arXiv:hep-th/0312235 v2 26 Feb 2004

Bethe Ansatz for the Temperley-Lieb loop model with open boundaries

Jan de Gier^1 and Pavel Pyatov^2.

1Department of Mathematics and Statistics, University of Melbourne, Parkville, Victoria VIC 3010, Australia.

2Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, Dubna, Moscow Region 141980, Russia.

February 26, 2004

Abstract

We diagonalise the Hamiltonian of the Temperley-Lieb loop model with open boundaries using a coordinate Bethe Ansatz calculation. We find that in the groundstate sector of the loop Hamiltonian, but not in other sectors, a certain constraint on the parameters has to be satisfied. This constraint has a natural interpretation in the Temperley-Lieb algebra with boundary generators. The spectrum of the loop model contains that of the quantum spin-1/2 XXZ chain with non-diagonal boundary conditions. We hence derive a recently conjectured solution of the complete spectrum of this XXZ chain. We furthermore point out a connection with recent results for the two-boundary sine-Gordon model.

1 Introduction

It has been known for some time that the quantum spin-1/2 XXZ chain with non-diagonal boundary fields is integrable [1]. However, conventional methods to calculate its spectrum, such as the Bethe Ansatz, have been found difficult to apply due to a lack of spin conservation or other good quantum numbers. Recently however, Nepomechie made progress using functional equations. In root of unity cases he obtained Bethe Ansatz equations of non-conventional form [2], while in [3] he derived conventional equations for some special cases of the boundary parameters. Cao et al. [4] succeeded in formulating a more general Bethe Ansatz solution of conventional form using the algebraic Bethe Ansatz, provided that the parameters appearing in the Hamiltonian satisfy a certain constraint. The same equations were subsequently also found by Nepomechie [5].

This solution was studied numerically and analytically in [6, 7], and it was noted that it did not describe the full spectrum for all parameter values satisfying the constraint. In an addendum to [6] a simple extension of the original Bethe Ansatz solution was conjectured on numerical grounds that does describe the complete spectrum, again provided the constraint is satisfied. In this paper we will give a derivation of the complete spectrum of the XXZ chain, also with the condition that a particular constraint has to be satisfied. For even system sizes this constraint is a special case of the constraint considered by the authors above, but it is different for odd L.

We use the fact that the XXZ spin chain can be described in terms of the Temperley- Lieb algebra with boundary generators. In the diagrammatic representation of this algebra the Hamiltonian of the spin chain is that of a loop model. We show that there exist a simple eigenstate in this loop model that serves as a pseudo vacuum to set up a coordinate Bethe Ansatz calculation, as originally used by Bethe [8]. We thus are able to derive the Bethe Ansatz equations, some of which were conjectured in [6]. The approach followed in this paper is a generalisation of the method described in [9, 10, 11].

For most sectors of the loop Hamiltonian, whose spectrum is larger than that of the spin chain, there is no additional constraint on the parameters. However, for the sector containing the spin chain spectrum, we do need to restrict ourselves with a constraint similar to the one found in [4] and [5]. This constraint is very natural in terms of the loop model since it preserves a Z_2 symmetry (see Section 3). When the constraint is not satisfied, the symmetry is broken and one loses a conservation law which introduces additional difficulties in formulating a Bethe Ansatz. We hope however that our formulation offers new insights for finding the general solution of the spectrum.

In Section 2 we introduce the Temperley-Lieb loop model with boundary generators, and show its relation to the quantum spin-1/2 XXZ chain with non-diagonal boundary conditions. In Section 3 we show that the loop model has a simple eigenstate which we can use as a pseudo vacuum to setup a Bethe Ansatz calculation. In this section we also identify the pseudo particles that label the sectors of the Hamiltonian. Before presenting a detailed derivation in Sections 5, 6 and 7, we state our main result in Section 4.

2 Algebra and representations

2.1 The Temperley Lieb algebra with boundaries

The Open Temperley-Lieb (OTL) algebra T^O_L with generators e_x (x = 1, . . ., L − 1) and boundary generators f_+ and f_− is defined as follows [12],

e^2_x = te_x f^2_− = s_−f_− e_xe_{x±1}e_x = e_x f^2_+ = s_+f_+

e_xe_y = e_y e_x for |x − y| ≤ 2 f_−f_+ = f_+f_− e_1f_−e_1 = e_1 e_xf_− = f_−e_x for x > 1 e_{L−1}f_+e_{L−1} = e_{L−1} e_xf_+ = f_+e_x for x < L − 1

(2.1)

This algebra is infinite dimensional. It can be made finite dimensional by introducing

I_{2n} = n−1∏ x=0 e_{2x+1} J_{2n} = f_− n−1∏ x=1 e_{2x} f_+

I_{2n+1} = f_− n∏ x=1 e_{2x} J_{2n+1} = n−1∏ x=0 e_{2x+1} f_+.

(2.2)

and imposing the following relations,

I_LJ_LI_L = bI_L, J_LI_LJ_L = bJ_L, (2.3)

both for L even and L odd. For later convenience, we introduce here two sub-algebras. The first one is the original Temperley-Lieb algebra, introduced in [13], and formed by the generators e_x (x = 1, . . ., L − 1). As it does not contain boundary generators we will call it the Closed TL algebra and denote it here by T^C_L . The second sub-algebra we consider is the Mixed TL algebra containing only the boundary generator f_−. We denote it by T^M_L , and it is formed by the generators e_x (x = 1, . . ., L − 1) and f_−. The algebra T^M_L is the blob algebra introduced in [10, 15, 16]. We further note that the relation (2.3) does not apply to the algebras T^C_L and T^M_L , but only to the full algebra T^O_L .

In this paper we will consider the operators

H^C_L = L−1∑ x=1 e_x, (2.4)

H^M_L = a_−f_− + L−1∑ x=1 e_x, (2.5)

H^O_L = a_−f_− + a_+f_+ + L−1∑ x=1 e_x. (2.6)

These operators correspond in certain representations to the quantum spin-1/2 XXZ Hamiltonian with various types of open boundary conditions, see Section 2.3. The main result of this paper is the diagonalisation of these operators in a different representation, namely the loop representation which we will explain now.

2.2 The loop representation

Instead of the algebra it is convenient to use the graphical representation of T^O_L ,

e_x =_{x x+1} , (2.7) and f_− = f_+ = (2.8)

Multiplication of two words in the algebra corresponds to putting one word below the other and merging the loops lines. For example, the relations e^2_x = te_x and e_xe_{x+1}e_x = e_x graphically read = t (2.9)

= (2.10)

The loop representation is obtained by filtering the algebra by quotients of the left ideals generated by the (unnormalized) idempotents I_n and J_n. This procedure is described in detail in [14], here we will explain this representation pictorially. A crucial property of the loop representation is that it has a heighest weight state, which is represented graphically by L vertical lines, i.e. it is the state in which no sites are connected by loop lines. We will take the view that in this case the sites are “connected to infinity”. Let us denote this highest weight state by |⟩. All other states in the loop representation can be obtained by applying the words of the algebra to this highest weight state. The pictures corresponding to these other states are obtained by placing the picture of the word underneath that of the highest weight state and removing disconnected parts from the top of the combined picture. For example, the state corresponding to e_x|⟩ will be represented by the bottom half of the picture in (2.7),

e_x|⟩ = |x⟩ =_{x x+1} , (2.11)

where we have denoted by |x⟩ the state in which sites x and x + 1 are connected to each other while all other sites are connected to infinity.

It is helpful to understand the action of e_{x+1} on |x⟩, which is given by the following pictures,

e_{x+1}e_x|⟩ =_{x x+1 x+2}

=_{x x+1 x+2} = |x + 1⟩. (2.12)

A slightly more complicated example is given by the picture representing e_{x+1}e_{x+2}e_x|⟩,

e_{x+1}e_{x+2}e_x|⟩ =_{x x+3} . (2.13)

Analogous pictures are obtained when the boundary generators f_± are involved. In particular, the first relation in (2.3) for L = 2 reads graphically,

e_1f_−f_+e_1|⟩ = = b = b e_1|⟩.

