arXiv:hep-th/0312056 v1 5 Dec 2003

UTTG–06–03

December 5, 2003

Finding the Mirror of the Beauville Manifold

Hyukjae Park^∗

Theory Group, Physics Department University of Texas at Austin Austin, TX 78712 USA

Email: hpark@zippy.ph.utexas.edu

Abstract

We construct the mirror of the Beauville manifold. The Beauville manifold is a Calabi- Yau manifold with non-abelian fundamental group. We use the conjecture of Batyrev and Borisov to find the previously misidentified mirror of its universal covering space, P^7[2, 2, 2, 2]. The monomial-divisor mirror map is essential in identifying how the fundamental group of the Beauville manifold acts on the mirror of P^7[2, 2, 2, 2]. Once we find the mirror of the Beauville manifold, we confirm the existence of the threshold bound state around the conifold point, which was originally conjectured in [1]. We also consider how the quantum symmetry group acts on the D-branes that become massless at the conifold point and show the action proposed in [2] is compatible with mirror symmetry.

∗Work supported in part by NSF Grant PHY0071512

1. Introduction

In the last one and a half decades or so, there has been great progress in understanding the non-perturbative aspects of string theory. Although string theory, as it exists now, lacks a complete definition, one can still study various non-perturbative effects through tools like supersymmetry and dualities. Mirror symmetry is one of these dualities. Mirror symmetry is a duality between Type IIA string theory compactified on a Calabi-Yau manifold and Type IIB on another Calabi-Yau, called the first manifold’s mirror [3]. Since it was first proposed in [4], it has been extensively studied. Many examples of Calabi-Yau manifolds have been studied and their mirrors have been found [5,6,7]. However, all examples studied so far have abelian fundamental groups. Indeed, there is only one known example of Calabi-Yau manifolds with SU(3) holonomy(and not a proper subgroup thereof) whose fundamental groups are non-abelian. That is the manifold Beauville constructed in [8].

There are several reasons that Calabi-Yau manifolds with non-abelian fundamental groups are interesting. These kinds of Calabi-Yau manifolds may be used to construct phenomenologically realistic models. When heterotic string theory is compactified on a Calabi-Yau manifold, the gauge group is broken down to the subgroup that is preserved by the vacuum expectation values of the gauge fields. The vacuum expectation values should be chosen carefully to preserve supersymmetry and to satisfy the anomaly cancelation condition. Most of the times, the gauge group so obtained is too big to be phenomenologically interesting. One can break the gauge group further by turning on Wilson lines. However, if the fundamental group of the Calabi-Yau manifold is abelian, turning on Wilson lines does not change the rank of the gauge group. Hence, if we want to reduce the rank of the gauge group, a non-abelian fundamental group is necessary [9].

Also, Calabi-Yau manifolds with non-abelian fundamental groups provide good examples for studying various aspects of D-branes. For example, in [1], it is conjectured that, on the level of K-theory, the monodromy about the conifold locus (principal component of the discriminant locus) is of the form: v → v − ∑ R (v, W_R)W_R (1.1)

where the sum is over all irreducible representations, R, of the fundamental group, G, and W_R is the flat bundle built using the irreducible representation, R. If G is non-abelian, it implies there are threshold bound states of D6-branes that are stable and become massless at the conifold locus. Since the existence of these states are guaranteed by neither the BPS condition nor by K-theory, it is interesting to study these states.

Another interesting application is the action of the quantum symmetry group on Dbranes. Any non-simply connected Calabi-Yau manifold, X can be written as X = Y/G. Y is the universal covering space and G is the fundamental group of X. Hence, string theory on X is described by an orbifold conformal field theory and this orbifold CFT has a quantum symmetry group, G/[G, G]. The action of this group on states in the closed string sector is known and well understood. It is interesting to see how it acts on non-perturbative states like D-branes. Its action on D-brane’s charges in K-theory has been conjectured in [2]. Since it applies to both A-branes and B-branes, it is interesting to check the conjectured action is compatible with mirror symmetry. If the fundamental group is non-abelian, it becomes more interesting since the quantum group is not any longer isomorphic to the fundamental group.

The Beauville manifold has the fundamental group Q, the group of unit quaternions and its universal covering space is P^7[2, 2, 2, 2], the intersection of 4 quadrics in P^7. We will construct the mirror of the Beauville manifold by taking the quotient of the mirror of P^7[2, 2, 2, 2] by Q. The mirror of P^7[2, 2, 2, 2] has been considered in the literature [5]. However, as we will explain later, the conjectured mirror has a significant flaw. In this paper, we construct its correct mirror using the Batyrev and Borisov conjecture [10,11]. The monomial-divisor mirror map [12] is the essential tool in finding the Q-action on the mirror. To do so, we extend the original argument a little bit since P^7[2, 2, 2, 2] is a complete intersection Calabi-Yau manifold.

The procedure we use here can be applied to any non-simply connected Calabi-Yau manifold X. One finds the mirror of the universal covering space Y , and applies the monomialdivisor mirror map to find how the fundamental group G, acts on the mirror. There is a subtlety though. The monomial-divisor mirror map is valid only in the large radius limit. There is no guarantee that Y ’s mirror is in the neighborhood of the large radius limit. Also, the definition of monomials depends on the choice of homogeneous coordinates. Different choices of homogeneous coordinates will give different monomial-divisor mirror maps. Therefore, we need to choose the homogeneous coordinate carefully.

2. The Beauville Manifold

There is only one known example of Calabi-Yau manifolds with non-abelian fundamental groups. It is the manifold Beauville constructed in [8]. The fundamental group of this Calabi-Yau manifold is the group of unit quaternions: Q = {±1, ±I, ±J, ±K} (2.1) with multiplication law

IJ = K (and cyclic) I^2 = J^2 = K^2 = −1

(2.2)

Before we review the construction of this manifold, let us recall some facts about the group theory of Q [1]. First, there is an exact sequence,

0 → Z_2 → Q → Z_2 × Z_2 → 0 (2.3)

where the commutator subgroup of Q is the Z_2 subgroup, {1, −1} and its abelianization, Q/[Q, Q] = Z_2 × Z_2.

The irreducible representations of Q are as follows. There are four 1-dimensional irreps: the trivial rep V_1 and the representations V_I , V_J , and V_K . In V_I , ±1 and ±I are represented by 1 while ±J and ±K are represented by −1 (and similarly for V_{J,K} ). There is also a

2-dimensional representation, V_2. ±I, ±J and ±K act on V_2 by ±iσ_3, ±iσ_2 and ±iσ_1. The representation ring is V_2 ⊗ V_2 = V_1 ⊕ V_I ⊕ V_J ⊕ V_K V_α ⊗ V_2 = V_2 α = 1, I, J, K V_I ⊗ V_J = V_K (and cyclic)

(2.4)

The group homology of Q is H_1(Q) = Q/[Q, Q] = Z_2 ⊕ Z_2, H_2(Q) = 0 (2.5) Now, let’s construct the Beauville manifold. Let V_8 be the regular representation of Q and P[V_8] be its projective space. The Q-action on V_8 induces a Q-action on P[V_8] and also on the space of quadrics in it. We choose 4 quadrics, one from each 1-dimensional irreducible representation. Then, the intersection Y , of these quadrics will be invariant under Q. What Beauville showed in [8] is that for generic enough choices, Y is a smooth Calabi-Yau manifold and Q acts freely on Y . Hence, we can take the quotient X = Y/Q and X is a smooth Calabi-Yau manifold with fundamental group Q.

The Hodge numbers of Y and X are h^{1,1}(Y ) = 1, h^{2,1}(Y ) = 65 and h^{1,1}(X) = 1, h^{2,1}(X) = 9, respectively. It is easy to show that Q acts trivially on H_2(Y ). Applying the Cartan-Leray Spectral Sequence as in [2], we can show that π_∗ : H_2(Y ) → H_2(X) (2.6) is an isomorphism. Here, π_∗ is the push-forward of the projection π : Y → X. The Poincaré duality implies that the pull-back π^∗ : H^2(X) → H^2(Y ) (2.7) is also an isomorphism. The classical consideration around the large radius limit shows that the Kähler moduli space of X is the same as that of Y [13].

