arXiv:hep-th/0312318 v2 25 Jan 2004

DFTT-2003

Perturbative Quantum Gravity in Analogy with Fermi Theory of Weak Interactions using Bosonic Tensor Fields

Leonardo Modesto

1 Dipartimento di Fisica Teorica, Universitá di Torino, & INFN - Sezione di Torino via P. Giuria 1, I-10125 Torino, Italy

Abstract

In this paper we work in perturbative Quantum Gravity and we introduce a new effective model for gravity. Expanding the Einstein-Hilbert Lagrangian in graviton field powers we have an infinite number of terms. In this paper we study the possibility of an interpretation of more than three graviton interacting vertices as effective vertices of a most fundamental theory that contain tensor fields . Here we introduce a Lagrangian model named I.T.B. (Intermediate- Tensor-Boson) where four gravitational ”pseudo-currents” that contain two gravitons couple to three massive tensorial fields of ranks one, three and five respectively. We show that the exchange of those massive particles reproduces, at low energy, the interacting vertices for four or more gravitons. In a particolar version, the model contains a dimensionless coupling constant “g” and the mass M_Φ of the intermediate bosons as free parameters. The universal gravitational constant G_N is shown to be proportional to the inverse of mass squared of mediator fields, particularly G_N ∼ g^2/M^2_Φ. A foresighting choice of the dimensionless coupling constant could lower the energy scale where quantum gravity aspects show up.

1 Introduction to the Model

In this paper we consider the perturbative expansion of the Einstein-Hilbert action in graviton (h_{μν} ) field powers. After the quadratic order that is the free Graviton Lagrangian, the first not trivial order is the three gravitons interaction. The subsequent is the four gravitons interaction and so on. The interaction vertex that we study with particular attention is the local four graviton interaction vertex; we show that we can see this term as a ”current-current” interaction in analogy with Fermi Theory of Weak Interactions. In a second step we introduce the I.T.B. (Intermediate Tensor Boson) theory for Quantum Gravity in analogy with the I.V.B. (Intermediate Vector Boson) theory that is the non local extension of the Fermi theory. In this Model we introduce an opportune number of Lagrangian terms describing the coupling between currents, made only of gravitons, and tensorial bosons of rank 1, 3, 5. The bosons are the analog of the W^+ and W^− vectors for I.V.B. theory.

Moreover we show that using only another Lagrangian term we can reproduce the tensor structure of all interactions with 5, 6, . . . , n gravitons. Finally we compare the I.T.B model with string theory and we propose a new picture where the two theories are two different phases of a more fundamental theory. This can be a theory of massless Tensor Fields [1], [2], [3], [4], [5], [6], [7], [8] or a Yang-Mills theory coupled with Sub-Quark [10], [11], [12]. In the second case String Theory and the I.T.B model could be two different hadronic phases of a more microscopic sub-quarks theory.

2 (Γ Γ)-Action Gravitons Expansion

The (Γ Γ) action for Gravity is S = − 1 16πG_N ∫ G √ −g d^4x (2.1)

where G = g^{μν} (Γ^δ_{μρ}Γ^ρ_{νδ} − Γ^ρ_{μν} Γ^σ_{ρσ} ) = g^{μν} g^{ρσ}g^{τ ε}(Γ_{σμτ} Γ_{ενρ} − Γ_{σμν} Γ_{ερτ} ) (2.2)

We consider now the fluctuation of the g_{μν} metric around the flat background η_{μν}

g_{μν} = η_{μν} + h_{μν} (2.3)

This expansion around the flat background is correct only locally. In fact, for Manifold with non trivial topology, the metric can non be globally expanded in η_{μν} plus a fluctuation. This expansion 2.3 is relevant for the description of nature because, in the portion of the Universe where our solar system is placed, the intensity of the fluctuation is about |h_{μν} | ∼ 10^{−9}.

If we observe the Lagrangian 2.1 we see that at any order we have only two derivatives. This is a consequence of the definition of the Cristoffel symbols, in fact such symbols have only low indices and so the form in terms of h_{μν} is exact Γ_{μνρ} ≡ 1 2 (∂_ρh_{μν} + ∂_ν h_{μρ} − ∂_μh_{νρ}) (2.4)

Now using the relation √ detA = exp[^1_2 T r(logA)] we can expand the determinant and the inverse of the metric g_{μν} in power of h_{μν} : √ detg = √ det(δ + h) = exp [ 1 2 T r(log(δ + h)) ] = ∞∏ n=1 {_∞ ∑ m=0 1 m! [ (−1)^{n−1} 2n (h^n)^μ ]_m} =

= 1 + 1 2 h^μ_μ + 1 8 (h^μ_μ)^2 − 1 4 (h^2)^μ_μ − 1 8 (h^μ_μ)(h^2)^μ_μ + 1 48 (h^μ_μ)^3 + 1 6 (h^3)^μ_μ − 1 384 (h^μ_μ)^4 − 1 32 (h^μ_μ)^2(h^2)^μ_μ + 1 12 (h^μ_μ)(h^3)^μ_μ − 1 8 (h^4)^μ_μ + 1 32 ((h^2)^μ_μ)^2 + . . . (2.5)

(g^{−1})^{μν} = [(η + h)^{−1}]^{μν} = η^{μν} − h^{μν} + (h^2)^{μν} − (h^3)^{μν} + (h^4)^{μν} = ∞∑ n=0 (−1)^n(h^n)^{μν} (2.6)

This second relation can be obtained from the Taylor expansion of (1+x)^α. Using those relations the Lorentz gauge condition ∂^μh_{μν} = 0 and, the mass-shell condition (h^μ_μ = 0, □h_{μν} ) the amplitudes can be written

L_{(4)} = − 1 64πG_N [2h^{μν} ∂_τ h_{νρ}h^{τ σ}∂_μh_σ^ρ − 2h^{μν} ∂_τ h_{νρ}h^{τ σ}∂_σ h_μ^ρ +

