arXiv:hep-th/0312287 v1 24 Dec 2003

Quasi Normal Modes

Ivo Sachs

Theoretische Physik, Ludwig-Maximilians Universität Theresienstrasse 37 D-80333, München Germany

Abstract: In this talk we review different applications of quasinormal modes to black hole physics, string theory and thermalisation in quantum field theory. In particular, we describe the the relation between quasi normal modes of AdS black holes and the time scale for thermalisation in strongly coupled, large N conformal field theory. We also discuss the problem of unitarity within this approach.

1 Introduction

It is well established that black holes behave like thermodynamical systems. In particular, at equilibrium, the various thermodynamical quantities, such as temperature and entropy, are determined in terms of mass, charge and angular momentum of the black hole. However, a direct derivation of these properties from first principles requires a detailed knowledge of the microscopic theory of black holes which is still poorly understood.

This is in contrast to finite temperature field theory which is a well studied and conceptually well defined problem (e.g. [1]). For a small perturbation, the process of thermalisation is described by linear response theory [1]. The relaxation process is then completely determined by the poles, in the momentum space representation, of the retarded correlation function of the perturbation.

It turns out that these seemingly different phenomena in black hole physics and finite temperature quantum field theory may, in fact well be related to each other at a fundamental level. The idea that quantum field theory might provide a microscopic definition of quantum gravity is not new and has been explored, for instance in induced gravity and composite gravity models. However, the most concrete realisation of this idea is found in string theory which realises a very specific correspondence between gravity in antide Sitter space and quantum field theory in flat space, [2, 3, 4] (see [5] for a review). In this correspondence certain field theory correlators can be equivalently described by solving Green function equations in a dual gravitational background. This suggests that gravity may be interpreted as a masterfield for certain correlation functions in quantum field theory.

If we accept that this correspondence between gravity and quantum field theory also holds at finite temperature, this provides an effective tool to relate thermal properties of black holes and finite temperature quantum field theory. Although, in general, neither the field theory correlators, nor the Green functions in the corresponding gravity background are known explicitly, non-trivial information about thermalisation in quantum field theory can nevertheless be be obtained by studying small perturbations of a black hole away form equilibrium. Such perturbations are described by quasinormal modes [6]. These oscillations are similar to normal modes of a closed system. However, since the perturbation can fall into the black hole or radiate to infinity the corresponding frequencies are complex. In the linear regime a given perturbation can be expressed in terms of a free field of mass m and spin s propagating in the black hole background. For instance in asymptotically flat space, a scalar perturbation Φ of mass m satisfies the equation of motion ( ∇^2 − m^2 ) Φ = 0, (1)

with ingoing and outgoing boundary conditions at the horizon and infinity respectively, Φ = { Φ^{in} r = r_S Φ^{out} r = ∞. (2) In general there are no closed solutions to (1) but for the general discussion in this section the qualitative behaviour of the solutions will be sufficient. For asymptotically flat four dimensional geometries the time dependence of Φ is of the form Φ(t) ≃ { e^{−iωt} small t t^{−α} large t, (3) where α = 2l + 3 depends on the angular momentum. The power law tail describes the scattering off the asymptotic 1/r potential while the exponential describes the ’quasinormal ringing’. The quasinormal frequencies ω = ω_R + iω_I have a negative imaginary part proportional to the temperature of the black hole. In particular, in asymptotically flat space-time ω_I is independent of the perturbation thus encoding information about the black hole only.

For black holes in anti-de Sitter (AdS) space time the situation is different. The cosmological constant leads to a growing potential in the asymptotic region effectively acting as a confining box. On the other hand, perturbations can still fall into the black hole and correspondingly the oscillations are still damped. The corresponding frequencies can be determined by a variety of analytical and numerical methods^1 [7, 8, 9, 10]. Via the gravity/quantum field theory correspondence described above quasinormal modes should have an interpretation in the corresponding quantum field theory. It has been suggested in [7] that the quasinormal frequencies provide the time scale for thermalisation of perturbations in the corresponding finite temperature field theory. As explained above, in quantum field theory this process is described by linear response theory. The precise connection has now been established for the case of anti-de Sitter black holes and will be described in section 2. In section 3 we then discuss the relation of quasinormal modes with the problem of unitarity.