3. Mirror of Y

In the literature [5], the mirror of Y = P^7[2, 2, 2, 2] has been conjectured to be Z = P^7[2, 2, 2, 2]/G where G ≃ (Z_4)^3 is generated by^a

g_1 : [X_1, X_2, X_3, X_4, X_5, X_6, X_7, X_8] → [ζX_1, ζ^3X_2, ζ^2X_3, X_4, X_5, X_6, X_7, X_8] g_2 : [X_1, X_2, X_3, X_4, X_5, X_6, X_7, X_8] → [X_1, X_2, ζX_3, ζ^3X_4, ζ^2X_5, X_6, X_7, X_8] g_3 : [X_1, X_2, X_3, X_4, X_5, X_6, X_7, X_8] → [X_1, X_2, X_3, X_4, ζX_5, ζ^3X_6, ζ^2X_7, X_8]

(3.1)

and ζ is a fourth root of unity. To make Z a Calabi-Yau manifold, we must choose 4 quadrics G_1, . . . , G_4 such that they transform under G in the following way. g_1 : [G_1, G_2, G_3, G_4] → [ζ^2G_1, G_2, G_3, G_4] g_2 : [G_1, G_2, G_3, G_4] → [G_1, ζ^2G_2, G_3, G_4] g_3 : [G_1, G_2, G_3, G_4] → [G_1, G_2, ζ^2G_3, G_4]

(3.2)

aActually, in [5], the group G was not explicitly given.

The most general such quadrics are (up to isomorphism):

G_1 = X^2_1 + X^2_2 − 2ψX_3X_4 G_2 = X^2_3 + X^2_4 − 2ψX_5X_6 G_3 = X^2_5 + X^2_6 − 2ψX_7X_8 G_4 = X^2_7 + X^2_8 − 2ψX_1X_2.

(3.3)

Z is singular. There are fixed points since G-action on Z is not free. Those singularities are expected since Z must have h^{1,1} = 65. However, there are worse singularities. For any value of ψ, Z contains points where the transversality of G_1, . . . , G_4 fails. For example, at [0, 0, 0, 0, 0, √ ψ(1 + i), i, 1], dG_1 = G_1 = G_2 = G_3 = G_4 = 0. Since all those points are also fixed by some elements of G, one might try to resolve these singularities by blowing up.^b Unfortunately, it does not work. Some orbifold singularities can be cured by blow-ups without changing the canonical class [14]. But, in our case, blowing up the singular locus will change the canonical class. That means that the resulting manifold is not any more a Calabi-Yau. Later, we will see how Z is related to the actual mirror.

To construct the mirror, we use the conjecture originally made by Borisov [10] and further developed by Batyrev and Borisov [11]. From now on, we will use toric geometry heavily. For the notation and review, see, for example, [15,16,14] and references therein.

3.1. Toric description of Y

Now, we describe P^7 as a toric variety. Let N be a lattice of rank 7 and e_1, . . . , e_7 be its generators. We define e_8 = −e_1 − . . . − e_7 and also denote by N_R the real scalar extension of N. Let Σ be the fan in N_R whose cones are generated by proper subsets of the vectors e_1, . . . , e_8. The toric variety associated to this fan is P^7. Another way of realizing P^7 as a toric variety is using a polyhedron. Consider the polyhedron Δ^∗ = Conv ({e_1, . . . , e_8}) and take its dual Δ in M_R. Here, M_R is the real scalar extension of the dual lattice M. Then, P_Δ = P^7.

To represent Y , the intersection of 4 quadrics, G_1, . . . , G_4, we choose the following nef partition of vertices of Δ^∗:

E_l = {e_{2l−1}, e_{2l}} , l = 1, . . . , 4 (3.4)

Choosing the nef partition amounts to specifying one monomial for each equation, G_l. To see this, we need some facts about divisors in a toric variety (see [15], section 3.3 for fuller explanation). First, recall that every toric variety has the torus action T = N ⊗_ZC^∗ . In study of toric varieties, we are mainly interested in T -stable divisors. For Weil divisors, we need codimension one irreducible subvarieties that are invariant under T -action. There are only finite number of such subvarieties and they are represented by one-dimensional cones, or edges, in the fan. Call them D_i. Then, T -stable Weil divisors are sums ∑ n_iD_i for integers n_i. Cartier divisors we are interested in are the ones that are mapped to themselves

bMathematically, blowing up is a procedure for replacing a point with P^{n−1} where n is the dimension of the variety we are considering. In this paper, we generalize the notion to include replacing a subvariety of codimension more than 2 with a subvariety of codimension one which is not necessarily P^{n−1}.

up to multiplicative constants under T so that their zeroes and poles are invariant. In the toric variety, they are described by continuous integral Σ-piecewise linear functions. Such a function ψ is defined by specifying ψ|_σ ∈ M for each full dimensional cone σ in Σ. Of course, {ψ|_σ} must satisfy the continuity condition:

(ψ|_{σ1} − ψ|_{σ2} ) ⊥ σ_1 ∩ σ_2 (3.5)

Note that for every m ∈ M, there is a corresponding meromorphic function χ^m. Using this fact, we construct a Cartier divisor from {ψ|_σ}. Open sets are ones given by the full dimensional cones σ in the fan and local equations are χ^{−ψ|σ} . (Here, the − sign is the convention widely used in the literature.) A Cartier divisor determines a Weil divisor. In our case, a Cartier divisor given by ψ will give Weil divisor ∑ −ψ(v_i)D_i where v_i is the first lattice point met along the edge representing D_i. Conversely, for a given Weil divisor ∑ n_iD_i, we get a Cartier divisor if the toric variety is smooth. The representing function ψ of the Cartier divisor is uniquely determined by the condition ψ(v_i) = −n_i. A Cartier divisor D also determines a lattice convex polyhedron in M_R defined by Δ_D = {y ∈ M_R | ⟨x, y⟩ ≥ ψ(x) ∀x ∈ N_R} (3.6) This polyhedron is called the support of global sections of O(D) since they (the global sections) are determined by the lattice points inside Δ_D:

Γ (X, O(D)) = ⨁ m∈Δ_D ∩M C · χ^m. (3.7)

Now, let’s apply the above theory to our case. In Σ, there are 8 edges, τ_i, i = 1, . . . , 8. Each τ_i is generated by vertex e_i of Δ^∗ and represents divisor D_i = {X_i = 0}. The nef partition above determines 4 Weil divisors:

W_l = D_{2l−1} + D_{2l} (3.8)

These Weil divisors, in turn, determine Cartier divisors. Their representing functions ψ_1, . . . , ψ_4 are given by ψ_l|_{σi} = 2ω_i − ω_{2l−1} − ω_{2l}. (3.9)

Here, σ_i, i = 1, . . . , 8 are full dimensional cones in Σ. Each σ_i is generated by e_1, . . . , /e_i, . . . , e_8. Also, {ω_1, . . . , ω_7} is the dual basis of {e_1, . . . , e_7} and ω_8 = 0. The partition being nef implies ψ_l’s are convex functions. In terms of homogeneous coordinate, these divisors are:

X_{2l−1}X_{2l} (3.10)

Therefore, E_l represents the monomial X_{2l−1}X_{2l} in G_l.

From the nef partition, we define two sets of convex lattice polyhedra, Π = {Δ_1, . . . , Δ_4}, Π^∗ = {∇_1, . . . , ∇_4}. Δ_l = {x ∈ M_R | ⟨x, y⟩ ≥ ψ_l(y)} ∇_l = Conv ({0} ∪ E_l)

(3.11)

Δ_l is the support of global sections of O_P7(W_l). Using the convexity of ψ_l, one can show that Δ_l = Conv ({ ψ_l|_{σi} } i=1,...,8 ) . (3.12) Each Δ_l contains 36 lattice points:

ω_i + ω_j − ω_{2l−1} − ω_{2l}, i, j = 1, . . . , 8 (3.13) representing the monomial X_iX_j in equation G_l.^c Also, note that 0 ∈ Δ_l and it represents the original monomial X_{2l−1}X_{2l} specified by E_l. It is the only common point of Δ_1, . . . , Δ_4.

