arXiv:hep-th/0401010 v3 4 May 2004

Non-Singular Perturbations in a Bouncing Brane Model

T. J. Battefeld, S. P. Patil, R. Brandenberger Physics Department, Brown University, Providence RI 02912 USA. (Dated: May 4, 2004)

The question of how perturbations evolve through a bounce in the Cyclic and Ekpyrotic models of the Universe remains a topical one. Issues concerning singularities at the background level and at the level of perturbation theory continue to be a matter of debate. In this report we hope to demonstrate a non singular collision between the boundary branes at the background level, and circumstances under which all perturbation variables remain bounded through the collision.

As expected, we find most collisions to be singular even in the full 5-D formalism, where first order perturbation theory breaks down for at least one perturbation variable. Only in the case that the boundary branes approach each other with constant velocity shortly before the bounce, can a consistent, non singular solution be found. It is then possible to follow the perturbations explicitly until the actual collision. In this case, we find that if a scale invariant spectrum developed on the hidden brane, it will get transferred to the visible brane during the bounce.

PACS numbers: 11.25.-w,04.50.+h,98.80.Cq,98.80.-k

I. INTRODUCTION

It has recently been proposed that the ”Ekpyrotic” scenario of the Universe [1, 2] or its revised version, the Cyclic scenario [3], could provide an alternative to inflationary cosmology in providing an explanation for the observed spectrum of fluctuations which is nearly scaleinvariant and adiabatic [4]. The effective four spacetime dimensional picture of the Ekpyrotic scenario corresponds to an initially contracting Universe which undergoes a bounce and re-emerges in an expanding phase. In the four-dimensional picture, the Ekpyrotic scenario is closely related to the Pre-Big-Bang scenario [5] introduced several years earlier [38]. The Ekpyrotic scenario, however, is intrinsically five space-time dimensional. Our Universe is a boundary brane in a fivedimensional bulk. The phase of contraction (in the effective four-dimensional picture) corresponds to the period in which a second brane (a bulk brane in initial scenario [1], the second boundary brane in the later proposals [2, 3]) approaches our brane. The bounce is the time of collision, and the phase of expansion corresponds to the period when the distance between the branes is once again increasing [39]. The bounce was considered to be non-singular from the five-dimensional perspective in the initial Ekpyrotic scenario, but singular in the subsequent versions.

It has been shown [9] that in the contracting phase of the Ekpyrotic scenario quantum vacuum fluctuations generate a scale-invariant spectrum of adiabatic cosmological fluctuations (more precisely, a scale-invariant spectrum of perturbations of the Bardeen variable Φ, the fluctuation of the metric in longitudinal gauge - see [10] for a comprehensive review of the theory of cosmological perturbations, and [11] for a recent condensed version), and that this scale-invariant spectrum would survive the bounce (see [12] for a general criticism of the matching conditions of [9] at the bounce). However, if one uses standard matching conditions [13, 14] on a constant field hyper-surface to match the fluctuations in the contracting and expanding phases, then one finds [15] that the scale-invariant mode of the contracting phase does not couple to the dominant mode of the expanding phase, and that the dominant mode in the expanding phase will inherit a phenomenologically completely unacceptable n = 3 spectrum (see also [16, 17]). Alternatively, one finds that even in the contracting phase, the fluctuation variable ζ, which is the variable in terms of which the fluctuations are well-behaved on super-Hubble scales in inflationary cosmology, has a blue n = 3 spectrum [18].

The question of how perturbations evolve through the bounce in Ekpyrotic and Cyclic cosmologies (in terms of the bounce there is no difference between the second Ekpyrotic scenario of [2] and the cyclic model) is thus of central importance. In [19] it has been stressed that the spectrum of fluctuations obtained using a matching surface analysis depends crucially of the exact choice of the matching surface, and in [20] it was pointed out that in any coordinate system, one of the pair of canonical variables for the fluctuations diverges, rendering the applicability of any perturbative analysis questionable.

There have been recent attempts to - within an effective four-dimensional picture - regularize the bounce and follow the fluctuations through the bounce. One attempt [21] was to regularize the bounce using higher derivative terms in the gravitational action (similar to what was done for the Pre-Big-Bang scenario in [22]), with results supporting a final n = 3 spectrum for the cosmological fluctuations (see, however, the caveats discussed in [23]). In contrast, in the work of [24, 25] it was found that when modeling a nonsingular bounce using a spatially closed Universe with matter obeying the usual energy conditions, the final spectrum can depend crucially on the details of the bounce.

Therefore, it seems that only a fully five-dimensional analysis of fluctuations can give the complete answer as to the final spectrum of perturbations in the Ekpyrotic scenario. However, once again the singularity of the bounce provides problems. A particular matching condition, based on the assumption that the bounce in the t − y plane (y being the coordinate perpendicular to the branes) is a compactified Milne space, was recently studied in [26] (based on earlier work in [27] - see also [28]), yielding a scale-invariant spectrum. On the other hand, the singularity of the bounce could be more complicated than a simple Milne space (it could include whisker regions), and in this case the influence of the whisker regions on the post-bounce observer region would destroy the scale-invariance of the spectrum after the bounce (see e.g. [29]).

Thus, in this work we will turn to a study of the evolution of fluctuations in the five-dimensional model assuming that the bounce is nonsingular at the level of the background cosmology. We will thus assume that the collision is a nonsingular event in 5D and only appears singular in an effective 4D description. Note, however, that we will take the radius of the extra spatial dimension to vanish at the time of the bounce, in the spirit of the scenarios of [2, 3], but unlike what occurs in the original scenario of [1], or in models in which the bounce is smoothed out such that the branes never hit. Then one can derive, using homogeneity and isotropy in the three spatial dimensions, the general form of the metric near the bounce [30]. Under the same assumptions, the field content of the bulk can also be computed [8, 30].

Given this background, we will perturb the metric and the bulk matter fields. We will then try to find a consistent, nontrivial solution to the perturbed equations of motion, such that

1. The bounce remains nonsingular, that is the Riemann tensor stays bounded.

2. Perturbation theory remains valid, i.e. all perturbed variables stay bounded near the bounce.

In the majority of cases, it will turn out that there is no such solution for the cosmological fluctuations, and thus the requirement that the perturbation variables remain bounded is untenable. Therefore, the usual techniques of evolving perturbations through the bounce are not applicable. In fact, as a consequence of the divergence of the fluctuations, the bounce itself will be a highly inhomogeneous and singular event even when viewed from the 5D angle, possibly looking like a gas of black holes (see e.g. [31, 32] for recent ideas along these lines).