+3h^{μν} ∂_τ h_{νρ}h^{ρσ} ∂_μh^τ_σ + 3 2 h^{μν} ∂_τ h_{νρ}h^{ρσ}∂^τ h_{μσ} + +2h^{μν} ∂_τ h_{νρ}h_{μσ} ∂^σh^{τ ρ} + h^{μν} ∂_τ h_{μρ}h_{νσ} ∂^ρh^{τ σ} + + 1 2 h^{μν} ∂_τ h_{μρ}h_{νσ} ∂^τ h^{ρσ} + h^{μν} ∂_μh_{τ ρ}h_{νσ} ∂^ρh^{τ σ} + + 3 2 h^{μν} ∂_μh_{τ ρ}h_{νσ} ∂^σh^{τ ρ} + + 5 2 h^{μν} ∂^τ h^{ρσ}h_{μσ} ∂_τ h_{ρν} − 5 2 h^{μν} ∂^τ h^{ρσ} h_{μτ} ∂_ν h_{ρτ} + + 13 2 h^{μν} ∂^τ h^{ρσ} h_{μν} ∂_τ h_{ρσ} + 3 2 h^{μν} ∂^τ h^{ρσ} h_{μν} ∂_σh_{ρτ} + + 29 2 h^{μν} ∂_τ h_{μν} h^{ρσ} ∂^τ h_{ρσ} ] (2.7)

Since we are studying the tree level gravitons interaction it is sufficient to consider only the on shell Lagrangian terms. In fact all the interactions that contain the tensors ∂_μh_{μν} , h^μ_μ and □h_{μν} , produce amplitudes proportional to k^μϵ_{μν} , ϵ^μ_μ and k^2 that are identically zero on external gravitons states.

Now we introduce tensors with tree and five indexes, that we call ”tensor currents” and we rewrite the Lagrangian (2.7) as a ”current-current” interaction in analogy with Fermi theory of the weak interactions. The currents need to do it are

J^μ_{(1)} = (∂^μh_{νρ})h^{νρ} (2.8) J^{μνρ}_{(2)} = (∂^σh^{μν} )h_σ^ρ (2.9) J^{μνρσδ} (3) = (∂^μh^{νρ})h^{σδ} (2.10)

Using those currents in the Lagrangian (2.7) we obtain this compact form for the four gravitons interaction

L_4 = − 1 64πG_N [ 2∑ i,j=1 a_{ij} J_iJ_j + a_{(3)}J_{(3)}J_{(3)}] (2.11)

3 G_N Constant Expansion

The fundamental constant in gravity is the Newton constant G_N that in natural units c = 1 and ℏ = 1 is G_N = 1 M^2_P

∼ (10^{19}GeV )^{−2} (3.1)

In front of the Lagrangian we have the factor −^1_{64πGN} , and we can reabsorb it in the definition of the graviton field : h_{μν} → √ 64πG_N h_{μν} (3.2)

In this way we obtain mass dimension for the graviton h_{μν} while the metric is dimensionless. With this definition we obtain a factor (64πG_N )^n2 in front of the n-oder interaction in the gravitons expansion of the Lagrangian. The scheme of the Lagrangian with correct powers of G_N is L = (∂h∂h) + √ G_N (∂h∂h)h + ( √ G_N )^2(∂h∂h)hh +( √ G_N )^3(∂h∂h)hhh + ( √ G_N )^4(∂h∂h)hhhh · · · = = ∞∑ n=0 [(G_N )^{n2} (∂h∂h)(h)^n] (3.3)

Where 64π factors are understood.

At this point we can rewrite the Lagrangian 2.11 in the following way :

L_4 = −64πG_N [

∑_2 i,j=1 aij JiJj + a(3)J(3)J(3)] = (3.4) = −^{64π}_{M 2P} [

∑_2 i,j=1 aij JiJj + a(3)J(3)J(3)] (3.5) 4 The I.T.B Theory for Quantum Gravity

As said in the first section the I.V.B theory replaces the Fermi Theory of the weak interactions. In this new model the fermionic local interaction becomes a non local interaction with the exchange of a massive boson (W^+ or W^−). The mass of the bosons is exactly the inverse of the G_F Fermi constant ((G_F )^{−1/2} = M_W ). Now we introduce for Gravity an analog of the I.V.B model that we call I.T.B (Intermediate Tensor Boson Model).

In the I.T.B Model the analog of the W^+_μ W^−_μ bosons are tensor fields of rang 1, 3 and 5 :

Φ_μ Φ_{μνρ} Φ_{μνρστ} (4.1)

Such fields couple to what we call ”gravitational currents”, in analogy with the Fermi model, through the following Lagrangian terms with a dimensionless coupling constant, as in the I.V.B model.

L_{(0)} = gJ^μ_{(0)}Φ_μ = gh^{νρ}∂^μhνρΦ_μ

L_{(1)} = gJ^{μνρ}_{(1)} Φ_{μνρ} = g(∂^μh^{νσ} )h_σ^ρΦ_{μνρ}

L_{(2)} = gJ^{μνρ}_{(2)} Φ_{μνρ} = g(∂^σh^{μν} )h_σ^ρΦ_{μνρ}

L_{(3)} = gJ^{μνρστ}_{(3)} Φ_{μνρστ} = g(∂^μh^{νρ})h^{στ} Φ_{μνρστ} (4.2)

Those Lagrangian terms reproduce all the local four graviton interactions as a low energy limit (M^2_Φ ≫ k^2_Φ) of amplitudes in which gravitons interact through the exchange of massive fields Φ_μ,

Φ_{μνρ} or Φ_{μνρστ} . We introduce now the following tensor factors for the propagetors of the higher spin fields

K^{(1)}_{μ,ν} = 29 2 η_{μν} (4.3)

