arXiv:hep-th/0401056 v2 12 Jan 2004

SPONTANEOUS SYMMETRY BREAKING ON NON-ABELIAN KALUZA-KLEIN AND RANDALL-SUNDRUM THEORIES

A DISSERTATION SUBMITTED TO THE DEPARTMENT OF PHYSICS

OF UNIVERSIDADE DE COIMBRA

IN COLABORATION WITH

UNIVERSITÀ DEGLI STUDI DI TRENTO

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE GRADUATION IN

THEORETICAL PHYSICS

Supervisor: Prof. Dr. Zerbini

First Reader: Prof. Dr. Vanzo Second Reader: Prof. Dr. Cognola

Rui Fernando Lima Matos

January 2004 ii

A Meus Pais, Fernando e Maria da Glória iv

Acknowledgements

I wish to acknowledge with much gratitude the guidance and inspiration of my thesis advisor, Dr. Sergio Zerbini, and the warm hospitality of the Laboratorio di Fisica Teorica at the Università degli Studi di Trento.

I would like to thank the precious contribution of Dra. Isabel Lopes without which this project wouldn’t be accomplished.

I express my gratitude to Matilde, who has read and corrected the early manuscript and that with her permanent encouragement has largely contributed to the development of this work.

Finally, I wish to express my most debt to my parents and brother, for their love and support.

vi

SPONTANEOUS SYMMETRY BREAKING ON NON-ABELIAN KALUZA-KLEIN AND RANDALL-SUNDRUM THEORIES

Rui Fernando Lima Matos Departamento de Física, Universidade de Coimbra, Portugal

ABSTRACT

The fibre bundle formalism inherent to the construction of non-abelian Kaluza- Klein theories is presented and its associated dimensional reduction process analysed: is performed the dimensional reduction of G-invariant matter and gauge fields over a multidimensional universe; the harmonic decomposition of non-symmetric fields over its internal space established and their dimensional reduction done. The spontaneous compactification process is presented.

It is shown that during the dimensional reduction process two types of symmetry breaking can occur: a geometric followed by a spontaneous symmetry breaking. This last is connected to a scalar field resulting from the dimensional reduction process itself. We determine explicitly the scalar potential form leading to that symmetry breaking for the case in which the internal space is symmetric and an analysis for the general case is performed.

The principal problems found in the construction of realistic Kaluza-Klein models are discussed and some solutions reviewed. The hierarchy problem is examined and its solution within Kaluza-Klein models with a large volume internal space considered. As an alternative solution, the Randall-Sundrum model is presented and its principal properties analysed. In special, the stability of the hierarchy is studied.

KEY WORDS: Dimensional reduction; Spontaneous compactification; Symmetry breaking; Model building; Hierarchy

ROTTURA SPONTANEA DI SIMMETRIA IN TEORIE DI KALUZA-KLEIN NON-ABELIANE E DI RANDALL-SUNDRUM

Rui Fernando Lima Matos Departamento de Física, Universidade de Coimbra, Portugal

SOMMARIO

Il formalismo dei spazi fibrati inerente alla construzione delle teorie di Kaluza- Klein non-abeliane è presentato ed il suo processo di riduzione dimensionale collegato analizzato: è effettuata la riduzione dimensionale dei campi di materia e di gauge Ginvariabili in un’universo multidimensionale; la decomposizione armonica dei campi non-simmetrici nello spazio interno di quello è stabilita e la loro riduzione dimensionale fatta. Il processo di compattificatione spontanea è presentato.

È demonstrato che durante il processo di riduzione dimensionale due tipi di rotture di simmetria possono accadere: una rottura di simmetria geometrica seguita da una spontanea. Questa ultima è collegata ad un campo scalare derivato dal processo di riduzione dimensionale stesso. Si determina esplicitamente la forma del potenziale scalare che conduce a quella rottura simmetria nel caso in cui lo spazio interno è simmetrico e un’analisi per il caso generale effettuata.

I problemi principali trovati nella costruzione di modelli realistichi del tipo Kaluza- Klein sono discussi ed alcune soluzioni sono riviste. Il problema della gerarchia è esaminato e la sua soluzione all’interno dei modelli di Kaluza-Klein con grande volume di spazio interno è considerata. Come soluzione alternativa, il modello di Randall- Sundrum è presentato e le sue proprietà principali sonno analizzate. In speciale, la stabilità della gerarchia è studiata.

PAROLE CHIAVE: Riduzione dimensionale; Compattificatione spontanea; Rottura di simmetria; Model Building; Gerarchia

QUEBRA ESPONTÂNEA DE SIMETRIA EM TEORIAS DE KALUZA-KLEIN NÃO-ABELIANAS E DE RANDALL-SUNDRUM

Rui Fernando Lima Matos Departamento de Física, Universidade de Coimbra, Portugal

RESUMO

O formalismo de espaços fibrais inerente à construção de teorias de Kaluza-Klein não-abelianas é apresentado e o seu processo de redução dimensional associado analisado: é efectuada a redução dimensional de campos de matéria e de gauge G-invariantes sobre um universo multidimensional; a decomposição harmónica de campos assimétricos sobre o espaço interno do último é estabelecida e a sua redução dimensional feita. O processo de compactificação espontânea é apresentado.

Mostra-se que durante o processo de redução dimensional dois tipos de quebra de simetria podem ocorrer: uma quebra de simetria geométrica seguida por uma espontânea. Esta última está ligada a um campo escalar resultante do próprio processo de redução dimensional. Determina-se explicitamente a forma do potencial escalar que dá origem à quebra de simetria no caso em que o espaço interno é simétrico e uma analise para o caso geral é efectuada.

São discutidos os principais problemas encontrados na construção de modelos realistas do tipo Kaluza-Klein e algumas soluções são revistas. O problema da hierarquia é estudado e a sua solução no seio de modelos à la Kaluza-Klein com grande volume de espaço interno consideradas. Como solução alternativa, é apresentado o modelo de Randall-Sundrum e as suas principais propriedades são analisadas. Em especial, o problema da estabilidade da hierarquia é abordado.

PALAVRAS-CHAVE: Redução dimensional; Compactificação espontânea; Quebra de simetria; Model Building; Hierarquia x

Contents

Acknowledgements v

1 INTRODUCTION 1 1.1 Early Kaluza-Klein Theories . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Non-Abelian Kaluza-Klein Theories . . . . . . . . . . . . . . . . . . 1 1.3 Symmetry Breaking on non-Abelian Kaluza-Klein Theories . . . . . 2 1.4 The Hierarchy Problem and the Randall-Sundrum... . . . . . . . . . . 3 1.5 Dissertation Structure . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2 THE FORMALISM 5 2.1 The Fibre Bundle Formulation . . . . . . . . . . . . . . . . . . . . . 5 2.1.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . 5 2.1.2 The Principal Fibre Bundle M(V_n, G, π, Φ) . . . . . . . . . . 6 2.1.3 The Fibre Bundle M(V_n, M, G, π, Φ) with M a Homogeneous Space 10 2.1.4 The Fibre Bundle of Linear Frames . . . . . . . . . . . . . . 17 2.1.5 The Fibre Bundle of Affine Frames . . . . . . . . . . . . . . 21 2.1.6 The Fibre Bundle of Orthonormal Frames . . . . . . . . . . . 22 2.1.7 The Fibre Bundle of Affine Orthonormal Frames . . . . . . . 22 2.1.8 The Fibre Bundle of Oriented Orthonormal Frames . . . . . . 23 2.1.9 The Fibre Bundle of Spinors . . . . . . . . . . . . . . . . . . 23 2.1.10 The Fibre Bundle of Adapted Orthonormal Frames . . . . . . 26 2.1.11 The Vielbein . . . . . . . . . . . . . . . . . . . . . . . . . . 28 2.2 Description of Matter Fields . . . . . . . . . . . . . . . . . . . . . . 29 2.2.1 The Configuration Space ΓF . . . . . . . . . . . . . . . . . . 29 2.2.2 The Absolute Differential of a Matter Field Configuration . . 30 2.2.3 The Action of a Form . . . . . . . . . . . . . . . . . . . . . . 31

3 DIMENSIONAL REDUCTION 33 3.1 Dimensional Reduction of G-invariant Fields . . . . . . . . . . . . . 33 3.1.1 Dimensional Reduction of Gravity . . . . . . . . . . . . . . . 33 3.1.2 Classical Motion Equations . . . . . . . . . . . . . . . . . . 46 3.1.3 Dimensional Reduction of a Fibre Bundle . . . . . . . . . . . 48 3.1.4 Dimensional Reduction of Matter Fields . . . . . . . . . . . . 52 3.1.5 Dimensional Reduction of Gauge Fields . . . . . . . . . . . . 54

3.2 Dimensional Reduction of General Fields . . . . . . . . . . . . . . . 58 3.2.1 Harmonic Analysis . . . . . . . . . . . . . . . . . . . . . . . 58 3.2.2 Dimensional Reduction of Gravity and Matter Fields . . . . . 62

4 SYMMETRY BREAKING 65 4.1 Quantisation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 4.1.1 Quantisation of Matter Fields . . . . . . . . . . . . . . . . . 65 4.2 Symmetries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70 4.2.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . 70 4.3 Symmetry Breaking Process . . . . . . . . . . . . . . . . . . . . . . 70 4.3.1 Characterisation . . . . . . . . . . . . . . . . . . . . . . . . 70 4.3.2 Spontaneous Symmetry Breaking . . . . . . . . . . . . . . . 72 4.3.3 The Goldstone Problem and the Higgs Mechanism . . . . . . 73 4.4 Symmetry Breaking from Dimensional Reduction . . . . . . . . . . . 74 4.4.1 The Scalar Field’s Potential . . . . . . . . . . . . . . . . . . 74 4.4.2 Scalar Fields Analysis . . . . . . . . . . . . . . . . . . . . . 76 4.4.3 Symmetry Breaking Analysis . . . . . . . . . . . . . . . . . 79 4.5 Spontaneous Compactification . . . . . . . . . . . . . . . . . . . . . 83 4.5.1 Compactification of an Homogeneous Space . . . . . . . . . 84

