arXiv:hep-th/0311221 v2 17 Jan 2004

Non-Rotating BTZ Black Hole Area Spectrum from Quasi-normal Modes

M.R. Setare^∗ Physics Dept. Inst. for Studies in Theo. Physics and Mathematics(IPM) P. O. Box 19395-5531, Tehran, IRAN

Abstract

In this paper, by using the quasi-normal frequencies for non-rotating BTZ black hole derived by Cardos and Lemos, also via Bohr-Sommerfeld quantization for an adiabatic invariant, I = ∫_{dE} ω(E) , which E is the energy of system and ω(E) is vi-

brational frequency, we leads to an equally spaced mass spectrum. The result for the area of event horizon is A_n = 2π √_{nmh̄} Λ which is not equally spaced, in contrast with area spectrum of black hole in higher dimension.

∗E-mail: rezakord@ipm.ir

1 Introduction

Any non-dissipative systems has modes of vibrations, which forming a complete set, and called normal modes. Each mode having a given real frequency of oscillation and being independent of any other. The system once disturbed continues to vibrate in one or several of the normal modes. On the other hand, when one deals with open dissipative system, as a black hole, instead of normal modes, one considers quasi-normal modes for which the frequencies are no longer pure real, showing that the system is loosing energy. In asymptotically flat spacetimes the idea of QNMs started with the work of Regge and Wheeler [1] where the stability of a black hole was tested, and were first numerically computed by Chandrasekhar and Detweiler several years later [2]. The quasi-normal modes bring now a lot of interest in different contexts: in AdS/CFT correspondence [3]-[23](according to the AdS/CFT conjecture [24], the black hole corresponds to a thermal state in the conformal field theory, and the decay of the test field in the black hole spacetime corresponds to the decay of the perturbed state in the CFT. The dynamical timescale for the return to thermal equilibrium is very hard to compute directly, but can be done relatively easily using the AdS/CFT correspondence), when considering thermodynamic properties of black holes in loop quantum gravity [25]-[27], in the context of possible connection with critical collapse [3, 28, 29].

The quantization of the black hole horizon area is one of the most interesting manifestations of quantum gravity. Since its first prediction by Bekenstein in 1974 [33], there has been much work on this topic [34]-[42]. A characteristic feature of loop quantum gravity is the discrete spectrum of several geometrical quantities [44, 45]. In the three spacetime dimensions, the length operator plays a role analogous to the area operator in four dimensional spacetime. For the 3D Euclidean spacetime, the eigenvalues of the length are discrete [46], in the other hand the spectrum of the length in the 3D Lorentzian case is continuous [47].

Recently, the quantization of the black hole area has been considered [32, 25] as a result of the absorption of a quasi-normal mode excitation. Bekenstein’s idea for quantizing a black hole is based on the fact that its horizon area, in the nonextreme case, behaves as a classical adiabatic invariant [33], [36]. In the spirit of Ehrenfest principle, any classical adiabatic invariant corresponds to a quantum entity with discrete spectrum, Bekenstein conjectured that the horizon area of a non extremal quantum black hole should have a discrete eigenvalue spectrum. Moreover, the possibility of a connection between the quasinormal frequencies of black holes and the quantum properties of the entropy spectrum was first observed by Bekenstein [48], and further developed by Hod [32]. In particular, Hod proposed that the real part of the quasinormal frequencies, in the infinite damping limit, might be related via the correspondence principle to the fundamental quanta of mass and angular momentum.

In this paper we would like to obtain the area spectrum of non-rotating BTZ black hole. Using the quasi-normal frequencies which has been derived by Cardos and Lemos in [4], also via Boher-Sommerfeld quantization for an adiabatic invariant as I = ∫_{dE} ω(E) , which E

is the energy of system and ω(E) is vibrational frequency, we leads to an equally spaced mass spectrum. We show that the results for the spacing of the area spectrum differ from black holes in 3 + 1 dimension, in fact we have not found a quantization of horizon area.

2 Non-rotated BTZ black hole and quasi-normal modes

The black hole solutions of Bañados, Teitelboim and Zanelli [30, 31] in (2 + 1) spacetime dimensions are derived from a three dimensional theory of gravity S = ∫ dx^3 √ −g (^{(3)}R + 2Λ) (1)

with a negative cosmological constant (Λ =^1_{l2} > 0). The corresponding line element is

ds^2 = − ( −M + r^2 l^2 + J^2 4r^2 ) dt^2 + dr^2 ( −M + r^2 l^2 + J^2 4r^2

) + r^2 ( dθ − J 2r^2 dt )_2 (2)

with M the Arnowitt-Deser-Misner (ADM) mass, J the angular momentum (spin) of the BTZ black hole and −∞ < t < +∞, 0 ≤ r < +∞, 0 ≤ θ < 2π.