(2.14)

The parameter b in (2.3) thus is the weight of the two removed horizontal loop lines. Note that the state e_1f_−f_+|⟩ has the same lower part of the picture as e_1|⟩, but contains only one horizontal loop line. This cannot be removed using the algebraic relations, but in analogy with the above we do have for L = 2 that

f_−f_+e_1f_−f_+|⟩ = bf_−f_+|⟩. (2.15)

In general we find two isomorphic invariant subspaces for b ≠ 0, namely the ones generated by I_L|⟩ and J_L|⟩. Because the spectrum of H^O_L is identical on them, even when b = 0, we will discard the latter subspace. Hence, when considering cases where all loop lines are connected we will always work exclusively in the one generated by I_L|⟩. In this way we construct the loop representations for the algebras T^O_L , T^M_L and T^C_L and we denote the representation spaces by V^C_L , V^M_L and V^O_L respectively. It is furthermore important to note that the loop lines are not allowed to cross.

Instead of this graphical loop representation we will use a more convenient typographical notation in the following. If a site x is connected to a site y < x or to the left boundary, we write a closing parenthesis “)” at x. If a site x is connected to a site y > x or to the right boundary we write an opening parenthesis “(” at x. If a site is not connected (or connected to infinity) we write a vertical bar “|” at x. For the sub-algebra T^M_2 we thus have the state space, V^M_2 = Span{||, )|, (), ))}. (2.16)

There is a similar identification for T^O_2 where now loops can also connect to the right boundary. For example, |( denotes a state where the loop segment on the second site is connected to the right boundary. The seven basis states of V^O_2 are

||, )|, |(, (), )(, )), ((. (2.17)

We will call a sequence of the three symbols “)”, “(” and “|” a connectivity.

The dimensions of the representation spaces V^C_L , V^M_L and V^O_L can be calculated by counting the number of sequences of “)”, “(” and “|” subject to the non-crossing constraint (for example, “|)” cannot occur). In the appendix we find the generating functions for these dimensions. Asymptotically they are given by

dim V^C_L ≈ L^{−1/2}2^L, dim V^M_L = 2^L, dim V^O_L ≈ L^{1/2}2^L. (2.18)

2.3 XXZ representation

The following representation of the TL algebra makes Hamiltonian (2.6) up to a constant equal to that of the XXZ spin chain with non-diagonal boundary terms [5],

e_x = − 1 2 ( σ^1_xσ^1_{x+1} + σ^2_xσ^2_{x+1} + ch η σ^3_xσ^3_{x+1} − sh η (σ^3_x − σ^3_{x+1}) − ch η ) (2.19)

f_− = 1 2ρ_− ( sh(α_− + β_−)σ^3_1 + ch θ_− σ^1 + i sh θ_− σ^2_1 + ch(α_− + β_−) ) , (2.20)

f_+ = 1 2ρ_+ ( −sh(α_+ + β_+)σ^3_L + ch θ_+ σ^1_L + i sh θ_+ σ^2_L + ch(α_+ + β_+) ) , (2.21)

where ρ_∓ = ch(α_∓ + β_∓ + η), (2.22) and σ^i_x represents the ith Pauli matrix at site x. The parameters t, a_∓ and s_∓ are given by t = 2ch η,

a_∓ = −sh η ch(α_∓ + β_∓ + η) sh α_∓ch β_∓

, (2.23)

s_∓ = ch(α_∓ + β_∓) ch(α_∓ + β_∓ + η) , while the expression for b depends on the parity of the system size L,

b = ch(η + α_− + α_+ + β_− + β_+) − ch(θ_− − θ_+) 2ch(α_− + β_− + η) ch(α_+ + β_+ + η) for even L,

ch(α_− − α_+ + β_− − β_+) + ch(θ_− − θ_+) 2ch(α_− + β_− + η) ch(α_+ + β_+ + η) for odd L.

(2.24)

The dimension of this spin-1/2 representation is 2^L. It is important to note that the dimension of V^O_L is larger than this. However, dim V^M_L = 2^L and this representation seems to be equivalent to XXZ.

The Hamiltonian H^O_L , given in (2.6), is related to the Hamiltonian H given in [6] by

H^O_L = − H + 1 4 (L − 1)t + 1 2 (a_−s_− + a_+s_+)

= − H + 1 2 (L − 1)ch η − 1 2 sh η (cth α_− + th β_− + cth α_+ + th β_+).

(2.25)

3 Pseudo particles

In the representations on the spaces V^C_L , V^M_L and V^O_L the Hamiltonians (2.4)-(2.6) have a block triangular structure: connections can be created but cannot be undone. This implies that for each of the Hamiltonians (2.4)–(2.6) the state ⟨|, dual to |⟩, is a left eigenvector with eigenvalue 0 (since there are no nonzero matrix elements giving transitions to this state). More generally, although the Hamiltonians are not block diagonal, the number of connected sites (either to another site or to the boundary) is still a good quantum number to characterize the spectrum and its corresponding set of left eigenvectors, which are elements of the dual spaces V^{C∗}_L , V^{M∗}_L and V^{O∗}_L . We will denote the basis states in the dual space V^∗_L by the same connectivities as their dual states in V_L (recall that a connectivity is a sequence of the three symbols “)”, “(” and “|”) . Let ⟨c| denote the basis state corresponding to the connectivity c. A vector ⟨ψ| ∈ V^∗_L then is decomposed on the dual basis as ⟨ψ| = ∑ c ψ(c)⟨c|, (3.1) and the left eigenvalue equation we want to solve reads Λ⟨ψ| = ⟨ψ|H, ⇔ Λψ(c) = ∑ c^′ ψ(c^′)H_c′_c. (3.2)

In the following sections we will calculate the spectra by formulating a coordinate Bethe Ansatz for the left eigenvectors of each of the Hamiltonians. Here we want to briefly discuss the main ingredients. The trivial eigenstate will be used as a pseudo vacuum for the Bethe Ansatz. In setting up the Bethe Ansatz calculation we need to identify “pseudo particles” or “elementary excitations” on this pseudo vacuum. We will introduce the notion of pseudo particle for the space V_L. It is then easy to translate this notion to the space V^∗_L by duality.

A link between x and x+1, i.e the graphical representation of |x⟩ in (2.11), will be such a pseudo particle. Since in this representation e_{x±1}|x⟩ = |x ± 1⟩, the bulk Hamiltonian (2.4) describes hopping of the pseudo particle. It furthermore contains a diagonal term (e_x|x⟩ = t|x⟩) and creates pseudo particles at other sites through the action of e_y with y ≠ x−1, x or x+1. For example, a state with two pseudo particles at x and y respectively is given by e_x|y⟩ = |x, y⟩ =_{x x+1 y y+1} (3.3) The states with well separated pseudo particles form just a small subset of all possible states. All the other states however will be considered as bound states of pseudo particles. For example, we consider a state of the form (2.13) as a bound state of two pseudo particles.

In V^C_L we only have states where sites are connected pairwise. When boundaries are present, sites do not have to be paired to be connected, they can be connected to the left or right boundary. The number of connected sites can therefore take on odd values. In the following we will take the number of connected sites as our quantum number labeling the different sectors of the Hamiltonians.

Anticipating our results, we note here that when b = 0 in (2.3), the Hamiltonian H^O_L possesses an additional Z_2 symmetry. From (2.14), and more generally from I_LJ_LI_L|⟩ = b I_L|⟩, (3.4) it follows that H^O_L is block triangular when b = 0 with respect to the subspaces with an odd or even number of sites connected to the left boundary. It is clear that this symmetry is always present in sectors where the number of connected sites is less than the system size.