5 MODEL BUILDING 93 5.1 Model Building . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93 5.1.1 The Symmetry Breaking Scheme . . . . . . . . . . . . . . . 93 5.1.2 The Spontaneous Compactification . . . . . . . . . . . . . . 94 5.1.3 Quantum Kaluza-Klein Theories . . . . . . . . . . . . . . . . 95 5.2 The Chiral Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 95 5.2.1 The Non-Go Witten Theorem . . . . . . . . . . . . . . . . . 95 5.2.2 The Wetterich Procedure . . . . . . . . . . . . . . . . . . . . 97 5.3 The Hierarchy Problem . . . . . . . . . . . . . . . . . . . . . . . . . 98 5.3.1 The Introduction of Extra-Dimensions . . . . . . . . . . . . . 98 5.3.2 The Membrane Solution: Randall-Sundrum Scheme . . . . . 99 5.4 Kaluza-Klein, Supergravity... and Randall-Sundrum . . . . . . . . . . 99

6 RANDALL-SUNDRUM THEORIES 101 6.1 The Formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101 6.1.1 Basic Definitions . . . . . . . . . . . . . . . . . . . . . . . . 101 6.1.2 Matter Fields . . . . . . . . . . . . . . . . . . . . . . . . . . 102 6.2 Dimensional Reduction . . . . . . . . . . . . . . . . . . . . . . . . . 102 6.2.1 Einstein Equations and Israel Junction Conditions . . . . . . . 102 6.2.2 Construction of the Effective Theory . . . . . . . . . . . . . . 106 6.2.3 The Hierarchy . . . . . . . . . . . . . . . . . . . . . . . . . 107 6.2.4 Quantum Effects . . . . . . . . . . . . . . . . . . . . . . . . 108

7 CONCLUSIONS 111

Bibliography 113

Chapter 1

INTRODUCTION

1.1 Early Kaluza-Klein Theories

Space and time are usually considered to be fundamental concepts, to which the roots of experience are solidly fixed. It is however through the experience that their structure is perceived, and their definition formed. Initially distinguished and relegated to the passive metaphysical domain, they have regained their respect in Physics as a step to the unification was given: the construction of the Electromagnetic Theory. The need to embrace the two concepts into one was then foreseen and their properties reviewed. Not long was needed to expect till that recent born hybrid concept called space-time to have its ones privileges in the Physical world: within General Relativity it gains a freedom of movements, interacting with itself and with matter, curving and distorcing, trebling with the common sense causality. Gravity was thus exchanged by a richer space-time structure as the old rigidity property of space and time fell into oblition. The time was then propitious for time and space together to achieve a new level of sofistication. With the work of Kaluza [83], space-time arrives at a cult stage, as gravity and electromagnetism are unified in the emptiness of pure geometry. Light becomes curvature, gravity in the Einstein sense, of an higher dimensional space-time left to darkness.

Klein [88] rediscovered the Kaluza theory, noticing the quantisation of the electric charge as a result of the compactification of the circle and being the first to perform an harmonic analyse of a non-symmetric field in a Kaluza theory context. His work was then continued by others [55, 74, 82, 100, 101, 116, 117].

1.2 Non-Abelian Kaluza-Klein Theories

After the development of the Yang-Mills theory in 1954 and its use in the construction of the electroweak theory in the 60’s and 70’s it became clear that an extension of the abelian, five-dimensional, Kaluza-Klein theory to the non-abelian domain, unifying not only the electromagnetism to gravity but also all the other forces in the world, should be done [51]. Kerner constructs such a theory [85], starting with a multidimensional universe M with a fibre bundle structure, such that its internal space is Lie group G, defined over a four-dimensional manifold. By considering only G invariant metrics defined on M and taking an Hilbert-Einstein action on the total space, he arrives to an Hilbert-Einstein-Yang-Mills action in the base space, thus unifying both theories. A more general construction was then made by Cho and Freund [41], where a final Hilbert-Einstein-Yang-Mills-Scalar theory was derive. With [92] the internal space of the multidimensional universe was generalised to a homogeneous space. A formal dimensional reduction process for non-symmetric fields in a non-abelian Kaluza-Klein theory was firstly given in [81] and an extensive analyse of the Kaluza-Klein scheme within the fibre bundle formalism was performed in [4, 43, 80]. Modern applications can be found in [18, 84].

As such progresses to a unifying theory within the Kaluza-Klein scheme were being made, a new type of theories were constructed: theories where mass could be spontaneously generated by a spontaneously symmetry breaking of a gauge group; theories where a new kind of symmetry - supersymmetry - could be found, not making distinction between bosons and fermions; theories where its objects were not punctual particles - local fields - but extensive domains - strings -, as a solution to the nonrenormalizable character of the most important theories - such as General Relativity. After the development of that theories, the pretending of the Kaluza-Klein theories as unifying theories could not be let endure: supergravity and superstrings where better candidates to that position. With the works of Witten [120, 121] it was shown that one could never construct a realistic model within the usual Kaluza-Klein scheme since the left-right chiral asymmetry characteristic of the Standard Model (SM) could not be achieved by dimensional reduction. Several solutions where proposed [119, 121, 111], but all them radical or particular, decreasing in beauty in relation to the initial theory.

With the works of Cremmer and Scherk [45] and Luciani [92] a new mechanism - that would be useful later for the construction of eleven-dimensional supergravity [46, 47, 60] - was developed: the spontaneous compactification. With this dynamical mechanism, by considering the action of Yang-Mills fields on a multidimensional universe, a manifold with no special structure could achieve a fibre bundle structure, being then capable of being reduced through the Kaluza-Klein dimensional reduction process.

1.3 Symmetry Breaking on non-Abelian Kaluza-Klein Theories

The most important charateristic of Kaluza-Klein theories is not so much its unifying character but the way as the unification is reached: all forces in the four-dimensional observed world find their origin in the curvature of a multidimensional universe freed from any force. But in the absence of any force, the concept of mass becomes meanless since its measure becomes impossible. If a matter field is defined over a free multidimensional universe, it must be massless. The mass must be then acquired by some dynamical process: the spontaneous generation of mass by symmetry breaking becomes then a need for the coerence of Kaluza-Klein theories where massive matter

1.4. THE HIERARCHY PROBLEM AND THE RANDALL-SUNDRUM... 3

fields are defined.

It is the purpose of this work to explain how can this symmetry breaking occur, how can it be contained in the Kaluza-Klein theory itself, how can find its origins on the dimensional reduction process.

1.4 The Hierarchy Problem and the Randall-Sundrum Solution

The SM provides a remakably successful description of known phenomena, describing strong and electroweak interactions in an elegant manner. However, there are, from a theoretical point of view, some serious problems within this model. The one that will be of interest to us is the hierarchy problem between the electroweak scale and the Planck scale, that disables any attempt to incorporate gravity into the model. Several solutions were presented: the introduction of supersymmetry (SUSY) at the electroweak scale was one of them. By solving the hierarchy problem, the SUSY aproach would, however, inevitabily introduce many extra fields to the SM, giving then rise to another problem: a possible confict with the experimental results.

In recent years a new solution was given [26]: by considering a special Kaluza- Klein model, where only gravity could propagate into the extra-dimensions, the hierarchy could be solved by taking for the only fundamental scale in nature, the electroweak scale. The Planck scale should then be a derivate scale, deriving precisely from the fact that gravity can propagate into the extra-dimensions as matter is retained to a four-dimensional world. This model presents however the inconvenient that the internal space should be large when compared with the previous Kaluza-Klein models, presenting new difficulties in the confrontation with the experience.

Emerging as an effective field theory [91] from the M-theory [76, 77, 125, 122, 123], the Randall-Sundrum model [104] as found a simplier description of the world where the hierarchy problem is trivially solved. The four-dimensional world perceptible to us is nothing but a brane embebed in a five-dimensional universe with an orbifold structure. The hierarchy will, as in the previous model, be connected to the fact that SM fields are located in the brane and gravity propagates through the bulk of that multidimensional universe. The stability of such construction as been discussed in [67, 69] and the need of the introduction of bulk fields presented. Quantum corrections due to the Casimir effect of the extra, compact, dimensions can also be used to stabilize the model, and so to stabilize the hierarchy [62, 74, 63]. In [66][99] the problem of renormalizating localized divergences in brane models in a six-dimensional orbifold was studied.

In [68] a new brane solution was given, having for background a bulk with a black hole. This was extended in [87] and [48] to the case of an AdS-Reissner-Nordstrom bulk’s black hole and in [37] to the six-dimensional bulk case.

1.5 Dissertation Structure

This dissertation is structured in the following way. In the Chapter 2, a presentation of the basic formalism needed to the development of any non-abelian Kaluza-Klein theory is made. Concepts as fibre bundle, infinitesimal connection and absolute differential are defined. Chapter 3 is dedicated to the dimensional reduction process inherent to Kaluza-Klein theories. In a first stage, G-invariant gravity, gauge and matter fields are dimensionally reduced over a principal fibre bundle and over a fibre bundle with an homogeneous internal space. Then an harmonic abstract analyse of non-symmetric fields over a Lie group and a homogeneous space is performed. Being written in terms of their G-invariant Fourier components, a non-symmetric field can then be subjected to dimensional reduction. In Chapter 4, the classification of the types of symmetry breakings that can occur at the dimensional reduction process is performed and their analyse made. The conditions for the construction of realistic models are discussed in Chapter 5, and its main problems presented. One of them, the hierarchy problem, naturally conduces to the introduction of the Randall-Sundrum model, theme of the next chapter. In the Chapter 6, the Randall-Sundrum model is reconstructed and its main properties studied, in particular, the stability of the hierarchy within this model is discussed. Finally, a summary of the more important results is presented in Chapter 7.

Chapter 2

THE FORMALISM

The fibre bundle formalism needed for the construction of non-Abelian Kaluza-Klein theories is presented.