K^{(3)}_{μνρ,αβγ} = 1 2 η_{μα}η_{νβ} η_{ργ} + 3 2 η_{μα}η_{νγ} η_{ρβ} + η_{μβ} η_{να}η_{ργ} + − 15 8 η_{μγ} η_{να}η_{ρβ} + 5 8 η_{μβ}η_{νγ} η_{ρα} + 7 8 η_{μγ} η_{νβ} η_{ρα} (4.4)

K^{(5)}_{μ1 ν1ρ1 δ1σ1 , μ2ν2 ρ2δ2σ2} = 13 2 η_{μ1μ2} η_{ν1ν2} η_{ρ1ρ2} η_{δ1δ2} η_{σ1σ2} + + 3 2 η_{μ1μ2} η_{ν1 ρ2} η_{ρ1ν2} η_{δ1δ2} η_{σ1σ2} + − 5 2 η_{μ1μ2} η_{ν1 ν2} η_{ρ1σ2} η_{δ1δ2} η_{σ1ρ2} + + 5 2 η_{μ1μ2} η_{ν1 σ2} η_{ρ1ρ2} η_{δ1δ2} η_{σ1ν2} (4.5)

We start with the field of rank 3. In this case the Lagrangian is L_{(1)} + L_{(2)} and we calculate the scattering amplitudes for 4 gravitons using the S-matrix.

We recall that the S-matrix connects the final state |Φ(t = +∞)⟩ to the initial state |Φ(t = −∞)⟩ defined by |Φ(t = +∞)⟩ = S|Φ(t = −∞)⟩ (4.6) The probability to obtain the system in the general state |f⟩ after the scattering, is

|⟨f|Φ(t = +∞)⟩|^2 (4.7)

and the unitarity of the S-matrix can be written as ∑ f |S_{f i}|^2 = 1 (4.8)

The general form of the S-matrix that has those property is S = ∞∑ n=0 (i)^n n! ∫ . . . ∫ d^4x_1d^4x_2 . . .d^4x_nT [: L_I (x_1) :: L_I (x_2) : . . . : L_I (x_n) :] (4.9)

Now we consider the second order in the S-matrix for the Lagrangian L_1 + L_2, with L_1 and L_2 defined in 4.2 :

S^{(2)} =

(i)^2 2! ∫ ∫ d^4x_1d^4x_2T [: (L_1 + L_2)(x_1) :: (L_1 + L_2)(x_2) :] = − 1 2 ∫ d^4x_1d^4x_2g^2[: (J^{μνρ}_{(1)} Φ_{μνρ})(x_1) :: (J^{σδτ}_{(1)} Φ_{σδτ} )(x_2) :

+2 : (J^{μνρ}_{(1)} Φ_{μνρ})(x_1) :: (J^{σδτ}_{(2)} Φ_{σδτ} )(x_2) :

+ : (J^{μνρ}_{(2)} Φ_{μνρ})(x_1) :: (J^{σδτ}_{(2)} Φ_{σδτ} )(x_2) :] (4.10)

Introducing the propagator for the field Φ_{μνρ} in S at the second order and taking M^2_Φ ≫ k^2_Φ we obtain the local amplitude for 4 gravitons. This amplitude is exactly what we obtain from Einstein action (2.7) at first order in the S-matrix. In this section we don’t give calculations detail report the calculus but only the idea of the mechanism (see the Appendix). Using Feyman diagrams we can depict the interaction at high (M^2_Φ ∼ k^2_Φ) and low (M^2_Φ ≫ k^2_Φ) energy, and this is very similar to what we find when we pass from I.V.B model to Fermi theory provided the following identifications

h_{μν} ↔ ψ (4.11) Φ_{μνρ} ↔ W^+_μ , W^−_μ (4.12) G_N ↔ G_F (4.13)

Qualitatively the S-matrix at the second order is :

S ∼ g^2[(∂h)h Φ](x_1)[(∂h)hΦ](x_2] ∼ ∼ g^2(∂h)h 1 K^2_Φ − M^2_Φ (∂h)h → → g^2(∂h)h 1 M^2_Φ (∂h)h ∼ ∼ G_N (∂h)h(∂h)h (4.14) At this point we analyse the result from the I.T.B model.

In this model we can interpret the Newton constant G_N as proportional to the mass of the fields of rank 1, 3, and 5, ϕ_μ, ϕ_{μνρ} and ϕ_{μνρστ} that are the mediators of the gravitational interaction.

G_N = g^2 M^2_Φ

(4.15)

The other important fact is that we can have a lower energy scale where gravity takes a quantum nature. In the low energy limit the non-local amplitude becomes local and comparing with the Einstein theory we obtain the following identification

g^2 M^2_Φ

∼ G_N ∼ (10^{−19})^2 Gev^{−2} (4.16)

or : g

M_Φ ∼ √ G_N ∼ 10^{−19} Gev^{−1} (4.17)

If the adimentional coupling constant ”g” is very small (g ≪ 1), we can apply the perturbative theory and for g ∼ 10^{−4} we obtain M_Φ ∼ 10^{15} GeV , that is the Grand Unification scale. If g ∼ 10^{−15} than M_Φ ∼ 10^4 Gev and we cauld see Quantum Gravitational effects at accelerators.

