arXiv:hep-th/0312025 v1 2 Dec 2003

hep-th/0312025

December 2003

Auxiliary Field Methods in Supersymmetric Nonlinear Sigma Models

Muneto Nitta^∗

Department of Physics, Purdue University, West Lafayette, IN 47907-1396, USA^1

Abstract

Auxiliary field methods in D = 2 (or 3), N = 2 supersymmetric (SUSY) nonlinear sigma models (NLσMs) are studied. For these models auxiliary fields as Lagrange multipliers belong to a vector or a chiral superfield, which gives a Kähler quotient of complexified gauge group or a holomorphic constraint on it, respectively. Using these, NLσMs on all Hermitian symmetric spaces were formulated previously. In this paper, we formulate new SUSY NLσMs on some rank-two Kähler coset spaces as SUSY gauge theories with two Fayet-Iliopoulos parameters.

∗E-mail: nitta@physics.purdue.edu 1Address after December 11: Department of Physics, Tokyo Institute of Technology, Tokyo 152-8551, JAPAN.

1 Introduction

The auxiliary field method and the large-N method are very powerful tools to study non-perturbative effects in a lot of theories, such as the Gross-Neveu model, nonlinear sigma models (NLσMs), gauge theories, matrix models and so on [1]. For two-dimensional (D = 2) NLσMs on coset spaces G/H, this method displays similarities with four-dimensional (D = 4) gauge theories very easily: dynamical mass generation, dynamical symmetry breaking/restoration, dynamicaly induced gauge bosons, the asymptotic freedom and so on. Supersymmetric (SUSY) extensions are also studied for D = 2, N = 1 and N = 2 SUSY NLσMs [2]–[6]. D = 3 NLσMs are non-renormalizable in perturbative method but renormalizable in the large-N expansion [7]. SUSY extensions of D = 3 NLσMs are also studied extensively [8, 9].

As an example, the auxiliary field method for the O(N) model can be illustrated briefly as follows. Let g_{ij} (φ) be the metric on S^{N −1} = O(N)/O(N − 1) with some coordinates φ^i (i = 1, · · · , N − 1). Then the partition function for the O(N) model is given by Z = ∫ [dφ] exp ( − ∫ d^Dx 1 2 g_{ij} (φ)∂_μφ^i∂^μφ^j ) . (1.1)

Classically O(N) symmetry is spontaneously broken down to O(N −1). Introducing an auxiliary field σ as a Lagrange multiplier, this can be rewritten as Z = ∫ [dϕdσ] exp [ − ∫ d^Dx { 1 2 ∂_μ ⃗ϕ · ∂^μ ⃗ϕ + σ(⃗ϕ^2 − r^2) }] , (1.2)

with ⃗ϕ = {ϕ^A} (A = 1, · · · , N) being an O(N) vector of scalar fields. The integration over σ supplies a constraint ⃗ϕ^2 = r^2 and the Lagrangian in (1.1) is rederived. On the other hand, leaving σ, we can first perform the integration over dynamical fields ϕ^A exactly as the Gaussian integral. Then, the integration over σ can be approximated by the saddle point in the large-N limit with taking r^2 = N/g^2. We thus obtain the gap equation. In D = 2 σ gets non-zero vacuum expectation value (VEV) ⟨σ⟩ ≠ 0 by solving it. Thus the O(N) symmetry is dynamically recovered and the mass generation is found as a non-perturbative effect contrary to masslessness in the perturbative analysis. This agrees with the Coleman’s theorem which prohibits massless bosons in D = 2 [10]. In D = 3 there exist two phases of broken and unbroken O(N) symmetry.

Therefore the auxiliary field formulation is crucial for a study of non-perturbative effects. It is very easy to find the metric g_{ij} (φ) solving the given constraint on linear fields ⃗ϕ: for instance for the O(N) model, putting ⃗ϕ = (⃗φ, ϕ^N ) and eliminating the N-th component by ϕ^N = √ r^2 − ⃗φ^2, we obtain the metric g_{ij} (φ) = δ_{ij} +^{φi φj}_{r2 −⃗φ 2} expressed in terms of the independent fields φ^i. It is, however, in general difficult to find proper constraints among linear fields ϕ to give a metric g_{ij} (φ) of a given model. What we really want to do for a study of non-perturbative effects is in this direction and this is the most difficulty of the auxiliary field method. In SUSY theories, the situation becomes far more complicated as will be explained below.

For D = 2, 3, N = 1 SUSY NLσMs, the situation is the same with bosonic case because target spaces are Riemannian. The D = 2, N = 1 SUSY O(N) model was investigated in [3] and dynamical chiral symmetry breaking was found. The D = 3, N = 1 SUSY O(N) model was discussed in [8]. D = 2, 3, N = 2 SUSY NLσMs are obtained as dimensional reduction from D = 4, N = 1 SUSY NLσMs. For these cases target spaces must be Kähler [11, 12] so that this makes the auxiliary field formulation difficult. D = 2 (D = 3), N = 2 SUSY NLσMs on Kähler coset spaces G/H may have similarities with D = 4 (D = 5), N = 2 SUSY QCD [13] as the same as bosonic theories. So pursuing similarities of these SUSY models using non-perturbative method is very interesting.

In SUSY theories, auxiliary fields as Lagrange multipliers belong to superfields. For these N = 2 SUSY theories, there exist vector and chiral superfields in terms of D = 4, N = 1 SUSY [12]. Using vector superfields as auxiliary fields, the CP^N model [4, 5] (CP^N = SU(N)/[SU(N − 1) × U(1)]) and the Grassmann model [14] (G_{N,M} = U(N)/[U(N − M) × U(M)]) were constructed very long time ago.

The CP^N model is simply given in the auxiliary field formulation [4, 5] as L = ∫ d^4θ (e^V ϕ^†ϕ − cV ) , (1.3)

with ϕ chiral superfields of an N-vector, V an auxiliary vector superfield for U(1) gauge symmetry, and c a real positive constant called the Fayet-Iliopoulos (FI) parameter. In the CP^N model, V acquires kinetic term so that U(1) gauge boson is dynamically induced in the large-N limit [4, 5]. In D = 2 the scalar components in V acquire the vacuum expectation value (VEV), and there exists the mass generation without breaking of the gauge symmetry through the Schwinger mechanism [15]. D = 3, N = 2 SUSY CP^N model was discussed in Ref. [9].

The G_{N,M} model is given in [14] by L = ∫ d^4θ [ tr (e^V Φ^†Φ) − c tr V ] , (1.4)

with Φ chiral superfields of an N by M matrix and V auxiliary vector superfields of an M by M matrix for U(M) gauge symmetry. This model is expected to induce U(M) gauge bosons in the large-N limit.

There was not, however, auxiliary field formulation for other D = 2, 3, N = 2 SUSY NLσMs up to a few years ago. To overcome such situation, the auxiliary field formulation for SUSY NLσMs on a broad class of Kähler coset spaces, Hermitian symmetric spaces (HSS) summarized in Table 1, has been given in Refs. [16, 17, 18]. Besides auxiliary vector superfields V with the Kähler potential (1.3) or (1.4), we introduced auxiliary chiral superfields σ (Σ) as summarized in Table 2. The integration over V gives the Kähler potential for CP^N or G_{N,M} , whereas the integration over σ (Σ) gives holomorphic constraints which embed the manifold into CP^N or G_{N,M} . The large-N analysis of these models has become possible. The simplest model other than CP^N is the Q^N model, which is called the quadric surface and is the coset of Q^{N −2} = SO(N)/[SO(N − 2) × U(1)]. It is given by [16, 6] L = ∫ d^4θ (e^V ϕ^†ϕ − cV ) + (∫ d^2θ σϕ^2 + c.c. ) (1.5)

with ϕ dynamical chiral superfields of an N-vector, V an auxiliary vector superfield for U(1) gauge symmetry and σ an auxiliary chiral superfield. The integration over V gives the Kähler potential on CP^N and the integration over σ gives a holomorphic constraint ϕ^2 = 0 among dynamical fields ϕ. So this model is a hybrid of the O(N) model (1.2) and the CP^N model (1.3). On the other hand, performing the integration over dynamical fields ϕ in (1.5) exactly, the non-perturbative analysis of the D = 2 Q^N model has been investigated in the large-N method [6]. It has turned out that the Q^N model has very interesting features which did not exist in the previous models. It contains two kinds of non-perturbatively stable vacua; one is the Schwinger phase in which the scalar components of V acquire VEV like the CP^N model and the other is the Higgs phase in which the scalar components of σ get VEV. The latter is a new vacuum for the SUSY NLσMs and is interesting if we investigate similarities with N = 2 SUSY QCD. Both vacua are asymptotically free and the mass gap exist due to the Shiwinger and Higgs mechanisms. D = 3, N = 2 SUSY Q^N model is also discussed recently [19].

Since the rests of HSS are formulated using auxiliary chiral superfields besides auxiliary vector superfield, these models are also expected to contain the Higgs phase besides the Schwinger phase.

Hence our interest is naturally led to SUSY NLσMs on more general Kähler coset spaces other than HSS. Does dynamical mass generation occur for NLσMs on any Kähler coset G/H? Is any model asymptotically free? Which gauge symmetry is dynamically induced for a given model? It is very important to give answers to these questions. However, before investigating these problems, we have to ask if NLσMs on any Kähler coset G/H can be formulated by the auxiliary field method or not. This question is, however, a quite difficult problem. In this paper we will make some progress in this problem.

Any Kähler coset space can be written as G/H = G/[H_{s.s.} × U(1)^r ] where H_{s.s.} is the semi-simple subgroup in H and r ≡ rank G − rank H_{s.s.} is called the rank of this Kähler coset space [20]. Every HSS is a rank one Kähler coset space, whose Lagrangian has a U(1) or U(M) gauge symmetry and one FI parameter if formulated by the auxiliary field method. Other rank one Kähler coset spaces seem to be relatively easy to be constructed in the auxiliary field formulation with U(1) or U(M) gauge group [16]. In this paper, we give the auxiliary field formulation for some rank two Kähler coset spaces, SU(N)/[SU(N − 2) × U(1)^2] and SU(N)/[SU(N − M − L) × SU(M) × SU(L) × U(1)^2]. These models have U(1)^2 and U(M) × U(L) gauge symmetries, respectively, and two FI-parameters. In addition to auxiliary vector superfields for these gauge symmetries, some auxiliary chiral superfields are also needed even though G = SU(N). Non-perturbative studies for these new models become possible which will remain as a future work. We expect that U(1)^2 or U(M) × U(L) gauge symmetry is dynamically induced.

