arXiv:hep-th/0401050 v1 8 Jan 2004

hep-th/0401050 UK/04-01

MATRIX THEORY OF pp WAVES^∗

JEREMY MICHELSON Department of Physics and Astronomy University of Kentucky Lexington, KY 40506 USA E-mail: jeremy@pa.uky.edu

The Matrix Theory that has been proposed for various pp wave backgrounds is discussed. Particular emphasis is on the existence of novel nontrivial supersymmetric solutions of the Matrix Theory. These correspond to branes of various shapes (ellipsoidal, paraboloidal, and possibly hyperboloidal) that are unexpected from previous studies of branes in pp wave geometries.

1. INTRODUCTION

The BMN1 Matrix Theory, which describes the maximally supersymmetric pp wave of M-theory2, is a very nice arena for learning about M-theory. It is simple enough to be reasonably tractable, yet describes a curved background. Moreover, it has a dimensionless parameter^{μα′}_R —the ratio, in string units, between the strength of the four-form flux and the DLCQ radius—which, when large, permits a perturbative treatment of the Yang- Mills theory3. Additionally, the four-form flux supports fuzzy sphere solutions to the Matrix Theory1. The fuzzy spheres are the general vacua of the Matrix Theory, which preserve all the SUSYs. These fuzzy spheres have very interesting properties upon compactification4 of the theory to a IIA Matrix String Theory. These results have already appeared in the literature5^,6 and space constraints prevent us from summarizing them here.

There are many pp wave solutions to M-theory7^,8^,9^,10 and a Matrix Theory has been proposed8^,11 for each. The original argument noted that the form reproduces BMN and has the right number of SUSYs8. A derivation from membrane quantization has since been given11. One can also show, beyond counting fermionic generators, that the full SUSY algebras

∗To appear in the Proceedings of the 3rd International Symposium on Quantum Theory and Symmetries (QTS3) 10 – 14 Sept 2003 — © World Scientific. 1

match12.

Having proposed a Matrix Theory for each M-theory pp wave, one should now study them. The zeroth question to answer is: what are the vacua which preserve all of the SUSYs? We will study this for three pp waves: the Penrose limit of AdS_3 × S^3 7^,8^,13^,14; the T-dual4 of the maximally supersymmetric pp wave of the IIB theory15; and the 26 supercharge pp wave10. For the first two, we find, at infinite N , brane solutions which do not follow from treating g_{++} as a superpotential16.^a

2. MATRIX THEORIES

The general 11-dimensional pp wave considered is17^,8^,9

ds^2 = 2dx^+dx^− −

[_9 ∑ i=1 μ^2_i (x^i)^2 ] (dx^+)^2 + (dx^i)^2, F = dx^+ ∧ Θ, (1)

with constant μ_i, Θ, and also Θ is a “spatial” (support in the x^i-directions)^b three-form, satisfying the equation of motion (e.o.m.) Θ^2_{ijk} = 12 ∑ i μ^2_i .

This geometry admits 16 + 2n Killing spinors. To present them—and define n—set, (with all sums explicit here, and U_{(i)} ≡ 3Γ^iΘΓ^i + Θ)

Ω_+ ≡ − 1 12 Θ(Γ^+Γ^− + l1), Ω_− ≡ 0, Ω_i ≡ 1 24 Γ^iU_{(i)}Γ^+. (2)

The solutions of the Killing spinor equation, D_Aϵ = ∇_Aϵ − Ω_Aϵ = 0, are

ϵ(x, ϵ_0) = [ 1 + ∑ i x^iΩ_i ] e^{− 112 (Γ+Γ−+ l1)θx+} ϵ_0, (3)

where the constant spinor ϵ_0 obeys17^,8^,9

U^2_{(i)}Γ^+ϵ_0 = −144μ^2_i Γ^+ϵ_0. (4)

So there are 16 “standard” SUSYs which obey Γ^+ϵ_0 = 0 and an even number, 2n, of “supernumerary”7 SUSYs obeying