3.2. Construction of mirror ^Y We define a lattice polyhedron ∇^∗ = Conv (Δ_1 ∪ . . . ∪ Δ_4) and take its dual ∇. Let ^V be the toric variety P_∇. One can also describe ^V using the fan ^Σ = N (∇), the normal fan of ∇. It is the union of the zero-dimensional cone {0} together with the set of all cones σ[θ] = R^{≥0} · θ (3.14) that are supporting the faces θ of ∇^∗. ^Σ has 32 edges, ^τ_{l,i}, l = 1, . . . , 4, i = 1, . . . , 8, each generated by the vertex ψ_l|_{σi} of ∇^∗. In [10], Borisov showed that ^E_l = {ψ_l|_{σi} }_{i=1,...,8} (3.15) is a nef partition of vertices of ∇^∗. Let ^D_{l,i} be the Weil divisor ^τ_{l,i} represents. As before, each ^E_l induces a Weil divisor: ^W_l = 8∑ i=1 ^D_{l,i}. (3.16) We choose 4 global sections, ^G_l, one from each O_{^V} (^W_l). Then, the mirror ^Y of Y is a complete intersection of ^G_1, . . . , ^G_4. Borisov also showed that the supporting polyhedron of global sections of O_{^V} (^W_l) is ∇_l. Lattice points in ∇_l will generate the global sections. Under the mirror symmetry, the roles of Π and Π^∗ are interchanged.

3.3. Geometry of ^Y To understand the geometry of the mirror ^Y better, we describe ^V as a holomorphic quotient [17]. First, we introduce “homogeneous coordinates” ^X_{l,i}, l = 1, . . . , 4 , i = 1, . . . , 8. Each

cOne way of seeing this is to consider the corresponding Weil divisor: 8∑ k=1 (−ψ_l + ω_i + ω_j − ω_{2l−1} − ω_{2l})(e_k)D_k = D_i + D_j

homogeneous coordinate ^X_{l,i} is paired to a vertex ψ_l|_{σi} of ∇^∗. Now, ^V can be written as^d ^V ≃ C^{32} − F^{^Σ} G (3.17)

The above expression needs some explanation. C^{32} is the space whose (plain) coordinate functions are ^X_{l,i}. F_{^Σ} is the subset of C^{32} determined by the fan. If we realize this via a gauge linear sigma model, then F_{^Σ} is the set of excluded points by the D-term conditions. The group G acts on C^{32} as follows:

^X_{l,i} → Λ_{l,i} ^X_{l,i} (no sum) (3.18)

where Λ_{l,i}’s are non-zero complex numbers satisfying: ∏ l,i Λ^{⟨n, ψl|σi ⟩} l,i = 1 (3.19)

for any n ∈ N. This group is the complexified gauge group of the gauge linear sigma model. Its phase part is the actual gauge group and the magnitude part is fixed by D-term [18]. Plugging (3.9), we get 7 independent equations: 7∏ j=1 Λ_{m,j} = 4∏ l=1 Λ^2_{l,2m−1} 7∏ j=1 Λ_{m,j} = 4∏ l=1 Λ^2_{l,2m}

(3.20)

for m = 1, . . . , 4. One of the above equations follows from the rest. It turns out that G is isomorphic to (C^∗ )^{25} ⊗ (Z_2)^3. The discrete subgroup, G_{torsion} ≃ (Z_2)^3, of G nontrivially acts on the homogeneous coordinates. Because of this, ^X_{l,i}’s are not global sections. Only monomials that are invariant under G_{torsion} will be global sections or Cartier divisors. However, the zeroes of ^X_{l,i} is a globally well defined set. It is shown in [17] ^D_{l,i} = { ^X_{l,i} = 0 } . (3.21)

Now, we use the homogeneous coordinates to express ^G_l. The nef partition ^E_l gives a monomial for each ^G_l. They are_8 ∏ i=1 ^X_{l,i} (3.22)

dStrictly speaking, it only makes sense as a categorical quotient since ^Σ is not simplicial [17]. Here, we are actually considering the family of Calabi-Yau manifolds and ^V is a special point on the Kähler moduli space. For generic points on the moduli space, the quotient above makes sense as a geometric one. Even at those points corresponding to non-simplicial fans, the mirror would be given by the geometric quotient rather than one given by toric geometry since it will be realized via a gauge linear sigma model.

Other terms in ^G_l are determined by the lattice points in ∇_l as explained above. ∇_l has three such points 0, e_{2l−1}, and e_{2l}. The corresponding monomials are:

e_{2l−1} : 4∏ m=1 ^X^2_{m,2l−1}

e_{2l} : 4∏ m=1 ^X^2_{m,2l} (3.23)

Then, the most general ^G_1, . . . , ^G_4 are (up to isomorphism)

^G_1 =^4 ∏ m=1 ^X^2_{m,1} +^4 ∏ m=1 ^X^2_{m,2} − 2ψ^8 ∏ i=1 ^X_{1,i}

^G_2 =^4 ∏ m=1 ^X^2_{m,3} +^4 ∏ m=1 ^X^2_{m,4} − 2ψ^8 ∏ i=1 ^X_{2,i}

^G_3 =^4 ∏ m=1 ^X^2_{m,5} +^4 ∏ m=1 ^X^2_{m,6} − 2ψ^8 ∏ i=1 ^X_{3,i}

^G_4 = 4∏ m=1 ^X^2_{m,7} + 4∏ m=1 ^X^2_{m,8} − 2ψ 8∏ i=1 ^X_{4,i}

(3.24)

^V and ^Y are not smooth. Both have orbifold singularities. To see this, let’s consider M ′, the sub-lattice of M that is generated by the vertices { ψ_l|_{σi} } of ∇^∗. The fan ^Σ is also a fan in M^′ since every cone in ^Σ is a rational cone in M^′. Therefore, one can construct a toric variety with lattice M^′ and fan ^Σ. Let’s call it V^′. In [15], it is shown

V^′ = ^V / (M/M^′) . (3.25)

In our case, M/M^′ ≃ (Z_2)^3. It is not a coincidence that M/M^′ and G_{torsion} have the same form. The actual origin of G_{torsion} is M/M^′. V^′ has the same homogeneous coordinates ^X_{l,i} as ^V and can be written as a holomorphic quotient: V^′ ≃ C^{32} − F_{^Σ} G^′ (3.26)

Group G^′ is defined similar to G. The only difference is that now n in (3.19) runs over N^′, the dual lattice of M^′. G^′ is isomorphic to (C^∗ )^{25}.

Let ^Y^′ be the intersection of ^G_1, . . . , ^G_4 in V^′. From (3.25)

^Y^′ = ^Y / (M/M^′ ) . (3.27)

V^′ and ^Y^′ are still singular since ^Σ is not simplicial. However, the singularity of this type can be easily cured by subdividing non-simplicial cones in ^Σ. In the gauge linear sigma model point of view, we change Fayet-Iliopoulos parameters to more generic values. Even after subdivision, V^′ has still orbifold singularities. Fortunately, ^Y^′ misses these singular points. As we will see later, the transversality of ^G_1, . . . , ^G_4 holds for generic values of ψ. Hence, after subdivision, ^Y^′ becomes smooth. That implies, for generic points in the moduli space, that all singularities of the mirror are orbifold singularities coming from the fixed points of (Z_2)^3.

3.4. Z out of ^Y

In this sub-section, we consider the relation between the actual mirror ^Y and the previously conjectured mirror Z. There is a way to get P^7/(Z_4)^3, the ambient space of Z, out of ^V . Choose 8 edges, τ^′_i , from ^Σ as follows:

τ^′_1 = ^τ_{4,1} τ^′_2 = ^τ_{4,2} τ^′_3 = ^τ_{1,3} τ^′_4 = ^τ_{1,4} τ^′_5 = ^τ_{2,5} τ^′_6 = ^τ_{2,6} τ^′_7 = ^τ_{3,7} τ^′_8 = ^τ_{3,8}

(3.28)

Let Σ^′ be the fan whose edges are τ^′_i ’s. The toric variety associated to this fan is P^7/(Z_4)^3. It is possible to subdivide non-simplicial cones in ^Σ in such a way that every subdivided cone is included in a cone in Σ^′. Then, there is a proper map from the toric variety associated to this subdivision to P^7/(Z_4)^3 [15]. This map is the blow-up of P^7/(Z_4) along the singular locus. Furthermore, we get the 4 equations in (3.3) defining Z from the sets, Π and Π^∗.