This paper is organized as follows. In Sec. 2, we give the minimum ingredient of SUSY nonlinear realizations needed for later discussions. Sec. 3 explains how to obtain compact Kähler coset spaces using the super-Higgs mechanism eliminating unwanted QNG bosons. How this works in the simplest CP^N and G_{N,M} is shown. In Sec. 4 and 5 we generalize these discussions to the rank-two coset spaces SU(N)/[SU(N −2)×U(1)^2] and SU(N)/[SU(N −M −L)×SU(M)×SU(L)×U(1)^2 ], respectively. Sec. 6 is devoted to summary and discussions. In Appendix A, we give a review on the supersymmetric nonlinear realization with Kähler G/H focusing on the case of G = SU(N). In Appendix B, we discuss some geometric aspects of these models, a relation with some hyper-Kähler manifolds and an application to construction of a new Calabi-Yau metric.

2 Supersymmetric Nonlinear Realizations

The most general discussion for SUSY nonlinear realizations was discussed by Bando, Kuramoto, Maskawa and Uehara [21]. (For a review see [22].) Then they were extensively studied for both compact [23]–[27] (and references in [26]) and noncompact [28]–[37] target manifolds. In this section we briefly review the minimum of SUSY nonlinear realizations needed for discussions in the following sections.

A chiral superfield comprises of a complex scalar and a Weyl spinor in terms of the D = 4, N = 1 superfield formalism. In SUSY nonlinear realizations, we consider G^C, the complexification of a group G, because the symmetry group G of the superpotential is enhanced to G^C by its holomorphic structure. When a global symmetry G is spontaneously broken down into its subgroup H by vacuum expectation values (VEVs) with SUSY preserved, there appear ordinary Nambu- Goldstone (NG) bosons for broken G together with additional massless bosons called the quasi-NG (QNG) bosons for broken G^C and their fermionic SUSY partners [38].^2

2If we assume that all vacuum degeneracy come from a symmetry, there are no more massless

The unbroken subgroup of G^C is also a complex group Ĥ which contains H^C as a subgroup. Its Lie algebra can be written as^3

Ĥ = H^C ⊕ B , (2.1)

with B called the Borel algebra comprising of (non-Hermitian) nilpotent generators. Therefore the vacuum manifold M parameterized by massless bosons is topologically a complex coset space G^C/Ĥ, which is a non-compact Kähler manifold in general. However we note that the isometry of this coset space should be still G but not G^C because symmetry of the Kähler potential is not complexified, with being different from the superpotential.

A group element in g ∈ G^C can be uniquely divided into g = ξĥ with the coset representative ξ and ĥ ∈ Ĥ. Here the coset representative ξ is given by

ξ = exp(φ · Z) ∈ G^C/Ĥ (2.2)

with φ chiral superfields and Z complex broken generators in G^C − Ĥ. A set of Z comprises of both Hermitian and non-Hermitian generators, because Ĥ in general contains non-Hermitian generators in the Borel algebra B as in Eq. (2.1). Corresponding to these Hermitian and non-Hermitian broken generators, there exist two kinds of massless chiral multiplets, called the “M-type” and “P-type” multiplets, respectively.

In every P-type multiplet, both real and imaginary parts of a complex scalar field are NG bosons, parametrizing compact directions of the manifold M. Whereas, in every M-type multiplet, one degree of freedom is an NG boson and the other is a QNG boson, parametrizing a non-compact direction of M. This can be understood as follows. Correspondingly to each non-Hermitian broken generator Z_P, there exists a non-Hermitian unbroken generator B in the Borel algebra B in Ĥ (2.1) with Z^†_P = B. Then, both X ≡ −i(Z_P − B) and X^′ ≡ Z_P + B are Hermitian. The coset

bosons other than these NG and QNG bosons. This happens if all G^C invariants composed of fundamental fields are fixed to some values. So in this case, the vacuum manifold becomes a G^C-orbit.

3We denote the Lie algebra of the group by its Calligraphic font.

representative can be transformed to an element in its equivalent class as

ξ = exp(· · · + φZ_P) → exp(· · · + φZ_P) exp(−φ^∗B) = exp[· · · + i(Reφ)X + i(Imφ)X^′ + O(φ^2)] . (2.3)

Therefore both real and imaginary parts of every P-type multiplet φ, generated by a non-Hermitian Z_P, parameterize compact directions of M. However for every M-type, its real part parameterizes a non-compact direction of M because it is generated by a Hermitian generator.

Let N_{NG}, N_{QNG}, N_P and N_M be numbers of NG and QNG bosons and P- and M-type multiplets, respectively. Then relations

N_{NG} = dim G/H = 2N_P + N_M , N_{QNG} = N_M (2.4)

hold. The complex dimension of the manifold M can be written as

dim_C M = N_P + N_M = 1 2 (N_{NG} + N_{QNG}) . (2.5)

If there are no QNG bosons (N_{QNG} = N_M = 0) the manifold becomes compact, whereas if there exists at least one QNG bosons (N_{QNG} = N_M ≥ 1) the manifold becomes non-compact. For non-comact cases, NG bosons parameterize a compact homogeneous submanifold G/H embedded into the total manifold M ≃ G^C/Ĥ [34]. For both cases, the isometry of M is G but not G^C although G^C acts on M transitively.

Even if the same NG bosons appear for the same G/H, N_{QNG} depends on the underlying linear model. Two extreme or natural cases can be considered: the case of the maximal N_{QNG} equal to N_{NG} (N_P = 0) and the case of N_{QNG} = 0 (N_M = 0).

1. If there exist only M-type multiplets without P-type multiplets (N_P = 0, N_{QNG} = N_{NG}), it is called the “maximal realization” (or “fully-doubling”), which corresponds to G^C/Ĥ = G^C/H^C ≃ T^∗(G/H).^4 Some sufficient conditions for maximal realizations are known [29]: It occurs if a symmetry G is

4Only the maximal realization cases have a dual description by a non-Abelian tensor gauge theory in D = 4 [37].

broken down to H by VEVs of linear fields 1) which belong to a real representation of G or 2) with G/H a symmetric space. In both cases, absence of gauge fields is assumed.

2. On the other hand, when there exist only P-type multiplets without M-type multiplets (N_M = N_{QNG} = 0), it is called the “pure realization”, which corresponds to a compact homogeneous Kähler manifold (Kähler coset) G/H. In this case G^C/Ĥ ≃ G/H holds. The Kähler metric on arbitrary Kähler coset G/H was constructed by Borel [20]. All Kähler coset spaces G/H were classified by using the painted Dynkin diagrams [23]. Their Kähler potentials were given by Itoh, Kugo and Kunitomo (IKK) [24]. For pure realizations a no-go theorem due to Lerche and Shore is known [29, 30] (see also [32, 34, 16]): There must appear at least one QNG bosons and therefore pure realizations cannot be realized if a symmetry G is broken by VEVs of linear fields and if there are no gauge symmetries.

When we reformulate NLσMs by auxiliary fields, dynamical fields must be embedded into fields in some linear representations of G. Therefore the Lerche-Shore theorem is the most difficulty for the auxiliary field formulation of Kähler coset spaces G/H. As discussed in this paper in detail, this theorem can be avoided introducing appropriate gauge symmetry.

3 Auxiliary Field Formulation for Compact Manifolds

The CP^N model and the G_{N,M} model can be easily formulated by the auxiliary field method as (1.3) and (1.4) without discussing the nonlinear realization method [4, 5, 14]. The nonlinear realization method and the super-Higgs mechanism play essential roles to construct more complicated coset spaces. We can eliminate QNG bosons by gauging a subgroup of G introducing vector multiplets V . The important thing is that vector multiplets V can become massive absorbing only M-type chiral multiplets including one NG and one QNG bosons, with preserving SUSY.^5 Hence, one V can eliminate one non-compact direction with one compact direction. If we can eliminate all non-compact directions of QNG bosons, a compact manifold of the pure realization can be realized. Such consideration for the CP^N model and the G_{N,M} model was given in [22, 16] and then applied to HSS [16]. We briefly review the cases of CP^N and G_{N,M} in this section, with some new consideration on the geometry of non-compact manifolds before gauging.

3.1 Auxiliary field formulation for CP^N

First, let us discuss CP^{N −1}. Prepare linear fields ϕ ∈ N of SU(N). The system has an additional phase symmetry U(1)_D, given by ϕ → ϕ^′ = e^{iα}ϕ, and the total global symmetry becomes G = U(N) = SU(N) × U(1)_D. When the fields ϕ develop the VEV it can be transformed by G into ⟨ϕ⟩ = (0, · · · , 0, v)^T with v real positive. By this VEV, G is spontaneously broken down to its subgroup H = U(N − 1). There appear N_{NG} = dim G/H = 2N − 1 NG bosons.

To discuss the whole massless bosons including the QNG bosons, we consider the complexification of the groups. The complex unbroken and broken generators are

Ĥ = 0 U(N − 1)^C . . 0 B · · · B 0

, G^C − Ĥ = P 0_{N −1} . . P 0 · · · 0 M

, (3.1)

where B denote generators in a Borel subalgebra B in Eq. (2.1). Here, M and P denote one Hermitian and N − 1 non-Hermitian broken generators, generating Mand P-type chiral superfields, respectively (N_M = 1, N_P = N − 1). So the numbers of NG and QNG bosons are N_{NG} = 2N −1 and N_{QNG} = 1, respectively. The number of the QNG bosons coincides with the number of G-invariant |ϕ|^2 as was discussed

5When a gauge field in V absorbs an NG boson in a P-type multiplet, SUSY is spontaneously broken [39].

in [36]. The manifold M̂ can be locally written as M̂ ≃ R × U(N)/U(N − 1) ≃ R × SU(N)/SU(N − 1) (3.2) which is cohomogeneity one. (From now on we denote non-compact manifolds before gauging by M̂ and compact manifolds by M.)

To gauge away unwanted QNG boson let us promote U(1)_D symmetry to a gauge symmetry introducing an auxiliary vector superfield V . The gauge transformation is defined by

ϕ → ϕ^′ = e^{iΛ}ϕ , e^V → e^{V ′} = e^V e^{−iΛ+iΛ†} , (3.3)

with Λ(x, θ, θ̄) a gauge parameter of a chiral superfield. Note that this gauge symmetry is complexified to U(1)^C = GL(1, C) because the scalar component of Λ is a complex scalar field. The simplest invariant Lagrangian for these matter contents is written as L = ∫ d^4θ(e^V ϕ^†ϕ − cV ) , (3.4)

with c a real positive parameter called the Fayet-Iliopoulos (FI) parameter.^6 If we eliminate V by its equation of motion e^V ϕ^†ϕ − c = 0, we obtain L = ∫ d^4θ c[log(ϕ^†ϕ) + 1] = ∫ d^4θ c log(ϕ^†ϕ) , (3.6)

where the second term has disappeared under the superspace integral. There still exist the gauge symmetry (3.3) for matter fields in this Lagrangian which can be fixed as ϕ^T = (φ^T , 1) using U(1)^C . Then the nonlinear Lagrangian in terms of independent fields is obtained as L = ∫ d^4θ c log(1 + φ^†φ) . (3.7)

6The most general invariant Lagrangian is L = ∫ d^4θ[f(e^V ϕ^†ϕ) − cV ] , (3.5)

with an arbitrary function f. However we can show that we get the same Lagrangian (3.7) below when V is eliminated [17].

