in a more systematic way, we continue our analogy with spin-1 Maxwell theory, and its variations. One of the more well-known generalizations of the standard action for electromagnetism is that of Born and Infeld, S = ∫ √ g √ 1 + 1 2 F^{ab}F_{ab} − 1 16 ( F^{ab}F^∗_{ab} )_2 , (61)

which can be written in a simpler form as S = ∫ √ det(g_{ab} + F_{ab}). (62)

This action has been re-examined a great deal recently, due to its connections with string theory (see, e.g., [15]). In addition, there has also been research which studies whether a gravitational version of Born-Infeld theory can be developed [16]. Thus, it is a natural step to look at the Lanczos potential version of the Born-Infeld action as a choice for a non-linear spin-2 theory.

Unlike the field strength W_{abcd}, both the metric g_{ab} and the Maxwell tensor F_{ab} can be taken as matrices, and we can find their determinant. However, W_{abcd} is a bivector, and so we can treat it as a matrix of matrices. Then, if we trace over the ”internal” matrices (the first pair of indices), and take the determinant of the second pair of indices, we can arrive at an expression similar to the Born-Infeld action (61). So, defining

Δ = − g 4! ϵ^{abcd}ϵ^{ijkl}M^p_{qai}M^q_{rbj} M^r_{sck}M^s_{pdl}, (63) where g is the determinant of the metric g_{ab}, and

M^a_{bcd} = δ^a_b g_{cd} + W^a_{bcd}, (64)

we take as our spin-2 action L_{BI} =^1_2 Δ^{1/2}. Computing this in terms of the tensor W^{abcd}, we find that the action is of the form L_{BI} = √ g √ 1 + 1 8 W^{abcd}W_{abcd} − 1 256 ( W^{abcd}W^∗_{abcd} )_2 . Written in terms of the fields E_{ab} and B_{ab}, this is L_{BI} = √ g √ 1 + (E^{ab}E_{ab} − B^{ab}B_{ab}) − (E^{ab}B_{ab})^2. (65)

Thus, our equations of motion are given by the Maxwelltype equations (19) and (20), where the fields D_{ab} and H_{ab} are are now D_{ab} = −E_{ab} + B_{ab}(E^{ab}B_{ab}) √ 1 + E^{ab}E_{ab} − B^{ab}B_{ab} − (E^{ab}B_{ab})^2 , (66a) H_{ab} = −B_{ab} − E_{ab}(E^{ab}B_{ab}) √ 1 + E^{ab}E_{ab} − B^{ab}B_{ab} − (E^{ab}B_{ab})^2 . (66b)

The difference in signs between those in Lagrangian L_{BI} come from the definition of D_{ab} and H_{ab} in terms of G_{abcd}, from (15) and (18). These fields are related to the momenta of ϕ^{ab} and A^{abc} by π^{ab} = D^{ab} π^{abc} = 1 2 ϵ^{ab}_iH^{ic}. (67)

If we write the duality relation (29) in terms of the momenta, we find that ϵ^a_{ij} π_{ab}π^{ijb} = E^{ab}B_{ab}; (68) from this, the Hamiltonian can be written as H_{BI} = − √ 1 + 2π^{abc}π_{abc} − π^{ab}π_{ab} − (ϵ^a_{ij} π_{ab}π^{ijb})^2 − π^{ab}∂^kA_{kab} − 2π^{abc}∂_aϕ_{bc} − 3π^{abc}∂_cχ_{ab} + 3 2 π^{ab}∂_aV_b. (69)

This Hamiltonian has two differences with the one seen in non-linear electromagnetism. First, the expression under the square root does not appear to be positive definite, which may limit its utility. Requiring that the expression under the square root is non-negative may restrict the solutions of the field equations. Second, because the fields ϕ^{ab} and A^{abc} appear exactly as they did in the linear action, the equations of motion and the constraints are the same as before. The only difference is that the momenta π^{ab} and π^{abc} are defined in (67); obviously these reduce to those of the linear case when considering weak fields.

As a final note, we comment on the ease of adding in an electromagnetic field into our non-linear action; by defining

M̃^a_{bcd} = δ^a_b (g_{cd} + F_{cd}) + W^a_{bcd}, (70)

and substituting this into our relation (63) for Δ, we obtain an action which includes interaction terms between the electromagnetic and Lanczos field strengths. For other types of matter, one would have to add in an interaction term as discussed previously.

[1] S. Frittelli, C. Kozameh and E. T. Newman, J. Math.

Phys. 36, 4975 (1995); 36, 4984 (1995); 36, 5005 (1995) [2] C. Lanczos, Rev. Mod. Phys. 34, 379 (1962) [3] S. B. Edgar and A. Höglund, Gen. Rel. Grav 32, 2307 (2000); 34, 2149 (2002) [4] S. B. Edgar and A. Höglund, Proc. R. Soc. Lond. A 453, 835 (1997) [5] F. Bampi and G. Caviglia, Gen. Rel. Grav. 15, 375 (1983) [6] R. Illge, Gen. Rel. Grav. 20, 551 (1988) [7] K. S. Hammon and L. K. Norris, Gen. Rel. Grav. 25, 55 (1993) [8] J. D. Zund, Annali di Matematica Pura ed Applicata 104 239, (1975) [9] F. Andersson and S. B. Edgar, Jrnl. Math. Phys. 39, 2859 (1998) [10] F. Andersson and S. B. Edgar, arXiv:gr-qc/9902080

[11] R. Penrose and W. Rinder, Spinors and space-time, (Cambridge University Press, Cambridge, 1984), Vol. 1, p 362 [12] M. Novello and N. P. Neto, Fortschr. Phys. 40, 173 (1992) [13] M. Novello and R. P. Neves, arXiv:gr-qc/0204058 [14] G. W. Gibbons and D. A. Rasheed, Nucl. Phys B 454, 185 (1995) [15] C. G. Callan, Jr. and J. M. Maldacena, Nucl. Phys. B 513, 198 (1998); G. W. Gibbons, Nucl. Phys. B 514, 603 (1998) [16] J. A. Feigenbaum, P. G.O. Freund and M. Pigli, Phys.Rev. D 57, 4738 (1998); S. Deser and G.W. Gibbons, Class. Quant. Grav. 15, L35 (1998); M. N.R. Wohlfarth, arXiv:hep-th/0310067