2.1 The Fibre Bundle Formulation

2.1.1 Basic Definitions

Let M be a C^ν-manifold m-dimensional with a differentiable fibre bundle structure M(V_n, M, G, π, Φ). V_n is the base space, quotient space M/R, where R is some equivalence relation on M, being V_n a C^ν-manifold n-dimensional. M is also a C^ν - manifold and G is a Lie group that acts effectively on M , i.e., where there is defined a left action over M : δ : G × M −→ M. (2.1) Restrictions of δ to the first and to the second component of G × M are denoted, respectively, by

δ_g : M −→ M, (2.2) δ_y : G −→ M, (2.3)

where y ∈ M and g ∈ G, being the restrictions δ_y and δ_g defined by δ_y(g) = δ(g, y), g ∈ G and δ_g (y) = δ(g, y), y ∈ M . We will, in what follows, simplify the notation of the action of G on M by making gy ≡ δ(g, y), g ∈ G, y ∈ M .

Finally, π is the projection of the bundle and Φ is a homomorphism family such that:

1. All ϕ ∈ Φ are homomorphisms of U × M in π^{−1}(U ), where U is an open set of V_n, called the domain of ϕ, that we will represent by ϕ_U ;

2. If x ∈ U , y ∈ M , then (π ∘ ϕ_U )(x, y) = x;

3. If ϕ_U , ϕ_V ∈ Φ and x ∈ U ∩ V , ϕ_U and ϕ_V define homomorphisms of {x} × M and so of M in M_x = π^{−1}(x), homomorphisms that we will represent by ϕ_{Ux} and ϕ_{V x}; there is an element g ∈ G such that the automorphism ϕ^{−1}_{V x} ∘ ϕ_{Ux} of M : ϕ^{−1}_{V x} ∘ ϕ_{Ux} = g; 4. The domains of the elements of Φ cover V_n.

The fibres M_x, manifolds embedded in M, are C^ν -homomorphics with M by ϕ_{Ux}, ϕ_{V x} and so on.

Let z be a point of M such that π(z) = x ∈ V_n. Then we can take z = ϕ_{Ux}(y), with y ∈ M . But ϕ^{−1}_{V x} ∘ϕ_{Ux} = g, for g ∈ G, so ϕ^{−1}_{V x} ∘ϕ_{Ux}(y) = gy and z = ϕ_{Ux}(y) = ϕ_{V x}(gy). A particular case of a fibre bundle is that in which M and G are the same manifold, and where G acts in itself by left-translation. In this case the bundle is called a principal fibre bundle and will be represented by M(V_n, G, π, Φ). Most of the literature on non-abelian Kaluza-Klein theories confer this special structure to the m-dimensional space-time, being V_n, the base space, a 4-dimensional manifold (n = 4) and the structure group G a compact Lie group. [85, 41]. In recent years a generalisation of this scheme has been proposed [18, 43, 44, 120]. The spacetime presents there a fibre bundle structure such that the internal space, M in our notation, is an homogeneous space. We will study the two models, starting by the first.

2.1.2 The Principal Fibre Bundle M(V_n, G, π, Φ)

Let us consider a principal fibre bundle M(V_n, G, π, Φ) and let ϕ_{Ux} and ϕ_{V x} be two homomorphisms of G in G_x, where x ∈ V_n. A point z ∈ M over x, that is, a point in the fibre G_x, can be represented by z = ϕ_{Ux}(γ), for some γ ∈ G. But we could also use ϕ^{−1}_{V x} ∘ ϕ_{Ux} = g, g ∈ G to obtain z = ϕ_{V x}(gγ). Let j ∈ G be another element of G. Then we define a right-translation over M zj = ϕ_{Ux}(γj). (2.4) This definition is independent of the choice of the homomorphism, so we have a right action of the group G defined in the total space M^1: ←Φ : M × G −→ M. (2.5) In a similar way, we can define a left-translation over M: jz = ϕ_{Ux}(jγ), (2.6) and so we have a left action of G on M: →Φ : G × M −→ M. (2.7) 1We will use the same symbol Φ of the homomorphism family of the bundle M(V_n, G) for the action of G on M.

Restrictions of the two components of these two actions will be denoted by^←Φ_z,^←Φ_g and^→Φ_g,^→Φ_z, respectively. Since we have defined two actions, a left and a right, the symmetry group of the internal space will not be G but G × G. We will use the symbol Φ to represent the action of G in M when the left or right character of the same is not important for the considerations that will be done. Φ_g and Φ_z will represent, as usually, the restrictions of the two components of this action.

The Vertical Vector Space

Let T_zM be the tangent vector space to M in z and let T_zG_z = V_z the tangent vector subspace to the fibre G_z in the same point z. The vectors of V_z are said to be vertical.

Since Φ_g preserves each fibre G_x, it transforms each tangent vector to G_x in z to a tangent vector in zg to the same fibre. So if τ ∈ V_z is vertical so it is Φ^∗_g τ , that is, Φ^∗_g τ ∈ V_{zg} .

Fundamental Vector Fields. Let τ ∈ V_z be a vertical vector in z = ϕ_{Ux}(γ), for γ ∈ G. Taking the differential of ϕ^{−1}_{Ux}, we can establish a correspondence between T_z M and T_γ G: ϕ^{−1∗}_{Ux,z} : T_{z=ϕUx (γ)}M → T_γ G. And so, ϕ^{−1∗}_{Ux,z}(τ ) ∈ T_γ G. Let us take θ_γ = ϕ^{−1∗}_{Ux,z}(τ ) for z = ϕ_{Ux}(γ). On the other hand, ϕ^{−1∗}_{V x,z} : T_zM → T_{gγ} G, and so ϕ^{−1∗}_{V x,z}(τ ) ∈ T_{gγ} G. It comes that θ_{gγ} = ϕ^{−1∗}_{V x,z}(τ ). But ϕ^{−1}_{V x} ∘ ϕ_{Ux} = g, and so ϕ^{−1}_{V x} = gϕ^{−1}_{Ux}. Taking the differential, one obtains ϕ^{−1∗}_{V x,z} = gϕ^{−1∗}_{Ux,z}, and so, θ_{gγ} = gθ_γ , that is, one obtains a left-invariant vector field in G. In special, we can take γ = e, the unity of the group. Then θ_g = gθ_e = gλ ≡ d dt ( ge^{tλ} ) , where we have made θ_e = λ ∈ L_G , being L_G the Lie algebra defined in G. In this way, the vector field left-invariant θ_g can be determined once we know λ ∈ L_G . To λ one calls the element of the Lie algebra L_G generator of the vertical vector τ ∈ V_{z=ϕUx (g)}. We can also follow the inverse path as we will see. Given a λ ∈ L_G , we can deduce a left-invariant vector field in G and from this a vertical vector in M.

In a similar way we can define a right-invariant vector field in G, that is, a field θ_γ such that θ_{γg} = θ_γ g, or, taking γ = e, θ_g = λg ≡ d dt ( e^{tλ}g ) , and from this field derive a vertical vector in M.

We can also derive a left-invariant vertical vector field on M. In fact, using the action Φ of the group G on M, one can associate to every element λ ∈ L_G a tangent vector to M at a point z: τ (z) = Φ^∗_z(λ) = d dt (e^{tλ}z)|_{t=0}. Let {λ_a}_{a=n,···,m−1} be a basis of the Lie algebra L_G and let C^c_{ab} be the structure constants of G:

[λ_a, λ_b] = C^c_{ab}λ_c, (2.8) where [, ] are the Lie brackets of the Lie Algebra L_G . To each element λ_a, a = n, · · · , m − 1, we can associate a left-invariant vector field (or a left fundamental field): ê^L_a = d dt (e^{tλa} z)|_{t=0}, (a = n, · · · , m − 1). This left fundamental fields will then obey the following commutation rule [ê^L_a , ê^L_b ] = −C^c_{ab}ê^L_c . (2.9) An right-invariant vertical vector field on M could be derived in a similar way: ê^R_a = d dt (ze^{tλa} )|_{t=0}, (a = n, · · · , m − 1), and [ê^R_a , ê^R_b ] = C^c_{ab}ê^R_c . (2.10) We have the important property that {ê^L_a }_{a=n,···,m−1} (and {ê^R_a }_{a=n,···,m−1}) constitute a basis of the vertical tangent space V_z at a point z ∈ M.

Infinitesimal Connection on a Principal Fibre Bundle To define an infinitesimal connection H_z at a point z ∈ M we must specify a field of vector subspaces H_z of T_zM that satisfies the following conditions:

1. H_z is complementary to V_z : and so all τ ∈ T_zM can be decomposed in a vertical part Vτ plus a horizontal part Hτ ∈ H_z;

2. H_z depends differentially on z; 3. H_z it’s G-invariant in the sense that: H_{zg} = Φ^∗_g H_z.

To do this we define a L_G -valued 1-form ω such that 1. If τ is vertical, ω(τ ) is the element of L_G generated by τ ; 2. ω depends differentially on z; 3. ω(Φ^∗_g τ ) = Ad(g^{−1})ω(τ ).

One can prove that for τ ∈ H_z, ω(τ ) = 0.

Local Sections. Let {U_i}_{i=1,2,···} be a covering of the base space V_n. For each set U_i let us suppose that there is defined a section σ_i : U_i ⊂ V_n −→ M. Since π∘σ_i = id_{Vn} , we shall have, for x ∈ U_i ∩ U_j , that σ_i(x) and σ_j (x) should be over the same fibre G_x. The two sections can then be connected by an element g_{ij}(x) of G (no sum over the indices is made):

σ_i(x) = g_{ij}(x)σ_j(x). (2.11)

Let v ∈ T_xV_n be a tangent vector to V_n at x. Then to this vector we can associate the vectors τ_i = σ^∗_{i,x}v ∈ T_{σi(x)}M and τ_j = σ^∗_{j,x}v ∈ T_{σi (x)}M. By taking the differential of (2.11), and noting that g_{ij}(x)σ_j (x) = ϕ_{Uj x}(g_{ij}γ) where σ_j(x) = ϕ_{Ujx}(γ), ϕ_{Uj x} ∈ Φ and γ ∈ G, we shall have σ^∗_{i,x} = g_{ij} (x)σ^∗_{j,x} + dg_{ij}σ_j(x), and using σ_j(x) = g^{−1}_{ij} (x)σ_i(x), σ^∗_{i,x} = g_{ij}(x)σ^∗_{j,x} + g^{−1}_{ij} (x)dg_{ij}σ_i(x). (2.12) By applying σ^∗_{i,x} to v we get

τ_i = g_{ij}τ_j + g^{−1}_{ij} dg_{ij}σ_i(x). (2.13)

Let us define a L_G valued local one-form A_i over U_i ⊂ V_n by

A_i(v) = ω(τ_i), (2.14)

where ω is the infinitesimal connection form defined on the principal fibre bundle M. We shall call A_i the local induced connection form on U_i. By (2.13) we should have, for two local induced connection forms on two subsets U_i and U_j of V_n, the following relation A_j = Ad(g^{−1}_{ij} )A_i + g^{−1}_{ij} dg_{ij}, (2.15)

where A_j and A_i are the local induced connection forms over U_j and U_i, respectively, and g_{ij} is the element of G that connects the two sections defined over U_i and U_j . These local induced connection forms will be used when we discuss the Yang-Mills potential.