We thus have obtained the Kähler potential for the Fubini-Study metric on CP^{N −1}. This construction of CP^N is known as the Kähler quotient method [51, 52]: CP^{N −1} ≃ M̂/U(1)C. Note that ϕ can be rewritten as ϕ = ξv with v = (0, · · · , 0, 1)^T and ξ = exp 0^{N −1} φ 0 0 = 1^{N −1} φ 0 1 being the same as (A.7). Comparing the coset

generator in ξ and (3.1), we find that one QNG boson is absorbed, with one NG boson, by the U(1) gauge field V and that a pure realization occurs.

Although we have used the classical equation of motion to eliminate V here, we can show that this holds in the quantum level using the path integral formalism [17, 18].

3.2 Auxiliary field formulation for G_{N,M}

This can be generalized to non-Abelian gauge symmetry to construct G_{N,M} . This case is a little bit complicated due to non-uniqueness of vacua. Let Φ be an (N ×M)- matrix chiral superfield, on which the global symmetry G = SU(N)×SU(M)×U(1) as Φ^g→ Φ^′ = g_LΦg_R , (3.8)

with g_L ∈ SU(N) and g_R ∈ U(M) = SU(M) × U(1)_D. There exist M independent G-invariants composed of Φ, given by

X_1 ≡ tr (Φ^†Φ) , X_2 ≡ tr [(Φ^†Φ)^2] , · · · , X_M ≡ tr [(Φ^†Φ)^M ] , (3.9)

because the G-invariants det Φ^†Φ and tr (Φ^†Φ)^n (n > M) are not independent with these due to the Cayley-Hamilton equation for M by M matrices. The G-invariants (3.9) determine the cohomogeneity of the manifold M̂ to be M. The most general invariant Lagrangian is L = ∫ d^4θ f(X_1, X_2, · · · , X_M ) (3.10)

with an arbitrary function f.

Using G symmetry, generic VEVs can be transformed into the form of

V_{generic} = ⟨Φ⟩ = 0_{(N −M )×M} v_1 0 ... 0 v_M , (3.11)

with v_i (i = 1, · · · , M) M real positive constants. These v_i’s correspond to (VEVs of) x_i’s in Eq. (3.9) through x_j = ∑_M j=1(v_i)^j . When all v_i’s differ, G is spontaneously broken down into H_g ≡ SU(N − M) × U(1)^M with i-th U(1) generated by diag. (1, · · · , 1 N −M , 0, · · · , 0 i−1 , −N + M, 0, · · · , 0 M −i ) in SU(N) associated with op-

posite phase rotation by U(1)_D. Hence the the number of NG bosons is N_{NG} = dim(G/H_g ) = 2MN − M. The M constants v_i in (3.11) are (VEVs of) QNG bosons parametrizing non-compact directions R^M in M̂, and hence N_{QNG} = M. Then N_{NG} + N_{QNG} = 2MN = 2 dim_C Φ = 2 dim_C M̂ correctly holds. At generic points, the manifold can be locally written as M̂ ≃ R^M × G/H_g = R^M × SU(N) × U(M) SU(N − M) × U(1)^M ≃ R^M × SU(N) × SU(M) SU(N − M) × U(1)^{M −1} ,(3.12)

and so it is cohomogeneity M. In the last equality, the overall phase rotation is cancelled.

When some v_i’s coincide, unbroken symmetry is enhanced. For instance, when two of them coincide v_i = v_j , the unbroken symmetry is H^′ = SU(N − M) × U(2) × U(1)^{M −2}. So the number of NG bosons N_{NG} = dim(G/H^′) = 2MN − 3 is less than the generic points. Some NG bosons have changed into QNG bosons with total number of massless bosons unchanged. This phenomenon was found by Shore [34] and was named the “SUSY vacuum alignment”. The number of QNG bosons changes from a point to a point, but the minimum number of QNG bosons realized at the generic points is bounded below by the number of the G-invariants composed of fundamental fields as found in [36]. So it determines the cohomogeneity of the manifold.

At the most symmetric point v_1 = v_2 = · · · = v_M ≡ v, the VEV becomes

V_{symmetric} = v 0^{(N −M )×M} 1_M

. (3.13)

The unbroken symmetry is H_0 ≡ SU(N − M) × SU(M) × U(1) generated by H = SU(N − M) 0^{(N −M )×M} 0_{M ×(N −M )} A_{M ×M} , −A_{M ×M} ⊕ U(1) . (3.14)

with A_{M ×M} M by M generators in SU(M). Here U(1) is generated by Q_1^{def}= diag. (M, · · · , M N −M , −N + M, · · · , −N + M M ) in the SU(N) generators combined with

the opposite phase rotation by U(1)_D with fixing the M × M unit matrix in the VEV (3.13). The number of NG bosons is N_{NG} = dim(G/H_0) = 2MN − M^2.

At this point complex unbroken and broken generators become

Ĥ = SU(N − M)^C 0^{(N −M )×M} B_{M ×(N −M )} A_{M ×M} , −A_{M ×M} ⊕ U(1)^C ,

G^C − Ĥ = 0^{N −M} P^{(N −M )×M} 0_{M ×(N −M )} M_{M ×M} , 0_M ⊕ U(1)^C_M . (3.15)

Here B represents the matrix of the Borel generators and M and P represent the matrices of M-type and P-type broken generators, respectively, and U(1) in G^C − Ĥ is generated by Q_1 itself which is also M-type. So N_P = M(N − M) and N_M = M^2 hold. The numbers of NG and QNG bosons are N_{NG} = 2N_P + N_{QNG} = 2MN − M^2 and N_{QNG} = M^2, respectively. Here N_{NG} is the least and N_{QNG} is the most. The manifold looks like M̂ ≃ R^{M 2} ⋉ SU(N) × U(M) SU(N − M) × U(M) , (3.16)

where we denoted a fiber bundle over a base B with a fiber F by F ⋉ B.

Now let us eliminate unwanted QNG bosons with gauging U(M) by introducing auxiliary vector superfields V taking a value in U(M). The U(M) gauge transformation is given by

Φ → Φ^′ = Φe^{iΛ} , e^V → e^{V ′} = e^{−iΛ}e^V e^{iΛ†} , (3.17) with Λ gauge parameters of an M by M matrix chiral superfield. The gauge symmetry is enhanced to its complexification U(M)^C = GL(M, C). Using SU(N) × GL(M, C)_{local}, the VEV can be taken as

V_{guage} = 0^{(N −M )×M} 1_M

. (3.18)

Since this VEV takes the form of (3.13) with v = 1, breaking pattern is the same with (3.15). The most symmetric point is realized at which the number of QNG bosons is the maximum N_{QNG} = M^2 with coinciding with the dimension of the U(M) gauge group.

The simplest invariant Lagrangian is L = ∫ d^4θ [ tr (e^V Φ^†Φ) − c tr V ] , (3.19)

with c real positive.^7 The equation of motion for V

e^V Φ^†Φ − c1_M = 0 (3.21)

can be used to eliminate V . Solving this equation as V = − log(Φ^†Φ/c) and substituting this back into the original Lagrangian (3.19), we obtain L = ∫ d^4θ c log det(Φ^†Φ) (3.22)

where a constant has disappeared under the superspace integral. This still has the GL(M, C) gauge symmetry (3.17) for matter fields. We can fix this gauge degree of freedom as Φ = φ 1_M

(3.23)

7The most general invariant Lagrangian is L = ∫ d^4θ f ( tr (e^V Φ^†Φ), tr [(e^V Φ^†Φ)^2], · · · , tr [(e^V Φ^†Φ)^M ] − c tr V ) (3.20)

with an arbitrary function f. However we think that the resulting Lagrangian after eliminating V coincides with the simplest case although we do not have a proof.

with φ an N − M by M matrix of chiral superfields. Therefore we obtain L = ∫ d^4θ c log det(1_M + φ^†φ) . (3.24)

This is the Kähler potential for the Grassmann manifold G_{N,M} . In terms of Kähler quotient we can write G_{N,M} ≃ M̂/U(M)^C.

Note that Φ in (3.23) can be rewritten as Φ = ξV_{gauge} using ξ = exp 0^{N −M} φ 0_{M ×(N −M )} 0_M =

1^{N −M} φ 0_{M ×(N −M )} 1_M in (A.10) and V_{gauge} in (3.18). Comparing these coset genera-

tors and Eq. (3.15), we conclude that M^2 QNG bosons at the most symmetric point are absorbed, with the same number of NG bosons, by the U(M) gauge fields V and that a pure realization occurs. The less symmetric does not contribute to the resultant manifold.

The U(M) gauge symmetry can be replaced with the U(N −M) gauge symmetry with the same SU(N) global symmetry considering Φ an N by N − M matrix, due to the duality G_{N,M} ≃ G_{N,N −M} .

4 Auxiliary Field Formulation of SU(N)/[SU(N − 2) × U(1)^2]

Generalizing the discussion in CP^N , we formulate the rank-two Kähler coset space SU(N)/[SU(N − 2) × U(1)^2] by the auxiliary field method. In the first subsection, we construct a non-compact Kähler manifold putting a holomorphic constraint by an auxiliary chiral superfield without gauging. Then in the second subsection, we obtain a compact manifold by gauging U(1)^2 part of the isometry of the non-compact manifold introducing auxiliary vector superfields with two FI-parameters.