4 Results

Before giving a detailed derivation of the Bethe Ansatz for the Temperley-Lieb loop model, we would like to state our main result first. For convenience, we define the following two functions, ϕ_±(u, ϵ) = sh(η/2 + ϵα_± − u) ch(η/2 + ϵβ_± − u) sh(η/2 + ϵα_± + u) ch(η/2 + ϵβ_± + u)

, (4.1)

where ϵ^2 = 1. The eigenvalues of the loop model H^O_L for sectors labeled by n are given by, • n even, n < L For these sectors, the spectrum is described by the expressions

Λ_0 = n/2∑ j=1 sh^2η sh(η/2 − u_j ) sh(η/2 + u_j ) ,

Λ_1 = n/2−1∑

j=1 sh^2η sh(η/2 − v_j ) sh(η/2 + v_j )

− sh η (cth α_− + th β_− + cth α_+ + th β_+),

(4.2)

where the complex numbers u_i and v_i are solutions of the equations ( sh(η/2 − u_i) sh(η/2 + u_i) )_{2L} = ϕ_−(u_i, +)ϕ_+(u_i, +) n/2∏ j=1 j≠i sh(u_i − u_j + η) sh(u_i + u_j + η) sh(u_i − u_j − η) sh(u_i + u_j − η)

, (4.3)

and ( sh(η/2 − v_i) sh(η/2 + v_i) )_{2L} = ϕ_−(v_i, −)ϕ_+(v_i, −) n/2−1∏

j=1 j≠i sh(v_i − v_j + η) sh(v_i + v_j + η) sh(v_i − v_j − η) sh(v_i + v_j − η)

. (4.4)

These are the Bethe Ansatz equations conjectured in the addendum of [6] for the special case of k = 1. A similar division into two different functional forms was found recently in the ground state energy for the two-boundary sine-Gordon model [17]. • n odd, n < L For these sectors, the spectrum is described by the expressions

Λ_0 = (n−1)/2 ∑ j=1 sh^2η sh(η/2 − u_j ) sh(η/2 + u_j )

− sh η (cth α_− + th β_−),

Λ_1 = (n−1)/2 ∑ j=1 sh^2η sh(η/2 − v_j ) sh(η/2 + v_j )

− sh η (cth α_+ + th β_+),

(4.5) where the complex numbers u_i and v_i are solutions of the equations ( sh(η/2 − u_i) sh(η/2 + u_i) )_{2L} = ϕ_−(u_i, −)ϕ_+(u_i, +) (n−1)/2 ∏ j=1 j≠i sh(u_i − u_j + η) sh(u_i + u_j + η) sh(u_i − u_j − η) sh(u_i + u_j − η) , (4.6) and ( sh(η/2 − v_i) sh(η/2 + v_i) )_{2L} = ϕ_−(v_i, +)ϕ_+(v_i, −) (n−1)/2 ∏ j=1 j≠i sh(v_i − v_j + η) sh(v_i + v_j + η) sh(v_i − v_j − η) sh(v_i + v_j − η) . (4.7)

• n = L even In this sector, the spectrum of H^O_L is still given by (4.2)-(4.4) provided that

b = 0 ⇔ ch(η + α_− + β_− + α_+ + β_+) − ch(θ_− − θ_+) = 0, (4.8)

where b is the parameter appearing in (2.3). The spectrum of H^O_L in this sector with the additional constraint is identical to that of the XXZ spin chain with an even number of spins, as conjectured in the addendum of [6].

• n = L odd In this case, the spectrum of H^O_L is still given by (4.5)-(4.7) provided that

b = 0 ⇔ ch(η + α_− + β_− − α_+ − β_+) + ch(θ_− − θ_+) = 0. (4.9)

The spectrum of H^O_L in this sector is identical to that of the XXZ spin chain with an odd number of spins. Note that while the constraint (4.8) for even system sizes is the same as that obtained in [5] for k = 1, the constraint (4.9) is similar but not identical to the one in [5] with k = 0. That constraint corresponds to b = s_−s_+, a case that is not discussed in this paper (see however Section 7.6).

In the following sections we give a detailed derivation of these results. As an intermediate result, we also obtain the spectrum of H^M_L , which is closely related to a Hamiltonian diagonalised by Bethe Ansatz in [19].

5 Closed boundaries

In this section we will diagonalise the Hamiltonian (2.4) on the space V^{C∗}_L . In the XXZ representation this Hamiltonian corresponds to the quantum group symmetric Hamiltonian, which has diagonal, spin conserving, boundary fields. The Bethe Ansatz solution of the spectrum of this Hamiltonian is well known [1, 18]. We rederive it here in terms of the loop model which will be a useful exercise for when we introduce boundary fields in later sections.

As explained above, a sector of H^C_L is labeled by an integer n, denoting the number of connected sites. For closed boundaries n will be even since sites cannot be connected to the boundary, only to each other.

5.1 n = 0

Consider the configuration with all sites disconnected, i.e. ⟨| = | · · ·|. We will try to solve (3.2) with the trial function ⟨ψ_0| given by,

⟨ψ_0| = ⟨|. (5.1)

Plugging ⟨ψ_0| into (3.2) we obtain Λ⟨| = 0, (5.2)

and immediately obtain that ⟨ψ_0| is a left eigenvector with eigenvalue

Λ = 0, (5.3)

as asserted in Section 3. Hence we can use ⟨| as a pseudo vacuum.

5.2 n = 2

Here and in the following we will consider a trial eigenvector ⟨ψ_n|, which is a linear combination of states whose coefficients for states with more than n connected sites are zero. The coefficients of ⟨ψ_n| are denoted by ψ_n(c), where c labels the connectivity. For n = 2, we thus take a linear combination of the pseudo vacuum, with coefficient ψ_2(), and states with a pseudo particle at site x, i.e. states of the form ⟨x| = | · · ·|()| · · ·|, with nonzero coefficients ψ_2(x). Now we will try to solve (3.2) with the trial function ⟨ψ_2| given by, ⟨ψ_2| = ψ_2()⟨| + L∑ x=1 ψ_2(x)⟨x|. (5.4)

Plugging ⟨ψ_2| into (3.2) and equating each component to zero the eigenvalue equation is equivalent to,

Λψ_2() = L−1∑ x=1 ψ_2(x),

Λψ_2(x) = tψ_2(x) + ψ_2(x + 1) + ψ_2(x − 1) for 1 < x < L − 1,

(5.5) together with the following equations at the boundaries x = 1 and x = L − 1,

Λψ_2(1) = tψ_2(1) + ψ_2(2), Λψ_2(L − 1) = tψ_2(L − 1) + ψ_2(L − 2).

(5.6)

We first note that due to the block triangular structure of the Hamiltonian, the coefficient ψ_2() only appears in the first line of (5.5), which we therefore regard as defining ψ_2().^1 The remaining equations can be satisfied by the Ansatz,

ψ_2(x) = f(x), (5.7)

where f is the function f(x) = A^+z^x + A^−z^{−x}. (5.8) The parameters A^± and z are complex numbers to be determined later. We now find from (5.5) that Λ = t + z + z^{−1}, (5.9) and in addition the consistency relations arising from the boundary equations (5.6),

f(0) = 0, f(L) = 0. (5.10)

These consistency relations determine the ratio of the amplitudes A^± and the complex number z. In this sector therefore the spectrum is given by the solutions of

Λ = λ(z), z^{2L} = 1, (5.11)

where we have defined λ for future convenience,

λ(z) = t + z + z^{−1}. (5.12)

5.3 n = 4 Let us denote by ψ_4(x_1, x_2) the coefficient for states of the form | · · ·|()| · · ·|()| · · ·|, with “well separated” pseudo particles at positions x_1 and x_2, i.e. x_2 > x_1 + 1. We furthermore denote the coefficient for states of the form | · · ·|(())| · · ·| with “merged” pseudo particles by φ_4(x). As a trial vector to solve the eigenvalue equation (3.2) we consider a vector with nonzero components ψ_4(c) in all sectors m of V^{C∗}_L with less than four connected sites. Aside from the states with m = 4 mentioned above, this trial vector contains also the states |x⟩ and |⟩ (with coefficients ψ_4(x) and ψ_4()) in the m = 2 and m = 0 sectors respectively. In analogy with the case n = 2 we can write down the bulk eigenvalue equation component wise. However, we will only look at the equations relating the eigenvector elements ψ_4(c)

1We need here that Λ ≠ 0. Here and in the following we will not digress into such isolated singularities.

in the m = 4 sector to each other. The equations relating elements ψ_4(c) for m < 4 to those of m = 4 are similar to (5.5) and can be regarded as definitions of ψ_4(c) for m < 4. We will therefore not write them down explicitly. The remaining equations are, Λψ_4(x_1, x_2) = ψ_4(x_1 − 1, x_2) + ψ_4(x_1 + 1, x_2) + ψ_4(x_1, x_2 − 1) + ψ_4(x_1, x_2 + 1) + 2tψ_4(x_1, x_2) for x_2 > x_1 + 2, Λψ_4(x, x + 2) = ψ_4(x − 1, x + 2) + φ_4(x) + ψ_4(x, x + 3) + 2tψ_4(x, x + 2), Λφ_4(x) = 2ψ_4(x, x + 2) + ψ_4(x − 1, x + 1) + ψ_4(x + 1, x + 3) + tφ_4(x) for 1 < x < L − 3.