2 Quasi normal modes and linear response theory

With the formulation of the AdS/CFT between (super) gravity on (d + 1)-dimensional anti-de Sitter space and conformal field theory in d dimensions the prospect of a quantitative interpretation of quasinormal modes of black holes in asymptotically anti-de Sitter

1 See [9] for further references

space became a reality. The boundary conditions for the quasinormal wave equation have to be such that the perturbation cannot escape to infinity. In particular, the power law tail is absent in anti-de Sitter space. Another modification with respect to the asymptotically flat space is the existence of an extra scale, the curvature radius ℓ of AdS space. However, for very massive black holes, r_S >> ℓ, it is not hard to see [7] that the quasinormal frequencies are proportional to the temperature, T_H , of the black hole. The first few quasi normal frequencies where computed numerically in [7] for scalar perturbations of AdS-Schwarzschild black holes in four-, five- and seven dimensions (see also [9]) for further results and references). According to the AdS/CFT correspondence, the imaginary part of ω should have an interpretation as the time scale for the thermalisation of small perturbations in the dual conformal field theory. In quantum field theory this process is described using linear response theory [1]: For a perturbation H_{pert} = ∫ J(x)O(x), the deviation of the expectation value ⟨O⟩ is then expressed in terms of the retarded correlation function G_R(t − t^′, x − x^′) as δ⟨O⟩ = ∫ dt^′d^{d−1}x^′ G_R(t − t^′, x − x^′)J(t^′, x^′) . (4) For simplicity we consider an instantaneous and homogenous perturbation J(x, t) = δ(t). One then finds δ⟨O(x, t)⟩ = ∫_∞ −∞ dω 2π e^{−iωt}G̃_R(ω, 0) = −i ∑ ω_i:poles Res(G̃_R)|_{ωi} e^{−iωit} . (5) Thus the quasinormal modes should correspond to the poles of the retarded Green function in the dual conformal field theory. That this should be so can also be seen directly from the AdS/CFT correspondence. Indeed, Keski-Vakkuri^2 [11] argued that in Fourier space the retarded CFT two-point correlator for the operator O dual to a scalar field Φ propagating in AdS is given by G̃_R(ω, 0) = Φ^−(ω) Φ^+(ω)

, (6)

with boundary conditions such that Φ is ingoing at the horizon and Φ^± are the asymptotically divergent and vanishing part of Φ at infinity respectively. With this definition it is then clear that the poles of G̃_R are given by the points ω for which Φ^+ vanishes. This, in turn is just the quasinormal mode boundary conditions^3 and thus the quasinormal frequencies are just the poles of the retarded correlation function of the dual operator. This correspondence can be tested explicitly in AdS_3 since in this case the both, the quasi normal modes as well as the poles of the dual correlator can be calculated and compared explicitly. Since in the dual 2-dimensional conformal field theory the left and right moving degrees of freedom decouple we expect that each sector has its own sequence of quasinormal modes. This is indeed the case and the two sets of quasinormal frequencies are given by ω_L = k − 4πiT_L(n + h_L) , ω_R = −k − 4πiT_R(n + h_R) . (7)

Here n = 0, 1, 2, ... takes integer values, T_{L/R} are the temperatures of the left and right moving sectors related to the Hawking temperature via^1_{TL} +^1_{TR} =^1_{TH} . Finally, h_{L/R} are

2 See also [12].

3 The precise boundary condition is that the current has to vanish at infinity [8, 9]

the conformal weights of the perturbation operators in the conformal field theory. These are related to the mass and spin of the perturbation of the AdS_3-black hole by the usual relation [5] h_R + h_L = Δ, h_R − h_L = ±s with Δ = 1 + √ 1 + m^2. This set of poles characterises the decay of the perturbation on the CFT side, and coincides precisely with the quasinormal frequencies of the BTZ black hole for perturbations of various mass and spin [8].

In dimensions bigger than two the conformal Ward-identities are not enough to determine the thermal 2-point correlators exactly. However, the quasinormal modes can still be determined numerically thus allowing to extract non perturbative information about the resonances in strongly coupled, large N conformal field theory at finite temperature. In particular, Núñez and Starinets [9] found that the quasinormal frequencies for scalar perturbations of AdS_5-Schwarzschild black holes can be written in the form^4 ω ≃ 2πT ( n + Δ 2 − 1 2 ) (1 − i) , n = 0, 1, 2, ... (8) which the provides a prediction for the poles of the retarded correlators of the dual operators in strongly coupled conformal field theory. It is interesting to compare this set of poles with the retarded 2-point function of a free massless scalar field (Δ = 1) in four dimensions. The poles of this correlator are located at ω = 2πiT n which agrees with the imaginary part in (8). In particular the shift by −^1_2 in (8) is required by the periodicity of the finite temperature correlation function. The temperature dependent real part of the quasinormal frequencies on the other hand is a novel effect which should be interpreted as a feature of strongly coupled conformal field theory.