4.1 Tensor Fields as Reducible Representation of the Poincaré Group The tensor factors 4.3, 4.4 e 4.5 inside the propagators have no definite symmetry. Now we rewrite the tensor factors 4.4, 4.5 as a sum of propagators for other fields, with always rank 3 and 5, that are reducible representations of the Poincaré group with definite tensor symmetry. We can write the tensors K^{(1)}, K^{(2)}, K^{(3)} as following. For K^{(3)} we have K^{(3)}_{μνρ,αβγ} = 1 2 η_{μα}η_{νβ}η_{ργ} + 1 2 η_{μα}η_{νγ} η_{ρβ} + (4.18) +η_{μα}η_{νγ} η_{ρβ} − η_{μβ} η_{νγ} η_{ρα} + (4.19) +η_{μβ}η_{να}η_{ργ} − η_{μγ} η_{να}η_{ρβ} + (4.20) + 7 8 η_{μγ} η_{νβ}η_{ρα} − 7 8 η_{μγ} η_{να}η_{ρβ} + (4.21) + 13 8 η_{μβ} η_{νγ} η_{ρα} (4.22)

Any line in the tensor (4.22) represents the propagator of a field that can be decomposed in irreducible representations of the Poncaré group. For K^{(5)} we have the following decomposition

K^{(5)}_{μ1ν1 ρ1δ1σ1 , μ2ν2 ρ2δ2σ2} = 13 2 (η_{μ1μ2} η_{ν1ν2} η_{ρ1ρ2} η_{δ1δ2} η_{σ1σ2} + η_{μ1μ2} η_{ν1ρ2} η_{ρ1ν2} η_{δ1δ2} η_{σ1σ2} ) + 5 2 (η_{μ1μ2} η_{ν1ν2} η_{ρ1ρ2} η_{δ1δ2} η_{σ1σ2} − η_{μ1μ2} η_{ν1ν2} η_{ρ1σ2} η_{δ1δ2} η_{σ1ρ2} ) + 5 2 (η_{μ1μ2} η_{ν1ν2} η_{ρ1ρ2} η_{δ1δ2} η_{σ1σ2} + η_{μ1μ2} η_{ν1σ2} η_{ρ1ρ2} η_{δ1δ2} η_{σ1ν2} ) (4.23)

5 Interaction with 5 Gravitons (Tensor Structure)

The interaction vertexes that contain 5, 6, . . .n gravitons have a tensor structure such that we can obtain those interactions introducing one or plus gravitons into the four graviton vertex. To carry out this idea we must introduce another Lagrangian term to the I.T.B model; such term couples two massive fields with a graviton. This Interaction term in the low energy limit reproduces the tensor behaviour of the local interactions of the Einstein action.

For example we consider a typical 5-gravitons interaction that we can obtain from the expansion of the Einstein-Hilbert action

L_{(5)grav} = (32πG_N )^{32} ∂_μh_{νσ} h^ν_τ h^μ_δ∂^δh^{ϵσ} h_ϵ^τ = (32πG_N )^{32} J_{μστ} h^μ_δJ^{δστ} (5.1)

The Lagrangian term that we must introduce in the I.T.B model to reproduce (5.1) is

L_{(4)} = gM_Φh_{μν} Φ^{μρσ} Φ^ν_{ρσ} (5.2)

Omitting the indexes, the total lagrangian is

L_T = L_{(1)} + L_{(4)} = gJ_{(1)}Φ + gM_ΦhΦΦ (5.3)

To calculate the 5 gravitons amplitude in the I.T.B model, we consider the third order in the S-matrix at tree level :

S^{(3)} =

(i)^3 3! ∫ d^4x_1d^4x_2d^4x_3T [: L(x_1) :: L(x_2) :: L(x_3) :] = (i)^3 3! ∫ d^4x_1d^4x_2d^4x_3T [: (gJ^{μ1ν1 ρ1} Φ_{μ1 ν1ρ1} + gM_Φh_{μ1 ν1} Φ^{μ1ρ1σ1} Φ^{ν1}_{ρ1σ1} )(x_1) :

: (gJ^{μ2ν2ρ2} Φ_{μ2ν2 ρ2} + gM_Φh_{μ2 ν2} Φ^{μ2 ρ2σ2} Φ^{ν2}_{ρ2σ2} )(x_2) : : (gJ^{μ3ν3ρ3} Φ_{μ3ν3 ρ3} + gM_Φh_{μ3 ν3} Φ^{μ3 ρ3σ3} Φ^{ν3}_{ρ3σ3} )(x_3) :] = 4(i)^3 3 ∫ d^4x_1d^4x_2d^4x_3g^3M_Φ ×

× : (J^{μνρ}_{(1)} Φ_{μνρ})(x_{(1)}) :: (h_{αβ} Φ^{αγδ} Φ^β_{γδ})(x_{(2)}) :: (J^{ϵτ σ}_{(1)} Φ_{ϵτ σ})(x_{(1)}) : + . . . = (4i)^3 3 ∫ d^4x_1d^4x_2d^4x_3g^3M_ΦJ^{μνρ}_{(1)} (x_1) ∫ d^4k_1 (2π)^4 (−i) e^{ik1(x2−x1 )} k^2_1 − M^2_Φ

(δ^α_μ δ^γ_ν δ^δ_ρ) ×

h_{αβ} (x_2) ∫ d^4k_2 (2π)^4 (−i) e^{ik2 (x3−x2)} k^2 − M^2_Φ

(δ^β_ϵ η^γ_τ η^σ_δ )J^{ϵτ σ}_{(1)} (x_3) + . . .

= g^3M_Φ 4i 3 ∫ d^4x_1d^4x_2d^4x_3 ∫ d^4k_1 (2π)^4 ∫ d^4k_1 (2π)^4 e^{ik1(x2−x1 )} k^2_1 − M^2_Φ e^{ik2(x3−x2 )} k^2 − M^2_Φ × ×J^{μνρ}_{(1)} (x_1)h_{μϵ}(x_2)J_{(1)}^ϵ_{νρ}(x_3) + . . . → → 4 3 g^3 M^3_ϕ ∫ d^4x_1J^{μνρ}_{(1)} h^ϵ_μJ_{(1)ϵνρ}(x_1) + . . . (5.4)

Comparing the result with the Einstein action we obtain (32πG_N )^32 =^4_3^{g3}_{M 3Φ} and so G_N ∼^{g2}_{M 2Φ} .