From this construction, one might wonder if Z corresponds to a point in some corner of the Kähler moduli space of ^Y . The answer is “no”. First of all, ^Y is not a blow-up of Z. In ^V , there are natural liftings of the equation G_1, . . . , G_4 in (3.3). It turns out that they are not ^G_1, . . . , ^G_4, but ^G_l times some monomials. Each monomial that multiplies ^G_l involves only the homogeneous coordinates that corresponds to the exceptional divisors. These divisors are represented by edges of ^Σ that are not edges of Σ^′. The 4 equations obtained this way define a singular variety. This variety is reducible and contains ^Y as an irreducible component. Only when we shrink the exceptional divisors to size zero, it becomes irreducible. However, it still contains singularities. This is the origin of Z’s singularities where the transversality fails.

The image of ^Y under the proper map is Z. Hence, it is interesting to see what happens to ^Y when we ”blow down” the exceptional divisors. The gauge linear sigma model describing Z has non-compact vacua. Recall this model has fields P_l that multiply G_l to comprise the superpotential. The theory has the flat direction along P_l’s at points on Z where the transversality of G_l fails. However, this is not what happens in the gauge linear sigma model of ^Y . The flat directions will be replaced by compact manifolds parameterized by P_l’s and the fields corresponding to the exceptional divisors.

To illustrate this point, let’s consider a toy model. Take P^4 and blow up a point [0, 0, 0, 0, 1]. The gauge linear sigma model describing this blown up space has 6 fields, X_1, . . . , X_5, T and two U(1)’s. The charges of the fields are:

X_1 X_2 X_3 X_4 X_5 T U(1)_1 1 1 1 1 −1 U(1)_2 1 1

(3.29)

To have a Calabi-Yau hypersurface, the defining equation G must have charge (3, 2) and is in the following form:

G(X_1, . . . , X_5, T ) = G_3(X_1, . . . , X_4)X^2_5 + G_4(X_1, . . . , X_4)X_5T + G_5(X_1, . . . , X_4)T^2 (3.30)

where G_3, G_4, and G_5 are homogeneous polynomials of X_1, . . . , X_4 with degree 3, 4, and 5, respectively. For generic enough G_3, G_4 and G_5, the hypersurface is a smooth Calabi-Yau manifold. At the point X_1 = . . . = X_4 = 0, G = dG = 0. However, this point is excluded by D-term conditions:

r_1 = |X_1|^2 + . . . + |X_4|^2 − |T |^2 − 3|P |^2 r_2 = |X_5|^2 + |T |^2 − 2|P |^2

(3.31)

where P is a field introduced for G and, r_1 and r_2 are Fayet-Iliopoulos parameters. To represent the hypersurface in the blown up space, r_1 and r_2 must be taken positive. Now, let’s blow down and see what happens. Blowing down corresponds to changing the value of r_1 to a negative number while keeping r_1 +r_2 positive. If there were no P in the first equation of (3.31), we would obtain P^4. The first equation would determine the non-zero absolute value of T and the phase of T would be gauged away by U(1)_1. Since the point X_1 = . . . = X_4 = 0 is allowed now, G becomes singular. That would allow P to take any value making the space of vacua non-compact. This is very similar to our situation. However, the presence of P in the first equation of (3.31) makes the difference. Even though G is singular, the space of vacua remains compact since the absolute value of P is bounded by the first equation in (3.31). Now, at the point X_1 = . . . X_4 = 0, there is W^1_{(1,3)} parameterized by T and P . So far, our discussion has been classical. Of course, the quantum correction will change the shape of the vacua. However, we expect the quantum correction to be not so dramatic that the space of vacua remains compact.

4. Monomial-divisor mirror map

In section 2, we saw Q acts on the space of quadrics in P^7. Hence, there is an induced Q-action on the complex structure moduli space, C_Y , of Y . To define the Beauville manifold, we demand the complex structure to be in subset C^0_Y of C_Y that corresponds to choices of 4 quadrics, one from each irreducible representation of Q. With this choice of the complex structure, Q acts freely on Y as a subgroup of the automorphisms. On the mirror side, we expect there is the mirror Q-action on the Kähler moduli space K_{^Y} of ^Y . To define the mirror of the Beauville manifold, we need to tune ^Y ’s Kähler parameters so that the Kähler class is fixed by Q. Then, we hope to find a compatible Q-action on ^Y itself and take the quotient of ^Y by the Q-action.

To find the Q-action on K_{^Y} , we, presumably, need to solve the mirror map μ : C_Y → K_{^Y} . However, with 65 parameters, it is practically impossible. (Here, we are talking about the mirror map between the complex structure of Y and the Kähler class of ^Y .) Instead of solving the mirror map directly, we will use the monomial-divisor mirror map [12]. It is the differential of the mirror map and is valid only in large radius limit. However, without knowledge of the actual mirror map, we do not know which part of the complex structure moduli space is mapped to the large radius limit. We will have to conjecture the large radius limit is the region of C_Y where the monomial-divisor map is well defined. It turns out that in this conjectured large radius limit, there are Q fixed points. Hence, we tune the Kähler parameters to one of those points, and apply the monomial-divisor map to find out Q-action on the mirror. In this section, we describe the tangent spaces of K_{^Y} and C_Y and the monomial-divisor mirror map following [12]. The authors of [12] only considered Calabi-Yau manifolds that are hypersurfaces in toric varieties. We will need to extend the argument a little bit to suit complete intersection Calabi-Yau cases.

4.1. Divisors

We describe the tangent space of K_{^Y} . First, we resolve all singularities of ^V .^e We add new edges to the fan ^Σ and subdivide cones so that the resulting fan is simplicial. In this way, we get the blown up ~V of ^V . There is an induced blown up ~Y of ^Y , too. The new edges will be generated by lattice points of ∇^∗. Since ∇^∗ is reflexive, it contains only one interior lattice point, 0: the other lattice points are on faces of ∇^∗. Let’s call Ξ the set of these points:

Ξ = ∇^∗ ∩ M − {0}. (4.1)

It turns out that every lattice point in ∇^∗ is in one of Δ_l’s. This is a necessary condition for the monomial-divisor mirror map to be well defined for complete intersection Calabi- Yau cases. We do not know if this condition is generally met for other cases. Ξ contains 140 points: ω_i + ω_j − ω_{2l−1} − ω_{2l}. Label them ξ_{l,i,j} and denote by ~D_{l,i,j} the associated divisors. There is an isomorphism between Z^Ξ, the set of integer-valued functions on Ξ, and WDiv_T ( ~V ), the set of T -stable Weil divisors in ~V . Given an integer-valued function ϕ on Ξ, one can construct a Weil divisor, ∑ ϕ(ξ_{l,i,j}) ~D_{l,i,j} . The Chow group A_6( ~V ) is the quotient of WDiv_T ( ~V ) by linear equivalence. As M represents the set of meromorphic functions on P^7, meromorphic functions on ~V will be represented by elements in N. For n ∈ N, we denote the corresponding function by ~χ^n. Two linearly equivalent Weil divisors, W, W^′ are related to each other by W − W^′ = ∑ ⟨n, ξ_{l,i,j} ⟩ ~D_{l,i,j} (4.2) for some n ∈ N. Equivalently, consider embedding ad_Ξ : N → Z^Ξ by sending n ∈ N to the function ad_Ξ(n) defined by ad_Ξ(n) : ξ_{l,i,j} → ⟨n, ξ_{l,i,j} ⟩. Then,

A_6( ~V ) ≃ Z^Ξ/N

H^{1,1}( ~V ) ≃ ( Z^Ξ/N ) ⊗ C . (4.3)

The tangent space of ^K is not H^{1,1}( ~V ) but H^{1,1}( ~Y ). Let’s consider WDiv_T ( ~Y ). Generally, a divisor in ~V induces a divisor in ~Y . However, some divisors in WDiv_T ( ~V ) do not intersect ~Y . We need to exclude those divisors. Detailed investigation of ^Σ shows that the following 68 divisors do not intersect ~Y for l, m = 1, . . . , 4, i = 1, . . . , 8 and i ≠ 2l − 1, 2l and m ≠ l: ~D_{l,2l−1,i} ~D_{l,2l,i} ~D_{l,2m−1,2m}. (4.4) eIt is not necessary to resolve all singularities since some miss ^Y . We only need to resolve singularities of ^Y . However, it will turn out to be more useful in understanding the monomial-divisor map to resolve all.