(5.13)

As before, these are modified at the boundary to, Λψ_4(1, x) = ψ_4(2, x) + ψ_4(1, x − 1) + ψ_4(1, x + 1) + 2tψ_4(1, x), Λψ_4(x, L − 1) = ψ_4(x − 1, L − 1) + ψ_4(x + 1, L − 1) + ψ_4(x, L − 2) + 2tψ_4(x, L − 1), Λψ_4(1, 3) = ψ_4(1, 4) + φ_4(1) + 2tψ_4(1, 3), Λψ_4(L − 3, L − 1) = ψ_4(L − 4, L − 1) + φ_4(L − 3) + 2tψ_4(L − 3, L − 1), Λφ_4(1) = 2ψ_4(1, 3) + ψ_4(2, 4) + tφ_4(1), Λφ_4(L − 3) = 2ψ_4(L − 3, L − 1) + ψ_4(L − 4, L − 2) + tφ_4(L − 3).

(5.14)

The equations (5.13) and (5.14) can be solved with the following Ansatz, ψ_4(x_1, x_2) = f(x_1, x_2), (5.15) where f(x_1, x_2) = ∑ π∈S_2 ∑ σ A^{σ1σ2}_{π1π2} z^{σ1 x1}_{π1} z^{σ2 x2}_{π2} . (5.16)

Here S_n is the group of permutations of n integers {1, 2, . . ., n} and π : {1, 2, . . ., n} → {π_1, π_2, . . ., π_n} is a particular permutation. The sum over σ denotes a sum over all signs σ_1 = ±1 and σ_2 = ±1. The four amplitudes A^{++}_{12} , A^{++}_{21} , A^{−−}_{12} and A^{−−}_{21} as well as the two complex numbers z_1 and z_2 are to be determined later. The form of φ_4(x) will be also derived from the eigenvalue equations.

From the bulk relations (5.13) we find Λ = 2∑ j=1 λ(z_j), (5.17)

where λ is defined in (5.12), and we also find φ_4(x) = f(x, x + 1) + f(x + 1, x + 2), (5.18) 0 = f(x, x) + 2f(x + 1, x + 1) + f(x + 2, x + 2) + t(f(x, x + 1) + f(x + 1, x + 2)). (5.19)

Equation (5.18) defines the coefficient φ_4(x) and (5.19) is satisfied if, A^{σ1 σ2}_{π1 π2} A^{σ2 σ1}_{π2 π1} = − S(z^{σ2}_{π2} , z^{σ1}_{π1} ) S(z^{σ1}_{π1} , z^{σ2}_{π2} )

, (5.20)

where S(z, w) = 1 + tw + zw. (5.21) In addition, it can also be shown that the first two of the boundary relations (5.14) are equivalent to, f(0, x) = 0, f(x, L) = 0, (5.22) which can be satisfied by demanding that

z^{2σ1L}_{π1} = − A^{σ2 ,−σ1} π_2 π_1 A^{σ2 ,σ1}_{π2 π1} , 1 = − A^{−σ1 ,σ2} π_1 π_2 A^{σ1,σ2}_{π1π2} , (5.23)

for all choices of the signs σ_1 = ±1, σ_2 = ±1 and both permutations of π = (1, 2). It turns out that the remaining equations do not impose any further constraints and are now automatically satisfied. Putting everything together we find that

z^{2L}_{π1} = − A^{+−}_{π2 π1} A^{−+}_{π1π2} A^{−+}_{π1π2} A^{++}_{π1π2}

A^{++}_{π1 π2} A^{++}_{π2 π1} = S(z^{−1}_{π1} , z_{π2} )S(z_{π2} , z_{π1} ) S(z_{π2} , z^{−1}_{π1} )S(z_{π1} , z_{π2} )

, (5.24)

for both permutations of π = (1, 2). We have found the two-particle Bethe Ansatz equation of the XXZ spin chain.

5.4 general n = 2k Because of the integrability of this model, the eigenvalue equations for sectors containing more than two pseudo particles all reduce to those for two particles. The program of the previous sections can therefore be carried out for larger values of n. As a trial function for a given n we take a vector in which all coefficients in sectors higher than n are zero. We also note that coefficients of states in sectors lower than n are defined by the eigenvalue equation in terms of those for n. To find the latter, we assume that the wave function elements ψ_{2k}(x_1, . . ., x_k), corresponding to well separated pseudo particles, have the following form,

ψ_{2k}(x_1, . . ., x_k) = ∑ π∈S_k ∑ σ A^{σ1 ...σk} π_1 ...π_k k∏ i=1 z^{σi xi}_{πi} , (5.25)

where, as in (5.16), S_k is the group of permutations of k integers {1, 2, . . ., k} and the sum over σ denotes a sum over all signs σ_i = ±1 (i = 1, . . ., k). We also assume that the other wave function elements in the same sector can be consistently calculated from the eigenvalue equation if the amplitudes satisfy A^{...σi σi+1...} ...π_i π_{i+1} ... A^{...σi+1 σi...} ...π_{i+1} π_i ... = − S(z^{σi+1}_{πi+1} , z^{σi}_{πi} ) S(z^{σi}π_i , z^{σi+1}π_{i+1} )

, (5.26) and z^{2σnL}_{πn} = − A^{...−σn} ...π_n A^{...σn}_{...πn} , 1 = − A^{−σ1 ,...} π_1 ... A^{σ1,...}_{π1...} . (5.27)

The complex numbers z_i satisfy the obvious generalization of (5.24) to arbitrary but even values of n,

z^{2L}_i = n/2∏ j=1 j≠i S(z^{−1}_i , z_j )S(z_j, z_i) S(z_j, z^{−1}_i )S(z_i, z_j) . (5.28)

Furthermore, the spectrum is given by

Λ = n/2∑ j=1 λ(z_j), (5.29)

where we recall that λ and S are defined in (5.12) and (5.21) respectively. Equation (5.28) is of course the well known Bethe Ansatz equation for the XXZ spin chain with diagonal boundary conditions [18, 1]. It is reproduced here from a Bethe Ansatz in the loop representation of the Temperley-Lieb algebra. Using the well known transformation

z_i = sh(η/2 + u_i) sh(η/2 − u_i)

, (5.30)

the eigenvalue takes on the familiar form,

Λ = n/2∑ j=1 sh^2η sh(η/2 − u_j ) sh(η/2 + u_j )

, (5.31)

where the complex numbers u_i are solutions of the equations ( sh(η/2 − u_i) sh(η/2 + u_i) )_{2L} = n/2∏ j=1 j≠i sh(u_i − u_j + η) sh(u_i + u_j + η) sh(u_i − u_j − η) sh(u_i + u_j − η)

. (5.32)

6 Mixed boundaries

A similar program as for closed boundaries can be carried out for mixed boundaries, i.e. we can diagonalise H^M_L on the space V^{M∗}_L . However, now n can take on odd values as well, representing sectors where an odd number of loop segments are connected to the left boundary. We will denote by ψ_{2k+l}(x_1, . . ., x_k; y_1, . . ., y_l) a coefficient in the eigenvector of a state with k well separated pseudo particles at positions x_i (i = 1, . . ., k) and l sites at positions y_j (j = 1, . . ., l) connected to the left boundary.

6.1 n = 0 We again start with the state with all sites disconnected, i.e. ⟨ | = | · · ·|, and find that it is a left eigenstate of H^M_L with eigenvalue Λ = 0.

6.2 n = 1 Next we consider eigenvectors in which the coefficient ψ_1(; ) of the pseudo vacuum is nonzero as well as ψ_1(; 1) of the state )| · · ·| with one site connected to the left boundary. The eigenvalue equations are Λψ_1(; ) = a_−ψ_1(; 1), Λψ_1(; 1) = a_−s_−ψ_1(; 1).