The only consistent nonsingular background metric turns out to be realized if the two branes approach each other with constant velocity near the bounce. In that case we will be able to explicitly compute how the perturbations evolve during the bounce, so that there are no ambiguities regarding matching perturbations before and after the bounce. We find in this case that an initial bulk scale-invariant spectrum transfers to a scaleinvariant spectrum on the brane, thus supporting the conclusions of [26].

The outline of this paper is as follows: After setting up a specific realization of a bouncing Universe and reviewing the background solution in Section II, we will perturb the metric and matter fields and identify the scalar degrees of freedom and the resulting equations of motion (EOM) (Section III). Thereafter we search for a consistent solution, by first identifying constraints and then working with the equations of motion directly (Section IV). We conclude with a discussion of the implications of our results for the Ekpyrotic and Cyclic models of the Universe (Section V).

If not stated otherwise the following notational conventions apply: capital Latin indices run from 0 to 4, small ones from 1 to 3 (spatial coordinates), and Greek indices from 0 to 3 (time and spatial). Repeated indices are to be summed over. A dot denotes a partial derivative with respect to the bulk time t, a prime indicates the partial derivative with respect to the extra dimension y, and △ is the 3-d flat space Laplacian. We scale the time t such that t = 0 is the time of the collision of the branes.

II. THE SETUP

To realize the Cyclic/Ekpyrotic scenario, we will work with the action of heterotic M-theory [33] S = S_{het} + S_{BI} + S_{matter} , (1) where S_{BI} describes the brane interaction that vanishes (vanishing at least ∼ t near the bounce), S_{matter} the matter content on the two boundary branes at y = y_1 ≡ 0 and y = y_2 (taken to be empty before the bounce, and containing an ideal fluid or scalar field matter after the bounce) and S_{het} = M^3_5 2 ∫ M d^5x √ −g ( R − 1 2 ∂_AΞ∂^AΞ (2) − 3 2 1 5! e^{2Ξ}F_{ABCDE} F^{ABCDE} )

− 2∑ i=1 3α_iM^3_5 ∫ M^{(i)}_4

d^4ξ_{(i)} (√ −h_{(i)}e^{−Ξ} − 1 4! ϵ^{μνκλ}A_{ABCD}∂_μX^A_{(i)}∂_νX^B_{(i)}∂_κX^C_{(i)}∂_λX^D_{(i)} )

is a minimal version of the 5D heterotic M-theory action, with M_5 the Planck mass in 5D, R the Ricci scalar in 5D, Ξ the dilaton, and e^Ξ the volume of the Calabi-Yau threefold. In addition, A_{ABCD} is the four form gauge field with field strength F = dA, α_i are the tensions of the visible and hidden branes for i = 1, 2 respectively, g_{AB} is the metric on M_5 = M_4 × S_1/Z_2, h^{(i)}_{μν} is the induced metric on the brane, and X^A_{(i)}(ξ^μ_{(i)}) are the brane embedding coordinates.

The background metric g_{AB} will have positive signature, that is

ds^2 = −n(t, y)^2dt^2 + a(t, y)^2δ_{ij}dx^idx^j + b(t, y)^2dy^2.(3)

A. Z2-symmetry

As is already implicit from the form of the action S_{het}, we are assuming a compactification of the five dimensional theory on the orbifold S_1/Z_2. The visible and the hidden brane are located at the orbifold fixed points at y = y_1 and y = y_2, respectively. It should be noted that working on an orbifold yields some additional constraints. For example, the metric has to be Z_2-even and any infinitesimal coordinate transformation ξ^A must be such that ξ^y(y = y_i) = 0 in order to avoid delta-function singularities in the metric (see [34] for a more detailed discussion).

B. The Einstein equations

From the metric (3) it is straightforward to compute the unperturbed Einstein equations, which have to be satisfied by the background solution for the metric and the fields Ξ and F (see [30]).

C. Matter equations of motion

Varying S_{het} from (2) with respect to the fields Ξ and F, respectively, yields the EOM

0 = □Ξ − 3 5! e^{2Ξ}F_{ABCDE} F^{ABCDE} + 2∑ i=1 δ(y − y_i)b^{−1}6α_ie^{−Ξ} , (4)

0 = D_M ( e^{2Ξ}F^{MABCD} )

+δ^{[A}_0 δ^B_1 δ^C_2 δ^{D]}_3 2∑ i=1 δ(y − y_i)(−g)^{−1/2}2α_i . (5)

D. Background solution

The background metric is given by Eq. (3). We write each matter field as the sum of a spatially homogeneous background field and a field representing small deviations around it (and whose spatial average vanishes), that is:

Ξ(t, ⃗x, y) =^{(0)}Ξ(t, y) +^{(1)} Ξ(t, ⃗x, y)

≡^{(0)}Ξ + δΞ , (6) F_{ABCDE} (t, ⃗x, y) = ϵ_{ABCDE} (_{(0)} F(t, y) +^{(1)}F(t, ⃗x, y) )

≡ ϵ_{ABCDE} (_{(0)} F + δF ) . (7)

Note that the Levi-Civita tensor implicitly contains the appropriate metric factor so that it is a bona-fide tensor: ϵ_{ABCDE} := √ −gε_{ABCDE} . One can derive the general form of the unperturbed metric and the unperturbed matter fields given above.

Assuming non-singularity, then near the bounce the solutions can be written in terms of a power series expansion in t (see [8, 30]). One then takes the following steps:

1. One demands that the bounce is non singular in 5D, i.e. that the Riemann tensor^{(0)}R_{ABCD}, the Einstein tensor^{(0)}G^A_B and the energy momentum tensor^{(0)}T^A_B remain bounded near the bounce.

2. One then solves the EOM of the matter fields as well as the Einstein equations for the unperturbed metric for small t.

3. One enforces the matching conditions arising from delta functions, i.e. one has to match the bulk solution to the boundary values on the branes at y = y_1 and y = y_2.

This finally yields the following possible forms for the metric:

b(t, y) = Bt^k + Bb_{k+1}(y)t^{k+1} + O(t^{k+2}) , (8)

n(t, y) = 1 + 2k−3∑

i=k Ñ_iyt^i

+ ( k(k − 1) 2 B^2y^2 + Ñ_{2k−2}y ) t^{2k−2} +n_{2k−1}(y)t^{2k−1} + O(t^{2k}) , (9)

a(t, y) = 1 + k−1∑ i=0 A_it^i + 2k−2∑

i=k (Ã_iBy + A_i)t^i + ( B^2A_1 2 y^2 + Ã_{2k−1}y + A_{2k−1} ) t^{2k−1} +O(t^{2k}) , (10)

with k ≥ 3 and

n^{′′}_{2k−1}(y) − B^2k(k + 1)b_{k+1}(y) = 0 , (11)

and A_i, Ã_i, B and Ñ_i are constants. The A_i may be zero and Ñ_k = Ã_k = −α_1e^{−Ξ0} /2.