Let Ξ^0 be the set of lattice points representing divisors that do intersect ~Y . Ξ^0 contains 72 lattice points. As before, WDiv_T ( ~Y ) ≃ Z^{Ξ0}, and the linear equivalence is given by the embedding of N in Z^{Ξ0}. Therefore,^f

H^{1,1}( ~Y ) ≃ ( Z^{Ξ0}/N ) ⊗ C . (4.5)

4.2. Monomials

The tangent space of C_Y is H^{2,1}(Y ). The simplest way to deform the complex structure of Y is to perturb the defining equations, G_1, . . . , G_4. Generally speaking, there might be deformations that cannot be realized in this way [19]. In our case, the dimensional analysis tells us there are no such deformations. As we explained in the previous section, the monomials in equation G_l are represented by the lattice points in Δ_l. Let A be the space of 4 quadrics in P^7. Then, A = 4⨂ l=1 C^{Δl ∩M} (4.6)

Here, each factor C^{Δl ∩M} represents the coefficients of the monomials in G_l. Not every point of A will give distinct choice of the complex structure. Linear transformations of G_l’s will define the same manifold Y . Also, linear transformations of X_i’s will give manifolds isomorphic to the original manifold Y . From the gauge sigma model analysis, we know that infinitesimal changes in the superpotential W that are generated by its derivatives will give an isomorphic theory. Since W = P_1G_1 + . . . + P_4G_4, such changes are δW = α_{m,l}P_l ∂W ∂P_m + β_{j,i}X_i ∂W ∂X_j . (4.7)

They are generated by the infinitesimal linear transformations of P_l and X_i. Some elements of GL(4, C ) ⊗ GL(8, C ) act trivially on A. They are G_l → λ^{−2}G_l X_i → λX_i (4.8)

for some λ ∈ C^∗ .^g Hence, the actual group acting on A is

G = (GL(4, C ) ⊗ GL(8, C )) /C^∗ . (4.9)

Therefore, we find that C_Y ≃ A/ (G ⊗ Γ) (4.10)

where Γ is the discrete group that consists of diffeomorphisms of Y not connected to the identity, hence not captured in the above discussion.

fSometimes, the toric divisors do not generate the entire Chow group. In our case, we know that h^{1,1}( ~Y ) = 65 by mirror symmetry. Since dim [( Z^{Ξ0}/N ) ⊗ C ] = 65, we conclude that the above expression is indeed correct_g

As we will see later, at special points in A, GL(4, C ) ⊗ GL(8, C ) may have additional elements that act trivially. But, there are only a finite number of them and they do not change our arguments below.

We would like to describe the tangent space of C_Y using toric geometry. Unfortunately, not every element of G is compatible with the toric description. First, some elements of GL(8, C ) are not compatible with the T -action, the torus action on the toric variety. As we have seen in the previous section, T -equivariant Cartier divisors are monomials. Generally, linear transformations of X_i’s map monomials to polynomials. Such linear transformations are not compatible with the T -action. Second, G_l’s are represented by polyhedrons Δ_i and it is not clear how to represent linear transformations of G_l’s in terms of polyhedrons. However, there are two kinds elements of G that are compatible with T . They are scalings

G_l → ρ_lG_l (no sum) X_i → λ_iX_i (no sum)

(4.11)

and permutations: G_l → G_{π(l)} X_i → X_π′_{(i)} (4.12)

where π, π^′ are elements of S_4 and S_8, the permutation group of 4 and 8 objects, respectively. In finding the toric description of the tangent space of C_Y , only scalings will play an important role. Taking account of the elements acting trivially on A, we find that scalings comprise a subgroup G_T isomorphic to T ⊗ (C^∗ )^4. (4.13)

Since only part of G is realized in the toric description, we will use the rest of G to fix some coefficients of the monomials in G_l. This is a tricky procedure. Generally, the choice of monomials whose coefficients will be fixed depends on where you are on the moduli space. Since we are interested in finding the monomial-divisor mirror map, we would like to be in the large radius limit. However, without knowledge of the actual mirror map, we do not know which part of A is mapped to the large radius limit. We need to guess. Mirror symmetry tells us that the tangent space of C_Y in the large radius limit is isomorphic to ( Z^{Ξ0}/N ) ⊗ C . (4.14)

Notice the dual role the lattice points in Δ_l play here. The lattice point ξ_{l,i,j} = ω_i + ω_j − ω_{2l−l} − ω_{2l} represents the monomial X_iX_j in G_l. It also represents toric divisor ~D_{l,i,j} of ~V on the mirror side. There is a subtlety. While 0 in Δ_l represents monomial X_{2l−1}X_{2l} of G_l, there is no divisor corresponding to this point. Also, unlike other points, 0 represents 4 monomials, one from each G_l since it is the only common point of Δ_1, . . . , Δ_4. Using the fact that Ξ =

⋃_4 l=1 (Δ_l ∩ M) − {0}, we have

A ≃ C^Ξ ⊗ C^4 (4.15)

where the extra factor C^4 represents the coefficient of the 4 monomials that the point 0 represents. This C^4 will be cancelled by (C^∗ )^4 in (4.13). Remember that the factor (C^∗ )^4 represents scaling:

G_l → ρ_lG_l (no sum). (4.16)

We can use this scaling to set the coefficient of X_{2l−1}X_{2l} in G_l to 1 as long as the original coefficients are non-zero. There are other coefficients to fix. Some of divisors in ~V do not intersect ~Y . Only divisors corresponding to the points in Ξ^0 intersect ~Y . Therefore, it is tempting to fix the coefficients of the monomials corresponding to the points in Ξ which are not in Ξ^0. There are 68 such points. Since the dimension of G/G_T is 68, it is plausible that we could fix these 68 coefficients. This time, we want to set these coefficients to zero so that G_T does not change them. Hence, we conjecture that in the large radius limit of A, there is an element of G that we can use to set

• the coefficient of X_{2l−1}X_{2l} of G_l to 1

• the coefficient of monomials:

X_{2l−1}X_i, X_{2l}X_i, X_{2m−1}X_{2m} i ≠ 2l − 1, 2l and m ≠ l (4.17)

of G_l to zero .

Once we fixed the coefficients, the conjectured large radius limit of C_Y looks like

C^{Ξ0} /T (4.18)

and the tangent space H^{2,1}(Y ) is C^{Ξ0} / (N ⊗ C ) . (4.19)

Here, we have used the fact that the tangent space of T is N ⊗C .^h Now, the monomial-divisor mirror map is evident since ( Z^{Ξ0}/N ) ⊗ C ≃ C^{Ξ0} / (N ⊗ C ) (4.20)

5. Mirror of the Beauville manifold

We will construct the mirror of the Beauville manifold by taking a quotient ~X = ~Y /Q. To do so, first, we need to find how Q acts on ~Y .

5.1. Mirror Q-action

We tune our parameters to one of the Q-fixed points of C_Y . It amounts to choosing 4 quadrics, one from each one-dimensional irreducible representation of Q. Y defined with this choice of the quadrics, G_1, . . . , G_4, is invariant under Q because the induced Q-action on quadrics will transform G_l’s to some linear combinations of them. We can embed Q into GL(4, C ) such that this embedded Q takes the transformed G_l’s back to the original. In other words, at these points, there are additional elements of GL(4, C ) ⊗ GL(8, C ) that act trivially on A and they comprise a subgroup isomorphic to Q. Actual embedding of Q is determined by the choice of the homogeneous coordinates and the quadrics that give

hThis can be a little confusing since T = N ⊗_ZC^∗ . The group multiplication is the addition in N and the multiplication in C^∗ . Now, we can represent C^∗ by exp C . Then, T = exp N ⊗ C .

the same Y . We want this embedding to be compatible with the toric description. Since elements of G compatible with the toric description are scalings and permutations, we need to find the choice of the homogeneous coordinates and the quadrics that embeds Q into the scalings and permutations.