U^2_{(i)}ϵ_0 = −144μ^2_i ϵ_0, (5)

for each i. Equation (5) need not have any solutions, and never has 12 or 14 solutions10. Existence of “supernumerary” SUSYs guarantees a solution to the e.o.m.s, by summing Eq. (5) over i and tracing over Killing spinors.

aUnfortunately there is no room to list the myriad papers on branes in pp waves. bThe index i, j, . . . runs from 1 to 9, and A, B, . . . runs over all coordinates. Γ-matrices are defined with respect to the elfbein e^{^−} = dx^− −^1_2

∑_9 i=1 μ^2_i (x^i)^2dx^+ , e^{^+} = dx^+, e^î = dx^i. The Feynman slash, e.g. Θ =^1_{3!} Γ^{ijk} Θ_{ijk} , is used extensively.

In units for which the 11-dimensional Planck length, ℓ_P = 1, and employing Majorana so(9) spinors Ψ, the Matrix Theory action8^,11 is^c

S = R ∫ dτ Tr { 1 2R^2

(D_τ X^i)^2 + i R Ψ^TD_τ Ψ + Ψ^TΓ^i [ X^i, Ψ ] + 1 4 [ X^i, X^j ]_2

− 1 2 ∑ i μ^2_i R^2

(X^i)^2 − i 4R Ψ^TΘΨ − i 3R Θ_{ijk}X^iX^j X^k } . (6)

The first line is the familiar BFSS Matrix Theory18 action; the second line contains mass terms for the bosons and fermions, and the Myers term19^,20.

The Matrix Theory (6) is invariant under the nonlinearly realized SUSY δΨ = e^{14 Θτ} ϵ_+ corresponding to the 16 “standard” SUSYs of the pp wave. Consider also the transformations,

δX^i = iΨ^TΓ^iϵ(τ ), δA_τ = iRΨ^Tϵ(τ ), ϵ(τ ) ≡ e^{− 112 Θτ} ϵ_0, (7a)

δΨ = 1 2R D_τ X^iΓ^iϵ(τ ) + 1 R X^iΩ̂_iϵ(τ ) + i 4 [ X^i, X^j ] Γ^{ij}ϵ(τ ), (7b)

where Ω̂_i ≡^1_{24} Γ^iU_{(i)} and ϵ_0 is constant (cf. Bonelli21). These transformations preserve the action precisely when ϵ_0 obeys (5). So the Matrix quantum mechanics (6) preserves exactly the right number of SUSYs to describe the pp wave (1)7^,11. Indeed, the SUSY algebras match12.

3. THE AdS_3 × S^3 pp WAVE

The Penrose limit of AdS_3 × S^3 has been considered in7^,8^,13^,14. Lifting the geometry supported with NS-NS flux to 11-dimensions,

ds^2 = 2dx^+dx^− − μ^2 4∑ a=1 (x^a)^2(dx^+)^2 + 9∑ i=1 (dx^i)^2,

(4)F = 2μdx^+ ∧ dx^1 ∧ dx^2 ∧ dx^9 + 2μdx^+ ∧ dx^3 ∧ dx^4 ∧ dx^9. (8)

The M-theory direction is x^9, and the directions x^a, a=1 · · · 4 are the spacelike AdS_3 ×S^3 directions transverse to the null geodesic of the Penrose limit.

cD_τ X^i = ∂_τ X^i + i [ A_τ , X^i ] and (Ψ_αΨ_β )^∗ = Ψ^∗_β Ψ^∗_α . R is the DLCQ radius.

Vanishing of the fermionic variation (7b) gives the conditions [ X^1, X^2 ] = [ X^3, X^4 ] , [ X^2, X^3 ] = [ X^1, X^4 ] , [ X^1, X^3 ] = − [ X^2, X^4 ] , [ X^2, X^9 ] = i μ R X^1, [ X^1, X^9 ] = −i μ R X^2, [ X^4, X^9 ] = i μ R X^3, [ X^3, X^9 ] = −i μ R X^4. (9) All other commutators vanish, and the vacua are static.