The other allowed metric with k = 1 is [40]

b(t, y) = Bt + Bb_2(y)t^2 + O(t^3) , (12) n(t, y) = 1 + n_1(y)t + O(t^2) , (13)

a(t, y) = 1 + ( Ã_1 sinh(By) + A_1 cosh(By) ) t + O(t^2)

≡ 1 + a_1(y)t + O(t^2) , (14)

where n_1 and b_2 are related via

b_2(y) − n_1(y) 2 − n^{′′}_1 (y) 2B^2

= 0 (15)

and the boundary conditions are n^′_1(y_i) = a^′_1(y_i) = −Bα_1e^{−Ξ0} /2. A mistake in [30] regarding the case k = 1 was corrected in [35]. Before the bounce k = 1 and k ≥ 3 are possible, after the bounce only the k = 1 case is allowed. B should have a different value before and after the bounce.

Note that demanding in addition to the above boundedness requirements a “no flow condition” (no energy is allowed to flow off the brane), then the single allowed metric in the case k = 1 after the bounce (12)-(14) is also ruled out [30]. However, since in the Ekpyrotic and Cyclic scenarios one assumes that energy can flow from the bulk to the brane, it is not reasonable to demand this additional condition.

For the field^{(0)}Ξ one gets by using its equation of motion and the junction conditions

(0)Ξ(t, y) = k−1∑ i=0 Ξ_it^i + ( 3α_1e^{−Ξ0} By + Ξ_k ) t^k +O(t^{k+1}) (16)

for k ≥ 3 and

(0)Ξ(t, y) = Ξ_0 + ( λ cosh(By) + λ̃ sinh(By) ) t +O(t^2) (17)

for k = 1, where λ, λ̃ and Ξ_i are constants. The field (0)F is then given by

(0)F(y, t) = α_1e^{−2 (0)Ξ(y,t)} . (18)

III. SCALAR PERTURBATIONS

We will now perturb the metric focusing only on scalar metric perturbations. The most general scalar perturbation in “generalized” longitudinal gauge can be characterized by four scalar functions, Φ, Ψ, W and Γ [34]. These functions can be viewed as a basis of gauge invariant variables. In this gauge, the metric is given by ds^2 = −n(t, y)^2(1 − 2Φ(t, ⃗x, y)) dt^2 +a(t, y)^2(1 − 2Ψ(t, ⃗x, y))δ_{ij} dx^idx^j +b(t, y)^2(1 + 2Γ(t, ⃗x, y)) dy^2 −2n(t, y)^2W (t, ⃗x, y) dt dy , (19) where the signs in front of the perturbations are a mere convention.

Two more scalar degrees of freedom (matter degrees of freedom) were already introduced in (6) and (7). They are δΞ(t, ⃗x, y) and δF(t, ⃗x, y).

A. The brane embedding and longitudinal gauge

It should be noted that we do not perturb the embedding of the boundary branes - they are still localized at y = y_1 ≡ 0 and y = y_2. We are entitled to do this without loss of generality, since one can induce local fluctuations in the radius by allowing g_{55} to fluctuate, rather than by making use of fluctuations in the coordinate interval. However there are further compelling reasons for this approach: perturbing the embedding would render the collision into a series of local events in time, thus complicating the situation a lot. This approach of not considering perturbations in the position of the branes is common in the literature (see e.g. [26]). However, one should note that due to the possible divergence of the metric at the bounce, in general a large coordinate transformation would be necessary to transform small perturbations in the coordinate position of the brane away. This could induce further changes in the spectrum of perturbations (keep in mind, that the gauge invariant variables introduced in (19) are only gauge invariant under infinitesimal coordinate transformations). Since we are only interested in the physics of how a given perturbation evolves through the global bounce (and not in exploring new ways for how the spectrum could be generated at an inhomogeneous bounce) our simplified setup is satisfactory.

Note also that the dynamics of the collision is fully included in the metric - the brane coordinates are time-independent but the physical distance between the branes does go to zero when t approaches zero.

One may wonder if keeping the branes at fixed positions is consistent with working in the generalized longitudinal gauge. First note that the branes sit at the orbifold fixed points - demanding that the metric may not include delta function singularities requires an infinitesimal coordinate transformation ξ^A to be continuous everywhere, specifically ξ_y(y = y_i) ≡ 0 has to hold at the brane positions [34]. This ensures that the coordinate transformation necessary to go to the longitudinal gauge does not perturb the brane position.

It is clear that this situation depends on our choice to work with branes localized at orbifold fixed planes. As discussed e.g. in [36], in a more general brane world setting one needs to include an extra degree of freedom for scalar metric fluctuations. In our setting, going to longitudinal gauge and keeping the brane positions fixed does not introduce any new restrictions on the perturbations considered.

B. The perturbed Einstein equations

To write down the Einstein equations we need both the perturbed energy-momentum tensor^{(1)}T^A_B and the perturbed Einstein tensor^{(1)}G^A_B , computed up to first order in the perturbation variables. The latter is straightforward to compute from (19) and reads in component form (no summation convention where repeated indices appear)

(1)G^{xi}_{xj} = 1 a^2

∂_{xi} ∂_{xj} [Ψ + Φ − Γ] , (20)

(1)G^t_t = [ 3 b^2 ( b^′ b ∂_y − 4 a^′ a ∂_y − ∂^2_y ) + 3 n^2 ( ḃ b ∂_t + 2 ȧ a ∂_t ) − 2 a^2 △ ] Ψ − 6 n^2 ( ȧḃ ab + ȧ^2 a^2 ) Φ (21) [ 3 b^2 ( −2 a^{′2} a^2 − 2 a^{′′} a + 2 a^′b^′ ab − a^′ a ∂_y ) − 3ȧ n^2a

∂_t + 1 a^2 △ ] Γ + 3 b^2 ( − ȧ^′ a − n^′ȧ na − 2 ȧa^′ a^2 + ȧb^′ ab − ȧ a ∂_y ) W ,

(1)G^{xi}_t = ∂_{xi} [ 2 a^2 ∂_tΨ − 1 a^2 ( ḃ b + 2 ȧ a ) Φ − 1 a^2 ( ḃ b − ȧ a + ∂_t ) Γ − 1 2a^2b^2 ( 3nn^′ + n^2 a^′ a − n^2 b^′ b + n^2∂_y ) W ] , (22)