One might wonder why it matters because every choice of the homogeneous coordinates and the quadrics is related to each other by linear transformations and any choice is as good as any other. However, this is not true. First, linear transformations of the homogeneous coordinates and the quadrics will map scalings and permutations to other linear transformations that are not compatible with the toric description. Second, to get the toric description of the tangent space of C_Y , we have fixed some coefficients of the quadrics. If we lineartransform the homogeneous coordinates or the quadrics, it will change the fixed coefficients and ruin the toric description and hence, also the monomial-divisor mirror map.

It turns out that the right choice will embed Q into permutations. We choose the homogeneous coordinates such that Q-action is given by:

g_1 · X_{g2} = X_{g1 g2} (5.1)

where g_1, g_2 ∈ Q and we have relabeled the homogeneous coordinates X_g . To explain the choice of the quadrics, we note that V_4 = V_1 ⊕ V_I ⊕ V_J ⊕ V_K is the regular representation of the abelianization Q/[Q, Q] = Z_2 × Z_2. Elements of Q/[Q, Q] are the cosets of the normal subgroup, [Q, Q] = {1, −1}. We denote by [g] the coset g · [Q, Q] for each g ∈ Q. Then [g] = [−g] and the multiplication law is given by [g_1][g_2] = [g_1g_2]. We label the quadrics, G_{[g]} and choose them such that Q acts on them as

g_1 · G_{[g2 ]} = G_{[g1 g2]} (5.2)

where g_1, g_2 ∈ Q. With this choice of the homogeneous coordinates and the quadrics, it is clear that Q acts on them as permutations. Now, let’s write down the most general G_{[g]}’s and see if there is a fixed point in the conjectured large radius limit. The most general G_{[g]}’s are G_{[1]} = t_1X_1X_{−1} + t_2X_I X_{−I} + t_3X_J X_{−J} + t_4X_K X_{−K}

+ t_5(X^2_1 + X^2_{−1}) + t_6(X^2_I + X^2_{−I} ) + t_7(X^2_J + X^2_{−J} ) + t_8(X^2_K + X^2_{−K} ) + t_9(X_1X_I + X_{−1}X_{−I} ) + t_{10}(X_1X_J + X_{−1}X_{−J} ) + t_{11}(X_1X_K + X_{−1}X_{−K} ) + t_{12}(X_1X_{−I} + X_{−1}X_I ) + t_{13}(X_1X_{−J} + X_{−1}X_J ) + t_{14}(X_1X_{−K} + X_{−1}X_K ) + t_{15}(X_I X_J + X_{−I} X_{−J} ) + t_{16}(X_J X_K + X_{−J} X_{−K} ) + t_{17}(X_K X_I + X_{−K} X_{−I} ) + t_{18}(X_I X_{−J} + X_{−I} X_J ) + t_{19}(X_J X_{−K} + X_{−J} X_K ) + t_{20}(X_K X_{−I} + X_{−K} X_I ) G_{[I]} = t_1X_I X_{−I} + t_2X_1X_{−1} + t_3X_K X_{−K} + t_4X_J X_{−J}

+ t_5(X^2_I + X^2_{−I} ) + t_6(X^2_1 + X^2_{−1}) + t_7(X^2_K + X^2_{−K} ) + t_8(X^2_J + X^2_{−J} ) + t_9(X_1X_{−I} + X_{−1}X_I ) + t_{10}(X_I X_K + X_{−I} X_{−K} ) + t_{11}(X_I X_{−J} + X_{−I} X_J ) + t_{12}(X_1X_I + X_{−1}X_{−I} ) + t_{13}(X_K X_{−I} + X_{−K} X_I ) + t_{14}(X_I X_J + X_{−I} X_{−J} ) + t_{15}(X_1X_{−K} + X_{−1}X_K ) + t_{16}(X_J X_{−K} + X_{−J} X_K ) + t_{17}(X_1X_J + X_{−1}X_{−J} ) + t_{18}(X_1X_K + X_{−1}X_{−K} ) + t_{19}(X_J X_K + X_{−J} X_{−K} ) + t_{20}(X_1X_{−J} + X_{−1}X_J )

G_{[J]} = t_1X_J X_{−J} + t_2X_K X_{−K} + t_3X_1X_{−1} + t_4X_I X_{−I}

+ t_5(X^2_J + X^2_{−J} ) + t_6(X^2_K + X^2_{−K} ) + t_7(X^2_1 + X^2_{−1}) + t_8(X^2_I + X^2_{−I} ) + t_9(X_J X_{−K} + X_{−J} X_K ) + t_{10}(X_1X_{−J} + X_{−1}X_J ) + t_{11}(X_I X_J + X_{−I} X_{−J} ) + t_{12}(X_J X_K + X_{−J} X_{−K} ) + t_{13}(X_1X_J + X_{−1}X_{−J} ) + t_{14}(X_I X_{−J} + X_{−I} X_J ) + t_{15}(X_1X_K + X_{−1}X_{−K} ) + t_{16}(X_1X_{−I} + X_{−1}X_I ) + t_{17}(X_K X_{−I} + X_{−K} X_I ) + t_{18}(X_1X_{−K} + X_{−1}X_K ) + t_{19}(X_1X_I + X_{−1}X_{−I} ) + t_{20}(X_K X_I + X_{−K} X_{−I} ) G_{[K]} = t_1X_K X_{−K} + t_2X_J X_{−J} + t_3X_I X_{−I} + t_4X_1X_{−1}

+ t_5(X^2_K + X^2_{−K} ) + t_6(X^2_J + X^2_{−J} ) + t_7(X^2_I + X^2_{−I} ) + t_8(X^2_1 + X^2_{−1}) + t_9(X_J X_K + X_{−J} X_{−K} ) + t_{10}(X_K X_{−I} + X_{−K} X_I ) + t_{11}(X_1X_{−K} + X_{−1}X_K ) + t_{12}(X_J X_{−K} + X_{−J} X_K ) + t_{13}(X_K X_I + X_{−K} X_{−I} ) + t_{14}(X_1X_K + X_{−1}X_{−K} ) + t_{15}(X_I X_{−J} + X_{−I} X_J ) + t_{16}(X_1X_I + X_{−1}X_{−I} ) + t_{17}(X_1X_{−J} + X_{−1}X_J ) + t_{18}(X_I X_J + X_{−I} X_{−J} ) + t_{19}(X_1X_{−I} + X_{−1}X_I ) + t_{20}(X_1X_J + X_{−1}X_{−J} ) (5.3) We choose the following nef partition:

Δ_{[g]} = {e_g, e_{−g}} (5.4)

where e_g is the vertex of Δ^∗ that represents the divisor D_g = {X_g = 0}. Then, there are Q-fixed points in the large radius limit. They are points with t_1 = 1, t_2 = t_3 = t_4 = t_5 = t_9 = t_{10} = t_{11} = t_{12} = t_{13} = t_{14} = 0.

Now, we tune our parameters to one of these points and apply the monomial-divisor mirror map to find the mirror Q-action on ~Y . Actually, it turns out that ~V has a Q-action too and it is easy to identify. To do so, we introduce the homogeneous coordinates on ~V ~X_{[g1],g2,g3} (5.5)

where [g_1] ∈ Q/[Q, Q] and g_2, g_3 ∈ Q. Since we have relabeled the homogeneous coordinates and the quadrics, we relabel everything on the mirror side accordingly. As usual, ~X_{[g1],g2,g3} is determined up to a multiplicative constant by ~D_{[g1],g2,g3} = { ~X_{[g1],g2,g3} = 0 } . ~A also has the holomorphic quotient description

~V ≃ C^{140} − F^{~Σ} ~G . (5.6)

The group ~G is defined similar to G:

~X_{[g1],g2,g3} → Λ_{[g1],g2,g3} ~X_{[g1],g2,g3} (no sum). (5.7)

Here, Λ_{[g1],g2,g3} ’s are non-zero complex numbers with 1 = ∏ [g1]∈Q/[Q,Q] g2,g3 ∈Q Λ^{⟨n,ξ[g1],g2 ,g3 ⟩} [g_1],g_2,g_3 ∀n ∈ N. (5.8)

It is easy to show ~G ≃ (C^∗ )^{133}.