The importance of this local induced connection forms is that not only an infinitesimal connection form ω over the principal fibre bundle M can define them all, once given a family {U_i, σ_i}, with {U_i} a covering of V_n and {σ_i} a family of local sections, σ_i : U_i ⊂ V_n −→ M, but that the converse it is also verified, that is, for a covering of V_n provided with local sections, the information consisting of a set of L_G -valued local forms A_i of V_n and which satisfy (2.15) determines an infinitesimal connection on M [15].

In fact, let us consider a tangent vector τ ∈ T_z M to M at a point z. If x = π(z) ∈ V_n is the point lying under z, then we can project τ in V_n as v = π^∗_z τ . If x ∈ U_j then there is an element g(x) ∈ G such that we can write z = g(x)A_j (x). We shall define then, the infinitesimal connection form of a vector τ ∈ T_zM in z by

ω(τ ) = Ad(g^{−1})A_j (π^∗_z τ ) + g^{−1}dg. (2.16)

One can then prove that this definition is independent of the local section chosen and that extending (2.16) to all points z of M we will get a L_G -valued one-form over M that satisfies all the properties of an infinitesimal connection form.

The Absolute Differential. We are now capable of defining the absolute differential of a q-form. Let α be a M -valued q-form, where M is a vectorial space. The absolute differential of α, represented by Dα, is a (q + 1)-form defined as Dα(τ_0, τ_1, · · · , τ_q) = dα(Hτ_0, Hτ_1, · · ·, Hτ_q ), where dα is the external differential of α. One of the properties of the absolute differential is that if one or more of the vectors τ_0, τ_1, · · · , τ_q are vertical then Dα(τ_0, τ_1, · · · , τ_q) = 0. The Laplacian. Let us define an operator δ that acts on p-forms (0 ≤ p ≤ m) defined over M that transforms every p-form α in a (p − 1)-form δα, called the codifferential of α, and that it is defined by δ = (−1)^{p−1} ⋆ D⋆, where ⋆ is the Hodge operator and D the absolute differential in relation to some infinitesimal connection.

The Laplacian operator Δ is defined by means of the relation Δ = Dδ + δD = {D, δ}, and it is an operator defined over M that brings into correspondence every p-form α to a p-form Δα. It reduces to the ordinary Laplacian of a function when applied to a 0-form.

The Curvature. The curvature of an infinitesimal connection is a L_G -value 2-form Ω defined as Ω = Dω. (2.17)

One proves [15, 19] that

Ω = dω + 1 2 [ω, ω], (2.18)

where [, ] are the usual Lie brackets of the Lie algebra L_G .

2.1.3 The Fibre Bundle M(V_n, M, G, π, Φ) with M a Homogeneous Space

As it was noticed by Luciani [92], a possible generalisation of the previous scheme is the one in which the spacetime possesses not a principal fibre bundle structure but a fibre bundle structure M(V_n, M, G, π, Φ) with fibres M_x that are homomorphic to an homogeneous space G/H in which a Lie group G acts from the left. The internal space M is identified with a homogeneous space for economical reasons since that is the space of lowest dimension that is possible to construct for a given symmetry group [120]. These types of spaces, in which a Lie group acts, are conveniently treated by the Klein geometry description, description that we will present next.

Klein Geometries

In the Klein approach to geometry [19], one describes the geometry of a differentiable manifold M on which a Lie group G acts from the left in terms of the pair (G, H), being H ⊂ G a closed subgroup of G, the stabiliser of a fixed point y_0 of M

H = H_0 = {g ∈ G : gy_0 = y_0}.

To the pair (G, H), where G is a Lie group and H ⊂ G is a closed subgroup such that G/H is connected one calls a Klein geometry. The connected coset space G/H is called the space of the Klein geometry, or simply the homogeneous space. One can then study (M, y_0; G) by studying its Klein geometry (G, H)^2.

Associated to a Klein geometry (G, H) there is the principal H bundle G(G/H, H, p, Ψ), where p is the trivial projection that to an element g of G makes corresponds an element [g] of G/H. [g] is the class equivalence such that two elements g and g^′ of G that differ from each other by the left product of an element of H are considered equivalent, that is [g] = g ≡ hg, for h ∈ H. In order to reduce this principal bundle one must introduce the notion of the kernel of a Klein geometry (G, H).

The kernel of a Klein geometry (G, H) is the largest subgroup K of H that is normal in G, that is, such that K is an invariant subgroup of G: Ad(G)K ⊂ K. One can prove that this subgroup is a closed Lie subgroup of H and that the left action of G on G/H induces a left action of G/K on G/H, and that there is a diffeomorphism (G/K)/(H/K) → G/H commuting with the canonical left G/K actions. So, for any closed subgroup N ⊂ K that is normal in G one can always construct a Klein geometry (G/N , H/N ). The homogeneous space of this pair, that is, the space of this Klein geometry, (G/N )/(H/N ) is isomorphic with the homogeneous space of the pair (G, H). The notion of effectiveness of a geometry comes then in to play.

A Klein geometry (G, H) is effective if K = 1 and locally effective if K is discrete. It is now obvious that the geometry (G/N , H/N ) is ineffective except when N = K. In this case one calls to the Klein geometry (G/K, H/K) the associated effective Klein geometry of the pair (G, H).

Since the two descriptions (G, H) and (G/K, H/K) are equivalent, we have reduce the principal H bundle to a principal H/K bundle. Since (G/K)/(H/K) is isomorphic with G/K the base space of this bundle is basicly the same as the base space of the previous principal bundle, changing only the fibre, that is, the structure group (from H to H/K). The following notions will be useful later on.

A Klein geometry is called reductive if there is a decomposition L_G = L_H ⊕ L_P , where L_G and L_H are the Lie algebras of G and H, respectively.

2Here and in the following we suppose that all the stabilisers are conjugated to one only stabiliser H.

An infinitesimal Klein geometry (or a Klein pair) is a pair of Lie algebras (L_G , L_H) where L_H is a subalgebra of L_G . The kernel L_K of (L_G , L_H) is the largest ideal of L_G contained in L_H. If L_H = 0 the Klein pair is effective. If there is a L_H-module decomposition L_G = L_H + L_P then we say that the Klein pair is reductive.

The Principal Fibre Bundle Associated M̄(V_n, Ḡ, π̄, Φ̄)

The action of G on M can be extended to a left-action on the total space M by means of the elements of the homomorphism’s family Φ. In fact, let ϕ_{Ux} and ϕ_{V x} be two homomorphisms of M in M_x and let z = π(x) ∈ M_x be a point over x ∈ V_n. Then there exists a point y of M such that z = ϕ_{Ux}(y). Using ϕ_V x we can also make z = ϕ_{V x}(gy) for some g ∈ G. We define the left-translation of G on M by means of jz = ϕ_{Ux}(jy) = ϕ_{Ux} ∘ δ(j, y), (2.19) with j ∈ G. One can prove that this definition is independent of the homomorphism chosen, and so we have defined a left-action of G on M.

Since there will be only a left-action of the Lie group G on M and on M (and not two actions as in the previous case), the symmetry group will be isomorphic with G, and we shall identify G with it.

To the fibre bundle M(V_n, M, G, π, Φ) we can always associate a principal fibre bundle M̄(V_n, Ḡ, π̄, Φ̄) that determines the first and that is determined by it [19]. The necessary condition is that the fibre bundle M(V_n, M ) be effective, that is, that the action of G on M be effective in the sense that for each automorphism of M there is a correspondent element g of G that produces the same effect when acting on M and that for each element g of G there corresponds an automorphism of M . Obviously this is not the case. There is a subgroup H of G that doesn’t affect the internal space M with its action. If H isn’t normal in G one can not perform a reduction of the structure group of G to G/H and consider M(V_n, M ) as a G/H fibre bundle. There are two paths that we can follow: the first is given by the Klein geometry description; the second has its beginning on the introduction of the normaliser N_G(H) of H on G.

Following the Klein geometry description, the pairs (G, H) and (G/K, H/K), where K is the kernel of the first pair, are geometricly equivalent. The two homogeneous spaces being isomorphic are basicly the same and so M remain - by an isomorphism - unaltered. Since G/K is normal in G (because both G and K are normal) we can perform the following group structure reduction G −→ G/K. In this way the fibre bundle M(V_n, M ) can be regarded as an effective G/K fibre bundle. To this we can now associate a principal fibre bundle M̄(V_n, Ḡ, π̄, Φ̄), taking for the structure group Ḡ = G/K. This associated principal bundle can then be treated with the tools of the previous section. The Yang-Mills Fields will have their values not in the Lie algebra of G but on G/K. Basicly G/K is the smaller subgroup of G that contains the homogeneous space M = G/H, and so what we have made is that we have “enlarged” a bit the homogeneous space in order to become a subgroup, being then possible to define a principal fibre bundle in which we can define an infinitesimal connection.