(1)G^y_t = 3 b^2 ( ȧ a ∂_y − ḃ b ∂_y + a^′ a ∂_t − n^′ n ∂_t + ∂_y∂_t ) Ψ − 3ȧ b^2a

∂_yΦ + 6 b^2 ( ȧ^′ a − a^′ḃ ab − n^′ȧ na + a^′ 2a ∂_t ) Γ

+ [ 3 b^2 ( − ṅȧ na + ä a − ȧḃ ab ) + n^2 2b^2a^2 △ ] W , (23)

(1)G^{xi}_{xi} = 1 a^2

[∂_{xi} ∂_{xi} − △] (−Γ + Ψ + Φ) + [ 2 n^2 ( − ṅ n + ḃ b + 3 ȧ a + ∂_t ) ∂_t − 2 b^2 ( 3 a^′ a − b^′ b + n^′ n + ∂_y ) ∂_y ] Ψ (24)

− [ 2 n^2 ( b̈ b − 2 ṅȧ na + 2 ȧḃ ab + ȧ^2 a^2 − ṅḃ nb + 2 ä a + ḃ 2b ∂_t + ȧ a ∂_t ) + 1 b^2 ( − b^′ b + 2 n^′ n + 2 a^′ a + ∂_y ) ∂_y ] Φ

− [ 2 b^2 ( 2 a^{′′} a − 2 a^′b^′ ab − n^′b^′ nb + a^{′2} a^2 + n^{′′} n + 2 n^′a^′ na + a^′ a ∂_y + n^′ 2n ∂_y ) + 1 n^2 ( 2 ȧ a − ṅ n + 2 ḃ b + ∂_t ) ∂_t ] Γ

− 2 b^2 [ a^′ȧ a^2 + ṅ^′ n + 2 ȧ^′ a + ṅa^′ na − ṅb^′ 2nb + ȧn^′ an − ḃn′ 2bn − b^′ȧ ba − ḃa′ ba + ( a^′ a − b^′ 2b + n^′ n ) ∂_t + ( ȧ a + ṅ 2n + ∂_t 2 ) ∂_y ] W ,

(1)G^y_{xi} = ∂_{xi} [ 2 b^2

∂_yΨ + 1 b^2 ( − a^′ a + n^′ n + ∂_y ) Φ + 1 b^2 ( 2 a^′ a + n^′ n ) Γ + 1 2b^2 ( ḃ b + ȧ a + ṅ n + ∂_t ) W ] , (25)

(1)G^y_y = [ − 2 a^2 △ + 3 n^2 ( ∂_t − ṅ n + 4 ȧ a ) ∂_t + 3 b^2 ( −2 a^′ a − n^′ n ) ∂_y ] Ψ + 6 b^2 ( − a^{′2} a^2 − a^′n^′ an ) Γ (26) + [ − 1 a^2 △ − 6 n^2 ( ȧ^2 a^2 − ṅȧ na + ä a + ȧ 2a ∂_t ) − 3 b^2 a^′ a ∂_y ] Φ − 3 b^2 ( ṅa^′ na + 2 a^′ȧ a^2 − a^′ḃ ab + ȧ^′ a + a^′ a ∂_t ) W .

The right hand side of the Einstein equations is given by the perturbed energy-momentum tensor, which can be derived in a straightforward way by varying the action with respect to the metric and keeping only first order contributions. One finds that

(1)T^A_B M^3_5 = − δ^A_B 2 ∂_C^{(0)}Ξ∂^C δΞ + 1 2 ∂^AδΞ∂_B^{(0)}Ξ + 1 2 ∂^{A (0)}Ξ∂_BδΞ + δ^A_B 3 2 1 5! e^{2 (0)Ξ (0)}F_{CDEF G}^{(1)}F^{CDEF G} (27) +δ^A_B 3 2 1 5! e^{2 (0)Ξ}δΞ^{(0)}F_{CDEF G}^{(0)}F^{CDEF G} + δ_{B4} 1 M^2_5 2∑ i=1 δ(y − y_i) b(y_i) δg_{Bβ} T^{Aβ}_{(i)}

+ 1 M^3_5 2∑ i=1 δ(y − y_i) b(y_i) [ δg_{44} 2b^2 ( δ^A_B e^{− (0)Ξ}3α_iM^3_5 − T^A_{(i)B} ) + δg_{Bβ}T^{Aβ}_{(i)} + δ^A_B e^{− (0)Ξ}3α_iM^3_5 δΞ + g_{Bβ} δT^{Aβ}_{(i)} ] ,

where the last sum is only present if A ≠ 4 and B ≠ 4. ¿From the x_i-x_j-component of the perturbed Einstein equations it follows that the the x_i-x_j-component of

(1)G^A_B vanishes, as can be seen from (27). Thus from (20) we have 1 a^2

∂_{xi} ∂_{xj} [Ψ + Φ − Γ] = 0 . (28)

By exploiting rotational invariance in the three spatial directions, and requiring that the perturbations remain bounded everywhere and have a vanishing spatial average one can deduce that Γ = Ψ + Φ up to a function of t and y [41]. Thus, Γ(t, ⃗x, y) = Φ(t, ⃗x, y) + Ψ(t, ⃗x, y) + f(t, y) , (29) where f(y, t) is a small, so far undetermined function whose average over the extra dimension has to vanish. Thus, for any spatial Fourier mode except the zero mode we may write Γ(t, ⃗q, y) = Φ(t, ⃗q, y) + Ψ(t, ⃗q, y) , (30) but the zero mode still contains the function f(t, y). Since we are doing linear perturbation theory, all Fourier modes decouple and thus f(t, y) is of no importance for the spectrum of metric fluctuations. However, it may be important for the evolution on the brane, since f(t, y = y_i) may look like a small, time-varying cosmological constant on the brane. This subtlety is often glanced over in the literature [34].