4.1 Non-compact Kähler Manifold

Let ϕ_1(x, θ, θ̄) and ϕ_2(x, θ, θ̄) being column vectors of chiral superfields, belonging to the fundamental and the anti-fundamental representations, N and N, of SU(N), respectively. They transform under SU(N) as ϕ_1 → ϕ^′_1 = gϕ_1 , ϕ_2 → ϕ^′_2 = (g^{−1})^T ϕ_2 , (4.1) where g ∈ SU(N) is a matrix element of the fundamental representation.^8 We put the constraint invariant under SU(N),^9 ϕ_1 · ϕ_2 = 0 . (4.2) There exists additional U(1)^2 symmetry, ϕ_i → ϕ^′_i = e^{iαi} ϕ_i (4.3) with α_i (i = 1, 2) being real parameters. So the total global symmetry is G ≡ SU(N) × U(1)^2. There exist two G-invariants |ϕ_1|^2 and |ϕ_2|^2 so the manifold is cohomogeneity two. The most general invariant Lagrangian is given by L = ∫ d^4θ f(ϕ_1^†ϕ_1, ϕ_2^†ϕ_2) + (∫ d^2θλϕ_1 · ϕ_2 + c.c. ) , (4.4)

with f an arbitrary function. Here λ(x, θ, θ̄) is an auxiliary chiral superfield belonging to the singlet of SU(N), whose U(1)^2 transformation is given by λ → λ^′ = e^{−i(α1+α2)}λ. Using the G symmetry, the VEVs can be taken as

v_1 = ⟨ϕ_1⟩ = (0, · · · , 0 N −1 , v)^T , v_2 = ⟨ϕ_2⟩ = (0, · · · , 0 N −2 , u, 0)^T , (4.5)

with v and u real positive. By these VEVs, G = SU(N) × U(1)^2 is spontaneously broken down to H = SU(N − 2) × U(1)^2. Its generators are given by

H =

0 0 SU(N − 2) . . . . 0 0 0 · · · 0 0 0 0 · · · 0 0 0

⊕ U(1) ⊕ U(1) , (4.6)

8(g^{−1})^T is not equivalent to g^∗ when we consider complex extension of the group for the symmetry of the superpotential. We should define the transformation law of the anti-fundamental representation by the former.

9The constraint ϕ_1 · ϕ_2 = a^2, with a being a real constant, was discussed in [36]. In this case, one of U (1) symmetries (4.3) is explicitly broken.

with two U(1)’s given by generators

Q_1 ≡ diag. (1, · · · , 1 N −2 , 2 − N, 0), Q_2 ≡ diag. (1, · · · , 1 N −2 , 0, 2 − N), (4.7)

in SU(N) accompanied with the ϕ_2- and ϕ_1-phase rotations (4.3) with opposite angles, with fixing v_2 and v_1, respectively. The number of NG bosons is N_{NG} = dim(G/H) = 4N − 4.

To discuss QNG bosons, we consider the action of the complexification of G. The complex unbroken and broken generators are

Ĥ = B 0 SU(N − 2)^C . . . . B 0 0 · · · 0 0 0 B · · · B B 0

⊕ U(1)^C ⊕ U(1)^C ,

G^C − Ĥ =

0 P 0_{N −2} . . . . 0 P P · · · P 0 P 0 · · · 0 0 0

⊕ U(1)^C_M ⊕ U(1)^C_M , (4.8)

where B denote generators in a Borel subalgebra, P denote non-Hermitian broken generators P-type chiral superfields and two U(1)^C_M’s are given by Q_1 and Q_2 defined in Eq. (4.7), both of which generate M-type chiral superfields. The numbers of the P- and the M-type superfields are N_P = 2N −3 and N_M = 2, respectively. Therefore, there appear N_{NG} = 4N −4 NG bosons, whose number coincides with the dimension of G/H, and N_{QNG} = 2 QNG bosons. The number of the QNG bosons coincides with the number of the G invariants, |ϕ_1|^2 and |ϕ_2|^2, as discussed in [36]. The manifold can be locally written as

M̂ ≃ R^2 × SU(N) × U(1)^2 SU(N − 2) × U(1)^2

≃ R^2 × SU(N) SU(N − 2) (4.9)

which is cohomogeneity two.

4.2 Gauging: SU(N)/[SU(N − 2) × U(1)^2]

To eliminate unwanted QNG bosons and to obtain a compact Kähler manifold, we promote U(1)^2 symmetry (4.3) to a gauge symmetry introducing auxiliary vector superfields V_i(x, θ, θ̄) (i = 1, 2). The gauge symmetry U(1)_1 × U(1)_2 is defined by ϕ_i → ϕ^′_i = e^{iΛi} ϕ_i , e^{Vi} → e^{V ′i} = e^{Vi} e^{−iΛi +iΛi †} , λ → λ^′ = λe^{−iΛ1 −iΛ2} , (4.10) with Λ_i(x, θ, θ̄) being a chiral superfield as a gauge parameter of U(1)_i. We thus obtain the invariant Lagrangian for the auxiliary field formulation of SU(N)/[SU(N − 2) × U(1)^2] as L = ∫ d^4θ(e^{V1} ϕ_1^†ϕ_1 + e^{V2} ϕ_2^†ϕ_2 − c_1V_1 − c_2V_2) + (∫ d^2θλϕ_1 · ϕ_2 + c.c. ) . (4.11)

To confirm if this really gives a compact Kähler coset space, we now eliminate auxiliary superfields λ, V_1 and V_2 by their equations of motion. The integration over λ gives the holomorphic constraint

ϕ_1 · ϕ_2 = −χ · ϕ + σν + ρμ = 0 , (4.12)

in which we have used the notation

ϕ_1 = ϕ σ μ , ϕ^2 = −χ ν ρ , (4.13)

with ϕ and χ N −2 vectors and the rests singlets. Introducing a new chiral superfield κ(x, θ, θ̄), we rewrite this constraint as 2σν − χ · ϕ = 2κ , 2ρμ − χ · ϕ = −2κ . (4.14) If we eliminate κ from these equations, we get the constraint (4.12) again. Instead, we solve ρ and σ by other fields: σ = 1 ν ( κ + χ · ϕ 2 ) , ρ = − 1 μ ( κ − χ · ϕ 2 ) . (4.15)

The integration over V_i gives e^{Vi} ϕ_i^†ϕ_i − c_i = 0, which can be solved as

V_i = log(ϕ_i^†ϕ_i/c_i) . (4.16)

Substituting these solutions and (4.15) back into the Lagrangian (4.11), we obtain L = ∫ d^4θ 2∑ i=1 c_i log(ϕ_i^†ϕ_i)

= ∫ d^4θ [ c_1 log ( |μ|^2 + |ϕ|^2 + | | | 1 ν ( κ + χ · ϕ 2 )| | | 2)

+c_2 log ( |ν|^2 + |χ|^2 + | | | 1 μ ( κ − χ · ϕ 2 )| | | 2)] , (4.17)

where additional constant has disappeared under the integration over the superspace. Since this still has gauge invariance (4.10) of U(1)^2 for matter fields, we can take a gauge of μ = ν = 1: L = ∫ d^4θ [ c_1 log ( 1 + |ϕ|^2 + | | | |κ + χ · ϕ 2 | | | | 2) + c_2 log ( 1 + |χ|^2 + | | | |κ − χ · ϕ 2 | | | | 2)] .(4.18)

This is the Kähler potential of SU(N)/[SU(N − 2) × U(1)^2] with a suitable complex structure [31] (see Eq. (A.18) in Appendix A).

To see the relation with the non-compact case, we note the coset representative is given by

ξ = e^{φ·Z} = 1_{N −2} 0 ϕ χ^T 1 κ +^1_2 χ · ϕ 0 0 1 with φ · Z = 0_{N −2} 0 ϕ χ^T 0 κ 0 0 0

(4.19)

where Z represent complex broken generators, and φ = {ϕ, χ, κ}. Using this representative, the superfields, after solving the constraint and fixing a gauge, can be written as

ϕ_1 = ξv_1 , ϕ_2 = (ξ^{−1})^T v_2 , (4.20)

where v_i are VEVs given in (4.5) with u = v = 1. By comparing the generators (4.8) and (4.19), it is now obvious that two M-type superfields are eliminated by gauging of U(1)^2. From the structure of generators (4.19), we find that this manifold has one of two complex structures, called Ω_{II}, for SU(N)/[SU(N − 2) × U(1)^2] [25].

If we forget the superpotential term in the Lagrangian (4.11), it becomes the auxiliary field formulation for CP^{N −1} × CP^{N −1}. Therefore SU(N)/[SU(N − 2) ×

U(1)^2] is embedded into CP^{N −1} × CP^{N −1} by a holomorphic constraint ϕ_1 · ϕ_2 = 0 so that it is algebraic.

5 Auxiliary Field Formulation of SU(N)/[SU(N − M − L) × SU(M) × SU(L) × U(1)^2] In this section we show the results of the last section can be generalized to the auxiliary field formulation for SU(N)/[SU(N − M − L) × SU(M) × SU(L) × U(1)^2] by promoting gauge groups to non-Abelian groups.

5.1 Non-compact Kähler Manifold

Let ϕ_A(x, θ, θ̄) (A = 1, · · · , M) and ψ_α(x, θ, θ̄) (α = 1, · · · , L) be chiral superfields belonging to the fundamental and the anti-fundamental representations of SU(N), respectively (N ≥ L + M). The transformation law under SU(N) is the same as (4.1). We define matrix chiral superfields Φ ≡ (ϕ_1, · · · , ϕ_M ) and Ψ ≡ (ψ_1, · · · , ψ_L). Additional global symmetries of U(M) and U(L) act from the right of Φ and Ψ, respectively, as

Φ → Φ^′ = Φg_1 , g_1 ∈ U(M) , Ψ → Ψ^′ = Ψg_2 , g_2 ∈ U(L) . (5.1)

The total global symmetry is G = SU(N) × U(M) × U(L).

We impose LM holomorphic, G^C invariant constraints on these fields:

ψ_α · ϕ_A = 0 , or Ψ^T Φ = 0_{L×M} . (5.2)

There exist M + L G-invariants

X_1 ≡ tr (Φ^†Φ) , X_2 ≡ tr [(Φ^†Φ)^2] , · · · , X_M ≡ tr [(Φ^†Φ)^M ] , Y_1 ≡ tr (Ψ^†Ψ) , Y_2 ≡ tr [(Ψ^†Ψ)^2] , · · · , Y_L ≡ tr [(Ψ^†Ψ)^L] , (5.3) so that this manifold is cohomogeneity M + L.^{10} The most general invariant Lagrangian is L = ∫ d^4θf(X_1, . . . X_M , Y_1, · · · , Y_L) + [∫ d^2θ tr (λΨ^T Φ) + c.c. ] , (5.4)

with λ an M × L matrix of auxiliary chiral superfields λ_{Aα}(x, θ, θ̄) of Lagrange multipliers for the constraints (5.2).

Using G = SU(N) × U(M) × U(L), the generic VEVs can be transformed into

V_1 = ⟨Φ⟩ = 0_{(N −M )×M} v_1 0 ... 0 v_M ,

V^T_2 = ⟨Ψ⟩^T = 0^{L×(N −M −L)} u_1 0 ... 0 u_L 0_{L×M} . (5.5)

with v_i (i = 1, · · · , M) and u_a (a = 1, · · · , L) M + L real positive constants. These VEVs are related with VEVs of the invariants X_i and Y_a through X_i = ∑_M j=1(v_j )^i and Y_a = ∑_L b=1(u_b)^a. G is spontaneously broken down to H_g = SU(N − M − L) × U(1)^{M +L} and N_{NG} = dim(G/H_g) = 2(NM + LN − LM) − M − L. The number of the QNG bosons is N_{QNG} = M + L. So equations N_{NG} + N_{QNG} = 2(NM + LN − LM) = 2(dim_C Φ + dim_C Ψ − LM) = 2 dim_C M̂ correctly holds. At generic points, the manifold can be locally written as M̂ ≃ R^{M +L} × G/H_g = R^{M +L} × SU(N) × U(M) × U(L) SU(N − M − L) × U(1)^{M +L} ≃ R^{M +L} × SU(N) × SU(M) × SU(L) SU(N − M − L) × U(1)^{M +L−2} , (5.6) so that it is cohomogeneity M + L.