6 ”n” Graviton Interaction (Tensor Structure)

In the previous section we have introduced another Lagrangian term that reproduces all the interactions for 5 or in general ”n” gravitons (n ≥ 6) at least in the tensor structure. Now we omit the tensor indexes and we explain the mechanism. A typical Lagrangian term for 6 gravitons that we obtain from the Einstein action is : L_{6grav} ∼ (G_N )^2(∂h)h(∂h)hhh (6.1) This local interaction can be reproduced with the I.T.B effective Lagrangian L_T = L_{(1)} + L_{(2)} + L_{(3)} + L_{(4)} (6.2) where L_{(1)}, L_{(2)}, L_{(3)}, L_{(4)} were defined before. At fourth order we obtain the 6 graviton interaction

S^{(4)} =

(i)^2 (4!) ∫ d^4x_1d^4x_2d^4x_3d^4x_4T [: L_T (x_1) :: L_T (x_2) :: L_T (x_3) :: L_T (x_4) :] ∼

∼ (g∂hh Φ)(x_1)(gM_ΦhΦ Φ)(x_2)(gM_ΦhΦ Φ)(x_3)(g∂hhΦ)(x_4) ∼

∼ g^4M^2_Φ(∂h)h 1 K^2_1 − M^2_Φ h 1 K^2_2 − M^2_Φ h 1 K^2_3 − M^2_Φ (∂h)h → → g^4 M^2_Φ (∂h)h(∂h)hhh (6.3)

For the ”n” graviton interaction we must take the S-matrix at the ”n − 2” order :

S^{(n−2)} ∼ (g∂hh Φ)(x_1)(gM_ΦhΦ Φ)(x_2)(gM_ΦhΦ Φ)(x_3)(gM_ΦhΦ Φ)(x_4) . . .

. . .(gM_ΦhΦ Φ)(x_{n−2})(gM_ΦhΦ Φ)(x_{n−1})(g∂hhΦ)(x_n) ∼ ∼ g^nM^{n−2}_Φ ∂hh 1 K^2_1 − M^2_Φ h 1 K^2_2 − M^2_Φ h 1 K^2_3 − M^2_Φ . . . 1 K^2_{n−1} − M^2_Φ ∂hh → → g^n M^{n−2}_Φ M^{2(n−1)} Φ ∂hhhh . . . . . . ∂hh = = g^n M^n_Φ ∂hhhh . . . . . .∂hh (6.4) From the amplitude we obtain (G_N )^n2 ∼^1_M n_Φ .

7 I.T.B. Model Off-Shell

In the previous sections we have taken on-shell gravitons that satisfy the following relations : □h_{μν} = 0 ∂^μh_{μν} = 0 h^μ_μ = 0 (7.1)

We can build the I.T.B model for off-shell gravitons too. In this case the rank 1, 3, 5 fields couple to the following general currents :

J^{(1)} = a^{(1)}(∂^μh_{νρ})h^{νρ} + b^{(1)}(∂^ν h_{νρ})h^{μρ} + c^{(1)}(∂^μh^ν )h^ρ + d^{(1)}(∂^ν h_{μρ})h^ρ_ν J^{(3)} = a^{(3)}(∂^μh^{νσ} )h^ρ_σ + b^{(3)}(∂^σh^{μν} )h^ρ_σ + c^{(3)}(∂^σh^μ_σ )h^{νρ} + d^{(3)}(∂^μh^σ )h^{νρ} + e^{(3)}(∂^μh^{νρ})h^σ J^{(5)} = a^{(5)}(∂^μh^{νρ})h^{στ} (7.2)

8 String Theory and ITB Model Toward a More Fundamental Theory

In this section we analyse the possible connections between string theory, in the critical dimension D = 26 for the Bosonic String or D = 10 for the Superstring, and the ITB Model introduced in the previous sections [9]. In particular in the string theory contest it is simple to verify (at least in the bosonic case) that in the low energy limit α^′ → 0 the effective vertexes for gravitons massive fields coupling contain only the tensor fields with rank S = 1, 3, 5 as in the ITB Model. The fondamental idea is the following:

at very high energy (α^′ → ∞) we have a Gauge Theory of Massless Tensor Fields (G.T.H.S) that can lives in any dimension. In fact String Theory is Weyl anomaly free in this regime as we can see from the Virasoro algebra (8.1). This fundamental theory could have many different Higgs’ s phases related with many different relative minimum of complicated potential. The conjecture is that two of those are the String Theory and the I.T.B Model vacuums. In this picture we see that there is not a prefered dimension as in field theory, but the dimension is a consequence of the symmetry breaking. There is a vacuum where the massless fields of the microscopic theory become all massive with the exception of the gravitational multiplet and the spectrum is that of the String Theory so the dimension is D=10, and there is another vacuum where the theory reproduces the gravitational theory in analogy with the Fermi theory of the weak interactions. The first vacuum is a finite theory (String Theory) and the other is a renormalizable gauge theory of Higher Spin in D = 4 dimension with spontaneous symmetry breaking that contains only the graviton as massless state and a residual gauge symmetry that is the infinitesimal version of the Diff-invariance of General Relativity.

[L_n, L_m] = (m − n)L_{n+m} + c 12 α^′

(m^3 − m)δ_{m+n} → [L_n, L_m] = (m − n)L_{n+m} (8.1)

Now we summarize the analogies between the Fermi Theory of weak interactions (F.T.W.I), General Relativity (G.R) and String Theory. At low energy the F.T.W.I model is a good approsimation of the weak interactions, it consists of a local vertex with four fermions and a fondamental constant G_F . At higher energies we see that the theory contains a vertex that consists of a fermionic current and a massive vector ”W” (Intermediate Vector Boson Model, I.V.B). When we take the limit k^2 → 0 we obtain the F.T.W.I with G_F = 1/M_W . In analogy we have introduced the Intermediate Tensor Boson Model (I.T.B) where now the fermionic current become a ”pseudocurrent” with two gravitons and the W-bosons become fields with ramk S = 1, 3, 5. Finally we have a theory very similar to string theory in the α^′ → 0, in fact in this limit we obtain that the dominant Lagrangian terms obtained from scattering amplitudes in string theory are equal to the terms introduced in the I.T.B model.