C. The perturbed matter equations of motion

To get the perturbed equations of motion we have to plug in the perturbed metric from (19) into (4) and (5), use the definitions (6) and (7), and expand the resulting equations up to first order in the perturbations. For the smooth component of the fields we obtain

0 =^{(0)}□δΞ +^{(1)}□^{(0)}Ξ +4 ( δΞ^{(0)}F^2 +^{(0)}FδF ) e^{2 (0)Ξ} , (31)

0 = ∂_μ

([_{(0)} F2δΞ + δF ] e^{2 (0)Ξ} ) . (32)

We will return to the delta function part of (31) in section IV A 3, where we will extract constraints from it.^{(0)}□ and (1)□ are straightforward to compute using the definition □ ≡ g^{AB} ∂_A∂_B − g^{BC} Γ^A_{BC} ∂_A =:^{(0)}□ +^{(1)}□ + O(perturbations^2) (33) and the perturbed metric (19). One gets

(0)□ = − 1 n^2 [ ∂^2_t + ( − ṅ n + ḃ b + 3 ȧ a ) ∂_t ] + 1 a^2 △ + 1 b^2 [ ∂^2_y + ( n^′ n − b^′ b + 3 a^′ a ) ∂_y ] , (34)

(1)□ = 2n^2Φ∂^2_t − 2a^2Ψ△ + 2b^2Γ∂^2_y − 2n^2W ∂_y∂_t + { 1 n^2 [( −2 ṅ n + 6 ȧ a + 2 ḃ b ) Φ + Φ̇ − 3Ψ̇ + Γ̇ ]

+ 1 b^2 [( n^′ n − b^′ b ) W + W^′ ] } ∂_t

+ 1 b^2 [ ( 2 n^′ n − 2 b^′ b + 6 a^′ a ) Γ + Γ^′ + Φ^′ + 3Ψ^′

+ ( − ḃ b + ṅ n + 3 ȧ a ) W + Ẇ ] ∂_y

+ 1 a^2 3∑ i=1 (Φ_{,i} + Ψ_{,i} − Γ_{,i}) ∂_{xi} , (35)

where △ is the usual spatial Laplacian.

Note that (32) is in fact a algebraic equation relating δF to δΞ, since a simple integrations yields

δF = −2^{(0)}FδΞ , (36)

where the integration constant was set to zero since this is the conclusion one would arrive at from solving for the gauge field in terms of the dilaton through the equations of motion [30].

IV. IN SEARCH OF A CONSISTENT SOLUTION

Now that we have introduced our notation and equipped ourselves with all the relevant equations of motion we will try to find a self consistent, nontrivial solution. Let us first make a general ansatz for all perturbed quantities and try to exploit all constraints before plugging the ansatz into the respective equations.

There are three main sources of constraints:

1. In order to be consistent with our background solution, we must demand that the perturbed Riemann tensor^{(1)}R_{ABCD} remains bounded near the bounce.

2. The perturbed energy-momentum tensor^{(1)}T^A_B should remain bounded.

3. The delta function parts of the EOM have to be matched with possible divergent parts originating from derivatives with respect to the extra dimension.

Assuming that the fields describing the fluctuations do not diverge at the bounce t = 0, we write down a general power law expansion for them (following the philosophy that was used for the background fields). We will then check as to whether nontrivial solutions are possible. If not, we can then conclude that the perturbations diverge at the bounce. Thus, we make the ansatz

Φ(t, ⃗x, y) = φ_0(⃗x, y) + φ_s(⃗x, y)t^s + O(t^{s+1}) , (37) Ψ(t, ⃗x, y) = ψ_0(⃗x, y) + ψ_q((⃗x, y))t^q + O(t^{q+1}) ,(38) W (t, ⃗x, y) = w_0(⃗x, y) + w_l(⃗x, y)t^l + O(t^{l+1}) , (39) δΞ(t, ⃗x, y) = ξ_0(⃗x, y) + ξ_m(⃗x, y)t^m + O(t^{m+1}) , (40) where s, q, l and m are the positive exponents of the leading order contributions in t.

If we want the bulk perturbations to be able to seed nontrivial brane fluctuations during the bounce, we require the additional condition φ_0(⃗x, y) ≠ 0 and/or ψ_0(⃗x, y) ≠ 0 if k ≥ 3. The possible non-trivial case that the perturbations vanish but their time derivative does not will be ruled out shortly, since it turns out that q ≥ k and s ≥ k, with k ≥ 3.

Note that if this ansatz is consistent and nontrivial near the bounce, any perturbation variable evaluated on the visible brane at the bounce is trivially determined by its bulk value shortly before the bounce.

This is consistent with the physical picture of the Ekpyrotic/Cyclic scenarios: Perturbations are generated as quantum vacuum fluctuations of the bulk scalar modes well before the collision of the branes (pictorially, they can be represented as fluctuations in the distance between the branes). They evolve as the two branes approach each other until shortly before the bounce. The key question is how the initial spectrum of fluctuations in the “contracting” phase (the phase during which the branes are approaching each other) is transferred to the spectrum of perturbations on the brane immediately after the bounce, assuming that there are no pre-existing fluctuations on the brane. In the Ekpyrotic/Cyclic scenarios, the background evolution is chosen such that this bulk spectrum is scale-invariant [42]. Our analysis, however, is independent of the origin and shape of the initial bulk spectrum.

A. Before the bounce

There are two possibilities k = 1 and k ≥ 3. We will first work out some general constraints before we study these two cases separately. In addition we will only focus on the spatially inhomogeneous modes of the perturbations, so all results should be taken modulo a possible non-vanishing zero Fourier mode.

1. Boundedness of the Riemann tensor

Demanding that potentially divergent terms in (1)R_{ABCD} get canceled, we obtain the following constraints on the exponents:

l ≥ k + 1 , (41) s ≥ k , (42) q ≥ k . (43) Furthermore, the functions in our ansatz (37)-(40) are constrained to

φ_0(⃗x, y) ≡ φ_0(⃗x) , (44) ψ_0(⃗x, y) ≡ ψ_0(⃗x) , (45) w_0(⃗x, y) ≡ 0 . (46)

Deriving this is a straightforward exercise - one simply writes down all components of the Riemann tensor to all orders in t until O(t^{−1}) and demands that they vanish.

To be specific, let us retrace the main steps leading to the constraints in the case that k ≥ 3:^{(1)}R_{tx3x3y} yields to order O(t^{−1})

ψ^′_0 +

A_1 A_0 w_0 = 0 . (47)

On the other hand,^{(1)}R_{tx1x1xi} yields to order O(t^{−j} ), AÃ_k B^2

∂_{xi} w_0 = 0 , (48)

so that w_0 can not depend on ⃗x. Therefore w_0 only couples to the zero Fourier modes, which we are not interested in. Thus, we may set w_0 ≡ 0, and from (47) we get consequently ψ_0(⃗x, y) ≡ ψ_0(⃗x). Stepping up in orders of t in^{(1)}R_{tx1x1xi} to O(t^{−j} ), where 1 ≤ j ≤ k, we obtain

∂_{xi} w_j = 0 , (49)

so that l ≥ k. Now, looking at^{(1)}R_{tx1tx1} to order O(t^{−k}) we get, using the previous results, φ_0(⃗x, y) ≡ φ_0(⃗x). Turning to^{(1)}R_{x1x2x1x2} we obtain to leading order

2A_0Ã_kψ^′_qt^q − 2A_1Ã_kw_lt^l = O(t^k) , (50)

so that q ≥ k has to hold. As a consequence, it follows from^{(1)}R_{tx1tx1}

φ^′_st^s = O(t^k) , (51)

so that s ≥ k has to hold too. Finally, if we consider the y-x_i-Einstein equation to order O(t^{−(k+1)}), we see that

∂_{xi} w_k = O(t^{k+1}) (52)

must be satisfied so that l ≥ k + 1 – all in all we have derived the claimed constraints in the case k ≥ 3. No other component of the Riemann tensor gives additional constraints. The arguments for k = 1 are similar.