Since we are at one of the Q-fixed points of A, we have Q-action on its tangent space T A. Note T A = C^Ξ ⊕ C^4 . (5.9) Here, the term C^4 corresponds to the coefficients of the 4 monomials that the point 0 represents and is invariant under the Q-action. Q permutes these 4 monomials. Each point ξ ∈ Ξ represents both a monomial in one of the quadrics and a T -stable Weil divisor of ~V . Since we know how Q permutes monomials, we can deduce the Q-action on WDiv_T ( ~V ): g · ~D_{[g1],g2,g3} = ~D_{[gg1],gg2,gg3} . (5.10) In terms of the homogeneous coordinates g · ~X_{[g1],g2,g3} = ~X_{[gg1],gg2,gg3} . (5.11) Since this Q-action maps polyhedron ∇^∗ to itself, it is consistent with the construction of the toric variety ~V .

5.2. Mirror of the Beauville manifold To define ~X = ~Y /Q, we need to show ~Y is invariant under Q and Q acts freely on ~Y . The easiest way of showing this is to go back to ^Y and work there. Q permutes the vertices of ∇^∗. Therefore, ^V has the Q-action too:

g · ^X_{[g1],g2} = ^X_{[gg1 ],gg2} (5.12) One can easily check that this Q-action permutes ^G_{[g]}’s: ^G_{[g1 ]}(g · ^X) = ^G_{[gg1 ]}( ^X). (5.13)

This implies ^Y is invariant under Q. Now, we would like to show that Q acts freely on ^Y . Suppose there is a point p ∈ ^Y that is fixed by some non-identity elements of Q. Then, p is also fixed by −1 ∈ Q. Note that the values of the homogeneous coordinates are fixed by -1 up to a gauge transformation. Hence, at p, we have ^X_{[g1],g2} = Λ_{[g1],g2} ^X_{[g1],−g2} (no sum) (5.14)

for some Λ_{[g1],g2} ∈ C^∗ satisfying (3.19). Plugging the above equation in (3.19), we get ∏ [g^′]∈Q/[Q,Q] ^X^2_{[g′ ],g} = ∏ g^′∈Q/[Q,Q] ^X^2_{[g′ ],−g} (5.15)

for all g ∈ Q. With (3.24), this implies

(ψ^8 − 1) ∏ [g1]∈Q/[Q,Q] g2∈Q ^X^2_{[g1 ]g2} = 0. (5.16)

By closely investigating ^Σ, one can show^i

• X_{[g],g} and X_{[g],−g} do not intersect ^G_{[g]} (and hence ^Y ).

• For [g_1] ≠ [g_2], { ^X_{[g1 ],g2} = ^X_{[g1],−g2} = 0 } does not intersect ^G_{[g2 ]} (and hence ^Y ).

Together with (5.14), it is easy to see no ^X_{[g1],g2} vanishes at p. Therefore, there is no solution to (5.16) on ^Y unless ψ^8 = 1. As we will see later, ψ^8 = 1 is the conifold point. For generic value of ψ, there is no such p, and Q acts freely on ^Y . Since ~Y is the blow-up of ^Y , we conclude that ~Y is invariant under Q and the Q-action on it is free too. We take the quotient of ~Y by Q to define the mirror ~X of the Beauville manifold.

Let’s take a close look at the moduli spaces of X and ~X. As in the case of Y , the complex structure moduli space, C_X , of X can be described as a quotient of the space, A_X of 4 quadrics defining X by the group G_X generating the manifolds that are isomorphic to X. The most general 4 quadrics defining X have been written in (5.3). From that,

A_X ≃ C^{20} (5.17)

Now, we claim that G_X ≃ (C^∗ )^7 ⊗ GL(2, C ) ⊗ Γ_X (5.18)

where Γ_X is a discrete group whose elements are diffeomorphisms of X not connected to the identity. To see this, notice^j

V_8 = V_1 ⊕ V_I ⊕ V_J ⊕ V_K ⊕ 2V_2 V_4 = V_1 ⊕ V_I ⊕ V_J ⊕ V_K .

(5.19)

From this decomposition, it is clear that the factor (C^∗ )^4 ⊗ GL(2, C ) comes from linear transformations of X_g’s and the factor (C^∗ )^4 from linear transformations of G_{[g]}’s. As before, they have the subgroup C^∗ that acts trivially on A_X proving the claim. Out of G_X , only C^∗ has the toric description. It corresponds to the overall scaling of the homogeneous coordinates. With this C^∗ , we set t_1 in (5.3) to 1. The rest of G_X will be used to set t_2, t_3, t_4, t_5, t_9, t_{10}, t_{11}, t_{12}, t_{13}, t_{14} to 0 (in the large radius limit). Therefore, the tangent space of C_X in the large radius limit is T C_X = C^9 (5.20)

where C^9 is parameterized by 9 t_i’s that are not fixed.

The tangent space of Kähler moduli space K_{~X} of the mirror ~X is T K_{~X} = ( WDiv_T ( ~X)/linear equivalence ) ⊗ C . (5.21)

iOne way to show this is the following. In [10], it is shown that ∇ = ∇_1 + . . . + ∇_4. With this, one can easily identify the full dimensional cones in ^Σ. The above follows from the the fact that divisors have common points only if they all belong to a same full dimensional cone in ^Σ [15].

jIn the previous subsection, we could have used the homogeneous coordinates and the quadrics that make this decomposition manifest. This was the choice Beauville originally used in [8]. However, this choice would have given no fixed points in the large radius limit.

For a given T -stable Weil divisor of ~X, one finds a Q-invariant toric divisor in ~Y via the pull-back of the projection: ~π : ~Y → ~X. Q-invariant Weil divisors of ~Y are generated by the following elements: ∑ g^′∈Q ~D_{[g′],g′g1,g′g2} (5.22) where g_1, g_2 = ±I, ±J, ±K and g_1 ≠ −g_2. The number of such elements is 9. Hence,

WDiv_T ( ~X) ≃ Z^9. (5.23)

The linear equivalence on WDiv_T ( ~X) is trivial. Linearly equivalent divisors will induce the linearly equivalent divisors by the pull-back, ~π^∗. Note ∑ g^′ ∈Q ξ_{[g}′_{],g}′_{g1,g}′_{g2} = 0 (5.24)

for any g_1, g_2 ∈ Q. This implies that no non-zero Q-invariant toric divisor in ~Y is linearly trivial and hence, T K_{~X} ≃ Z^9 ⊗ C ≃ C^9 . (5.25)

We conclude this section by mentioning that Q-action on ~V will induce the original Qaction on P^7 via the monomial-divisor mirror map between the complex structure moduli space of ~Y and the Kähler moduli space of Y . The lattice points of ∇_{[g]} have the dual role as before: representing monomials in ~G_{[g]} and divisors in P^7. Each ∇_{[g]} has three such points: 0, e_g, e_{−g}. The only common point 0 represents 4 monomials, one from each ~G_{[g]}. Q-action on the homogeneous coordinates ~X_{[g1],g2,g3} of ~V will permute these 4 monomials. Lattice points representing other monomials in ~G_{[g]} will be mapped to each other by Q-action on ~X_{[g1],g2,g3} giving the original Q-action on Y .

6. Application

Q has a 2-dimensional irreducible representation, V_2, out of which one can build a flat rank-2 vector bundle on X. In [1], it was conjectured that there exists a threshold bound state of 2 D6-branes corresponding to this vector bundle and this state becomes massless around the “conifold” point in the Kähler moduli space of X. In addition to this state, there are 4 more states that become massless. They are the line bundles associated to 1-dimensional irreducible representations, V_1, V_I , V_J , and V_K . Unlike these line bundles, the existence of the flat rank-2 vector bundle as a stable single-particle state was not guaranteed by the BPS condition (it is degenerate with a pair of D6-branes), nor by K-theory (it does not carry any K-theory charge by which it might be distinguished from a pair of D6-branes). It is hard to check the existence directly on X since we are far from the large radius limit. Mirror symmetry gives a way of confirming it because the classical consideration on ~X is exact.