The other path is not to “enlarge” the homogeneous space M = G/H in order to obtain the smaller subgroup of G on which G/H is contained but to “shrink” the last to the maximal subgroup contained on G/H. In order to do so we must define the normaliser of a subgroup. The normaliser N_G (H) of H on G is defined as the maximal subgroup of G in which H is normal. It is explicitly defined as N_G(H) = {n ∈ G : nHn ⊂ H}. (2.20) Let it be defined the submanifold M̄ of M by

M̄ = {z ∈ M : H_z = H}, (2.21)

with H_z the stabiliser of the G action on the point z. One proves that M̄(V_n, Ḡ, π̄, Φ̄) is a principal fibre bundle defined over V_n and such that its structure group is Ḡ = N_G (H)/H (this is the maximal subgroup contained on G/H).

The Yang-Mills Fields will then be valued on the Lie algebra of Ḡ = N_G (H)/H. Since the dimension of N_G (H)/H is inferior to that of G/K, one usually prefers, for economical reasons, the first as the structure group of the associated bundle^3.

A special case of the previous scheme is the one in which a global section of M, σ : V_n −→ M, that is H-invariant is given, i.e., such that σ(hx) = σ(x), for all h ∈ H and x ∈ M. In this case we can construct a submanifold of M that is H-invariant. By redefining the base space of M to be such space, we shall have a fibre bundle in which the normaliser of H in G will be identical to H (by the supposed existence of σ). Then M̄ will be a fibre bundle defined over the new base space of M, having for structure group N_G (H)/H = {e}. We can then identify this trivial bundle with its own base space.

The Lie Algebra Decomposition. Let us suppose that the Klein geometry (G, H) is reductive. Then we can make the following decomposition of the respective Lie algebra:

L_G = L_H ⊕ L_P , (2.22)

such that Ad(H)L_P ⊂ L_P , (2.23)

or, since H is connected, at an infinitesimal level,

Ad(L_H)L_P ⊂ L_P , (2.24)

that can also be written as [L_H, L_P ] ⊂ L_P . If [L_P , L_P] ⊂ L_H then the homogeneous space G/H is called symmetric (see next paragraph).

Another decomposition of the Lie algebra of G can be made if we consider the normaliser N_G (H) of H on G:

L_G = L_N ⊕ L_L, (2.25)

with Ad(N )L_L ⊂ L_L, (2.26)

3we shall use always this version.

and where L_N denotes the Lie algebra of N_G (H). If N is suposed connected we shall also have Ad(L_N )L_L ⊂ L_L. (2.27) Since H is contained on N_G (H), if the Klein pair (L_N , L_H) is reductive we can also make L_N = L_H ⊕ L_J , (2.28) with Ad(H)L_J ⊂ L_J . (2.29) We can write the previous equation at an infinitesimal level, Ad(L_H)L_J ⊂ L_J . (2.30) If L_J is orthogonal to the complement of L_H on L_N then we have that L_J will be also an invariant subspace in relation to N_G (H), that is, Ad(N )L_J ⊂ L_J , (2.31) or Ad(L_N )L_J ⊂ L_J , (2.32) The following the composition of the Lie algebra L_G is then possible L_G = L_H ⊕ L_J ⊕ L_L, (2.33) and since we have J = N /H, L_G = L_H ⊕ L_{N /H} ⊕ L_L. (2.34) More, being L_P = L_{N /H} ⊕ L_L, (2.35) we can identify L_{N /H} ⊕ L_L with the tangent vector space to M = G/H at the origin, that is, we have T_eM = L_{N /H} ⊕ L_L. This will be useful when we discuss the fibre bundle of adapted frames of M.

A special case of Lie algebras that will be used through this paper are the semisimple Lie algebras.

Let L_G be a Lie algebra and L_H ⊂ L_G be a linear subspace of L_G. Then L_H is called an ideal of L_G if [L_G , L_H] ⊆ L_H. It is obvious that an ideal is also a subalgebra.

Let us take DL_G = [L_G , L_G], for the linear span of elements of the form [u, v], with u, v ∈ L_G . This subalgebra is called the derived algebra of L_G . By defining inductively D^nL_G , n ≥ 0, D^0 = L_G , D^n = D(D^{n−1}L_G ), we shall have the following sequence, D^0L_G ⊇ D^1L_G ⊇ · · · ⊇ D^{n−1}L_G ⊇ D^nL_G . A Lie algebra L_G is said solvable if D^nL_G = 0 for some n ≥ 1. The radical R(L_G ) of a Lie algebra L_G is defined as the largest solvable ideal of L_G that contain all solvable ideals of L_G . We shall have that a Lie algebra L_G is solvable if and only if R(L_G ) = L_G .

A Lie algebra L_G is said semisimple if its radical is null, R(L_G ) = 0. An equivalent way of defining a semisimple Lie algebra is by the introduction of the its Killing-Cartan form B(u, v) = T r(Ad_uAd_v). (2.36) A Lie algebra is then semisimple if its Killing-Cartan form B is nondegenerate [8]. A Lie algebra L_G ≠ {0} is simple if it is semisimple and has no ideals except {0} and L_G .

We now present some useful theorems on semisimple Lie algebras. Let L_G be a semisimple Lie algebra, L_H an ideal in L_G and L_P the set of elements λ ∈ L_G which are orthogonal to L_H with respect to B. Then L_H is semisimple, L_P is an ideal and L_G = L_H ⊕ L_P . (2.37)

A semisimple Lie algebra L_H as centre {0} and can be decomposed as

L_H = ⊕^n_{γ=1}L^γ_H, (2.38)

where L^γ_H, 1 ≤ γ ≤ n, are simple ideals in L_G , and such that every ideal L^′_H of L_H can be written as a direct sum of certain L^γ_H.

Every compact Lie algebra L_G can be written as

L_G = C(L_G ) ⊕ DL_G , (2.39)

being C(L_G ) the centre of L_G and DL_G semisimple and compact.

Symmetric Spaces. Let G be a connected Lie Group, H ⊂ G a closed subgroup of G and σ an involutive automorphism of G. If e ∈ H ⊂ G_σ, with G_σ ⊂ G the closed subgroup of G consisting of all the elements left fixed by σ, then the triple (G, H, σ) is defined as a symmetric space [14].

A symmetric Lie algebra is a triple (L_G , L_H, σ) with L_G a Lie algebra, L_H a subalgebra of L_G , and σ an involutive automorphism of L_G such that L_H consists of all elements of L_G that are left fixed by σ.

Let (G, H, σ) be a symmetric space. Then (L_G , L_H, σ^∗_e ) will be a symmetric Lie algebra. Conversely, if (L_G , L_H, σ^∗) is a symmetric Lie algebra and G is a simply connected Lie group with Lie algebra L_G , then the automorphism σ^∗ of L_G will induce an automorphism σ of G and, for any H lying between G_σ and e, the triple (G, H, σ) will be a symmetric space.

Since σ is an involutive, we can use it to perform a canonical decomposition of L_G : being L_H the eigenspace associated to the eigenvalue 1 of σ, if we take L_P to be the eigenspace of σ corresponding to −1 then we can take L_G = L_H ⊕ L_P . (2.40) Moreover, using σ we can demonstrate that [14] [L_H, L_H] ⊂ L_H, (2.41) [L_H, L_P] ⊂ L_P , (2.42) [L_P , L_P ] ⊂ L_H, (2.43) and that we have Ad(H)L_P ⊂ L_P , (2.44) or if H is connected, at an infinitesimal level, Ad(L_H)L_P ⊂ L_P . (2.45) A symmetric Lie Algebra (L_G , L_H, σ) is called orthogonal if the connected Lie group of linear transformations of L_G generated by Ad_{LG} (L_H) is compact. If L_H is such that has a trivial intersection with the centre C(L_G ) of L_G , then we can write (L_G , L_H, σ) as a direct sum of orthogonal symmetric Lie algebras (L^1_G , L^1_H, σ^1) and (L^2_G , L^2_H, σ^2) with the following properties [12]

1. If L^1_G = L^1_H ⊕ L^1_P and L^2_G = L^2_H ⊕ L^2_P are the canonical decompositions, then [L^1_P , L^1_P] = [L^1_P , L^2_P ] = [L^1_P , L^2_H] = [L^1_H, L^2_P ] = 0. (2.46)

2. L^2_G is semi-simple.

If L_H does not have a trivial intersection with C(L_G ) we can always write L_H = L^0_H ⊕ L^′_H, (2.47) with L^′_H having a trivial intersection with C(L_G ) and L^0_H = L_H ∩ C(L_G ). We can then apply to (L_G , L^′_H, σ^′) - that will be also a symmetric Lie algebra - the same theorem, obtaining then the following decompositions of both L^′_H and L^′_P , L^′_H = L^{′1}_H ⊕ L^{′2}_H, (2.48) L^′_P = L^{′1}_P ⊕ L^{′2}_P , (2.49) with L^{′1}_P = L^′_P ∩ R(L_G ), being R(L_G ) the radical of L_G , and L^{′2}_P an Ad(L_G )L^′_Hinvariant subspace of L^′_P .

We then have, L_H = L^0_H ⊕ L^{′1}_H ⊕ L^{′2}_H, (2.50) L^0_H ⊕ L_P = L^{′1}_P ⊕ L^{′2}_P . (2.51) A more general decomposition of an effective orthonormal symmetric Lie algebra can then be performed [8]: let (L_G , L_H, σ) be an effective orthonormal symmetric Lie algebra. Then there exist ideals L^0_G , L^1_G , L^2_G in L_G such that

1. L_G = L^0_G ⊕ L^1_G ⊕ L^0_G .

2. L^0_G , L^1_G and L^2_G are invariant under σ and orthogonal with respect to the Killing- Cartan form of L_G .

3. By denoting the restrictions of σ to L^0_G , L^1_G and L^2_G as σ^0, σ^1 and σ^2, respectively, we shall have that (L^0_G , L^0_H, σ^0), (L^1_G , L^1_H, σ^1) and (L^2_G , L^2_H, σ^2), with L^γ_H ⊂ L^γ_G , γ = 0, 1, 2, ideals in L_H, orthogonal with respect to B and L_H = L^0_H ⊕ L^1_H ⊕ L^2_H, are effective orthogonal symmetric Lie algebras of the Euclidean type (that is locally euclidian), compact type and non-compact type, respectively.