In this paper we would like to consider the quasi-normal modes of the non-rotated (uncharged) BTZ black holes. The non rotated BTZ black hole can be obtain by putting J = 0 in Eq.(2) as following

ds^2 = −(−M + r^2 l^2

)dt^2 + dr^2 (−M +^{r2}_{l2} )

+ r^2dθ^2, (3)

which has an horizon at r_+ = √ M Λ , (4)

and is similar to Schwarzschild black hole with the important difference that it is not asymptotically flat but it has constant negative curvature. The temperature of the event horizon is given by

T_H = √ ΛM 2π . (5)

The entropy of non-rotating BTZ black hole is as following

S_{bh} = 4πr_+. (6)

For BTZ black hole with J = 0, the free energy is given by [49] F = −M, (7) also the relation between energy and free energy is as following

E = F + T_H S_{bh}. (8)

From Eqs.(4-8) one can obtain E = M (9) The quasi-normal frequencies for non-rotating BTZ black hole have been obtained by Cardoso and Lemos in [4]

ω = ±m − 2iM^{1/2}(n + 1) n = 0, 1, 2, ... (10) where m is the angular quantum number. Let ω = ω_R − iω_I , then τ = ω^{−1}_I is the effective relaxation time for the black hole to return to a quiescent state. Hence, the relaxation time τ is arbitrary small as n → ∞. We assume that this classical frequency plays an important role in the dynamics of the black hole and is relevant to its quantum properties [32, 25]. In particular, we consider ω_R the real part of ω, to be a fundamental vibrational frequency for a black hole of energy E = M. Given a system with energy E and vibrational frequency ω one can show that the quantity I = ∫ dE ω(E) , (11)

is an adiabatic invariant [26], which via Bohr-Sommerfeld quantization has an equally spaced spectrum in the semi-classical (large n) limit: I ≈ nh̄. (12) Now by taking ω_R in this context, we have I = ∫ dE ω_R = ∫ 1 ±m dM = M ±m + c, (13)

where c is a constant, therefore the mass spectrum is equally spaced M = mnh̄, m ≥ 0 M = −mnh̄, m < 0. (14) Then for mass spacing we have ΔM = ±mh̄, (15) which is the fundamental quanta of black hole mass. As one can see the mass spectrum is equally spaced only for a fixed m. For different m there are multiplets with different values of spacing which is given by Eq.(15). On the other hand, the black hole horizon area is given by A = 2πr_+. (16) Using Eq.(4) we obtain A = 2π √ M Λ . (17)

The Bohr-Sommerfeld quantization law and Eq.(13) then implies that the area spectrum is as following,

A_n = 2π √ nmh̄ Λ . (18)

As one can see although the mass spectrum is equally spaced but the area spectrum is not equally spaced.

3 Conclusion

In this paper we have considered the non-rotating BTZ black hole, with the knowledge of the quasi-normal mode spectrum as given in [4], we have prescribed how their horizon area would be quantized? In [50] Birmingham et al have shown that the quantum mechanics of the rotating BTZ black hole is characterized by a Virasoro algebra at infinity. Identifying the real part of the quasi-normal frequencies with the fundamental quanta of black hole mass and angular momentum, they found that an elementary excitation corresponds exactly to a correctly quantized shift of the Virasoro generator L_0 or L̄_0 in this algebra. Via Boher-Sommerfeld quantization for an adiabatic invariant as I = ∫_{dE} ω(E) , which E is

the energy of system and ω(E) is vibrational frequency, we leads to an equally spaced mass spectrum. Similar to [50]we have not found a quantization of horizon area. The result for the area of event horizon is A_n = 2π √_{nmh̄} Λ which is not equally spaced, in contrast with area spectrum of black hole in higher dimension. This result is a bit difficult to interpret physically since the quasi-norma mode spectrum in 2 + 1 is quite different from what it is in higher dimensions

Acknowledgement

I would like to thank Prof. Gabor Kunstatter for reading the manuscript.

References

[1] T. Regge, J. A. Wheeler, Phys. Rev. 108, 1063 (1957).