At the most symmetric points, the VEVs become

V_1 = ⟨Φ⟩ = v 0^{(N −M )×M} 1_M

, V^T_2 = ⟨Ψ⟩^T = u ( 0_{L×(N −M −L)}, 1_L, 0_{L×M} ) . (5.7)

10The invariants made by traces of products M ≡ ΦΦ^† and N ≡ ΨΨ^† are probably not independent of these invariants although we do not have a proof. It is plausible considering the relation with VEVs as below.

The unbroken subgroup is H_0 = SU(N − M − L) × SU(M) × SU(L) × U(1)^2 whose generators are given by

H = SU(N − M − L) 0_{(N −M −L)×L} 0_{(N −M −L)×M} 0_{L×(N −M −L)} X_{L×L} 0_{L×M} 0_{M ×(N −M −L)} 0_{M ×L} Y_{M ×M} , −X^{L×L}, −Y^{M ×M} ⊕U(1) ⊕ U(1), (5.8)

with X and Y generators of SU(L) and SU(M), respectively. Here the two U(1)’s are given by Q_1 ≡ diag. (L, · · · , L N −M −L , −N + M + L, · · · , −N + M + L L , 0, · · · , 0 M ), Q_2 ≡ diag. (M, · · · , M N −M −L , 0, · · · , 0 L , −N + M + L, · · · , −N + M + L M ) (5.9)

in SU(N) combined with phase rotations with opposite angles by U(1)_1 and U(1)_2, respectively.

Complex unbroken and broken generators become like

Ĥ = SU(N − M − L)^C B_{(N −M −L)×L} 0_{(N −M −L)×M} 0_{L×(N −M −L)} X_{L×L} 0_{L×M} B_{M ×(N −M −L)} B_{M ×L} Y_{M ×M} , , −X^{L×L}, −Y^{M ×M} ⊕U(1)^C ⊕ U(1)^C ,

G^C − Ĥ = 0_{N −M −L} 0_{(N −M −L)×L} P_{(N −M −L)×M} P_{L×(N −M −L)} M_{L×L} P_{L×M} 0_{M ×(N −M −L)} 0_{M ×L} M_{M ×M} , 0^{L×L}, 0^{M ×M} ⊕U(1)^C_M ⊕ U(1)^C_M , (5.10)

respectively, where each subscript denotes the size of each block, and two U(1)’s in G^C − Ĥ are generated by Q_1 or Q_2 in Eq. (5.9), both of which are M-types. The numbers of the M- and P-type superfields are N_M = L^2 + M^2 and N_P = M(N − M)+L(N −M −L), respectively. There appear N_{NG} = 2(NM +NL−L)−M^2 −L^2 NG bosons and N_{QNG} = (L^2 + M^2) QNG bosons. The manifold looks like M̂ ≃ R^{M 2+L2} ⋉ SU(N) × U(M) × U(L) SU(N − M − L) × U(M) × U(L) . (5.11)

5.2 Gauging: SU(N)/[SU(N −M −L)×SU(M)×SU(L)×U(1)^2] To absorb M-type superfields, we promote the global symmetries of (5.1) to gauge symmetries, by introducing auxiliary vector superfields V_1 and V_2 of U(M) and U(L) gauge fields, respectively. These U(M) × U(L) gauge symmetries are defined by

Φ → Φ^′ = Φe^{iΛ1} , Ψ → Ψ^′ = Ψe^{iΛ2} , e^{V1} → e^{V ′1} = e^{−iΛ1} e^{V1} e^{iΛ†1} , e^{V2} → e^{V ′2} = e^{−iΛ2} e^{V2} e^{iΛ†2} , λ → λ^′ = e^{−iΛ1} λe^{−iΛT2} , (5.12)

where Λ_1(x, θ, θ̄) and Λ_2(x, θ, θ̄) are chiral superfields of gauge parameters, taking values in U(M) and U(L), respectively. Then the Lagrangian can be written as L = ∫ d^4θ [ tr (Φ^†Φe^{V1} ) + tr (Ψ^†Ψe^{V2} ) − c_1tr V_1 − c_2tr V_2 ]

+ [∫ d^2θtr (λΨ^T Φ) + c.c. ] . (5.13)

We decompose the matrix chiral superfields into submatrices, like

Φ = φ_{IA} σ_{αA} μ_{AB} , Ψ = −χ_{Iα} ν_{αβ} ρ_{Aα} , (5.14)

where a new index I, which runs from 1 to N − M − L, has been introduced. In terms of these decompositions, the integration over λ_{αA} yields the LM holomorphic constraints

ψ_α · ϕ_A = −χ^T_{αI} φ_{IA} + ν^T_{αβ}σ_{βA} + ρ^T_{αB}μ_{BA} = 0 , (5.15)

in which the summation over repeated indices is implied. Introducing a new L × M matrix chiral superfield, κ_{αA}(x, θ, θ̄), these constraints can be rewritten as 2ν^T_{αβ} σ_{βA} − χ^T_{αI} φ_{IA} = 2κ_{αA} , 2ρ^T_{αB}μ_{BA} − χ^T_{αI} φ_{IA} = −2κ_{αA} . (5.16) Elimination of κ from these equations gives the original constraints (5.15). Instead, we express σ and ρ by other fields in the region such that det μ ≠ 0 and det ν ≠ 0 hold: σ = ν^{−1T} ( κ + 1 2 χ^T φ ) , ρ = −μ^{−1T} ( κ − 1 2 φ^T χ ) , (5.17)

where we have used the matrix notation.

The equations of motion for V_1 and V_2 read e^{V1} Φ^†Φ − c_11_M = 0 and e^{V2} Ψ^†Ψ − c_21_L = 0, respectively. These equations can be solved, to give

V_1 = − log det ( Φ^†Φ c_1 ) , V_2 = − log det ( Ψ^†Ψ c_2 ) . (5.18)

Substituting these solutions back into the Lagrangian (5.13), we obtain L = ∫ d^4θ [ c_1 log det Φ^†Φ + c_2 log det Ψ^†Ψ ]

= ∫ d^4θ [ c_1 log det(φ^†φ + σ^†σ + μ^†μ) + c_2 log det(χ^†χ + ν^†ν + ρ^†ρ) ] .(5.19)

By substituting (5.17) into this Lagrangian and taking a gauge fixing of μ = 1_M and ν = 1_L, we obtain L = ∫ d^4θ [ c_1 log det { 1_M + φ^†φ + ( κ^† + 1 2 φ^†χ^∗ ) ( κ + 1 2 χ^T φ )}

+c_2 log det { 1_L + χ^†χ + ( κ^† − 1 2 χ^†φ^∗ ) ( κ − 1 2 φ^T χ )}] .(5.20)

We thus have obtained the Kähler potential of SU(N)/[SU(N − M − L) × U(M) × U(L)] with a suitable complex structure through a Kähler quotient: M ≃ M̂/[U(M)^C× U(L)^C]

Since the Lagrangian (5.13) becomes the auxiliary field formulation for G_{N,M} × G_{N,L} throwing away its superpotential, we find that SU(N)/[SU(N − M − L) × U(M)×U(L)] is embedded into G_{N,M} ×G_{N,L} by holomorphic constraints by Ψ^T Φ = 0_{L×M} .

An interesting thing is that there exists the triality between theories with the same U(N) flavor symmetry and following three different gauge groups: U(M) × U(L), U(N − M − L) × U(L) and U(M) × U(N − M − L). 6 Summary and Discussions

We have given the auxiliary field formulation for D = 2, 3, N = 2 SUSY NLσMs on the rank two Kähler coset spaces SU(N)/[SU(N −2)×U(1)^2] and SU(N)/[SU(N −

M − L) × SU(M) × SU(L) × U(1)^2] as U(1)^2 and U(M) × U(L) gauge theories with the Lagrangians (4.11) and (5.13), respectively. In addition to auxiliary vector superfields V_1 and V_2 for these gauge groups, we have also needed auxiliary chiral superfields λ to give holomorphic constraints among two irreducible representations. For both cases the Lagrangian includes two FI parameters c_1 and c_2 which represent two free parameters (decay constants) of the resultant Kähler coset spaces. Nonperturbative analyses using the large-N method for these new models in D = 2, 3 dimensions have become possible, which remains as a future work.

Let us discuss possibility to construct more general models by the auxiliary field method. First of all the Kähler coset spaces discussed in this paper have particular complex structure Ω_{II} (see Appendix A). However, in general, the same rank-two coset space allows two inequivalent complex structures Ω_I and Ω_{II} as discussed in Appendix A. So the question is whether it is possible to construct a model with another complex structure Ω_I or not. In the case of SU(N)/[SU(N − 2) × U(1)^2] with Ω_I, it is natural to prepare the two sets of fields ϕ_1 and ϕ_2 both belonging to the fundamental representation N of SU(N), instead of N and N for Ω_{II}. Actually, the authors in Ref. [40] constructed a bosonic NLσM on SU(N)/[SU(N −2)×U(1)^2] with the complex structure Ω_I by the auxiliary field method. They introduced an U(2) gauge symmetry explicitly broken by two constraints ϕ_1^†ϕ_1 = c_1 and ϕ_2^†ϕ_2 = c_2 with c_1 ≠ c_2. These constraints can be embedded into bosonic parts of the SUSY U(1)^2 gauge theory with two FI-parameters c_1 and c_2 in the Wess-Zumino gauge. They moreover imposed an additional constraint ϕ_1^†ϕ_2 = 0 instead of ϕ_1 · ϕ_2 = 0 for Ω_I. It is, however, difficult to embed this constraint to a SUSY theory.

Second, let us discuss rank-two coset spaces G/H with other groups G. For rankone case it was possible to reduce G = SU(N) to other groups G^′ ⊂ G imposing G^′-invariant F-term (holomorphic) constraints by auxiliary chiral superfields which give an embedding for the whole coset G^′/H^′ ⊂ G/H, as in the Lagrangian (1.5) for Q^{N −2} = SO(N)/[SO(N − 2) × U(1)] ⊂ CP^{N −1}. In principle, it should work also for rank-two cases but naive attempts failed. This remains for a future work.