2. Boundedness of the energy momentum tensor

Looking at T^y_{xi} = ∂_{xi} ( 1 2b^2 δΞ∂_y^{(0)}Ξ ) (53)

we see immediately that

ξ_0(⃗x, y) ≡ 0 , (54) m ≥ k (55)

has to hold in order for the energy-momentum tensor to remain bounded. The other components do not give any additional constraints.

3. Matching to the branes

The next conditions we should look at originate from matching δ-function parts in the Einstein equations and the EOM of the field δΞ. Note that the background solutions already satisfy similar constraints including only unperturbed quantities.

Let us first look at the Einstein tensor: the only possible divergent terms consist of second order derivatives with respect to y. Thus, from (21)–(27) we see that only the t-t and x_i-x_i components of the Einstein tensor contain such terms. These parts are, specifically,

(1)G^t_t | |_δ = − 3

b^2 Ψ^{′′} − 6 b^2 a^{′′} a Γ , (56) (1)G^{xi}_{xi} | |_δ = − 2

b^2 [ Ψ^{′′} + Φ^{′′} 2 + ( 2a^{′′} a + n^{′′} n ) Γ ] .(57)

Note that the summation convention is not used in the above expression for the x_i-x_i component. Let us introduce some notation [37]: Splitting X^{′′} into a continuous part X̂^{′′} and a delta function part multiplied by the jump in the first derivative [X^′], that is, e.g.

Φ^{′′} = Φ̂^{′′} + [Φ^′]δ(y − y_i) . (58)

Now, exploiting the Z_2-symmetry of the bulk we know the jump of the perturbation variables. For example, in the case of the brane at the origin we know

Φ^′(t, ⃗x, y = 0^+) = −Φ^′(t, ⃗x, y = 0^−) , (59) Ψ^′(t, ⃗x, y = 0^+) = −Ψ^′(t, ⃗x, y = 0^−) , (60) Γ^′(t, ⃗x, y = 0^+) = −Γ^′(t, ⃗x, y = 0^−) , (61) W^′(t, ⃗x, y = 0^+) = W^′(t, ⃗x, y = 0^−) . (62)

Thus, e.g. for Φ^′ at y = 0 we have

[Φ^′] ≡ Φ^′(t, ⃗x, y = 0^+) − Φ^′(t, ⃗x, y = 0^−) = 2Φ^′(t, ⃗x, y = 0^+) . (63)

Note that a, b and n behave like Φ at the brane positions under the Z_2-symmetry. With the perturbed energymomentum tensor of the form (27) with (56) and (57) we get our first two constraints 3 b e^{− (0)Ξ}α_i(Γ + δΞ) + O(t) = − 3 b^2

[Ψ^′] − 6 b^2

[a^′] a Γ , 3 b e^{− (0)Ξ}α_i(Γ + δΞ) + O(t) = − 2 b^2

[Ψ^′] − 1 b^2

[Φ^′] − 2 b^2 ( 2 [a^′] a + [n^′] n ) Γ , which have to be satisfied on the branes at y = 0 and y = y_2. We have made use of the assumption that there is no matter present on the branes before the collision. The physical picture is, of course, that matter is created during the collision by the transfer of kinetic energy of the hidden brane to the visible brane, but for our purposes it will be satisfactory to simply assume a sudden creation of matter at t = 0, so that we have some ideal fluid present on the visible brane for t > 0 (naturally, this assumption does effect the matching conditions for positive t).

A more convenient form of these two constraints is obtained by taking the difference and the sum, yielding O(t) = 1 b^2 { [Φ^′] − [Ψ^′] − 2 ( [a^′] a − [n^′] n ) Γ } , (64) and 6 b e^{− (0)Ξ}α_i(Γ + δΞ) + O(t) = − 1 b^2 { [Φ^′] + 5[Ψ^′] (65)

+2 ( 5 [a^′] a + [n^′] n ) Γ } . We obtain one more constraint from the delta function part of the equation of motion for δΞ in (4), expanded to first order in the perturbations. One gets, e.g., for the brane at y = 0 δΞ^′ b − 3α_1 ( δΞ + Γ 2 ) e^{− (0)Ξ} = O(t) . (66)

4. The Einstein Equations for k ≥ 3

In case q > 3, it follows from the junction conditions (64) and (66) that

s > 3 , (67) φ_0(⃗x) = −ψ_0(⃗x) . (68)

In case when q = 3, all we can deduce from the junction conditions alone is

s = 3 , (69) ψ^′_k(⃗x, y = y_i) ≡ φ^′_s(⃗x, y = y_i) ∼ (φ_0(⃗x) + ψ_0(⃗x)) . (70)

Now, looking at the x_i-t Einstein equation (22) to leading order in t, we see that w^′_{k+1}(⃗x, y) ≡ 0. Using this knowledge in the y-x_i equation (25), we get

w_{k+1}(⃗x, y) ∼ (φ_0(⃗x) + ψ_0(⃗x)) . (71)

Working out the y-t equation (23) to order O(t^{−k}) and evaluating it at the brane we obtain, after using (70) and (71),

φ_0(⃗x) = −ψ_0(⃗x) . (72)

Thus, in any case we can deduce l > k + 1 as well as

φ_0(⃗x) = −ψ_0(⃗x) (73) and if q = k ⇒ ψ^′_q(⃗x, y = y_i) = 0 , (74) if s = k ⇒ φ^′_s(⃗x, y = y_i) = 0 . (75)

Going back to the junction condition for δΞ, it follows that

if m = k ⇒ ξ^′_m(⃗x, y = y_i) = 0 . (76)

Equipped with this knowledge, it can be seen that the leading order contribution to the y-y equation (27) is of order O(t^0) and takes the form

△ φ_0(⃗x) + Cφ_0(⃗x) = 0 , (77)

where C is a constant given by −6A^2_1 − 12A_2. Thus, only one specific Fourier mode of φ_0 could be consistently transferred to the visible brane. This certainly is inconsistent with obtaining a scale invariant spectrum on the brane. Thus, we will not further consider this possibility. Therefore, we conclude that only the trivial solution

φ_0(⃗x) ≡ 0 , (78) ψ_0(⃗x) ≡ 0 (79)

is consistent with our model if k ≥ 3. This is our first main result. Its implications will be discussed in section V.