(6.1)

As before we regard the first line in (6.1) as defining ψ_1(; ). The remaining equation is solved by Λ = a_−s_−.

6.3 n = 2 Now we also consider nonzero coefficients of states with two connected sites, i.e. states of the form | · · ·|()| · · ·| and the state ))| · · ·| whose coefficients in the eigenvector are denoted by ψ_2(x; ) and ψ_2(; 1, 2) respectively. The resulting eigenvalue equations read,

Λψ_2(; ) = a_−ψ_2(; 1) + L−1∑ y=1 ψ_2(y; ),

Λψ_2(; 1) = a_−s_−ψ_2(; 1) + ψ_2(1; ), Λψ_2(x; ) = tψ_2(x; ) + ψ_2(x + 1; ) + ψ_2(x − 1; ), for 1 < x < L − 1.

(6.2)

We also find the boundary relations, Λψ_2(1; ) = tψ_2(1; ) + ψ_2(2; ) + a_−ψ_2(; 1, 2), Λψ_2(; 1, 2) = a_−s_−ψ_2(; 1, 2) + ψ_2(1; ), Λψ_2(L − 1; ) = tψ_2(L − 1; ) + ψ_2(L − 2; ).

(6.3)

We take the first two lines in (6.2) as definitions for ψ_2(; ) and ψ_2(; 1), and solve the remaining equations by making the Ansatz

ψ_2(x; ) = f(x), (6.4)

where, f(x) = A^+z^x + A^−z^{−x}. (6.5) We then find from (6.2) and first line in (6.3) that

Λ = t + z + z^{−1}, ψ_2(; 1, 2) = a^{−1}_− f(0).

(6.6)

The other two boundary equations in (6.3) imply the consistency equations,

(λ(z) − a_−s_−)f(0) = a_−f(1), f(L) = 0. (6.7)

From these we find equations for the amplitudes A^± and the complex number z. In this sector we thus find that the spectrum is given by

Λ = λ(z) = t + z + z^{−1}, z^{2L} = −

K_+(z) K_+(z^{−1}) A^− A^+ = K_+(z)K_−(z) K_+(z^{−1})K_−(z^{−1})

, (6.8)

where, K_+(z) = 1, K_−(z) = λ(z) − a_−(s_− + z). (6.9)

6.4 n = 3 From now on we will only look at the equations relating elements of the eigenvector in the sector n to each other. The equations involving the elements of sectors m < n can be regarded as definitions for those elements. The elements in sectors m > n are taken to be zero.

The eigenvalue equation for the sector n = 3 then reads,

Λψ_3(x; 1) = (a_−s_− + t)ψ_3(x; 1) + ψ_3(x + 1; 1) + ψ_3(x − 1; 1) for 2 < x < L, (6.10)

with boundary relations

Λψ_3(2; 1) = (a_−s_− + t)ψ_3(2; 1) + ψ_3(3; 1) + ψ_3(1; 3), Λψ_3(1; 3) = tψ_3(1; 3) + ψ_3(2; 1) + a_−ψ_3(; 1, 2, 3), Λψ_3(; 1, 2, 3) = a_−s_−ψ_3(; 1, 2, 3) + ψ_3(1; 3) + s_−ψ_3(2; 1), Λψ_3(L − 1; 1) = (a_−s_− + t)ψ_3(L − 1; 1) + ψ_3(L − 2; 1).

(6.11)

Equations (6.10) and (6.11) can be satisfied by making the Ansatz,

ψ_3(x; 1) = f(x), f(x) = B^+z^x + B^−z^{−x}. (6.12)

We then find Λ = a_−s_− + t + z + z^{−1}, ψ_3(1; 3) = f(1), ψ_3(; 1, 2, 3) = a^{−1}_− (f(0) + a_−s_−f(1)) ,

(6.13)

with the consistency equations

(λ(z) + a_−s_−)f(0) = a_−(1 − s_−t)f(1), f(L) = 0. (6.14)

Solving for B^± and z we find that in this sector the spectrum is given by

Λ = a_−s_− + λ(z) (6.15)

where z is a complex number satisfying,

z^{2L} = −

K̃_+(z) K̃_+(z−1) B^− B^+ = K̃_+(z)K̃_−(z) K̃_+(z−1)K̃_−(z−1) (6.16)

where K̃_+(z) = 1, K̃_−(z) = λ(z) + a_−(s_− + z(s_−t − 1)). (6.17)

6.5 general n From the previous sections we conclude that both sectors n = 2 and n = 3 contain only one pseudo particle. There is therefore an additional quantum number, namely the parity of the number of loop lines connected to the left boundary, that distinguishes between these two sectors. As for closed boundaries in Section 5.3, we have checked the sectors containing two pseudo particles (here n = 4 and n = 5). In both these sectors, the eigenvalue equation can be solved by an Ansatz similar to the one used for closed boundaries, see (5.16). The Bethe Ansatz equations (6.8) for the even sector and (6.16) for the odd sector now get multiplied by the two particle scattering factors S(z_i, z_j ), in much the same way as (5.24). Furthermore, we have checked that the Bethe Ansatz equations remain valid in the case when all sites are connected, i.e when n = L.

Because the Hamiltonian H^M_L is integrable, the Bethe Ansatz program can be consistently carried out for arbitrary values of n, and the higher sector equations factorize into those for two particles. Integrability assures us that we can find consistent expressions for the more complicated “merged pseudo particles” (for the spectrum we don’t need to know these explicitly).

Before giving the results for general n we first recall the definitions of S and λ, S(z, w) = 1 + tw + zw, λ(z) = t + z + z^{−1}. (6.18)

6.5.1 even n Having derived the equations for n = 2 and n = 4, we postulate the generalization of (5.24) for arbitrary but even values of n to the case of mixed boundary conditions,

z^{2L}_i =

K_+(z)K_−(z) K_+(z^{−1})K_−(z^{−1}) n/2∏ j=1 j≠i S(z^{−1}_i , z_j)S(z_j, z_i) S(z_j , z^{−1}_i )S(z_i, z_j )

, (6.19)

and K_+(z) = 1, K_−(z) = λ(z) − a_−(s_− + z). (6.20) In terms of the solutions of (6.19), the eigenvalues of H^M_L are given by, Λ = n/2∑ j=1 λ(z_j). (6.21)

Using the parametrisation of Section 2.3 and the transformation (5.30), these equations are equivalent to the first line of (4.2) together with (4.3) in the limit β_+, α_+ → ∞.

6.5.2 odd n For n an odd number we postulate the solution from the investigations of n = 1, n = 3 and n = 5. The eigenvalue for odd n is given by,

Λ = a_−s_− + (n−1)/2 ∑ j=1 λ(z_j ), (6.22)

and the numbers z_i satisfy,

z^{2L}_i =

K̃_+(z)K̃_−(z) K̃_+(z−1)K̃_−(z−1) n/2∏ j=1 j≠i S(z^{−1}_i , z_j)S(z_j, z_i) S(z_j , z^{−1}_i )S(z_i, z_j )

, (6.23)

where K̃_+(z) = 1, K̃_−(z) = λ(z) + a_−(s_− + z(s_−t − 1)). (6.24) Using the parametrisation of Section 2.3 and the transformation (5.30), these equations are equivalent to the first line of (4.5) together with (4.6) in the limit β_+, α_+ → ∞.

7 Open boundaries

To diagonalise the Hamiltonian H^O_L on the space V^{O∗}_L a similar program can be carried out as for H^C_L and H^M_L . When the number of connected loops is less than the system size, i.e. n < L, there is no fundamental difference with the two previous cases. The main difference with the case of mixed boundaries is that now K_+(z) and K̃_+(z) become nontrivial functions. However, when n = L there arises a difficulty which we will only partially resolve in this paper.

In the following we will first consider the cases when n < L and we will turn our attention to n = L later. We will denote by ψ_{2k+l+m}(x_1, . . ., x_k; y_1, . . ., y_l; ỹ_1, . . ., ỹ_m) a coefficient in the eigenvector of a state with k well separated pseudo particles at positions x_i (i = 1, . . ., k), l sites at positions y_i (i = 1, . . ., l) connected to the left boundary, and m sites at positions ỹ_i (i = 1, . . ., m) connected to the right boundary.