[2] S. Chandrasekhar, and S. Detweiler, Proc. R. Soc. London, Ser. A 344, 441 (1975). [3] G. T. Horowitz and V. Hubeny, Phys. Rev D62, 024027, (2000). [4] V. Cardoso and J. P. S. Lemos Phys. Rev. D63, 124015, (2001). [5] V. Cardoso and J. P. S. Lemos, Phys. Rev. D64, 084017, (2001). [6] V. Cardoso and J. P. S. Lemos, Class. Quant. Grav. 18, 5257, (2001). [7] S. F. J. Chan and R. B. Mann, Phys. Rev. D55, 7546, (1997). [8] J. S. F. Chan and R. B. Mann, Phys. Rev. D59, 064025, (1999). [9] D. T. Son, A. O. Starinets, JHEP, 0209, 042, (2002).

[10] D. Birmingham, I. Sachs, and S. N. Solodukhin, Phys. Rev. Lett, 88, 151301, (2002). [11] D. Birmingham, I. Sachs, and S. N. Solodukhin, hep-th/0212308 . [12] R. A. Konoplya, Phys. Rev. D66, 044009, (2002). [13] R. A. Konoplya, Phys. Rev.D66, 084007, (2002). [14] A. O. Starinets, Phys. Rev. D66, 124013, (2002).

[15] N. Iizuka, D. Kabat, G. Lifschytz and D. A. Lowe, hep-th/0212246.

[16] Y. Kurita and M. Sakagami, hep-th/0208063. [17] S. Musiri and G. Siopsis, hep-th/0301081. [18] E. Berti and K.D. Kokkotas, gr-qc/0301052.

[19] V. Cardoso, R. A. Konoplya and J. P. S. Lemos, gr-qc/0305037. [20] E. Abdalla, K. H. C. Castello-Branco and A. Lima-Santos, hep-th/0208065. [21] R. Aros, C. Martinez, R. Troncoso, and J. Zanelli, Phys. Rev. D67, 044014, (2003). [22] S. Fernando, hep-th/0306214.

[23] I. G. Moss and J. P. Norman, Class. Quant. Grav. 19, 2323, (2002). [24] J. Maldacena, Adv. Theor. Math. Phys. 2, 253, (1998). [25] O. Dreyer, Phys. Rev. Lett. 90, 081301, (2003). [26] G. Kunstatter, Phys. Rev. Lett. 90, 161301, (2003). [27] L. Motl, gr-qc/0212096.

[28] R.A.Konoplya, Phys. Lett. B550, 117, (2002). [29] W. T. Kim and J. J. Oh, Phys. Lett. B514, 155, (2001). [30] M. Bañados, C. Teitelboim and J. Zanelli, Phys. Rev. Lett. 69, 1849 (1992). [31] M. Bañados, M. Henneaux, C. Teitelboim and J. Zanelli, Phys. Rev. D48, 1506, (1993).

[32] S. Hod, Phys. Rev. Lett. 81, 4293, (1998). [33] J. D. Bekenstein, Lett. Nuovo Cimento 11, 467, (1974). [34] J. D. Bekenstein and V. F. Mukahnov, Phys. Lett. B360, 7 (1995). [35] H. A. Kastrup, Phys. Lett. B385, 75, (1996). [36] J. D. Bekenstein, gr-qc/9808028. [37] A. Corichi, gr-qc/0212126.

[38] V. Cardoso and J.P.S. Lemos, Phys. Rev. D67, 084020, (2003). [39] S. Hod, Phys. Rev. D67, 081501, (2003). [40] E. Berti and K.D. Kokkotas, hep-th/0303029. [41] A.P. Polychronakos, hep-th/0304135. [42] D. Birmingham, hep-th/0306004.

[43] M. R. Setare, hep-th/0312061, to be appear in Phys. Rev. D.

[44] C. Rovelli, L. Smolin, Nucl. Phys. B442, 593, (1995); Nucl. Phys. B456, 734, (1995). [45] A. Ashtekar, J. Lewandowski, Class. Quant. Grav, 14, A55, (1997). [46] C. Rovelli, Phys. Rev. D48, 2702, (1993).

[47] L. Freidel, E. R. Livine, C. Rovelli, Class. Quant. Grav. 20, 1463, (2003). [48] J.D. Bekenstein, gr-qc/9710076. [49] Y. S. Myung, hep-th/0310176.

[50] D. Birmingham, S. Carlip, Y. Chen, hep-th/0305113.