5. The Einstein Equations for k = 1

Let us consider the case k = 1, that is the metric (12)- (14). The x_i-t equation (22), evaluated to order O(t^{−1}), yields

ψ_0(⃗x) = −2φ_0(⃗x) . (80)

Since the junction conditions (64) and (66) imply ψ_0(⃗x) = −φ_0(⃗x) if s > 1 and/or q > 1, we must have s = q = 1 and the boundary conditions

φ^′_1(⃗x, y = y_i) = a^′_1(y = y_i)φ_0(⃗x) , (81) ψ^′_1(⃗x, y = y_i) = a^′_1(y = y_i)φ_0(⃗x) , (82) ξ^′_1(⃗x, y = y_i) = 6a^′_1(y = y_i)φ_0(⃗x) . (83)

The y-x_i equation (25) to order O(t^{−1}) yields

2ψ^′_1 + φ^′_1 − 3a^′_1φ_0 + 3 2 w_2 = 0 . (84)

Evaluating this at the brane gives us the boundary condition

w_2(⃗x, y = y_i) = 0 . (85)

Another equation of motion follows from the t-t equation (21) to order O(t^{−1}) ψ^{′′}_1 B^2

= ψ_1 , (86)

which is solved by

ψ_1(⃗x, y) = a_1(y)φ_0(⃗x) , (87)

where we made use of (82). The x_i-t equation (22) to order O(t^0) gives yet another equation of motion

φ_1 + a_1φ_0 + 1 6B^2 w^′_2 = 0 , (88)

which can be combined with (84) to yield φ^{′′}_1 B^2

= 9φ_1 + 10a_1φ_0 , (89) w^{′′}_2 B^2

= 9w_2 − 12a^′_1φ_0 . (90)

These are solved by φ_1(⃗x, y) = − 5 4 a_1(y)φ_0(⃗x) + 3 4 Ã_1φ_0(⃗x) (91) × ( 1 − cosh(3By_2)

sinh(3By_2) cosh(3By) + sinh(3By) ) , w_2(⃗x, y) = 3 2 BÃ_1 [ cosh(3By) − cosh(By) (92) + 1 − cosh(3By_2)

sinh(3By_2) sinh(3By) − 1 − cosh(y_2B)

sinh(y_2B) sinh(yB) ] φ_0(⃗x), where we made use of the boundary conditions (81) and (85). For ξ_1 we get from (31), to leading order in t, ξ^{′′}_1 B^2

= ξ_1 + 12a_1φ_0 , (93)

with the solution ξ_1(⃗x, y) = [ 3(Ã_1 + A_1) ( By + C_1 − 3 2 ) e^{By} (94)

3(Ã_1 + A_1) ( By + C_2 + 3 2 ) e^{−By} ] φ_0(⃗x) , where C_1 and C_2 are constants chosen such that (83) is satisfied. A nontrivial consistency check for these solutions is, e.g., the x_i-x_i equation (24) evaluated to order O(t^{−1}), which is indeed satisfied.

Now we have to look at all other Einstein equations up to order O(t^0), all of which include higher order perturbations. In order for a scale-invariant spectrum to be consistent, the terms ∼ △φ_0 in (27) and (21) should get canceled for all y. We can achieve this if we write

ψ_2(⃗x, y) ≡ φ_0(⃗x)ψ_2(y) + ψ̃_2(⃗x) (95)

and demand that

ψ̃_2(⃗x) = 1 2 △ φ_0(⃗x) . (96)

Combining (23) to order O(t^{−1}) with (21) and (27) to order O(t^0) gives three equations of motion for a_2(y), n_1(y) and ψ_2(y). Together with (15) these could be solved. Since a_2 is a solution to the background equations involving the brane interaction, one could in principle extract information about the brane interaction by demanding consistency in the perturbed metric beyond leading order. Since we did not specify the brane interaction so far, we shall be satisfied with consistency to leading order.

The remaining three Einstein equations (23), (25) and (24), all evaluated to order O(t^0), involve six new degrees of freedom: ψ_3, φ_2, w_3, n_2, b_3 and a_3. These define ψ_3, φ_2 and w_3 in terms of higher order terms of the metric, all of which require a better understanding of the brane interaction.

All that is left to do now is to check if we can impose the initial conditions

φ_0(⃗x) = −φ_1(⃗x, y = 0)t_i , (97) ψ_0(⃗x) = −ψ_1(⃗x, y = 0)t_i , (98)

such that at t = t_i perturbations Φ and Ψ on the visible brane vanish up to order O(t^2_i ) (they do not vanish on the hidden brane). We can arrange this if we assume By_2 >> 1, −α_1e^{−Ξ0} ≥ 8 – then t_i ≥ −1/2 and

Φ(⃗x, y = y_2, t = t_i) = 3 2 φ_0(⃗x) + O(t^2_i ) , (99)

Ψ(⃗x, y = y_2, t = t_i) = −4φ_0(⃗x) + O(t^2_i ) . (100)

It should be noted that in order for this to be possible we need the visible brane to be a negative tension brane. Since at t = 0 the perturbations on the visible brane are given by Φ = φ_0 and Ψ = −2φ_0, the above two equations tell us how to match perturbations shortly before the bounce in the bulk (and on the hidden brane) to perturbations on the visible brane at the bounce.

The only change to our setup after the bounce is a change in the junction conditions in section IV A 3 due to the matter which has been generated by the bounce on the visible brane. Therefore, a consistent solution after the bounce could be found along similar lines as above.

V. CONSEQUENCES FOR THE EKPYROTIC AND CYCLIC SCENARIOS

We have seen that for k ≥ 3 the only solution to the perturbation equations that is bounded near the bounce and does not yield a singularity in the Riemann tensor is the trivial solution (78) and (79) – the solution that has vanishing metric perturbations on the branes at the bounce.

Since there have to be some perturbations on the visible brane after the bounce if the Ekpyrotic Universe is to describe our Universe, we are led to conclude at least one of the following

1. The background Riemann tensor and/or energymomentum tensor does not remain bounded at the bounce and thus we have a singularity even from the 5D point of view.

2. At least one perturbation variable exhibits a growing mode ∼ t^{−c} where c > 0, and thus perturbation theory breaks down as we approach the bounce.