3 Finite Size Effects and Unitarity

So far we have assumed that the conformal field theory, dual to the AdS-black hole background lives in infinite volume. However, if the volume is finite we expect the thermalisation process to be qualitatively different on the field theory side. The question is then how this can be matched in the gravitational description. For concreteness let us consider the BTZ black hole which is locally AdS_3 with curvature radius ℓ. According to the AdS/CFT correspondence this background is dual to the world volume theory of a system of k =^ℓ_{8GN} parallel D1 and D5 branes. This theory can be interpreted as a gas of strings that wind around a circle of length L with target space T^4. The individual strings can be simply or multiply wound such that the total winding number is k. In the large k limit this theory undergoes a first order phase transition [14] at β_c = L. The low temperature phase consists of k simply would strings while the high temperature phase is described by a single string wound k times. This transition is mimicked on the gravity side by the Hawking-Page transition [15] between AdS-black hole at large temperature and thermal AdS at low temperature. Since the effective volume of the field theory is finite in the low temperature phase the energy spectrum is discrete and consequently the real time two point correlation function has poles on the real line in momentum space (e.g. [1]) corresponding to a (quasi) periodic function in real time. This is just a manifestation of the well known Poincaré recurrences which are in turn a consequence of the finite volume in phase space. On the gravity side, the poles on the real line are in 1 − 1 correspondence

4 This also holds for massless vector perturbations with Δ = Δ_− and for massless gravitons [9].

with normal modes in thermal AdS [16] ω = ± 4π L (n + h) . (9)

The Hawking-Page transition is thus a transition between oscillatory behaviour (normal modes) at low temperature and exponentially decaying behaviour (quasinormal modes) at high temperature.

The question is then what happens a finite k? One possibility is to approximate the full retarded correlator by the sum of the two dominant contributions at large k [13]

⟨O(w, w̄)O(w^′, w̄^′)⟩ = e^{−SBTZ} ⟨O O^′⟩_{BTZ} + e^{−SAdS} ⟨O O^′⟩_{AdS} , (10)

up to a global normalisation. This implies a lower bound on the correlation which is required by unitarity. However, from the field theory point of view the volume of the field theory at finite k is always finite since even multiply wrapped strings have finite length. One thus expects an oscillatory (quasi-periodic) behaviour for any temperature. This in turn is not compatible with the existence quasinormal modes which clearly imply an exponential decay of the retarded correlator. We can go some way to resolve this puzzle by recalling that at finite k there cannot be a phase transition in any two dimensional conformal field theory. Consequently the field theory will always be in the low temperature phase no matter what temperature. On the CFT side the free energy can be determined exactly for any k [17] and one sees explicitly how the discontinuity arises at k = ∞. In the classical gravity approximation on the other hand one finds a Hawking-Page transition for any k. Thus, if the the AdS/CFT correspondence holds for any k, then the string corrections to the metric must remove the horizon. Ways to implement such corrections have been analysed for instance in^5 [18, 19].

4 Discussion

We have seen that quasinormal modes provide an effective and quantitative tool to explore thermalisation in large N conformal field theory. In particular, the imaginary part of the quasinormal frequencies correspond to the poles of the retarded thermal correlation function of various field theory observables. On the other hand, for finite the strict N quasinormal modes are in conflict with unitarity on the field theory side suggesting that black boles should be interpreted as as duals of strongly coupled CFT’s only in the strict N → ∞ limit. An interesting question is whether the large N approximation can still be used to obtain some quantitative information about the finite N system for instance along the lines explored in [20, 21].

Recently it has been suggested that the real part of the quasinormal frequencies may also have a quantitative interpretation in terms of the micro states of the quantised black hole, at least in asymptotically flat space. Concretely, for Schwarzschild black holes the asymptotic form of real part of ω_n approaches T_H ln(3), for n → ∞. Using Bohr’s correspondence principle, Hod [22] suggested that energy levels of the quantised black hole should be given by ΔE =^{h̄}_{8πM} ln(3) which mean that the area should be quantised as ΔA = 4ℓ^2_p ln(3). Comparing this quantitative relation with the loop quantum gravity prediction fixes the otherwise undetermined Immirzi parameter [23].

Acknowledgement I would like to thank D. Birmingham and S. Solodukhin for collaboration on some of the work reviewed in this talk as well as S. Theisen and V. Suneeta

5 See also E. Rabnovic’s talk at this conference.

for helpful discussions. I would also like to extend my thanks to the organisers of the Ahrenshoop meeting for creating a productive and enjoyable environment.

References

[1] A.L. Fetter and J.D. Walecka, “Quantum Theory of Many-Particle Systems,” McGraw-Hill Book Company (1971).