Third, we would like to discuss higher-rank coset spaces. The Lerche-Shore theorem [29, 30] implies that any Kähler G/H needs a gauge group to be formulated by linear fields. It is natural for a gauge group to include the U(1)^r factor with r FI-parameters for a rank-r coset space. Moreover we should introduce at least r irreducible representations of G and put suitable F-term constraints among them which are needed to fix all G^C-invariants composed of them. However the similar problem for SU(N)/[SU(N −2)×U(1)^2] with Ω_I occurs and we are unable to achieve this in the present time.

Perturbatively, dynamics of D = 2, N = 2 SUSY NLσMs have very different features according to their first Chern classes c_1(M) on the target manifold M. Calabi-Yau manifolds M have vanishing first Chern classes c_1(M) = 0. D = 2, N = 2 SUSY NLσMs on these manifolds are conjectured to be finite to all orders and are considered as models of superstring theory [41]. On the other hand, all Kähler coset spaces have positive first Chern classes: c_1(G/H) > 0. For all NLσMs on M with c_1(M) > 0, it is conjectured that these models are asymptotically free and have the mass gap like D = 4 QCD.

Non-perturbative analyses for these features were discussed extensively using the mirror symmetry [42]. Exact beta functions for D = 2 NLσMs on Hermitian symmetric spaces were derived using the instanton method [43]. D = 2, 3, N = 2 SUSY NLσMs were also discussed using the Wilsonian renormalization group (WRG) [44], in which they used the so-called Kähler normal coordinates [45] to derive the WRG equation. In particular, D = 2, 3, N = 2 SUSY NLσMs on the Kähler-Einstein manifolds including Kähler coset spaces were discussed.

Combined with these several methods, we expect that the large-N method plays an important role to reveal non-perturbative aspects of SUSY NLσMs and their similarity with D = 4, 5 QCD.

Acknowledgements

The author thanks Kiyoshi Higashijima and Makoto Tsuzuki for a collaboration in early stages of this work. His work is supported by the U. S. Department of Energy under grant DE-FG02-91ER40681 (Task B).

A Pure realizations for G = SU(N) cases

We work out theories with the global symmetry SU(N). For details see the original Refs. [21, 24] or the reviews [26, 22]. Pure realizations with G = SU(N) occur if and only if H is the form of H = ∏_{r+1} i=1 SU(n_i) × U(1)^r with ∑_{r+1} i=1 n_i = N and r(≥ 1) called the rank of this Kähler coset space G/H:

H = SU(n_1) SU(n_2) ... SU(n_{r+1}) ⊕ U(1) ⊕ · · · ⊕ U(1) r . (A.1)

All off-diagonal blocks are zero matrices and r U(1) generators Q_α (α = 1, · · · , r) are given by

Q_α = diag. (n_{α+1}, · · · , n_{α+1}

n_1 , 0, · · · , 0 ∑_α β=2 n_β , −n_1, · · · , −n_1 n_{α+1} 0, · · · , 0 ∑_{r+1} β=α+2 nβ ). (A.2)

A complex structure on G/H is defined as follows. Taking linear combination of U(1) generators Q_α in H, we define the Y -charge by Y = r∑ α=1 c_αQ_α (A.3)

with c_α ∈ R. Complex linear combination ∑ I C_I X_I (C_I ∈ C) of the real coset generators X_I ∈ G−H can be divided into B_i ∈ Ĥ and Z_i ∈ G^C−Ĥ according to positive and negative Y -charges, respectively: [Y, B_i] ∼ +B_i and [Y, Z_i] ∼ −Z_i. Note that the generators in H carry zero Y -charges and therefore all generators in Ĥ carry non-negative Y -charges. Thus, rank one coset spaces have one complex structure. Rank (more than) two coset spaces have (more than) two inequivalent complex structures. The complex coset representative can be defined by ξ = exp(φ · Z) ∈ G^C/Ĥ with φ^i NG chiral multiplets whose scalar components are both genuine NG bosons. There exists homomorphism G^C/Ĥ ≃ G/H for pure realizations because there are no QNG bosons.

Once a complex structure is provided we can construct a G-invariant Kähler potential on G/H. There exist r projection operators η_α (α = 1, · · · , r) satisfying the conditions ηĤη = Ĥη, η^2 = η, η^† = η (A.4) in the space of the fundamental representation N of G. We can take these η according to the Y -charges of the fundamental representation space as follows: first decompose the fundamental representation of G into H-irreducible sectors. Second take the α-th projection η_α to project out the first α sectors with lower Y -charges from the lowest Y -charge sector. Using these projections, the Kähler potential on G/H is given by K = r∑ α=1 c_α log det_ηξ^†ξ , (A.5)

with ξ ∈ G^C/Ĥ in the fundamental representation and det_η denoting the determinant in the subspace projected by η. Here c_α can be shown to coincide with the coefficients in the Y -charge (A.3) [24].

We give the following four examples discussed in this paper: 1) CP^{N −1} = SU(N)/[SU(N − 1) × U(1)], 2) G_{N,M} = SU(N)/[SU(N − M) × SU(M) × U(1)], 3) SU(N)/[SU(N − 2) × U(1)^2] and 4) SU(N)/[SU(N − M − L) × SU(M) × SU(L) × U(1)^2].

1) CP^{N −1} = SU(N)/[SU(N − 1) × U(1)] This is the simplest example called the projective space. If we define the Y -charge by Y ≡ −Q_1 with Q_1 ≡ diag. (1, · · · , 1 N −1 , −N +1) ∈ H, complex unbroken and broken

generators, carrying positive and negative (or zero) Y -charges, are found to be

Ĥ = 0 SU(N − 1)^C . . 0 B · · · B 0

⊕ U(1)^C , G^C − Ĥ = P 0_{N −1} . . P 0 · · · 0 0

, (A.6)

respectively, with U(1)^C generated by Q_1. Then the complex coset representative is given by φ · Z = 0^{N −1} φ 0 0 , ξ = 1^{N −1} φ 0 1 (A.7) with φ an (N−1)-vector of SU(N−1). The projection operator is η = diag. (0, · · · , 0 N −1 , 1)

and the Kähler potential is

K = c log det_ηξ^†ξ = c log(1 + |φ|^2) . (A.8) 2) G_{N,M} = SU(N)/[SU(N − M) × SU(M) × U(1)]. This is called the (complex) Grassmann manifold. We take the Y -charge as Y ≡ −Q_1 with Q_1 = diag. (M, · · · , M N −M , M − N, · · · , M − N M ) ∈ H. Then complex unbroken

and broken generators are given by

Ĥ = SU(N − M)^C 0^{(N −M )×M} B_{M ×(N −M )} SU(M)^C ⊕ U(1)^C ,

G^C − Ĥ = 0^{N −M} P^{(N −M )×M} 0_{M ×(N −M )} 0_M

, (A.9)

respectively, with U(1)^C generated by Q_1. The complex coset representative is obtained as φ · Z = 0^{N −M} φ 0_{M ×(N −M )} 0_M , ξ = 1^{N −M} φ 0_{M ×(N −M )} 1_M

(A.10)

with φ an N−M by M matrix. The projection operator is η = diag. (0, · · · , 0 N −M , 1, · · · , 1 M ) and the Kähler potential is

K = c log det_ηξ^†ξ = c log det_{M ×M} (1_M + φ^†φ) . (A.11)

3) SU(N)/[SU(N − 2) × U(1)^2].

This coset space allows two inequivalent complex structures [25, 31]. The U(1) generators in H are

Q_1 ≡ diag.(1, · · · , 1 N −2 , −N + 2, 0) , Q_2 ≡ diag.(1, · · · , 1 N −2 , 0, −N + 2) . (A.12)

Two complex structures Ω_I and Ω_{II} denoted in [25] are represented for instance by Y_I ≡ −Q_2 and Y_{II} ≡ Q_1 − Q_2, respectively. According to these Y -charges, complex unbroken and broken generators are given by

Ĥ_I = 0 0 SU(N − 2)^C . . . . 0 0 B · · · B 0 0 B · · · B B 0

⊕ 2U(1)^C, (G^C − Ĥ)_I =

P P 0_{N −2} . . . . P P 0 · · · 0 0 P 0 · · · 0 0 0 for Ω_I and

Ĥ_{II} = B 0 SU(N − 2)^C . . . . B 0 0 · · · 0 0 0 B · · · B B 0

⊕ 2U(1)^C, (G^C − Ĥ)_{II} =

0 P 0_{N −2} . . . . 0 P P · · · P 0 P 0 · · · 0 0 0 for Ω_{II}. For both cases two U(1) generators are given by Eq. (A.12). The coset representative for Ω_I is calculated as

(φ · Z)_I =

0_{N −2} χ ϕ 0 0 κ 0 0 0

, ξ^I =

1_{N −2} χ ϕ +^1_2 κχ 0 1 κ 0 0 1

, (A.13)

with χ and ϕ belonging to N − 2 of SU(N − 2). The coset representative for Ω_{II} is

(φ · Z)_{II} =

0_{N −2} 0 ϕ χ^T 0 κ 0 0 0

, ξ^{II} =

1_{N −2} 0 ϕ χ^T 1 κ +^1_2 χ · ϕ 0 0 1

. (A.14)

with ϕ (χ) belonging to N − 2 (N − 2). The projection operators are given by

(η_1)_I = diag. (0, · · · , 0 N −2 , 0, 1) , (η_2)_I = diag. (0, · · · , 0 N −2 , 1, 1) , (A.15)

(η_1)_{II} = diag. (0, · · · , 0 N −2 , 0, 1) , (η_2)_{II} = diag. (1, · · · , 1 N −2 , 0, 1) , (A.16) and the Kähler potentials can be calculated as [31]

K_I = c_1 log ( 1 + |κ|^2 + | | | |ϕ + 1 2 κχ | | | | 2)

+c_2 log ( 1 + |χ|^2 + | | |ϕ − 1 2 κχ | | | 2 + |χ|^2|ϕ|^2 − |χ^†ϕ|^2 ) , (A.17)

K_{II} = c_1 log ( 1 + |ϕ|^2 + | | |κ + 1 2 χ · ϕ | | | 2) + c_2 log ( 1 + |χ|^2 + | | |κ − 1 2 χ · ϕ | | | 2) , for Ω_I and Ω_{II}, respectively. The one formulated by the auxiliary field method is the second one. 4) SU(N)/[SU(N − M − L) × SU(M) × SU(L) × U(1)^2] Two U(1) generators in H are given by^{11} Q_1 ≡ diag. (L, · · · , L N −M −L , −N + M + L, · · · , −N + M + L L , 0, · · · , 0 M ) , Q_2 ≡ diag. (M, · · · , M N −M −L , 0, · · · , 0 L , −N + M + L, · · · , −N + M + L M ) .(A.18)

As the same with the last example, the Y -charge can be taken for instance as Y_I ≡ −Q_2 or Y_{II} ≡ MQ_1 − LQ_2 for the complex structure Ω_I or Ω_{II}, respectively. Complex unbroken and broken generators are given by