In either case the bounce can not be examined using standard methods. One has to specify the type of the singularity and find a way to match perturbations shortly before and shortly after the bounce. Unfortunately the breakdown of first order perturbation theory renders the whole problem highly gauge dependent. The most recent attempt addressing this problem [26] assumes a Milnelike Universe and works in a specific gauge, but the robustness of the results towards changes in the specific assumptions concerning the background and the matching conditions is subject of an ongoing debate.

However, in the case that the two boundary branes approach each other with constant velocity near the bounce, that is k = 1, a consistent solution of the perturbed Einstein equations can be found, as was done explicitly in section IV A 5. In this case, one can easily follow the perturbations until the actual collision. Furthermore, if a scale invariant spectrum in the bulk was generated while the hidden brane was approaching the visible brane, then it will indeed be transferred to the visible brane during the collision. Since the bounce is non-singular and all perturbations remain small, one needs neither to worry about higher curvature corrections nor gauge ambiguities. In order to see if this single case is actually realized one needs a better understanding of the brane interaction and check consistency beyond leading order in the perturbed metric.

The limitations of our conclusions lie in the specific realization of the model used. Our choice was guided by the principle of simplicity, apparent e.g. in the choice of the bulk fields. Furthermore we did not specify the brane interaction – we only assumed that it vanishes at least like t during the bounce. We showed that in this simplified setup a consistent realization of the Ekpyrotic or Cyclic scenarios including perturbations is possible.

Acknowledgments

We wish to thank Syksy Räsänen for useful correspondence, and Paul Steinhardt for comments on the first version of this paper. One of us (SP) wishes to acknowledge Jean-Luc Lehners at Imperial College for discussion concerning brane perturbations, and the Imperial College Theory Group for the use of their facilities in the course of the work on this paper. RB wishes to acknowledge the hospitality of the McGill Physics Department. This work was supported in part by the U.S. Department of Energy under Contract DE-FG02-91ER40688, TASK A.

[1] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 64, 123522 (2001).

[2] J. Khoury, B. A. Ovrut, N. Seiberg, P. J. Steinhardt and N. Turok, Phys. Rev. D 65, 086007 (2002).

[3] P. J. Steinhardt and N. Turok, Phys. Rev. D 65, 126003 (2002).

[4] D. N. Spergel et al., Astrophys. J. Suppl. 148, 175 (2003). [5] M. Gasperini and G. Veneziano, Astropart. Phys. 1, 317 (1993).

[6] R. Kallosh, L. Kofman and A. Linde, Phys. Rev. D 64, 123523 (2001).

[7] R. Kallosh, L. Kofman, A. Linde and A. Tseytlin, Phys.

Rev. D 64, 123524 (2001).

[8] K. Enqvist, E. Keski-Vakkuri and S. Rasanen, Nucl.

Phys. B 614, 388 (2001).

[9] J. Khoury, B. A. Ovrut, P. J. Steinhardt and N. Turok, Phys. Rev. D 66, 046005 (2002).

[10] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992).

[11] R. H. Brandenberger, hep-th/0306071.

[12] P. Peter, J. Martin, N. Pinto-Neto and D. J. Schwarz, hep-th/0204227.

[13] J. C. Hwang and E. T. Vishniac, Astrophys. J. 382, 363 (1991).

[14] N. Deruelle and V. F. Mukhanov, Phys. Rev. D 52, 5549 (1995).

[15] R. Brandenberger and F. Finelli, JHEP 0111, 056 (2001).

[16] J. C. Hwang, Phys. Rev. D 65, 063514 (2002). [17] S. Tsujikawa, Phys. Lett. B 526, 179 (2002). [18] D. H. Lyth, Phys. Lett. B 524, 1 (2002).

[19] R. Durrer and F. Vernizzi, Phys. Rev. D 66, 083503 (2002).

[20] D. H. Lyth, Phys. Lett. B 526, 173 (2002). [21] S. Tsujikawa, R. Brandenberger and F. Finelli, Phys.

Rev. D 66, 083513 (2002).

[22] C. Cartier, J. C. Hwang and E. J. Copeland, Phys. Rev.

D 64, 103504 (2001).

[23] C. Cartier, R. Durrer and E. J. Copeland, Phys. Rev. D 67, 103517 (2003).

[24] P. Peter and N. Pinto-Neto, Phys. Rev. D 66, 063509 (2002).

[25] J. Martin and P. Peter, Phys. Rev. D 68, 103517 (2003).

[26] A. J. Tolley, N. Turok and P. J. Steinhardt, hep-th/0306109.

[27] A. J. Tolley and N. Turok, Phys. Rev. D 66, 106005 (2002).

[28] L. Cornalba and M. S. Costa, Fortsch. Phys. 52, 145-199 (2004).

[29] B. Craps and B. A. Ovrut, Phys. Rev. D 69, 066001 (2004).

[30] S. Rasanen, Nucl. Phys. B 626, 183 (2002). [31] T. Banks and W. Fischler, hep-th/0111142;

T. Banks and W. Fischler, hep-th/0212113. [32] G. Veneziano, JCAP 0403, 004 (2004).

[33] P. Horava and E. Witten, Nucl. Phys. B 460, 506 (1996);

P. Horava and E. Witten, Nucl. Phys. B 475, 94 (1996). [34] C. van de Bruck, M. Dorca, R. H. Brandenberger and A. Lukas, Phys. Rev. D 62, 123515 (2000).

[35] S. Rasanen, astro-ph/0208282.

[36] M. Dorca and C. van de Bruck, Nucl. Phys. B 605, 215 (2001).

[37] P. Binetruy, C. Deffayet and D. Langlois, Nucl. Phys. B 565, 269 (2000).

[38] There are, however differences both in terms of the particle physics motivation for the scenario - in the Ekpyrotic scenario the string coupling goes to zero at the bounce, whereas in the Pre-Big-Bang scenario the bounce occurs in the regime of strong string coupling - and also in the details of the dynamics - the rate of contraction is different.

[39] See [6, 7, 8] for some criticism of the basic scenario. [40] Note that this metric does not correspond to a Milne like bounce, since n1 and a1 depend on y.

[41] One can write the perturbed metric in a rotated coordinate frame. The infinitesimal perturbation variables do not change, and hence we can conclude that all second order 4D spatial derivatives of the off-diagonal Einstein tensor vanish.

[42] In these scenarios, the mode of Φ with a scale-invariant spectrum is growing in the contracting phase so that at the time of the bounce the magnitude of the fluctuations is much larger than the magnitude of any pre-existing quantum vacuum fluctuations on the brane.