The decomposition of L_H into no more of tree ideals will be of extreme importance in the scalar field analysis for determining spontaneously symmetry breakings in Kaluza- Klein models with an internal symmetric space (cf. chapter 4). The following relations will be very useful [8], 1. L^{(0)}_P = {g ∈ L_G : B(g, g^′) = 0 for all g^′ ∈ L_G }. 2. [L^{(0)}_P , L_P ] = 0.

3. L^{(1)}_H = [L^{(1)}_P , L^{(1)}_P ].

4. L^{(2)}_H = [L^{(2)}_P , L^{(2)}_P ].

5. L^{(0)}_H is the orthogonal complement to L^{(1)}_H and L^{(2)}_H by B.

6. [L^{(0)}_H , L^{(1)}_P ] = [L^{(0)}_H , L^{(2)}_P ] = 0.

7. [L^{(1)}_H , L^{(0)}_P ] = [L^{(1)}_H , L^{(2)}_P ] = 0.

8. [L^{(2)}_H , L^{(0)}_P ] = [L^{(2)}_H , L^{(1)}_P ] = 0.

2.1.4 The Fibre Bundle of Linear Frames

In order to define a linear connection over M, let us consider the tangent vector space T_z M in a point z ∈ M. We will call a frame with origin z to a basis {ê_{α̂}}^{m−1}_{α̂=0} of T_z M and we will denote it by ê^z. To this frame in z it corresponds a coframe in the same point, that is, a basis {ê^{β̂}}^{m−1}_{β̂=0} of the cotangent vector space T^∗_z M such that

ê^{β̂} (ê_{α̂}) = δ^{β̂}_{α̂}. We will represent this coframe with origin in z ∈ M by ê_z.

Let Q̂^z be the set of frames with origin in z ∈ M and Q̂_z the set of coframes with the same origin. The fibre bundle of linear frames of M is the principal fibre bundle that has as its total space the differentiable manifold

Ê(M) = ⋃ z∈M Q̂^z, (2.52)

as its base space the differentiable manifold M, as its the canonical projection p̂ the mapping of Ê(M) into M such that to a frame brings into correspondence its origin and that possesses as structural group the linear group, GL(1, m − 1; R). Taking in (2.52) not Q^z but the set of coframes with origin in z ∈ M, Q_z, and constructing in an analogous way a fibre bundle structure with the same structure group GL(1, m − 1; R) we will obtain the fibre bundle of linear coframes, bundle that we will represent by Ê∗(M). The Linear Connection. A linear connection on M is an infinitesimal connection on the principal bundle Ê(M). Thus at the point ê^z ∈ Ê(M) the form ω̂ of the linear connection will take its values on the Lie algebra of the structure group of Ê(M), that is, on the Lie algebra of GL(1, m − 1; R). It can, in this way, be represented by a m × m matrix which we shall denote by ω̂ = (ω̂^{ρ̂}_{σ̂}). Being ω̂ a one-form in M, we can write it as ω̂ = ω̂_{γ̂}ê^{γ̂} or in terms of its components as

ω̂^{α̂}_{β̂} = γ̂^{α̂}_{β̂γ̂}ê^{γ̂} ,

where γ̂^{α̂}_{β̂γ̂} are the coefficients of the linear connection at the point z ∈ M in the coframe ê_z . If the coframe is a natural coframe of local coordinates then we represent the linear connection coefficients by Γ̂^{α̂}_{β̂γ̂} .

The Covariant Derivative. Let v be a contravariant vector field in M and consider two covering neighbourhoods U and V that contain both a point z ∈ M, that is, z ∈ U ∩ V . To each of these neighbourhoods one can assign a different frame, ê^z_U for U and ê^z_V for V . These two, appartening to the same vectorial space, T_zM, can be connected by a regular m × m matrix,

ê^V_{β̂} = Λ̂^{α̂}_{β̂} ê^U_{α̂} (ê^V_{β̂} ∈ ê_V , ê_{α̂} ∈ ê_U ), (2.53)

and so, if one writes the components of v in these to frames as a row matrix v^U in the first frame and v^V in the second and put Λ̂^V_U = (Λ̂^{α̂}_{β̂} ) then

v^V = Λ̂^U_V v^U .

Differentiating the both sides

dv^V = dΛ̂^U_V v^U + Λ̂^U_V dv^U , (2.54)

where dΛ̂^U_V is the matrix which components are the differentials of the elements of Λ̂^U_V .

The linear connection form transforms as

ω̂_V = (Λ̂^U_V )^{−1}ω̂_U Λ̂^U_V + Λ̂^V_U dΛ̂^U_V , (2.55)

and so ω̂_V v^V = Λ̂^V_U ω̂_U Λ̂^U_V v^v + Λ̂^V_U dΛ̂^U_V v^V ,

where Λ̂^V_U = (Λ̂^U_V )^{−1}. But Λ̂^U_V v^V = v^U and 0 = d(Λ̂^V_U Λ̂^U_V ) = dΛ̂^V_U Λ̂^U_V + Λ̂^V_U dΛ̂^U_V , so

ω̂_V v^V = Λ̂^V_U ω̂_U v^U − dΛ̂^V_U v^U (2.56)

Adding (2.56) to (2.54) we get dv^V + ω̂_V v^V = Λ̂^V_U (dv^V + ω̂_U v^U ), so, if we make D̂v^U = dv^U + ω̂_U v^U , (2.57) we will have D̂v^V = Λ̂^V_U D̂v^U .

We see that D̂v transforms itself in the same manner as v, so it is a contravariant vector 1-form. It is called the absolute differential of the vector field v. To the associated tensor one calls the covariant derivative of v.

In terms of components, (2.57) assumes the form D̂v^{α̂} = dv^{α̂} + ω̂^{α̂}_{ρ̂} v^{ρ̂}, or, D̂v^{α̂} = (∂_{β̂}v^{α̂} + γ̂^{α̂}_{ρ̂β̂}v^{ρ̂})ê^{β̂} = ^∇_{β̂}v^{α̂}ê^{β̂} , where we have made ^∇_{β̂}v^{α̂} = ∂_{β̂} v^{α̂} + γ̂^{α̂}_{ρ̂β̂} v^{ρ̂}.

Apart from the covariant derivative of a vector field, or, by generalisation, of a tensor field, one can construct two important local tensors: the torsion and the curvature tensors.

The Torsion Tensor. Let us take the differential of the transformation law for a coframe ê^U , dê^V = d(Λ̂^V_U ê^U ) = dΛ̂^V_U ∧ ê^U + Λ̂^V_U dê^U , and the exterior product between the linear connection form ω̂_V and the coframe ê^V , ω̂_V ∧ ê^V = Λ̂^V_U ω̂_UΛ̂^U_V ∧ ê^V + Λ̂^V_U dΛ̂^U_V ∧ ê^V = Λ̂^V_U ω̂_U ∧ ê^U − dΛ̂^V_U ∧ Λ̂^U_V ê^V = Λ̂^V_U ω̂_U ∧ ê^U − ∧dΛ̂^V_U ê^U .

If we add the two we will get dê^V + ω̂_V ∧ ê^V = Λ̂^V_U (dê^U + ω̂_U ∧ ê^U ), that is Σ̂^U = dê^U + ω̂_U ∧ ê^U transforms in the same way as the coframe, meaning, it is a contravariant vector 2-form on Ê(M). It is called the torsion form of the linear connection. In the frame ê^U , we have Σ̂ = Σ̂^{α̂}ê_{α̂} = (dê^{α̂} + ω^{α̂}_{ρ̂} ∧ ê^{ρ̂})ê_{α̂}, (2.58)

or, being Σ̂^{α̂} a 2-form, Σ̂^{α̂} = 1 2 Σ̂^{α̂}_{β̂γ̂}ê^{β̂} ∧ ê^{γ̂} = −Ŝ^{α̂}_{β̂γ̂}ê^{β̂} ∧ ê^{γ̂} , (2.59) with Ŝ^{α̂}_{β̂γ̂} a tensor of rank (1, 2), the torsion tensor associated to Σ̂.

In a natural coframe of local coordinates we have, since ê^{α̂} = dx^{α̂}, Σ̂^{α̂} = ω̂^{α̂}_{β̂} ∧ dx^{β̂} = Γ̂^{α̂}_{β̂γ̂} dx^{γ̂} ∧ dx^{β̂} = − 1 2 (Γ̂^{α̂}_{β̂γ̂} − Γ̂^{α̂}_{γ̂β̂})dx^{γ̂} ∧ dx^{β̂}.

So the components of the torsion tensor will be Ŝ^{α̂}_{β̂γ̂} = 1 2 (Γ̂^{α̂}_{β̂γ̂} − Γ̂^{α̂}_{γ̂β̂}). (2.60)

The Curvature Tensor. Let us now take the differential of the linear connection form, dω̂_V = d(Λ̂^V_U ω̂_U Λ̂^U_V +Λ̂^V_U dΛ̂^U_V ) = dΛ̂^V_U ∧ω̂_UΛ̂^U_V +dΛ̂^V_U ∧dΛ̂^U_V +Λ̂^V_U dω̂_UΛ̂^U_V +Λ̂^U_V ω̂_U ∧dΛ̂^U_V , and the external product of the linear connection form with it self,

ω̂_V ∧ ω̂_V = Λ̂^V_U ω̂_U ∧ ω̂_U Λ̂^U_V + Λ̂^V_U ω̂_U ∧ dΛ̂^U_V − dΛ̂^V_U ∧ ω̂_U Λ̂^U_V − dΛ̂^V_U ∧ dΛ̂^U_V . Adding the first equation to the second, we obtain dω̂_V + ω̂_V ∧ ω̂_V = Λ̂^V_U (dω̂_U + ω̂_U ∧ ω̂_U )Λ̂^U_V , or, if we write Ω̂_U = dω̂_U + ω̂_U ∧ ω̂_U , (2.61) we have the following transformation law Ω̂_V = (Λ̂^U_V )^{−1}Ω̂_U Λ̂^U_V , that is, Ω̂ transforms itself as a tensor of rank (1, 1), that is, it is a tensor 2-form of type Ad_g−1 . It is called the curvature form of the linear connection. It could be directly derived from the Maurer-Cartan equation (2.18). Being the curvature a tensor of rank (1, 1) we can write Ω̂ = Ω̂^{α̂}_{β̂} ê_{α̂} ⊗ ê^{β̂} = (dω̂^{α̂}_{β̂} + ω̂^{α̂}_{ρ̂} ∧ ω̂^{ρ̂}_{β̂})ê_{α̂} ⊗ ê^{β̂} .