For finite N , all vacua preserving all eight linearly-realized SUSYs are trivial: X^1 = X^2 = X^3 = X^4 = 0. However, there is a family of solutions for infinite N . Specifically, take X^1, X^2 and X^3, X^4 to form two noncommutative planes, with equal noncommutativity parameter, [ X^1, X^2 ] = iϑ = [ X^3, X^4 ] ; [ X^1, X^3 ] = 0 = [ X^2, X^3 ] , (10)

and take

X^9 = X^9_0 − μ 2Rϑ [ (X^1)^2 + (X^2)^2 + (X^3)^2 + (X^4)^2 ] , (11)

where X^9_0 commutes with all the matrices. Then it is straightforward to see that equations (9) are satisfied. This solution describes a longitudinal fivebrane of a (fuzzy) paraboloidal shape (11). The fivebrane wraps the entire “AdS_3 × S^3 directions” but it extends into the M-theory direction through the paraboloid equation.

4. THE 26 SUPERCHARGE MATRIX THEORY VACUA

The pp wave with 26 supercharges was presented in10. Supersymmetric vacua obey (I, J, · · · = 1 . . . 7, I^{′′}, J^{′′}, · · · = 1, 2, 3, with the conventions10)

D_τ X^I = 0, I = 1 . . . 7, D_τ X^8 = μ 2 X^9, D_τ X^9 = − μ 2 X^8,

X^4 = X^5 = X^6 = X^7 = 0, [ X^{I′′} , X^{J ′′} ] = −i μ R ϵ_I′′_J ′′_K′′ X^{K′′} , [ X^8, X^{I′′} ] = 0 = [ X^9, X^{I′′} ] . (12) That is, states preserving all the SUSYs are fuzzy spheres at the origin of the (4, 5, 6, 7)-hyperplane, and orbit in the (8, 9)-plane with frequency^μ_2 .

Recall10 that the 26 supercharge pp wave can be compactified to a 26 supercharge IIA pp wave. Such a reduction occurs along a Killing vector which rotates in the (8,9)-plane. Thus, in the IIA theory, the fully supersymmetric solutions (12) are static. This is reminsicent of the maximally supersymmetric pp wave, for which5 the orbiting fuzzy spheres broke the same half of the (supernumerary) SUSYs as were broken by the reduction to the IIA theory, yielding fully (24 supercharge) supersymmetric IIA fuzzy spheres located at any static value of X^8_{IIA}. Here, the solutions have identical form, but with two additional supercharges.

5. IIB T-dual Matrix Theory Vacua

The T-dual, lifted to M-theory, of the IIB maximally supersymmetric pp wave is4 (the coordinates have been reindexed relative to the reference)

ds^2 = 2dx^+dx^− − [ 4μ^2 6∑ I=1 (x^I )^2 + 16μ^2(x^7)^2 ] (dx^+)^2 + 9∑ i=1 (dx^i)^2, (13a)

F = −4μdx^+ ∧ dx^7 ∧ dx^8 ∧ dx^9 + 8μdx^+ ∧ dx^5 ∧ dx^6 ∧ dx^7. (13b)

The linear SUSYs of the Matrix Theory are parametrized by Γ^{5689}ϵ_0 = ϵ_0.

Fully supersymmetric vacua must be static, at X^{1...4} = 0 and satisfy −2 μ R X^7 + i 2 [ X^8, X^9 ] − i 2 [ X^5, X^6 ] = 0, (14a) [ X^6, X^7 ] = 2i μ R X^5, [ X^7, X^5 ] = 2i μ R X^6, (14b) [ X^5, X^8 ] = − [ X^6, X^9 ] , [ X^6, X^8 ] = [ X^5, X^9 ] , (14c) [ X^7, X^8 ] = 0 = [ X^7, X^9 ] . These equations are similar to those for nonmaximally SUSic vacua of the BMN theory22. Solutions to equation (14) satisfy the e.o.m.s.

For finite N , the only solutions are fuzzy ellipsoids, ( [ J^a, J^b ] = iϵ_{abc}J^c) X^5 = 2 √ 2 μ R J^1, X^6 = 2 √ 2 μ R J^2, X^7 = 2 μ R J^3. (15)

Constant values of X^{8,9}, that are diagonal and proportional to the identity in each irreducible SU(2) block, give the positions of the fuzzy ellipsoids.