It is likely there could be a microscopic theory of gravity similar to the standard model and we call this model : Gravity Standard Model (G.S.M), where all the fields are massless and the big gauge invariance that includes all the fields produce a renormalizable theory in 4-d.

On the other hand in the α^′ → ∞ limit, String Theory can live in any dimension and it is likely that it is a theory for massless higher spin fields [1], [2], [3], [4], [5], [6], [7], [8] that we call : Higher Spin Gauge T heory (H.S.G.T). In this pictures String Theory and the I.T.B theory are two different phases of a more microscopic theory of Higher Spin Fields but it is possible there is another description of the microscopic Universe.

It is likely that String Theory and the I.T.B model are two different Hadronic phases of a Sub- Quark theory [10], [11], [12]. At high energy we have an SU(N) Yang-Mills Gauge Theory that contains N_f Sub-Quarks in a free phase. On the other side at low energy in the confinement phase we obtain an Hadronic spectrum that reproduce all the string spectrum near a vacuum or the I.T.B model near another vacuum.

9 Outlook and Conclusions

In this paper we introduced a simple model calling I.T.B (Intermediate Tensor Boson) for the description of interactions with four or more gravitons. We took Fermi theory of weak interactions as a starting point. In particular we focused on the evolution of the Fermi theory in the I.V.B theory (Intermediate Vector Boson). In our model the square root of G_N constant is proportional to the inverse mediator mass G_N ∼ g/M^2_Φ, in analogy with the Fermi theory of weak interactions in which the square root of Fermi constant is proportional to the inverse proton massG_F ∼ g/M^2_{P roton}.

In the four gravitons interaction case we introduced four Lagrangian terms that couple four ”Gravitational Currents” with tensor fields of spin 1, 3, 5. This is in analogy with the Fermi theory of weak interactions which couple the fermionic currents, containg two fermions, with the Bosons W^+ and W^−. We can summary the analogy between the I.V.B model and I.T.B model in the following identifications h_{μν} ↔ ψ Φ_μ , Φ_{μνρ} , Φ_{μνρστ} ↔ W^+_μ , W^−_μ G_N ↔ G_F (9.1)

In order to obtain the local interactions of Einstein action we introduced tensor field propagators that are reducible representations of the Poincaré group (see section 4.1). We write the complete interaction Lagrangian for four gravitons interactions L_I = g(∂^μh_{νρ})h^{νρ}Φ_μ + g(∂^μh^{νσ} )h_σ^ρΦ_{μνρ} + g(∂^σh^{μν} )h_σ^ρΦ_{μνρ} + g(∂^μh^{νρ})h^{στ} Φ_{μνρστ} We also studied the interactions with 5, 6, . . .n gravitons and we showed that the tensor structure can be reproduced in the I.T.B model using another Lagrangian term that contain a tensor field and two graviton without derivative. We write the complete interaction Lagrangian reproducing the tensor structure of all the interactions with 5, 6, . . .n gravitons L_I = g(∂^μh_{νρ})h^{νρ}Φ_μ + g(∂^μh^{νσ} )h_σ^ρΦ_{μνρ} + g(∂^σh^{μν} )h_σ^ρΦ_{μνρ} + g(∂^μh^{νρ})h^{στ} Φ_{μνρστ} + g^′M_Φh_{μν} Φ^μΦ^ν + gM_Φh_{μν} Φ^{μρσ} Φ^ν_{ρσ} + g^{′′}M_Φh_{μν} Φ^{μρστ δ}Φ^ν_{ρστ δ} (9.2)

In this simple model the coupling constants are all dimensionless constants and the Newton constant is connected with the mediators mass G_N ∼ 1/M^2_Φ. Although the theory is not renormalizable because the mediators are higher spin fields.

As we said in the section 7 it is likely there is a theory of gravity similar to the standard model for weak and electro-magnetic interactions. This more fundamental theory could be a gauge theory of higher spin fields and so the Quantum Gravity would be a possible broken phase of this theory. Another possible phase of our new theory could be a string theory as we said in 7. Another possibility is that there is an alternative more fundamental theory (7). It is likely that at high energy level we have an SU(N) Yang-Mills Gauge Theory that contain N_f Sub-Quark in a free phase. On the other side at low energy in the confinement phase we obtain an hadronic spectrum that reproduce the I.T.B model near a vacuum or all the string spectrum near another vacuum.

Acknowledgements

We are grateful to Enore Guadagnini, Eugenio Bianchi, Gabriele Marchi and Giuseppe Tarabella for many important and clarifying discussions.

A Explicit Calculation for 4 Gravitons Interaction

S_{(2)} =

(i)^2 2! ∫ d^4x_1d^4x_2T [: (L_{(1)} + L_{(2)} + L_{(3)} + L_{(4)})(x_1) :

: (L_{(1)} + L_{(2)} + L_{(3)} + L_{(4)})(x_2) :] = = (i)^2 2! ∫ d^4x_1d^4x_2T [: (L_{(1)} + L_{(2)}) : (x_1) :: (L_{(1)} + L_{(2)}) : (x_2) :] +

+T [: L_{(3)}(x_1) :: L_{(3)}(x_2) :] + T [: L_{(4)}(x_1) :: L_{(4)}(x_2) :] + +gravitons − contraction = = (i)^2 2! ∫ d^4x_1d^4x_2[g^2 : (J^{μ1 ν1ρ1}_{(1)} Φ_{μ1 ν1ρ1} )(x_1) :: (J^{μ2 ν2 ρ2}_{(1)} Φ_{μ2ν2 ρ2} )(x_2) : +

+2g^2 : (J^{μ1 ν1ρ1}_{(1)} Φ_{μ1 ν1ρ1} )(x_1) :: (J^{μ2 ν2ρ2}_{(2)} Φ_{μ2 ν2ρ2} )(x_2) : +