[2] J. M. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231 [Int. J. Theor. Phys. 38 (1999) 1113] [arXiv:hep-th/9711200].

[3] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428 (1998) 105 [arXiv:hep-th/9802109].

[4] E. Witten, Adv. Theor. Math. Phys. 2 (1998) 253 [arXiv:hep-th/9802150].

[5] O. Aharony, S.S. Gubser, J. Maldacena, H. Ooguri and Y. Oz, Phys. Rep. 323, 183 (2000) [arXiv:hep-th/9905111].

[6] See e.g. V.P. Frolov and I.D. Novikov, “Black Hole Physics: Basic Concepts And New Developments,” Dordrecht, Netherlands: Kluwer Academic (1998).

[7] G. T. Horowitz and V. E. Hubeny, Phys. Rev. D 62 (2000) 024027 [arXiv:hep-th/9909056].

[8] D. Birmingham, I. Sachs and S.N. Solodukhin, Phys. Rev. Lett. 88, 151301 (2002) [arXiv:hep-th/0112055].

[9] A. Nunez and A. O. Starinets, Phys. Rev. D 67 (2003) 124013 [arXiv:hep-th/0302026].

[10] S. Kalyana Rama and B. Sathiapalan, Mod. Phys. Lett. A 14 (1999) 2635 [arXiv:hep-th/9905219]; J. S. Chan and R. B. Mann, Phys. Rev. D 55, 7546 (1997) [arXiv:gr-qc/9612026]; B. Wang, C. Y. Lin and E. Abdalla, Phys. Lett. B 481 (2000) 79 [arXiv:hep-th/0003295]; T. R. Govindarajan and V. Suneeta, Class. Quant. Grav. 18 (2001) 265 [arXiv:gr-qc/0007084]; V. Cardoso and J. P. S. Lemos, Phys. Rev. D 63 (2001) 124015 [arXiv:gr-qc/0101052]; D. Birmingham, Phys. Rev. D 64 (2001) 064024 [arXiv:hep-th/0101194]; W. T. Kim and J. J. Oh, Phys. Lett. B 514 (2001) 155 [arXiv:hep-th/0105112]; V. Cardoso and J. P. S. Lemos, Phys. Rev. D 64 (2001) 084017 [arXiv:gr-qc/0105103]; V. Cardoso and J. P. S. Lemos, Class. Quant. Grav. 18 (2001) 5257 [arXiv:gr-qc/0107098]; I. G. Moss and J. P. Norman, Class. Quant. Grav. 19 (2002) 2323 [arXiv:gr-qc/0201016]; R. A. Konoplya, Phys. Rev. D 66 (2002) 044009 [arXiv:hep-th/0205142]; R. A. Konoplya, Phys. Rev. D 66 (2002) 084007 [arXiv:gr-qc/0207028]; Y. Kurita and M. A. Sakagami, arXiv:hep-th/0208063; R. Aros, C. Martinez, R. Troncoso and J. Zanelli, arXiv:hep-th/0211024.

[11] U. H. Danielsson, E. Keski-Vakkuri and M. Kruczenski, Nucl. Phys. B 563 (1999) 279 [arXiv:hep-th/9905227].

[12] D. T. Son and A. O. Starinets, JHEP 0209 (2002) 042 [arXiv:hep-th/0205051].

[13] J. Maldacena, arXiv:hep-th/0106112.

[14] J. Maldacena and A. Strominger, JHEP 9812, 005 (1998) [arXiv:hep-th/9804085].

[15] S.W. Hawking and D.N. Page, Commun. Math. Phys. 87, 577 (1983). [16] D. Birmingham, I. Sachs and S. N. Solodukhin, Phys. Rev. D 67 (2003) 104026 [arXiv:hep-th/0212308].

[17] R. Dijkgraaf, J. Maldacena, G. Moore, and E. Verlinde, arXiv:hep-th/0005003. [18] O. Lunin and S. D. Mathur, Nucl. Phys. B 623 (2002) 342 [arXiv:hep-th/0109154]. [19] J. L. F. Barbon and E. Rabinovici, JHEP 0311 (2003) 047 [arXiv:hep-th/0308063]. [20] B. Sundborg, Nucl. Phys. B 573 (2000) 349 [arXiv:hep-th/9908001]. [21] O. Aharony, J. Marsano, S. Minwalla, K. Papadodimas and M. Van Raamsdonk, arXiv:hep-th/0310285.

[22] S. Hod, Gen. Rel. Grav. 31 (1999) 1639 [arXiv:gr-qc/0002002]. [23] O. Dreyer, Phys. Rev. Lett. 90 (2003) 081301 [arXiv:gr-qc/0211076].