At strictly infinite N there are many more solutions. For example,

X^{5,6} = 2 √ 2 μ R J^{1,2} ⊗ l1, X^7 = 2 μ R ( J^3 − 1 8 ϑ l1 ) ⊗ l1, (16a)

X^8 = l1 ⊗ x̂^8, X^9 = l1 ⊗ x̂^9, (16b)

where [ x̂^8, x̂^9 ] = iϑ is a c-number. That is, X^{5,6,7} form a fuzzy ellipsoid and X^8 and X^9 parameterize a noncommutative plane orthogonal to the ellipsoid and translated, along X^7, by an amount −^μ_{4R} ϑ from the origin.

This is the longitudinal M5-brane, formed as a stack of M2-branes18^,23, with one M2-brane blown up into a fuzzy ellipsoid. Thus, the solution (16) describes a longitudinal M5-brane of topology R^{1,3} × S^2.

One can also find a solution for every complex simple Lie algebra of rank 2. If the algebra is not simply-laced—i.e. except for su(3)—the algebra gives two inequivalent solutions. Explicitly, if the two roots of the algebra are α_1 = (a_1, −b_1) and α_2 = (0, a_2), with Cartan subalgebra h_1, h_2, ([h_1, α_1] = a_1α_1, [ α_2, α^†_2 ] = a_2h_2, etc.), then

X^7 = 2μ a_1R h_1, X^5 = 2μ a_1R

(e_1 + e^†_1), X^6 = 2μ a_1Ri (e_1 − e^†_1),

X^8 = −2i √ b_1 a^2_1a_2 μ R (e_2 + e^†_2), X^9 = −2 √ b_1 a^2_1a_2 μ R (e_2 − e^†_2),

(17) is a solution. Demanding hermitian matrices then restricts to a particular noncompact realification of each algebra. The resulting realifications are su(2, 1), sp(1, 1) ∼= so(1, 4), sp(2, R) ∼= so(2, 3) and g_{2(2)}. Two inequivalent solutions are obtained from the last algebra. As these are all noncompact, their nontrivial unitary representations (hermitian matrices) are all infinite dimensional.

For example, explicit24 su(2, 1) solutions can be written in terms of three commuting sets of annihilation operators a_1, a_2, b, and their hermitian conjugate creation operators,

X^5 = 2 √ 2 3 μ R ( a^†_1a_2 + a^†_2a_1 ) , X^6 = −i2 √ 2 3 μ R ( a^†_1a_2 − a^†_2a_1 ) , X^8 = 2 √ 3 μ R ( a_1b + a^†_1b^† ) , X^9 = −i 2 √ 3 μ R ( a_1b − a^†_1b^† ) , X^7 = 2 3 μ R ( a^†_1a_1 − 2a^†_2a_2 − bb^† ) . (18) The quadratic Casimir of su(2, 1) takes the form

C^{su(2,1)}

2 = − 3 4 R^2 μ^2 ( (X^8)^2 + (X^9)^2 ) + 3 8 R^2 μ^2 ( (X^5)^2 + (X^6)^2 + 2(X^7)^2 )

− 9 64 R^4 μ^4 [ X^8, X^9

]_2 + 9 32 R^4 μ^4 ([ X^5, X^8

]_2 + [ X^5, X^9

]_2) . (19)

The first line suggests a hyperboloidal interpretation to the solution, though this needs refinement.

Compactifying the Matrix Theory along X^8 gives12, at least for weak string coupling, the Green-Schwarz action for the IIB string in the pp wave background. The radius of compactification matches precisely. This demonstration requires a field redefinition in the Matrix String Theory that is the inverse of the coordinate transformation that makes the isometry manifest4 on the IIB side. Unfortunately, there is no space to give details here.

Acknowledgments

This work was supported in part by Department of Energy contract #DE- FG01-00ER45832.

References 1. D. Berenstein, J. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 Super Yang Mills,” J. High Energy Phys. 04, 013 (2002);

[hep-th/0202021].