7.1 n = 0

As before, we start with the state with all sites disconnected, i.e. ⟨| = | · · ·|, and find that it is a left eigenstate of H^O_L with eigenvalue Λ = 0.

7.2 n = 1

For n = 1 we consider eigenvectors in which the coefficient ψ_1(; ; ) of the pseudo vacuum is nonzero as well as ψ_1(; 1; ) of the state )| · · ·| with one site connected to the left boundary and ψ_1(; ; L) of the state | · · ·|( with one site connected to the right boundary. The eigenvalue equations are

Λψ_1(; ; ) = a_−ψ_1(; 1; ) + a_+ψ_1(; ; L), Λψ_1(; 1; ) = a_−s_−ψ_1(; 1; ), Λψ_1(; ; L) = a_+s_+ψ_1(; ; L).

(7.1)

As before we regard the first line in (7.1) as the definition of ψ_1(; ; ). In the generic case of a_−s_− ≠ a_+s_+, the remaining equations are solved by either

Λ = a_−s_−, ψ_1(; ; L) = 0, (7.2) or Λ = a_+s_+, ψ_1(1; ; ) = 0. (7.3)

7.3 n = 2

In this sector all states with two connected sites, i.e. states of the form | · · ·|()| · · ·|, ))| · · ·| and | · · ·|((, may have nonzero coefficients in the eigenvector. These coefficients are denoted by ψ_2(x; ; ), ψ_2(; 1, 2; ) and ψ_2(; ; L − 1, L) respectively. The resulting eigenvalue equations read,

Λψ_2(; ; ) = a_−ψ_2(; 1; ) + a_+ψ_2(; ; L) + L−1∑ y=1 ψ_2(y; ; ),

Λψ_2(; 1; ) = a_−s_−ψ_2(; 1; ) + a_+ψ_2(; 1; L) + ψ_2(1; ; ), Λψ_2(; ; L) = a_+s_+ψ_2(; ; L) + a_−ψ_2(; 1; L) + ψ_2(L − 1; ; ), Λψ_2(x; ; ) = tψ_2(x; ; ) + ψ_2(x + 1; ; ) + ψ_2(x − 1; ; ), for 1 < x < L − 1.

(7.4)

In addition, we also find the boundary relations,

Λψ_2(1; ; ) = tψ_2(1; ; ) + ψ_2(2; ; ) + a_−ψ_2(; 1, 2; ), Λψ_2(L − 1; ; ) = tψ_2(L − 1; ; ) + ψ_2(L − 2; ; ) + a_+ψ_2(; ; L − 1, L), Λψ_2(; 1, 2; ) = a_−s_−ψ_2(; 1, 2; ) + ψ_2(1; ; ), Λψ_2(; ; L − 1, L) = a_+s_+ψ_2(; ; L − 1, L) + ψ_2(L − 1; ; ), Λψ_2(; 1; L) = (a_−s_− + a_+s_+)ψ_2(; 1; L).

(7.5)

As before, we take the first three lines in (7.4) as definitions for ψ_2(; ; ), ψ_2(; 1; ) and ψ_2(; ; L), and solve the remaining equations by making the Ansatz

ψ_2(x; ; ) = f(x), (7.6)

where, f(x) = A^+z^x + A^−z^{−x}. (7.7) We then find from the last line in (7.4) and the first two lines in (7.5) that

Λ = t + z + z^{−1}, ψ_2(; 1, 2; ) = a^{−1}_− f(0), ψ_2(; ; L − 1, L) = a^{−1}_+ f(L).

(7.8)

The third and fourth boundary equations in (7.5) imply the consistency equations,

(λ(z) − a_−s_−)f(0) = a_−f(1), (λ(z) − a_+s_+)f(L) = a_+f(L − 1).

(7.9)

In the case of mixed boundaries we saw that we needed to distinguish the case with an odd number from that with an even number of loops connected to the left boundary. The same holds true here, as can be seen by the last equation of (7.5), which implies that ψ_2(; 1; L) = 0 unless Λ = a_−s_− +a_+s_+, which will generically not be the case with Λ given by (7.8). The complete spectrum in this sector is therefore given by Λ = a_−s_− + a_+s_+, (7.10) in which case A^− = A^+ = 0 and ψ_2(; 1; L) ≠ 0, or Λ = λ(z) = t + z + z^{−1}, (7.11) in which case ψ_2(; 1; L) = 0. The complex number z in (7.11) satisfies the Bethe Ansatz equation z^{2L} = −

K_+(z) K_+(z^{−1}) A^− A^+ = K_+(z)K_−(z) K_+(z^{−1})K_−(z^{−1})

, (7.12)

where, K_±(z) = λ(z) − a_±(s_± + z). (7.13)

7.4 n = 3 In analogy with the case of mixed boundaries, we do not write anymore explicitly the equations relating eigenvector elements of sectors smaller than n to those of n, but only the equations relating the latter to each other. The eigenvalue equation then reads,

Λψ_3(x; 1; ) = (a_−s_− + t)ψ_3(x; 1; ) + ψ_3(x + 1; 1; ) + ψ_3(x − 1; 1; ), for 2 < x < L − 1, Λψ_3(x; ; L) = (a_+s_+ + t)ψ_3(x; ; L) + ψ_3(x + 1; ; L) + ψ_3(x − 1; ; L), for 1 < x < L − 2. (7.14)

with the additional relations when an odd number of loops is connected to the left boundary,

Λψ_3(2; 1; ) = (a_−s_− + t)ψ_3(2; 1; ) + ψ_3(3; 1; ) + ψ_3(1; 3; ), Λψ_3(1; 3; ) = tψ_3(1; 3; ) + ψ_3(2; 1; ) + a_−ψ_3(; 1, 2, 3; ), Λψ_3(; 1, 2, 3; ) = a_−s_−ψ_3(; 1, 2, 3; ) + ψ_3(1; 3; ) + s_−ψ_3(2; 1; ), Λψ_3(L − 1; 1; ) = (a_−s_− + t)ψ_3(L − 1; 1; ) + ψ_3(L − 2; 1; ) + a_+ψ_3(; 1; L − 1, L), Λψ_3(; 1; L − 1, L) = (a_−s_− + a_+s_+)ψ_3(; 1; L − 1, L) + ψ_3(L − 1; 1; ).

(7.15)

and similar equations when an even number of loops is connected to the left boundary. These equations can be satisfied by making the Ansatz,

ψ_3(x; 1; ) = f(x), f(x) = C^+z^x + C^−z^{−x}, ψ_3(x; ; L) = g(x), g(x) = D^+z^x + D^−z^{−x}.

(7.16)

Since the equations do not mix states with an even and odd number of loops connected to the left boundary, we find they can be satisfied if either D^± = 0 or C^± = 0. In the first case we have, Λ = a_−s_− + t + z + z^{−1}, ψ_3(1; 3; ) = f(1), ψ_3(; 1, 2, 3; ) = a^{−1}_− (f(0) + a_−s_−f(1))) , ψ_3(; 1; L − 1, L) = a^{−1}_+ f(L),

(7.17)

with the consistency equations

(λ(z) + a_−s_−)f(0) = a_−(1 − s_−t)f(1), (λ(z) − a_+s_+)f(L) = a_+f(L − 1).

(7.18)

Solving for C^± and z we find that in this sector one part of the spectrum is given by the first line of (7.17) where z is a complex number satisfying,

z^{2L} = −

K_+(z) K_+(z^{−1}) C^− C^+ = K_+(z)K̃_−(z) K_+(z^{−1})K̃_−(z^{−1})

(7.19)

where

K_+(z) = λ(z) − a_+(s_+ + z), K̃_−(z) = λ(z) + a_−(s_− + z(s_−t − 1)). (7.20)

Solving for D^± and z in the case where C^± = 0, we find that the other part of the spectrum is given by Λ = a_+s_+ + λ(z) (7.21) where z is a complex number now satisfying,

z^{2L} = −

K̃_+(z) K̃_+(z−1) D^− D^+ = K̃_+(z)K_−(z) K̃_+(z−1)K_−(z−1) (7.22)

with

K̃_+(z) = λ(z) + a_+(s_+ + z(s_+t − 1)), K_−(z) = λ(z) − a_−(s_− + z). (7.23)

7.5 general n Sectors higher than n = 3 introduce multi particle scattering. The spectrum in these sectors can be calculated using a similar Ansatz as for mixed boundaries. While the equations become more cumbersome, the final answer is the obvious generalisation of the previous sectors if we keep the results for mixed boundaries in mind. The results below are valid for n < L.