+g^2 : (J^{μ1ν1 ρ1}_{(2)} Φ_{μ1ν1 ρ1} )(x_1) :: (J^{μ2 ν2ρ2}_{(2)} Φ_{μ2 ν2ρ2} )(x_2) : +

+g^2 : (J^{μ1 ν1 ρ1σ1τ1}

(3) Φ_{μ1ν1 ρ1σ1 τ1} )(x_1) :: (J^{μ2 ν2 ρ2σ2τ2}_{(3)} Φ_{μ2 ν2ρ2 σ2τ2} )(x_2) : +

+g^2 : (J^{μ1}_{(4)} Φ_{μ1} )(x_1) : (J^{μ2}_{(4)}Φ_{μ2} )(x_1) : + +gravitons − contraction = = (i)^2 2! ∫ d^4x_1d^4x_2[g^2J^{μ1 ν1 ρ1}_{(1)} (x_1) ∫ d^4k_1 (2π)^4 (−i) e^{ik1(x2−x1 )} k^2_1 − M^2_Φ

K^{(3)}_{μ1ν1 ρ1 , μ2 ν2 ρ2} × ×J^{μ2 ν2ρ2} (1) (x_2) +

+2g^2J^{μ1 ν1ρ1}

(1) (x_1) ∫ d^4k_1 (2π)^4 (−i) e^{ik1(x2−x1)} k^2_1 − M^2_Φ

K^{(3)}_{μ1ν1 ρ1 , μ2ν2 ρ2} × ×J^{μ2 ν2ρ2} (2) (x_2) +

+g^2J^{μ1 ν1 ρ1}

(2) (x_1) ∫ d^4k_1 (2π)^4 (−i) e^{ik1(x2−x1 )} k^2_1 − M^2_Φ

K^{(3)}_{μ1 ν1ρ1 , μ2 ν2ρ2} × ×J^{μ2 ν2ρ2} (2) (x_2) +

+g^2J^{μ1 ν1 ρ1σ1τ1}

(3) (x_1) ∫ d^4k_2 (2π)^4 (−i) e^{ik2 (x2−x1 )} k^2_1 − M^2_Φ × ×K^{(5)}_{μ1 ν1 ρ1σ1τ1 , μ2ν2 ρ2σ2 τ2} J^{μ2 ν2 ρ2σ2τ2} (3) (x_2) +

+g^2J^{μ1}_{(4)}(x_1) ∫ d^4k_3 (2π)^4 (−i) e^{ik3(x2−x1 )} k^2_3 − M^2_Φ

K^{(1)}_{μ1 , μ2} J^{μ2}_{(4)}(x_2) →

(A.1)

We continue the calculation in the limit M_Φ → ∞, using the tensor 4.4, 4.5, 4.3 : → (−i) 2M^2_Φ g^2 ∫ d^4x_1[ 1 2 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂_{μ1} h_{ν1}^{σ2} )h_{σ2 ρ1} + + 3 2 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂_{μ1} h_{ρ1}^{σ2} )h_{σ2ν1} +

+(∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂_{ν1} h_{μ1}^{σ2} )h_{σ2ρ1} + − 15 8 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂_{ν1} h_{ρ1}^{σ2} )h_{σ2μ1} + + 5 8 (∂^{μ1} h^{μ1 σ1} )h_{σ1}^{ρ1} (∂_{ρ1} h_{μ1}^{σ2} )h_{σ2ν1} + + 7 8 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂_{ρ1} h_{ν1}^{σ2} )h_{σ2μ1} + +(∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂^{σ2} h_{μ1 ν1} )h_{σ2 ρ1} + +3(∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂^{σ2} h_{μ1ρ1} )h_{σ2ν1} + +2(∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ν1 μ1} )h_{σ2ρ1} + − 15 4 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ν1 ρ1} )h_{σ2μ1} + + 5 4 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ρ1μ1} )h_{σ2ν1} + + 7 4 (∂^{μ1} h^{ν1 σ1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ρ1ν1} )h_{σ2μ1} + + 1 2 (∂^{σ1} h^{μ1 ν1} )h_{σ1}^{ρ1} (∂^{σ2} h_{μ1ν1} )h_{σ2ρ1} + + 3 2 (∂^{σ1} h^{μ1 ν1} )h_{σ1}^{ρ1} (∂^{σ2} h_{μ1ρ1} )h_{σ2ν1} + +(∂^{σ1} h^{μ1 ν1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ν1 μ1} )h_{σ2 ρ1} + + 5 8 (∂^{σ1} h^{μ1 ν1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ν1 ρ1} )h_{σ2μ1} + − 15 8 (∂^{σ1} h^{μ1ν1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ρ1 μ1} )h_{σ2ν1} + + 7 8 (∂^{σ1} h^{μ1 ν1} )h_{σ1}^{ρ1} (∂^{σ2} h_{ρ1ν1} )h_{σ2μ1} + + 5 2 h^{μν} ∂^τ h^{ρσ} h_{μσ} ∂_τ h_{ρν} − 5 2 h^{μν} ∂^τ h^{ρσ} h_{μτ} ∂_ν h_{ρτ} + + 13 2 h^{μν} ∂^τ h^{ρσ} h_{μν} ∂_τ h_{ρσ} + 1 2 h^{μν} ∂^τ h^{ρσ}h_{μν} ∂_σ h_{ρτ} + + 29 2 h^{μν} ∂_τ h_{μν} h^{ρσ}∂^τ h_{ρσ} ] (A.2)

The first 18 lines concern the rank 3 field, the lines 19 and 20 concern the rank 5 and the final line concerns the spin 1 field. Now we rewrite the result summing the equal terms in the first 18 lines. (−i) 2M^2_Φ g^2 ∫ d^4x[2h^{μν} ∂_τ h_{νρ}h^{τ σ}∂_μh_σ^ρ − 2h^{μν} ∂_τ h_{νρ}h^{τ σ}∂_σ h_μ^ρ +