Ĥ_I = SU(N − M − L)^C 0_{(N −M −L)×L} 0_{(N −M −L)×M} B_{L×(N −M −L)} SU(L)^C 0_{L×M} B_{M ×(N −M −L)} B_{M ×L} SU(M)^C ⊕ 2U(1)^C ,

(G^C − Ĥ)_I = 0_{N −M −L} P_{(N −M −L)×L} P_{(N −M −L)×M} 0_{L×(N −M −L)} 0_L P_{L×M} 0_{M ×(N −M −L)} 0_{M ×L} 0_M , (A.19)

11We have chosen these charges in a different way from those in Refs. [22, 48].

for Ω_I and

Ĥ_{II} = SU(N − M − L)^C B_{(N −M −L)×L} 0_{(N −M −L)×M} 0_{L×(N −M −L)} SU(L)^C 0_{L×M} B_{M ×(N −M −L)} B_{M ×L} SU(M)^C ⊕ 2U(1)^C ,

(G^C − Ĥ)_{II} = 0_{N −M −L} 0_{(N −M −L)×L} P_{(N −M −L)×M} P_{L×(N −M −L)} 0_L P_{L×M} 0_{M ×(N −M −L)} 0_{M ×L} 0_M (A.20)

for Ω_{II}. The complex coset representatives can be calculated as

(φ · Z)_I = 0_{N −M −L} χ φ 0 0_L κ 0 0 0_M

, ξ^I =

1_{N −M −L} χ φ +^1_2 χκ 0 1_L κ 0 0 1_M

, (A.21)

(φ · Z)_{II} = 0_{N −M −L} 0 φ χ^T 0_L κ 0 0 0_M

, ξ^{II} = 1_{N −M −L} 0 φ χ^T 1_L κ +^1_2 χ^T φ 0 0 1_M

(A.22)

for Ω_I and Ω_{II}, respectively. The projection operators are given by

(η_1)_I = diag. (0, · · · , 0 N −M −L , 0, · · · , 0 L , 1, · · · , 1 M ) , (η_2)_I = diag. (0, · · · , 0 N −M −L , 1, · · · , 1 L , , 1, · · · , 1 M ) (A.23) for Ω_I and

(η_1)_{II} = diag. (0, · · · , 0 N −M −L , 0, · · · , 0 L , , 1, · · · , 1 M ) , (η_2)_{II} = diag. (1, · · · , 1 N −M −L , 0, · · · , 0 L , , 1, · · · , 1 M ) (A.24) for Ω_{II}. Using these projection operators, the Kähler potentials are calculated as

K_I = c_1 log det [ 1_M + κ^†κ + ( φ^† + 1 2 κ^†χ^† ) ( φ + 1 2 χκ )]

+c_2 log det

1^L + χ^†χ κ + χ^†(φ +^{12} χκ) κ^† + (φ^† +^1_2 κ^†χ^†)χ 1_M + κ^†κ + ( φ^† +^1_2 κ^†χ^† ) ( φ +^1_2 χκ ) ,

K_{II} = c_1 log det [ 1_M + φ^†φ + ( κ + 1 2 φ^†χ^∗ ) ( κ + 1 2 χ^T φ )] (A.25)

+c_2 log det

1^{N −M −L} + χ^∗χ^T φ + χ^∗(κ +^{12} χ^T φ) φ^† + (κ^† +^1_2 φ^†χ^∗)χ^T 1_M + φ^†φ + ( κ^† +^1_2 φ^†χ^∗ ) ( κ +^1_2 χ^T φ ) ,

for Ω_I and Ω_{II}, respectively.

The second one should coincide with the Kähler potential (5.20) up to a holomorphic coordinate transformation and a Kähler transformation, but we are unable to show their equivalence.

B Some geometric structures

In this appendix, we discuss more geometric structures of the manifolds presented in this paper; their bundle structures and their relation with hyper-Kähler manifolds and the Calabi-Yau manifolds of cohomogeneity one [46]–[49].

First we discuss the bundle structures using gauging/ungauging technique [47]. If we gauge a part of isometry I ⊂ G on M̂ introducing vector superfields V and then integrate V out, we obtain a Kähler quotient manifold M = M̂/I^C. On the other hand, if we “ungauge” I by freezing V in a Kähler quotient formulation of M, we obtain M̂. In the case of I = U(1) [I = U(M)], M̂ can be regarded as a complex line (C^M -) bundle over M. By applying this technique to Hermitian symmetric spaces (HSS) formulated as gauge theories [16], canonical complex line bundles over HSS are constructed in [47].

We now discuss relations between manifolds in this paper with other manifolds. First let us consider SU(N)/[SU(N − 2) × U(1)^2]. If we put V ≡ V_1 = −V_2 (or freezing V_1 + V_2) in the Lagrangian (4.11) we get L = ∫ d^4θ(e^V ϕ_1^†ϕ_1 + e^{−V} ϕ_2^†ϕ_2 − cV ) + (∫ d^2θλϕ_1 · ϕ_2 + c.c. ) , (B.1)

with c ≡ c_2 − c_1. SUSY is enhanced to D = 2, N = 4 (D = 4, N = 2) SUSY. For this SUSY, target space must be hyper-Kähler (HK) [50]. Actually, Eq. (B.1) is the HK quotient construction [51, 52] for the HK Calabi metric [53] on the cotangent bundle over CP^{N −1}, T^∗CP^{N −1} [54, 55]. Therefore SU(N)/[SU(N − 2) × U(1)^2] is a U(1) Kähler quotient of T^∗CP^{N −1}, and the latter is a complex line bundle over the former. T^∗CP^{N −1} is the only one HK manifold of cohomogeneity one [56]. In our method, the cohomogeneity of T^∗CP^{N −1} is easily found to be one, because we construct it from a compact manifold by freezing one gauge degree of freedom.

Next let us consider non-Abelian case of M = L: SU(N)/[SU(N − 2M) × SU(M)^2 × U(1)^2]. If we put V ≡ V_1 = −V^T_2 in the Lagrangian (5.13) with M = L, we get L = ∫ d^4θ [ tr (Φ^†Φe^V ) + tr (Ψ^T Ψ^∗e^{−V} ) − c tr V ] + [∫ d^2θ tr (λΨ^T Φ) + c.c. ] ,(B.2)

with c ≡ c_2 − c_1. As the same as the above discussions, this is the HK quotient construction for the Lindström-Roček metric on T^∗G_{N,M} [51, 57]. (Putting Ψ = 0 in the Lagrangian (B.2) we obtain the Lagrangian (1.4) for G_{N,M} , and therefore we find this bundle structure.) Thus SU(N)/[SU(N −2M)×U(M)^2] is a U(M) Kähler quotient of T^∗G_{N,M} , and the latter is a C^M -bundle over the former.

Before closing this appendix, we discuss possibility to construct a new Calabi- Yau (CY) metric of cohomogeneity one [46]–[49]. If we freeze out V_1 + V_2 in SU(N)/[SU(N − 2) × U(1)^2] starting from the most general Lagrangian, we obtain L = ∫ d^4θ[e^V ϕ_1^†ϕ_1 + f(e^{−V} ϕ_2^†ϕ_2) − cV ] + (∫ d^2θλϕ_1 · ϕ_2 + c.c. ) , (B.3)

with f an arbitrary function.^{12} This is a deformation of HK metric (B.1) preserving only the Kähler structure. If we freeze out aV_1 + bV_2 (with a, b ∈ R) in

12We can take this Kähler potential as the most general one instead of f(e^V ϕ_1^†ϕ_1, e^{−V} ϕ_2^†ϕ_2) because it can be shown that one variable can be linearized when V is integrated [17].

SU(N)/[SU(N − 2) × U(1)^2], we get L = ∫ d^4θ[e^V ϕ_1^†ϕ_1 + f(e^{qV} ϕ_2^†ϕ_2) − cV ] + (∫ d^2θλϕ_1 · ϕ_2 + c.c. ) , (B.4)

with q ≡ −a/b being the relative charge of the remained U(1) gauge for ϕ_1 and ϕ_2, and c ≡ c_1 + qc_2. This is the Lagrangian suggested in [49] [(A.2) in Appendix] as a generalization of the construction of a CY metric using matter coupling in the CP^N model. Integrating V and λ we obtain L = ∫ d^4θ [ log ϕ_1^†ϕ_1 + h((ϕ_1^†ϕ_1)^{−q} ϕ_2^†ϕ_2) ] (B.5)

with the constraint ϕ_1 · ϕ_2 = 0 and some function h related with f. In the case of q = 0, the CY metric was obtained in [49] solving the Ricci-flat condition for h. The case of q = −1 corresponds to the HK Calabi metric. If we solve it for general q, we will be able to obtain the most general CY metric on the line bundle over SU(N)/[SU(N − 2) × U(1)^2], if it exists, which is cohomogeneity one and can be locally written as R × SU(N)/[SU(N − 2) × U(1)] , (B.6) where freedom to embed U(1) ⊂ H into SU(N) corresponds to q. The holonomy structure for the case of N = 3, R × SU(3)/U(1), was discussed in detail in [58] including Spin(7) holonomy.

References

[1] A. M. Polyakov, “Gauge Fields and Strings”, Harwood Academic Publishers (1987).

S. Coleman, “Aspects of Symmetry”, Cambridge University Press (1985). E. Abdalla, M. C. B. Abdalla and K. D. Rothe, “Non-perturbative Methods in 2-Dimensional Quantum Field Theory”, World Scientific (1991). K. Higashijima, Prog. Theor. Phys. Suppl. 104 (1991) 1.

[2] A. D’adda, M. Lüscher and P. Di Vecchia, Nucl. Phys. B146 (1978) 63.

[3] E. Witten, Phys. Rev. D16 (1977) 2991.

O. Alvarez, Phys. Rev. D17 (1978) 1123. [4] E. Witten, Nucl. Phys. B149 (1979) 285.

[5] A. D’adda, P. Di Vecchia and M. Lüscher, Nucl. Phys. B152 (1979) 125. [6] K. Higashijima, T. Kimura, M. Nitta and M. Tsuzuki, Prog. Theor. Phys. 105 (2001) 261, [hep-th/0010272].

[7] I. Ya. Arefeva, Annals Phys. 117 (1979) 393.

I. Ya. Arefeva and S. I. Azakov, Nucl. Phys. B162 (1980) 298. B. Rosenstein, B. J. Warr and S. H. Park, Nucl. Phys. B336 (1990) 435.

[8] V. G. Koures and K. T. Mahanthappa, Phys. Rev. D43 (1991) 3428; Phys.

Rev. D45 (1992) 580.

[9] M. Ciuchini and J. A. Gracey, Nucl. Phys. B454 (1995) 103, [hep-th/9508176].