2. J. Kowalski-Glikman, “Vacuum States in Supersymmetric Kaluza-Klein Theory,” Phys. Lett. B134, 194 (1984).

3. K. Dasgupta, M. M. Sheikh-Jabbarri and M. Van Raamsdonk, “Matrix Perturbation Theory For M-theory On a PP-Wave,” J. High Energy Phys. 05, 056 (2002); [hep-th/0205185].

4. J. Michelson, “(Twisted) Toroidal Compactification of pp-Waves,” Phys. Rev.

D66, 066002 (2002); [hep-th/0203140].

5. S. R. Das, J. Michelson and A. D. Shapere, “Fuzzy Spheres in pp Wave Matrix String Theory,” UK/03-09, hep-th/0306270.

6. Y.-X. Chen and J. Shao, “Giant Graviton in type IIA PP-wave background,”

hep-th/0310062.

7. M. Cvetič, H. Lü and C. N. Pope, “Penrose Limits, PP-Waves and Deformed M2-branes,” CTP-TAMU-04/02, UPR-982-T, MCTP-02-15,

hep-th/0203082.

8. M. Cvetič, H. Lü and C. N. Pope, “M-theory, PP-Waves, Penrose Limits and Supernumerary Supersymmetries,” Nucl. Phys. B644, 65–84 (2002);

[hep-th/0203229].

9. J. P. Gauntlett and C. M. Hull, “pp-waves in 11-dimensions with extra supersymmetry,” J. High Energy Phys. 06, 013 (2002); [hep-th/0203255].

10. J. Michelson, “A pp-wave with 26 Supercharges,” Class. Quant. Grav. 19, 5935–5949 (2002); [hep-th/0206204].

11. N. Iizuka, “Supergravity, Supermembrane and M(atrix) model on PP- Waves,” Phys. Rev. D68, 126002 (2003); [hep-th/0211138].

12. J. Michelson, unpublished.

13. J. G. Russo and A. A. Tseytlin, “On solvable models of type IIB superstring in NS-NS and R-R plane wave backgrounds,” J. High Energy Phys. 04, 021 (2002); [hep-th/0202179].

14. J. Gomis, L. Motl and A. Strominger, “PP-Wave / CFT_2 Duality,” J. High Energy Phys. 11, 016 (2002); [hep-th/0206166].

15. M. Blau, J. Figueroa-O’Farrill, C. Hull and G. Papadopoulos, “A New Maximally Supersymmetric Background of IIB Superstring Theory,” J. High Energy Phys. 01, 047 (2002); [hep-th/0110242].

16. Y. Hikida and S. Yamaguchi, “D-branes in PP-Waves and Massive Theories on Worldsheet with Boundary,” J. High Energy Phys. 01, 072 (2003);

[hep-th/0210262].

17. J. Figueroa-O’Farrill and G. Papadopoulos, “Homogeneous Fluxes, Branes and Maximal Supersymmetry,” J. High Energy Phys. 08, 036 (2001);

[hep-th/0105308].

18. T. Banks, W. Fischler, S. H. Shenker and L. Susskind, “M theory as a matrix model: A conjecture,” Phys. Rev. D55, 5112–5128 (1997);

[hep-th/9610043].

19. R. C. Myers, “Dielectric-Branes,” J. High Energy Phys. 12, 022 (1999);

[hep-th/9910053].

20. W. Taylor and M. Van Raamsdonk, “Multiple Dp-branes in Weak Background Fields,” Nucl. Phys. B573, 703–734 (2000); [hep-th/9910052].

21. G. Bonelli, “Matrix Strings in pp-wave backgrounds from deformed Super Yang-Mills Theory,” J. High Energy Phys. 08, 022 (2002);

[hep-th/0205213].

22. J.-H. Park, “Supersymmetric objects in the M-theory on a pp-wave,” J. High Energy Phys. 10, 032 (2002); [hep-th/0208161].

23. T. Banks, N. Seiberg and S. Shenker, “Branes from Matrices,” Nucl. Phys.

B490, 91–106 (1997); [hep-th/9612157].

24. M. Günaydin and C. Saçlioḡlu, “Oscillator-Like Unitary Representations of Non-Compact Groups with a Jordan Structure and the Non-Compact Groups of Supergravity,” Commun. Math. Phys. 87, 159–179 (1982).