One defines the curvature tensor associated to Ω̂ by the relation Ω̂^{α̂}_{β̂} = 1 2 R̂^{α̂}_{β̂γ̂δ̂}ê^{γ̂} ∧ ê^{γ̂} . (2.62)

The Biachi Identities. The Bianchi identities are obtained by taking the differential of both (2.58) and (2.61), and writing the right side of both equations in terms of Σ̂ and Ω̂. The final expressions are dΣ̂ = Ω̂ ∧ ê − ω̂ ∧ Σ̂, (2.63) dΩ̂^E = Ω̂ ∧ ω̂ − ω̂ ∧ Σ̂. (2.64)

2.1.5 The Fibre Bundle of Affine Frames

In each point z of M the tangent vector space T_z M admits a natural affine space structure. An affine frame Ŝ^z in z ∈ M will be defined by a vector O ∈ T_zM, named the origin of the frame, and by a basis ê^z of the tangent vector space T_zM.

Let us consider two frames in the same point z, Ŝ^z = (O, ê^z) and Ŝ^{z ′} = (O^′, ê^{z ′}). One wants to know how to connect this to frames. If we denote by ê_m and ê^′_m the origins of S^z and Ŝ^z , respectively, where m is the dimension of T_zM, then the transformation rule is the following

ê^′_{β̂} = ê_{α̂}Λ̂^{α̂}_{β̂′} (2.65)

ê^′_m = ê_m + v^{α̂}ê_{α̂}, (2.66)

where v = O^′ − O = v^{α̂}ê_{α̂}.

If we make the following definition

L̂ = (L̂_{α̌β̌}) = ( 0 Λ̂^{α̂}_{β̂′} 1 v^{α̂} ) , (2.67)

where L̂ is a (m + 1) × (m + 1) matrix, then we see that the equations (2.65, 2.66) can be written as ê^′_{β̌} = ê_{α̌}L̂^{α̌}_{β̌′} , (2.68) or Ŝ^′ = ŜL̂. The set of the matrix L̂ make a group under matrix multiplication that is isomorphic to the affine group GA(1, m; R), and we shall identify it with this group.

Let Q̂^z be the set of all affine frames in the point z ∈ M and let us construct the following set Ê(M) = ⋃ z∈M Q̂^z.

It can be shown that it is possible to define a natural differentiable manifold structure in Ê and from this a structure of fibre bundle, being the structure group the affine group GA(1, m; R). To this bundle Ê(M) one calls the fibre bundle of affine frames. An affine connection ω̂^E in M will be defined as a infinitesimal connection on the fibre bundle of affine frames.

In general it is possible to associate to every linear connection on M an affine connection. One has

ω̂^E = ( 0 ω̂ 0 ê_z + D̂O , ) (2.69)

where ê_z is the coframe associated with ê^z and O is the origin of the affine frame.

2.1.6 The Fibre Bundle of Orthonormal Frames

Once defined a structure of a Riemannian manifold over M, it is possible to define in each tangent vector space T_zM, z ∈ M, an orthonormal frame ẽ^z using the metric γ of this manifold. It will be defined as a basis {ẽ_{α̂}}^{m−1}_{α̂=0} of T_zM such that the vectors ẽ_{α̂} satisfy the relations γ(ẽ_{α̂}, ẽ_{β̂}) = δ_{α̂β̂}.

If ẽ^z and ẽ^{z ′} are two orthonormal frames at z, then exists an orthogonal m × m matrix Λ̃ such that ẽ^{z ′} = ẽ^zΛ̃, or ẽ^′_{β̂} = ẽ_{α̂}Λ̃^{α̂}_{β̂′} .

As before, let us consider Q̃^z the set of orthonormal frames with origin z. And let us consider the following set

Ẽ(M) = ⋃ z∈M Q̃^z.

It is now possible to define on Ẽ(M) a topology and a natural differentiable manifold structure and, after defining a projection p such that, to every frame ẽ^z of Ẽ(M) brings into correspondence its origin, that is, the point z, will be possible to construct a principal fibre bundle over M, being the total space Ẽ(M) and the structure group the orthogonal group O(1, m − 1; R). The bundle Ẽ(M, O(1, m − 1; R), p, Ψ) is called the Fibre Bundle of Orthonormal Frames.

The Minkowski Connection. An Euclidean Connection, or a Minkowski Connection, on M will then be an infinitesimal connection on Ẽ(M).

It is possible to associate in a natural way a linear connection with every Minkowski connection. Representing the last by ω̃ and the first by ω̂ one sees that for a covering U of M the following definition ω̂_U = ω̃_U ,

is independent of the covering U chosen. In order to a linear connection be naturally associated with a Minkowski connection, it is necessary and sufficient that the absolute differential of the metric tensor in this connection be zero, that is, that the connection be metric compatible.

2.1.7 The Fibre Bundle of Affine Orthonormal Frames

The Fibre Bundle of Affine Orthonormal Frames of M or simply the Minkowski Affine Bundle, Ẽ(M), can be defined in the same way as the Fibre Bundle of Affine Frames taking for it’s total space the set of the affine frames that verify the orthonormality condition and for the transformation matrix

L̃ = (L̃_{α̌β̌} ) = ( 0 Λ̃^{α̂}_{β̂′} 1 v^{α̂} ) . (2.70)

The structure group will be the affine orthogonal group AO(1, m; R).

2.1.8 The Fibre Bundle of Oriented Orthonormal Frames

An orientation in a point z ∈ M is a pseudoscalar ϵ with square 1, that is, chosen two frames ê^z and ê^{z ′} at z that are connected by the transformation rule

ê^{z ′} = ê^zΛ̂,

the value of ϵ is the same in the two or change signal if det(Λ̂) > 0 or det(Λ̂) < 0, respectively (ϵ = ±1). We say that M is an orientable manifold if there is an orientation in all the points z ∈ M.

If M is orientable then the fibre bundle of orthonormal frames Ẽ(M) admits two distinct components, that is, there exist at each point z of M two arcwise connected families of frames, the determinant det(Λ̃) associated with two frames of the same family are positive (the frames are in the ”same side” of M, that is, have the same orientation), that associated with two frames from different families are negative. Each component admits a principal fibre bundle structure over M, with the component of the identity of the linear group as structural group. We will denote the two components of the fibre bundle of the orthonormal frames of M by Ẽ_+(M) and Ẽ_−(M). They are called the fibre bundles of oriented orthonormal frames of M.

In order to define a time-orientation, we must define over M a timelike vector field τ such that γ(τ, τ ) < 0. We are then capable of distinguishing between those frames that are transformed by a proper orthocronous Lorentz transformation, that preserves the nature of each vector of the frame, i.e., that transforms a timelike vector into a timelike vector and a spacelike vector into a spacelike one, and those that don’t. We will represent the two subsets, respectively, by Ẽ^↑_+(M) and Ẽ^↓_+(M), for the oriented component Ẽ_+(M) of the bundle of orthonormal frames. Both components of Ẽ_+(M) will possess a structure of a differentiable principal fibre bundle, possessing for the structure group SO^↑_+(1, m − 1; R) or SO^↓_+(1, m − 1; R). We will restrict ourselves to the bundle Ẽ^↑_+(M) that possesses for structure group the Lorentz group of proper orthocronous

transformations SO^↑_+(1, m − 1; R).

2.1.9 The Fibre Bundle of Spinors

Let us assume that M is an orientable riemannian manifold with metric γ. Then the fibre bundle of orthonormal frames of M will be composed of two components Ẽ_+(M) and Ẽ_−(M). If one defines a time-orientation in M then these two will be also composed by two components Ẽ^↑(M) and Ẽ^↓(M). Let us consider the fibre bundle of Lorentz proper orthocronous transformations Ẽ^↑_+(M).

Let G̃ be a universal covering group of SO^↑_+(1, m − 1; R)^4 and λ̃ : G̃ −→ SO^↑_+(1, m − 1; R) 4It will be the spinor group Spin^↑_+ (1, m − 1; M). For the simple case m = 4 one has G̃ = SL(2, C).

a homomorphism covering. A spin structure over M for Ẽ^↑_+(M) will be a differentiable principal fibre bundle Ẽ(M, G̃, p̃, Ψ̃), with the structure group G̃, the projection p̃ together with a differentiable map S̃ : Ẽ(M) −→ Ẽ^↑_+(M), such that the following diagram commutes Ẽ(M) × G̃^{S̃×λ̃}−→ Ẽ^↑_+(M) × SO^↑_+(1, m − 1; R) ↓ ↓ Ẽ(M)^{S̃}−→ Ẽ^↑_+(M) p̃ ↘ ↙ p̃ M We have that S̃ commutes with the group operations, that is, for Λ̃ ∈ G̃,

S̃ ∘ Λ̃ = λ̃(Λ̃) ∘ S̃.

A spin connection over M is an infinitesimal connection on the spin fibre bundle Ẽ(M) and it will be represented by a L_{G̃}-valued one-form ω̃.

Taking the pullback of λ̃ we can establish the following relation between the spin and the Minkowski connection form: ω̃ = λ̃_{∗e}(ω̃), where the pullback is determinated in the unity e of the Lie group G̃. Since λ̃ : G̃ −→ SO^↑_+ (1, m − 1; R) is a homomorphism of Lie groups, λ̃_{∗e} : L_{G̃} −→ L_{SO}↑_{+ (1,m−1;R)} will be a homomorphism of the corresponding Lie algebras. And so we shall have

[λ̃_{∗e}(Λ̃), λ̃_{∗e}(Λ̃^′)]_{LSO↑+(1,m−1;R)} = λ̃_{∗e}([Λ̃, Λ̃^′]_{LG̃} ),

where [, ]_{LSO↑+(1,m−1;R)} and [, ]_{LG̃} are the commutators of the Lie algebras of SO^↑_+ (1, m−

1; R) and of G̃, respectively, and Λ̃, Λ̃^′ ∈ G̃.