Before giving the final result, we first recall the definitions

λ(z) = t + z + z^{−1}, S(z, w) = 1 + tw + zw, K_±(z) = λ(z) − a_±(s_± + z), K̃_±(z) = λ(z) + a_±(s_± + z(s_±t − 1)).

(7.24)

7.5.1 even n The spectrum in these sectors is described by the following two cases.

• Odd number of loops to both boundaries.

Λ = a_−s_− + a_+s_+ + n/2−1∑

j=1 λ(z_j), (7.25)

where the numbers z_i satisfy,

z^{2L}_i =

K̃_+(z)K̃_−(z) K̃_+(z−1)K̃_−(z−1) n/2−1∏

j=1 j≠i S(z^{−1}_i , z_j)S(z_j , z_i) S(z_j , z^{−1}_i )S(z_i, z_j )

, (7.26)

• Even number of loops to both boundaries.

Λ = n/2∑ j=1 λ(z_j), (7.27)

where the numbers z_i satisfy,

z^{2L}_i =

K_+(z)K_−(z) K_+(z^{−1})K_−(z^{−1}) n/2∏ j=1 j≠i S(z^{−1}_i , z_j )S(z_j, z_i) S(z_j , z^{−1}_i )S(z_i, z_j )

. (7.28)

Using the parametrisation of Section 2.3 and the transformation (5.30), these equations are equivalent to (4.2)-(4.4).

7.5.2 odd n For these sectors the spectrum also falls into two classes.

• Odd number of loops to the left and even number of loops connected to the right boundary.

Λ = a_−s_− + (n−1)/2 ∑ j=1 λ(z_j ), (7.29)

where the numbers z_i satisfy,

z^{2L}_i =

K_+(z)K̃_−(z) K_+(z^{−1})K̃_−(z^{−1}) (n−1)/2 ∏ j=1 j≠i S(z^{−1}_i , z_j )S(z_j, z_i) S(z_j , z^{−1}_i )S(z_i, z_j )

, (7.30)

• Even number of loops to both boundaries.

Λ = a_+s_+ + (n−1)/2 ∑ j=1 λ(z_j ), (7.31)

where the numbers z_i satisfy,

z^{2L}_i =

K̃_+(z)K_−(z) K̃_+(z−1)K_−(z−1) (n−1)/2 ∏ j=1 j≠i S(z^{−1}_i , z_j )S(z_j, z_i) S(z_j , z^{−1}_i )S(z_i, z_j )

. (7.32)

Using the parametrisation of Section 2.3 and the transformation (5.30), these equations are equivalent to (4.5)-(4.7).

7.6 n = L = 1 We now consider the cases where n = L. These sectors are quite different from the previous cases since the nonlocal additional relations (2.3) involving the parameter b come into play, see also section 2.2 and section 3. In this sense they are similar to the n = L sectors in the periodic TL algebra, see e.g. [20].

Recall that for n = L we only consider the subspace generated by I_L|⟩, see section 2.2. The eigenvalue equations in the n = L = 1 sector are

Λψ_1(; 1; ) = a_−s_−ψ_1(; 1; ) + a_+ψ_1(; ; 1), Λψ_1(; ; 1) = a_+s_+ψ_1(; ; 1) + a_−bψ_1(; 1; ).

(7.33)

These equations are easily solved, and the spectrum is given by the solutions of the characteristic equation (Λ − a_−s_−)(Λ − a_+s_+) = a_−a_+b. (7.34) Hence we see that if b = 0 we have the same solutions (7.2) and (7.3) as in the case n = 1 < L. We also note that b = s_−s_+ is another special value where the solutions do not contain a radical (see also the remarks at the end of Section 4).

7.7 n = L = 2 In this sector, the resulting eigenvalue equations are,

Λψ_2(1; ; ) = tψ_2(1; ; ) + a_−ψ_2(; 1, 2; ) + a_+ψ_2(; ; 1, 2), Λψ_2(; 1, 2; ) = a_−s_−ψ_2(; 1, 2; ) + ψ_2(1; ; ) + a_+ψ_2(; 1; 2), Λψ_2(; ; 1, 2) = a_+s_+ψ_2(; ; 1, 2) + ψ_2(1; ; ) + a_−ψ_2(; 1; 2), Λψ_2(; 1; 2) = (a_−s_− + a_+s_+)ψ_2(; 1; 2) + bψ_2(1; ; ).

(7.35)

For b = 0, these equations can be solved in the same way as for n = 2 < L by making the Ansatz, ψ_2(x; ; ) = f(x), (7.36) where, f(x) = A^+z^x + A^−z^{−x}. (7.37) We then find that the complete spectrum in this sector is given by

Λ = a_−s_− + a_+s_+, (7.38)

in which case one can take ψ_2(; 1; 2) ≠ 0, or

Λ = λ(z) = t + z + z^{−1} ≠ a_−s_− + a_+s_+, (7.39)

in which case ψ_2(; 1; 2) = 0. The complex number z in (7.39) satisfies the Bethe Ansatz equation z^{2L} = −

K_+(z) K_+(z^{−1}) A^− A^+ = K_+(z)K_−(z) K_+(z^{−1})K_−(z^{−1})

, (7.40)

where, K_±(z) = λ(z) − a_±(s_± + z). (7.41) The eigenvalue is a zero of a quartic polynomial. For b = 0 this polynomial factorizes into a cubic and a linear polynomial. The zero of the linear polynomial gives the solution (7.38). If b ≠ 0, the eigenvalue is a solution of a quartic equation that does not factorize in general. We have not found a systematic way of solving the case b ≠ 0 and n = L.

7.8 n = L = 3 In this sector there are eight equations resulting from the eigenvalue equation,

Λψ_3(2; 1; ) = (a_−s_− + t)ψ_3(2; 1; ) + ψ_3(1; 3; ) + a_+ψ_3(; 1; 2, 3), Λψ_3(1; 3; ) = tψ_3(1; 3; ) + ψ_3(2; 1; ) + a_−ψ_3(; 1, 2, 3; ) + a_+ψ_3(1; ; 3), Λψ_3(; 1; 2, 3) = (a_−s_− + a_+s_+)ψ_3(; 1; 2, 3) + ψ_3(2; 1; ) + ψ_3(1; ; 3), Λψ_3(; 1, 2, 3; ) = a_−s_−ψ_3(; 1, 2, 3; ) + ψ_3(1; 3; ) + s_−ψ_3(2; 1; ) + a_+ψ_3(; 1, 2; 3),

(7.42)

and Λψ_3(1; ; 3) = (a_+s_+ + t)ψ_3(1; ; 3) + ψ_3(2; ; 1) + a_−ψ_3(; 1, 2; 3) Λψ_3(2; ; 1) = tψ_3(2; ; 1) + ψ_3(1; ; 3) + a_−bψ_3(2; 1; ) + a_+ψ_3(; ; 1, 2, 3), Λψ_3(; 1, 2; 3) = (a_−s_− + a_+s_+)ψ_3(; 1, 2; 3) + ψ_3(1; ; 3) + bψ_3(2; 1; ), Λψ_3(; ; 1, 2, 3) = a_+s_+ψ_3(; ; 1, 2, 3) + ψ_3(2; ; 1) + s_+ψ_3(1; ; 3) + a_−bψ_3(; 1; 2, 3). (7.43) We will try to solve them in a similar way as for n = 3 < L. First write,

ψ_3(2; 1; ) = f(2), ψ_3(1; 3; ) = f(1), f(x) = C^+z^x + C^−z^{−x}, ψ_3(1; ; 3) = g(1), ψ_3(2; ; 1) = g(2), g(x) = D^+z^x + D^−z^{−x}.