+3h^{μν} ∂_τ h_{νρ}h^{ρσ} ∂_μh^τ_σ + 3 2 h^{μν} ∂_τ h_{νρ}h^{ρσ} ∂^τ h_{μσ} + +2h^{μν} ∂_τ h_{νρ}h_{μσ} ∂^σh^{τ ρ} + h^{μν} ∂_τ h_{μρ}h_{νσ} ∂^ρh^{τ σ} + + 1 2 h^{μν} ∂_τ h_{μρ}h_{νσ} ∂^τ h^{ρσ} + h^{μν} ∂_μh_{τ ρ}h_{νσ} ∂^ρh^{τ σ} + + 3 2 h^{μν} ∂_μh_{τ ρ}h_{νσ} ∂^σh^{τ ρ} + + 5 2 h^{μν} ∂^τ h^{ρσ} h_{μσ} ∂_τ h_{ρν} − 5 2 h^{μν} ∂^τ h^{ρσ}h_{μτ} ∂_ν h_{ρτ} +

+ 13 2 h^{μν} ∂^τ h^{ρσ}h_{μν} ∂_τ h_{ρσ} + 1 2 h^{μν} ∂^τ h^{ρσ} h_{μν} ∂_σ h_{ρτ} + + 29 2 h^{μν} ∂_τ h_{μν} h^{ρσ} ∂^τ h_{ρσ} ] (A.3)

If we want obtain the forth order term of General Relativity from the I.T.B model we must have that^{g2}_{2M 2Φ} = 64πG_N and so M^2_Φ =^{g2}_{128πGN} .

References

[1] A. Sagnotti and M. Tsulaia On higher spins and the tensionless limit of String Theory, [hep-th/0311257]

[2] Dario Francia and Augusto Sagnotti Free geometric equations for higher spins, Phys. Lett. B 543 (2002) 303 [hep-th/0207002]; Dario Francia and Augusto Sagnotti On the geometry of higher-spin gauge fields, Class. Quant. Grav. 20 (2003) S473 [hep-th/0212185]

[3] W. Siegel and B. Zwiebach, Nucl. Phys. B263 (1986) 105; T. Banks and M. E. Peskin, Nucl.

Phys. B264 (1986) 513

[4] C. Fronsdal, Phys. Rev. D18 (1978) 3624; T. Curtright, Phys. Lett. B85 (1979) 219; J. Fang and C. Fronsdal, Phys. Rev. D18 (1978) 3630

[5] M. A. Vasiliev, Phys. Lett. B243 (1990) 378, Class. Quant. Grav. 8 (1991) 1387, Phys.

Lett. B257 (1991) 111, Phys. Lett. B285 (1992) 225, Int. J. Mod. Phys. D5 (1996) 763 [arXiv:hep-th/9611024], Nucl. Phys. Proc. Suppl. 56B (1997) 241, arXiv:hep-th/0104246.

[6] B. de Wit and D. Z. Freedman, Phys. Rev. D21 (1980) 358; T. Damour and S. Deser, Annales Poincare Phys. Theor. 47 (1987) 277.

[7] Emidio Gabrielli Extended Pure Yang - Mills Gauge Theories with Scalar and Tensor Gauge Field Phys. Letters B 258,151-155 (1991); Extended Gauge Theories in Euclidean Space with Higher Spin Fields Annals Physics 287, 229-259 (2001) [hep-th/9909117]

[8] D. G. C. McKeon, T.N. Sherry Gauge Model with Extended Field Transformations in Euclidean Space, Int. J. Mod. Physics A 15, 227-250 (2000) [hep-th/9811102]

[9] Nobuyoshi Ohta, Covariant Second Quantization of Superstrings, Physical Review Letters 56 (1986) 440;

S.P. de Alwis and N. Ohta, Fully Gauge-Invariant Field Theory of Free Superstrings, Physics Letters B174 (1986) 383;

S.P. de Alwis and N. Ohta, All Free String Theories are Theories of BRST Cohomology, Physics Letters B174 (1986) 388;

S.P. de Alwis and N. Ohta, Fock Space Formulation of Gauge Invariant Interacting Field Theories of Open and Closed Strings, Physics Letters B188 (1987) 425

[10] K. Akama, Y. Chikashige, T. Matsuki and H. Terazawa Gravity and Electromagnetism as Collective Phenomena of Fermion - Antifermion Pairs, Progress of Theoretical Physics, Vol. 60, No. 3, September 1978;

H. Terazawa Supergrand Unification of Gravity with all the Other Fundamental Forces, Institute for Nuclear Study Universiy of Tokio, INS - Rep. - 338 July, 1979;

H. Terazawa and K, Akama Dynamical Subquark Model of Pregauge and Pregeometric Interactions, Phys. Letters Vol. 96 B No. 3, 4 , 276, 3 November 1980;

H. Terazawa Pregeometry, Institute for Nuclear Study Universiy of Tokio, INS - Rep. - 429 October, 1981;

D. Amati and G. Veneziano A Unified Gauge and Gravity Theory with only Matter Fields, Nuclear Physics B 204 (1982) 451;

H. Terazawa A Fundamental Theory of Composite Particle and Fields, Institute for Nuclear Study Universiy of Tokio, INS - Rep. - 463 Feb. , 1983;

H. Terazawa Sepergrand Unified Composite Model in Pregeometry Institute for Nuclear Study Universiy of Tokio, INS - Rep. - 511 Oct , 1984

[11] K. Akama, Y. Chikashige and H. Terazawa What are the Gauge Bosons made of? Institute for Nuclear Study Universiy of Tokio, INS - Rep. - 261 June, 1976

[12] A. Hebecker and C. Wetterich Spinor Gravity, Phys.Lett. B 574 (2003) 269-275, [hep-th/0307109];

C. Wetterich Gravity from Spinors, [hep-th/0307145]