First, let’s consider the complex structure moduli space of ~X and find the conifold point. Since it is independent of where we are in the Kähler moduli space, we can work on ^X = ^Y /Q, instead. It turns out that ψ^8 is the invariant parameter. To see this consider the following linear transformation: ^X_{[g],1} → ζ ^X_{[g],1} (6.1) with ζ^8 = 1 and other homogeneous coordinates fixed. This transformation commutes with the Q-action modulo gauge transformation (5.7). This will change ψ to ζψ. It is not difficult to show that ψ^8 is invariant under linear transformations that keep ^G_{[g]}’s in the form (3.24). This is consistent with the discussion we had earlier. ^Y ’s invariant parameter is also ψ^8. Therefore, the moduli space of ^X is the same as that of ^Y .

It is obvious that ^X becomes singular at ψ = 0, ∞. They are the hybrid point and the large radius limit of X. There is another value of ψ^8 where ^X becomes singular. At singular points on the complex moduli space of ^X, there exist non-trivial solutions P_{[g]} to the following equation: ∑ [g]∈Q/[Q,Q] P_{[g]}d ^G_{[g]} = 0. (6.2)

By non-triviality, we mean that not every P_{[g]} is zero. With assumption ψ ≠ 0, ∞, one can show that the previous equation implies ∏ [g^′]∈Q/[Q,Q] ^X^2_{[g′],g} = ∏ [g^′]∈Q/[Q,Q] ^X^2_{[−g′ ],−g}. (6.3)

Recall that this was the Q-fixed point condition in (5.14). Therefore, the transversality fails at Q-fixed points and it happens only when ψ^8 = 1. The detailed calculation shows that there is only one such point in ^X and it is given by ^X_{[g],g}′ = 1 when ψ = 1. This is the conifold point of ^X. To see how many states become massless, we expand around this point. Since non of the homogeneous coordinates is zero, we can make the following gauge choice:

^X_{[1],1} = ^X_{[g],g′} = 1 (6.4)

where [g] ≠ [1]. Basically, we gauged away all homogeneous coordinates but ^X_{[1],g}, g ≠ 1. Around the conifold point, we set

ψ = 1 + ϵ 8 ^X_{[1],−1} = 1 + y_1 (6.5)

^X_{[1],I} = √ ψ(1 + y_2 2 ) , . . . , ^X_{[1],−K} = √ ψ(1 + y_7 2 ). Assuming ϵ ≪ 1 and y_i ∼ O( √ ϵ), we get the following from ^G_1, . . . , ^G_4 (up to the first order in ϵ).

ϵ = y^2_1 + y^2_3 + y^2_5 + y^2_7 y_2 = −y_3 − y^2_3 y_4 = −y_5 − y^2_5 (6.6) y_6 = −y_7 − y^2_7

This is the cotangent space of S^3. If ϵ is real positive, then S^3 is parameterized by the real part of y_1, y_3 and y_5. Now, let’s consider how Q acts on it. Q-action must be followed by appropriate gauge transformations to maintain the gauge choice (6.4). Since I and J generate the entire Q, it is enough to describe their action:

I : y_1 → −y_3, y_3 → y_1, y_5 → −y_7, y_7 → y_5 J : y_1 → −y_5, y_3 → y_7 , y_5 → y_1, y_7 → −y_3

(6.7)

This representation is isomorphic to V_2 ⊕ V_2 and is real. Q maps S^3 into itself. Also, Q acts freely on S^3, since there is no Q-fixed point. Hence, the actual 3 cycle that shrinks to size zero is S^3/Q. Supersymmetric D3-branes wrapped on this 3 cycle have flat vector bundles. We can put 5 different vector bundles on S^3/Q; 4 from V_1, V_I , V_J and V_K and one from V_2. Therefore, there are 5 distinct states that become massless at the conifold point confirming the conjecture. Furthermore, from the mirror map, we know that the mirror of the flat rank-2 vector bundle on S^3/Q has D6-brane charge 2 and indeed it is the threshold bound state of 2 D6-branes.

Since we know which D-branes become massless at the conifold point, let’s consider how the quantum symmetry group acts on them. Under tensor product, the flat line bundles form a group that is isomorphic to the quantum symmetry group. It is conjectured in [2], on the level of K-theory, that the quantum symmetry group acts on the D-brane charges by tensoring the flat line bundles. Note that this conjecture applies to both A-branes and B-branes. Therefore, it will be a good test to see if the conjectured action is compatible with mirror symmetry. On both X and ^X, we have 4 flat line bundles built from the representations, V_1, V_I , V_J and V_K . From the representation ring (2.4) we considered earlier, it is clear that the 4 states built from one-dimensional irreducible representations form the regular representation of the quantum symmetry group and the state with D6-brane charge 2 is invariant. This action is compatible with mirror symmetry.

Unfortunately, the only known example of Calabi-Yau manifolds with non-abelian fundamental groups is the Beauville manifold. With more examples, we can check more throughly the conjectures we considered here. Hence, finding more examples of such Calabi-Yau manifolds is desirable.

Acknowledgements

I would like to thank P. Candelas for helpful conversations and C. Krishnan for proof-reading. This paper originated in and evolved through dicusssions with J. Distler. I am deeply grateful to him. This research was supported in part by the National Science Foundation under Grant No. PHY0071512.

References

[1] I. Brunner, J. Distler, and R. Mahajan, “Return of the torsion D-branes,” Adv. Theor.

Math. Phys. 5 (2002) 311–352, hep-th/0106262.

[2] I. Brunner and J. Distler, “Torsion D-branes in nongeometrical phases,” Adv. Theor.

Math. Phys. 5 (2002) 265–309, hep-th/0102018.

[3] D. R. Morrison, “Mirror symmetry and the type II string,” Nucl. Phys. Proc. Suppl.

46 (1996) 146–155, hep-th/9512016.

[4] B. R. Greene and M. R. Plesser, “Duality in Calabi-Yau moduli space,” Nucl. Phys.

B338 (1990) 15–37.

[5] P. Berglund et al., “Periods for Calabi-Yau and Landau-Ginzburg vacua,” Nucl. Phys.

B419 (1994) 352–403, hep-th/9308005.

[6] P. Candelas, X. De La Ossa, A. Font, S. Katz, and D. R. Morrison, “Mirror symmetry for two parameter models. I,” Nucl. Phys. B416 (1994) 481–538, hep-th/9308083.

[7] P. Candelas, A. Font, S. Katz, and D. R. Morrison, “Mirror symmetry for two parameter models. 2,” Nucl. Phys. B429 (1994) 626–674, hep-th/9403187.

[8] A. Beauville, “A Calabi-Yau threefold with non-abelian fundamental group,”

alg-geom/9502003.

[9] M. B. Green, J. H. Schwarz, and E. Witten, “Superstring theory. vol. 2: Loop amplitudes, anomalies and phenomenology,”. Cambridge, Uk: Univ. Pr. ( 1987) 596 P. ( Cambridge Monographs On Mathematical Physics).

[10] L. Borisov, “Towards the mirror symmetry for Calabi-Yau complete intersections in Gorenstein toric Fano varieties,” alg-geom/9310001.

[11] V. V. Batyrev and L. A. Borisov, “Dual cones and mirror symmetry for generalized Calabi-Yau Manifolds,” alg-geom/9402002. In *Greene, B. (ed.): Yau, S.T. (ed.): Mirror symmetry II* 71-86.

[12] P. S. Aspinwall, B. R. Greene, and D. R. Morrison, “The monomial divisor mirror map,” alg-geom/9309007.

[13] P. S. Aspinwall and D. R. Morrison, “Chiral rings do not suffice: N = (2, 2) theories with nonzero fundamental group,” Phys. Lett. B334 (1994) 79–86, hep-th/9406032.

[14] B. Greene, “String theory on Calabi-Yau manifolds,” hep-th/9702155.

[15] W. Fulton, “Introduction to toric varieties,”. Princeton Univ Pr; (August 1993) 157 P.

[16] P. Berglund and S. Katz, “Mirror symmetry constructions: A review,”

hep-th/9406008.

[17] D. A. Cox, “The homogeneous coordinate ring of a toric variety, revised version,”

alg-geom/9210008.

[18] E. Witten, “Phases of N = 2 theories in two dimensions,” Nucl. Phys. B403 (1993) 159–222, hep-th/9301042.

[19] P. Green and T. Hubsch, “Polynomial deformations and cohomology of Calabi-Yau manifolds,” Commun. Math. Phys. 113 (1987) 505.