(7.44)

If b = 0, the equations (7.43) only contain coefficients of states with an even number of loops connected to the left boundary. Hence (7.43) will be trivially satisfied if we set these coefficients all to zero, i.e. D^+ = D^− = 0. The equations (7.42) can then be solved in a similar way as for the case n = 3 < L, and we find,

Λ = a_−s_− + λ(z), (7.45)

where z is a complex number satisfying,

z^{2L} = −

K_+(z) K_+(z^{−1}) C^− C^+ = K_+(z)K̃_−(z) K_+(z^{−1})K̃_−(z^{−1})

, (7.46) and K_+(z) = λ(z) − a_+(s_+ + z), K̃_−(z) = λ(z) + a_−(s_− + z(s_−t − 1)). (7.47)

Another solution for b = 0 is obtained in the following way. We find a non-trivial solution of the eigenvalue problem (7.43), which exists provided one satisfies,

Λ = a_+s_+ + λ(z), (7.48) where z is a complex number satisfying,

z^{2L} = −

K̃_+(z) K̃_+(z−1) D^− D^+ = K̃_+(z)K_−(z) K̃_+(z−1)K_−(z−1), (7.49) and K̃_+(z) = λ(z) + a_+(s_+ + z(s_+t − 1)), K_−(z) = λ(z) − a_−(s_− + z). (7.50)

Given such a solution, the four equations (7.42) then contain four unknowns, the four coefficients with an even number of loops connected to the left boundary. Apart from accidental degeneracies, (7.42) thus has a solution, that we do not need to know explicitly here. Hence for b = 0, the solution for n = L = 3 is the same as that for n = 3 < L.

7.9 general n = L

We hope to have convinced the reader that for b = 0, the Bethe Ansatz solution for the spectrum for the case n < L in Section 7.5 remains valid also for n = L.

8 Conclusion

We have derived equations for the spectrum of the Temperley-Lieb loop model with closed, mixed and open boundaries using a coordinate Bethe Ansatz. The spectra of the quantum XXZ spin chain with diagonal, one non-diagonal and two non-diagonal open boundaries respectively are contained in those of the loop model. In the case of two non-diagonal boundaries, we thus derive a recent numerically conjectured result, and obtain the spectrum of the spin chain in a part of the parameter space where it was previously not known.

9 Acknowledgement

It is a pleasure to thank Vladimir Rittenberg for many useful discussions, and Andrew Rechnitzer for his help in obtaining the results of the appendix. JdG was financially supported by the Australian Research Council. PP was partially supported by the Heisenberg- Landau grant and by the RFBR grant No.03-01-00781.

A Dimension of representation spaces

We use a functional equation method [21] to find the generating functions of the various dimensions of the representation spaces. Let us first consider all sequences of well-nested parentheses that have the same number of opening and closing parentheses. Such a sequence may be the empty sequence, or it has the form •(•) where • represents any wellnested sequence of parentheses, including the empty one. The generating function for such sequences hence satisfies the functional equation D(z) = 1 + z^2D(z)^2, (A.51) where the 1 coresponds to the empty sequence, z^2 to the opening and closing parenthesis and D(z)^2 to the two well-nested sequences. Equation (A.51) is easily solved with the initial condition D(0) = 1. The solution is the Catalan generating function D(z) = 2 1 + √ 1 − 4z^2

. (A.52)

Let us now consider all sequences of well-nested parenthesis with an arbitrary number of vertical bars “|” in between them. Each such sequence with n vertical bars is of the form •| • | · · · • | • . The generating function for these sequences is therefore given by G_C(z) = D(z) + D(z)zD(z) + D(z)zD(z)zD(z) = . . . (A.53) = D(z) ∞∑ n=0 (zD(z))^n = D(z) 1 − zD(z) . (A.54)

The sequences corresponding to states in V^M_L are of the form •)•) · · ·•) • | • | · · · • |•, and hence the generating function is given by

G_M(z) = D(z) (_∞ ∑ n=0 (zD(z))^n )_2 = D(z) (1 − zD(z))^2 = 1 1 − 2z . (A.55)

Finally, the sequences corresponding to states in V^O_L are of the form •)•) · · ·•) • | • | · · · • | • (• · · ·(•(•, and hence the generating function is given by

G_O(z) = D(z) (_∞ ∑ n=0 (zD(z))^n )_3 = D(z) (1 − zD(z))^3

. (A.56)

The generating functions for the subspaces generated by I_L|⟩ and J_L|⟩, see section 2.2, are equal to G_M(z), which follows from replacing “|” by “(” in the sequences above (A.55).

References

[1] E.K. Sklyanin, Boundary conditions for integrable quantum systems, J. Phys A 21 (1988), 2375–2389.

[2] R.I. Nepomechie, Solving the open XXZ spin chain with nondiagonal boundary terms at roots of unity, Nucl. Phys. B 622 (2002) 615-632, hep-th/0110116.

[3] R.I. Nepomechie, Functional relations and Bethe Ansatz for the XXZ, J. Stat. Phys.

111 (2003), 1363-1376, hep-th/0211001.

[4] J.-P. Cao, H.-Q. Lin, K.-J. Shi and Y. Wang, Exact solutions and elementary excitations in the XXZ spin chain with unparallel boundary fields, cond-mat/0212163.

[5] R.I. Nepomechie, Bethe Ansatz solution of the open XXZ chain with nondiagonal boundary terms, J. Phys. A 37 (2004), 433-440, hep-th/0304092.

[6] R.I. Nepomechie and F. Ravanini, Completeness of the Bethe Ansatz solution of the open XXZ chain with nondiagonal boundary terms, J.Phys. A 36 (2003), 11391-11402,

hep-th/0307095.

[7] C. Ahn and R.I. Nepomechie, Finite size effects in the XXZ and sine-Gordon models with two boundaries, Nucl. Phys. B 676 (2004) 637-658, hep-th/0309261.

[8] H. Bethe, Zur theorie der Metalle. I. Eigenwerte und eigenfunktionen der linearen Atomkette, Z. Phys. 71 (1931), 205-226.

[9] D. Levy, Structure of Temperley-Lieb algebras and its application to 2D statistical models, Phys. Rev. Lett. 64, 499–502;

[10] D. Levy, Algebraic structure of translation-invariant spin-^1_2 xxz and q-Potts quantum chains, Phys. Rev. Lett. 67 (1991), 1971–1974.

[11] P. Martin and H. Saleur, On algebraic diagonalization of the XXZ chain, Int. J. Mod.

Phys. B 8 (1994), 3637–3644.

[12] S. Mitra, B. Nienhuis, J. de Gier and M.T. Batchelor, Exact expressions for correlations in the ground state of the dense O(1) loop model, cond-mat/0401245.

[13] H.N.V. Temperley and E.H. Lieb, Relations between the ’percolation’ and ’colouring’ problem and other graph-theoretical problems associated with regular planar lattices: some exact results for the ’percolation’ problem, Proc. R. Soc. London A, 322 (1971), 251–280.

[14] P.P. Martin, Potts Models and Related Problems in Statistical Mechanics (World Scientific Singapore,1991).

[15] D. Levy, Lattice algebras and the hidden symmetry of the 2D Ising model in a magnetic field, Int. J. Mod. Phys. A 6 (1991), 5127–5154.

[16] P. Martin and H. Saleur, The blob algebra and the periodic Temperley-Lieb algebra, Lett. Math. Phys. 30 (1994), 189–206, hep-th/9302094

[17] J.-S. Caux, H. Saleur and F. Siano, Josephson current in Luttinger liquidsuperconductor junctions, Phys. Rev. Lett. 88 (2002), 106402-1–106402-4; The two boundary sine-Gordon model, Nucl. Phys. B 672 (2003), 411-461, cond-mat/0306328.

[18] F.C. Alcaraz, M.N. Barber, M.T. Batchelor, R.J. Baxter and G.R.W. Quispel, Surface exponents of the quantum XXZ, Ashkin-Teller and Potts models, J. Phys A 20 (1987), 6397–6409.

[19] A. Doikou and P.P. Martin, Hecke algebra approach to the reflection equation for spin chains, J. Phys A 36 (2003) 2203–2225, hep-th/0206076.

[20] P.P. Martin and H. Saleur, On an algebraic approach to higher dimensional statistical mechanics, Commun. Math. Phys. 158 (1993), 155–190, hep-th/9208061.

[21] T. Prellberg and R. Brak, Critical exponents from nonlinear functional equations for partially directed cluster models, J. Stat. Phys. 78 (1995), 701–730.