T. Inami, Y. Saito and M. Yamamoto, Prog. Theor. Phys. 103 (2000) 1283, [hep-th/0003013]; Phys. Lett. B495 (2000) 245, [hep-th/0008195]; Mod. Phys. Lett. A16 (2001) 1643, [hep-th/0106204].

[10] S. Coleman, Commun. Math. Phys. 31 (1973) 259. [11] B. Zumino, Phys. Lett. 87B (1979) 203.

[12] J. Wess and J. Bagger, “Supersymmetry and Supergravity (2nd ed.)”, Princeton Univ. Press, Princeton (1992).

[13] N. Seiberg and E. Witten, Nucl. Phys. B426 (1994) 19, [hep-th/9407087], Nucl. Phys. B431 (1994) 484, [hep-th/9408099].

P. C. Argyres, M. R. Plesser and N. Seiberg, Nucl. Phys. B471 (1996) 159, [hep-th/9603042].

[14] S. Aoyama, Nuovo Cim. 57A (1980) 176. [15] J. S. Schwinger, Phys. Rev. 125 (1962) 397.

[16] K. Higashijima and M. Nitta, Prog. Theor. Phys. 103 (2000) 635, [hep-th/9911139].

[17] K. Higashijima and M. Nitta, Prog. Theor. Phys. 103 (2000) 833, [hep-th/9911225].

[18] K. Higashijima and M. Nitta, in Proceedings of Confinement 2000 (World Scientific, 2001), Eds. H.Suganuma et al., pp. 279 - 286, [hep-th/0006025]; in Proceedings of ICHEP2000 (World Scientific 2001), Eds. C.S.Lim et al., pp. 1368 - 1370, [hep-th/0008240].

[19] K. Higashijima, E. Itou and M. Tsuzuki, in preparation. [20] A. Borel, Proc. Nat. Acad. Sci. 40 (1954) 1147.

[21] M. Bando, T. Kuramoto, T. Maskawa and S. Uehara, Phys. Lett. 138B (1984) 94; Prog. Theor. Phys. 72 (1984) 313; 72 (1984) 1207.

[22] T. Kugo, Soryushiron Kenkyu (Kyoto) 95 (1997) C56; in Proceedings of 1996 International Workshop on Perspectives of Strong Coupling Gauge Theories (SCGT 96), Eds. J. Nishimura and K. Yamawaki (World Scientific, 1996), available in http://ekenwww.phys.nagoya-u.ac.jp/Scgt/proc/.

[23] M. Bordemann, M. Forger and H. Römer, Comm. Math. Phys. 102 (1986) 605. [24] K. Itoh, T. Kugo and H. Kunitomo, Nucl. Phys. B263 (1986) 295; Prog. Theor.

Phys. 75 (1986) 386.

[25] W. Buchmüller and O. Napoly, Phys. Lett. 163B (1985) 161. [26] M. Bando, T. Kugo and K. Yamawaki, Phys. Rept. 164 (1988) 217. [27] S. Aoyama, Nucl. Phys. B578 (2000) 449, [hep-th/0001160]. [28] A. J. Buras and W. Slominski, Nucl. Phys. B223 (1983) 157. [29] W. Lerche, Nucl. Phys. B238 (1984) 582.

[30] G. M. Shore, Nucl. Phys. B248 (1984) 123.

[31] W. Buchmüller and U. Ellwanger, Phys. Lett. 166B (1985) 325. [32] U. Ellwanger, Nucl. Phys. B281 (1987) 489; Fortschr. Phys. 36 (1988) 881. [33] W. Buchmüller and W. Lerche, Ann. of Phys. 175 (1987) 159. [34] A. C. Kotcheff and G. M. Shore, Int. J. Mod. Phys. A4 (1989) 4391.

G. M. Shore, Nucl. Phys. B320 (1989) 202; Nucl. Phys. B334 (1990) 172. [35] K. Higashijima, M. Nitta, K. Ohta and N. Ohta, Prog. Theor. Phys. 98 (1997) 1165, [hep-th/9706219].

[36] M. Nitta, Int. J. Mod. Phys. A14 (1999) 2397, [hep-th/9805038]. [37] K. Furuta, T. Inami, H. Nakajima and M. Nitta, Prog. Theor. Phys. 106 (2001) 851, [hep-th/0106183].

[38] T. Kugo, I. Ojima and T. Yanagida, Phys. Lett. 135B (1984) 402.

W. Lerche, Nucl. Phys. B246 (1984) 475.

[39] J. Bagger and E. Witten, Phys. Lett. B118 (1982) 103.

[40] T. Itoh, P. Oh and C. Ryou, Phys. Rev. D64 (2001) 045005, [hep-th/0101041]. [41] L. Alvarez-Gaumé, Nucl. Phys. B184 (1981) 180.

C. M. Hull, Nucl. Phys. B260 (1985) 182.

L. Alvarez-Gaumé and P. Ginsparg, Comm. Math. Phys. 102 (1985) 311. [42] K. Hori and C. Vafa, “Mirror Symmetry”, [hep-th/0002222]. [43] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Phys. Lett.

B139 (1984) 389.

A. Y. Morozov, A. M. Perelomov, M. A. Shifman, Nucl. Phys. B248 (1984) 279.

[44] K. Higashijima and E. Itou, Prog. Theor. Phys. 108 (2002) 737, [hep-th/0205036]; Prog. Theor. Phys. 109 (2003) 751, [hep-th/0302090]; Prog. Theor. Phys. 110 (2003) 563, [hep-th/0304194].

[45] K. Higashijima and M. Nitta, Prog. Theor. Phys. 105 (2001) 243, [hep-th/0006027].

K. Higashijima, E. Itou and M. Nitta Prog. Theor. Phys. 108 (2002) 185, [hep-th/0203081].

[46] K. Higashijima, T. Kimura and M. Nitta, Phys. Lett. B515 (2001) 421, [hep-th/0104184].

[47] K. Higashijima, T. Kimura and M. Nitta, Phys. Lett. B518 (2001) 301, [hep-th/0107100]; Nucl. Phys. B623 (2002) 133, [hep-th/0108084]; Annals Phys. 296 (2002) 347, [hep-th/0110216].

[48] K. Higashijima, T. Kimura and M. Nitta, Nucl. Phys. B645 (2002) 438, [hep-th/0202064]; in Proceedings of the 31st International Conference on High Energy Physics (ICHEP2002), (Elsevier Science B.V.), Eds. S. Bentvelsen et al., pp. 867-869, [hep-th/0210034].

[49] M. Nitta, “Non-compact Calabi-Yau Metrics from Nonlinear Realizations”, [hep-th/0309004].

[50] L. Alvarez-Gaumé and D. Z. Freedman, Commun. Math. Phys. 80 (1981) 443.

[51] U. Lindström and M. Roček, Nucl. Phys. B222 (1983) 285.

[52] N. J. Hitchin, A. Karlhede, U. Lindström, and M. Roček, Comm. Math. Phys.

108 (1987) 535.

[53] E. Calabi, Ann. Scient. Ec. Norm. Sup. 12 (1979) 269.

[54] T. L. Curtright and D. Z. Freedman, Phys. Lett. 90B (1980) 71.

L. Alvarez-Gaumé and D. Z. Freedman, Phys. Lett. 94B (1980) 171. M. Roček and P. K. Townsend, Phys. Lett. 96B (1980) 72.

[55] M. Arai, M. Naganuma, M. Nitta, and N. Sakai, Nucl. Phys. B652 (2003) 35, [hep-th/0211103]; “BPS Wall in N=2 SUSY Nonlinear Sigma Model with Eguchi-Hanson Manifold” in Garden of Quanta - In honor of Hiroshi Ezawa (World Scientific Publishing Co. Pte. Ltd. Singapore) pp 299-325, [hep-th/0302028].

[56] A. Dancer and A. Swann, J. Geom. Phys. 21 (1997) 218.

[57] M. Arai, M. Nitta and N. Sakai, “Vacua of Massive Hyper-Kähler Sigma Models of Non-Abelian Quotient”, [hep-th/0307274].

[58] H. Kanno and Y. Yasui, J. Geom. Phys. 43 (2002) 293, [hep-th/0108226]; J.

Geom. Phys. 43 (2002) 310, [hep-th/0111198].

Type G/H complex coordinates φ dim_C(G/H) AIII_1 CP^{N −1} =^{SU (N )}

SU (N −1)×U (1) (N − 1)-vector N − 1

AIII_2 G_{N,M} =^{U (N )} U (N −M )×U (M ) [M × (N − M)]-matrix M(N − M) BDI Q^{N −2} =^{SO(N )}

SO(N −2)×U (1) (N − 2)-vector N − 2

CI^{Sp(N )}_{U (N )} symmetric (N × N)-matrix^1_2 N(N + 1) DIII^{SO(2N )}_{U (N )} asymmetric (N × N)-matrix^1_2 N(N − 1) EIII^{E6}_{SO(10)×U (1)} 16-spinor 16 EVII^{E7}_{E6×U (1)} 27-vector 27

Table 1: Hermitian symmetric spaces (HSS).

Classification of Hermitian symmetric spaces (HSS) by Cartan, the standard complex coordinates belonging to the representation of H and their complex dimensions are shown.

G/H ϕ (Φ) σ (Σ) V superpotential constraints hosts SO(N ) SO(N −2)×U (1) N 1 U(1) σϕ 2 ϕ^2 = 0 CP^{N −1} SO(2N ) U (N ) , Sp(N ) U (N ) 2N × N N × N U(N) tr (ΣΦ

T JΦ) Φ^T JΦ = 0 G_{2N,N}

E_6 SO(10)×U (1) 27 27 U(1) Γijk σ

iϕ^j ϕ^k Γ_{ijk} ϕ^j ϕ^k = 0 CP^{26}

E_7 E_6×U (1) 56 56 U(1) dαβγδσ αϕ^βϕ^γ ϕ^δ d_{αβγδ}ϕ^βϕ^γ ϕ^δ = 0 CP^{55}

Table 2: Auxiliary field formulation for HSS.

Field contents, say dynamical chiral superfields ϕ(Φ) and auxiliary chiral and vector superfields σ(Σ) and V , are displayed in the first three rows. (We have given the representation of G or matrix sizes for ϕ(Φ) and σ(Σ) and gauge symmetry for V .) The superpotentials invariant under G and gauge symmetries and holomorphic constraints obtained by the integration over σ(Σ) are also shown. In the last row, the host spaces determined by the integration over V are shown. The second rank symmetric tensor J is given by J = 0 1^N ϵ1_N 0 with ϵ = +1 (or −1) for SO(2N) (or Sp(N)), and Γ (d) is the E_6 (E_7)

symmetric third (fourth) rank tensor whose explicit expressions can be found in [16].