We shall now define l̃ = λ̃^{−1}_{∗e} , where e is the unity of SO^↑_+(1, m − 1; R). Since l̃ establish a homomorphism between the Lie algebras of G̃ and SO^↑_+(1, m − 1; M) we can make, by l̃, a correspondence between ω̃ and ω̃: ω̃ = l̃(ω̃). We will construct l̃ in the following way, being G̃ a subgroup of a Clifford algebra C(1, m − 1), let us consider the action of C(1, m − 1) over each fibre of Ẽ(M). Let {γ_{α̂}}^{m−1}_{α̂=0} be the linear operators on each fibre of the spin bundle, representing the generators of C(1, m − 1):

[γ_{α̂}, γ_{β̂}] = 2η_{α̂β̂}, (2.71) where η_{α̂β̂} = diag(−1, 1, 1, ..., 1) is the Minkowski metric. The generators of the local proper orthocronous Lorentz transformations, that is, a basis of the Lie algebra of G̃, will be related to the generators of the Clifford algebra by

Σ̃_{α̂β̂} = 1 4 [γ_{α̂}, γ_{β̂}], (2.72)

so if we make, for an element Λ̃ of the Lie algebra of SO^↑_+(1, m − 1; R), the following definition l̃(Λ̃) = 1 2 Λ̃^{α̂β̂}Σ̃_{α̂β̂} , (2.73)

we have establish a homomorphism between the two Lie algebras. In fact we can prove that [l̃(Λ̃), l̃(Λ̃^′)] = l̃([Λ̃, Λ̃^′]).

Furthermore, we will have that, for Λ̃ ∈ SO^↑_+(1, m − 1; R),

[l(Λ̃), γ^{α̂}] = γ^{β̂} Λ^{α̂}_{β̂} . (2.74)

In this way we have for a natural spin connection over M,

ω̃ = l̃(ω̃) = 1 2 ω̃^{α̂β̂}Σ̃_{α̂β̂},

where ω̃^{α̂β̂} are the components of the Minkowski connection for the basis of the Lie algebra of SO^↑_+(1, m − 1; R) related to Σ̃_{α̂β̂} by l̃. Calculating the commutators and the anti-commutators we will get for the spin connection

ω̃ = 1 4 ω̃_{α̂β̂}γ^{α̂}γ^{β̂}. (2.75)

The Spinor Differential. Let ϕ be a spinor, i.e., ϕ ∈ ~Ē(M). We define the spinor differential of ϕ as the absolute differential of ϕ in the spinor connection ~ω̄: D̃ϕ = dϕ + ω̃ϕ = dϕ + 1 4 ω̃_{α̂β̂} γ^{α̂}γ^{β̂}ϕ, (2.76)

or in components D̃ϕ = ~∇_{β̂} ϕẽ^{β̂}.

The Spinor Curvature. The curvature form of the spin connection is given by Ω̃ = D̃ω̃ and it can be written in terms of ω̃:

Ω̃ = D̃ω̃ = 1 4 (d + 1 4 ω̃_{α̂β̂} γ^{α̂}γ^{β̂})ω̃_{α̂β̂}γ^{α̂}γ^{β̂} .

The Riemann and Ricci tensors can be determined directly from the last expression. We have in a coordinate basis R̃^{γ̂}_{α̂β̂ δ̂} = ∂_{α̂}γ^{γ̂}_{β̂ δ̂} − ∂_{β̂} γ^{γ̂}_{α̂ δ̂} + γ^{γ̂}_{α̂ ρ̂}γ^{ρ̂}_{β̂ δ̂}.

From this we can calculate the Ricci tensor and the scalar of curvature in the usual way.

The Dirac Operator and the Spinor Laplacian. The Dirac operator is defined by^5,

/D̃ϕ = γ^{β̂} ~∇_{β̂}ϕ. (2.77)

A spinor field that satisfies /D̃ϕ = 0 is called an harmonic spinor. The square of the Dirac operator is called the spinor laplacian and is given by

Δ̃ = −η^{α̂β̂} ~∇_{α̂} ~∇_{α̂} + 1 4 R̃, (2.78)

where R̃ is the scalar of curvature.

2.1.10 The Fibre Bundle of Adapted Orthonormal Frames

The Principal Fibre Bundle M(V_n, G, π, Φ)

Let us consider the fibre bundle of orthonormal frames Ẽ(M) over M(V_n, G, π, Φ) whose structure group is the orthogonal group O(1, m − 1; R). As we have seen in section 2.1.2 there is a natural lift of the action of G to M by σ. The same happens for the bundle Ẽ(M): since G acts on M by isometries, it is possible to define a natural lift of the action of G to Ẽ(M), →σ̃ : G × Ẽ(M) −→ Ẽ(M), (2.79) ←σ̃ : Ẽ(M) × G −→ Ẽ(M). (2.80) As Ẽ(M) is now subject to the action of two Lie groups, O(1, m − 1; R) and G, we can reduce its structure group. In order to do so we must adapt the fibre bundle of orthonormal frames to the reduction, choosing those frames of Ẽ(M) that can be decomposed in two orthonormal frames lying separately in the tangent vector space of the base space V_n fibre G_x and of the internal space G.

Let us consider a generic point z of M. The tangent vector space T_z M can be decomposed in two parts: a vertical space V_z, defined as the tangent space to the fibre G_{x=π(z)} in the point z (cf. section 2.1.2), and a horizontal space H_z defined by an infinitesimal connection on the principal fibre bundle M(V_n, G, π, Φ). An orthogonal frame ẽ^z = {ẽ_{α̂}}^{m−1}_{α̂=0} ∈ Ẽ(M) at z ∈ M is called adapted if ẽ^z = ë^z = {ẽ_α, ẽ_a}_{α=0,···,n−1;a=n,···,m−1}, with ẽ_α ∈ V_z , ẽ_a ∈ H_z, where n = dim V_n and m − n = dim G. The set Ë(M) of all adapted orthogonal frames in all points of M is a subset of Ẽ(M) and is obviously a principal fibre bundle over M with the structure group O(1, n − 1; R) × O(m − n − 1; R). It is called the Fibre Bundle of Adapted Orthonormal Frames of M. The induced infinitesimal connection ω̈ will be the restriction of the connection form ω̃ of the fibre bundle of orthonormated frames Ẽ(M) to Ë(M).

5here the indices on the covariant derivative are of Lorentz type. In order to write the Dirac operator in terms of coordinate indices we must use the vielbein (cf. section 2.1.11)

The Fibre Bundle M(V_n, G/H, G, π, Φ)

If we consider the case on which the fibre bundle of linear frames (and, obviously, the fibre bundle of orthonormal frames) is defined over a fibre bundle M(V_n, G/H, G, π, Φ) in which the internal space is homomorphic with a homogeneous space G/H another definition of the fibre bundle of adapted orthonormated frames shall be given. Let z ∈ M and let V_z and H_z be the vertical and the horizontal vector spaces on z. We have then the decomposition of the tangent vector space of M at z: T_zM = V_z ⊕ H_z . Let τ ∈ V_z be a vertical vector at z. To this we can associate a tangent vector θ_y ∈ T_y M to M at y ∈ M using an element ϕ_{Ux} of Φ: z = ϕ_{Ux}(y) ∈ M_x ⊂ M, x = π(z) ∈ V_n : θ_y = ϕ^{−1∗}_{Ux,y}(τ ) ∈ T_yM. Using another element ϕ_{V x} of Φ we can associate another tangent vector θ_y′ ∈ T_y′ M to M at another point y^′ ∈ M : z = ϕ_{V x}(y^′) ∈ M_x ⊂ M, x = π(z) ∈ V_n : θ_y′ = ϕ^{−1∗}_{V x,y}′ (τ ) ∈ T_y′ M. But since there must be an element g of G such that ϕ_{Ux}(gy) = ϕ_{V x}(y^′), we have that θ^′_y = gθ_y . Taking an element of Φ such that z = ϕ_{W x}(e), with e the unit of M , we have that there is an element g ∈ G such θ_y = gθ_e, with θ_e lying on T_eM and θ_y on T_yM . We can then make the following association τ = ϕ^∗_{W x,z}(θ_e).

Since we can decompose the tangent vector space of M at e as T_eM = L_{N /H} ⊕ L_L. we can define an adapted frame of T_eM as a frame λ^e = {λ_a}_{a=n,···,m−1} such that λ_i ∈ L_{N /H} , for i = n, · · · , (dimN /H + n − 1) and λ_o ∈ L_L, for o = (dimN /H + n), · · · , m − n − 1. To this adapted frame of T_eM we can associate an adapted frame {ë_a}_{a=n,···,m−1} of V_z by taking ë_i = ϕ^∗_{W x,z}(λ_i), ë_o = ϕ^∗_{W x,z}(λ_o), where i = n, · · ·, (dimN /H + n − 1) and o = (dimN /H + n), · · · , m − n − 1. This is nothing but a decomposition of the vertical space V_z = V^{(N /H)} z ⊕ V^{(L)}_z (2.81)

An adapted orthonormal frame of T_zM is then defined as a frame ë^z = {ë_μ, ë_i, ë_o}_{μ=0,···,n−1;i=n,···,(}dim_{N /H+n−1);o=(}dim_{N /H+n),···,m−n−1}, where {ë_μ}_{μ=0,···,m−1} is a orthonormal frame of the horizontal vector space H_z and where {ë_i, ë_o}_{i=n,···,(}dim_{N /H+n−1);o=(}dim_{N /H+n),···,m−n−1} is an adapted orthonormal frame of the vertical vector space V_z .

As before we define the fibre bundle of adapted orthonormal frames as the fibre bundle that has as its total space the set Ë(M) of all adapted orthonormal frames of M in all of its points, as base space M and as structure group the group O(1, n − 1; R) × O(dimN /H; R) × O(m − n − dimN /H − 1; R). As before, the induced infinitesimal connection ω̈ will be the restriction of the connection form ω̃ of the fibre bundle of orthonormated frames Ẽ(M) to Ë(M).

2.1.11 The Vielbein

Let us consider a m-dimensional C^ν-differentiable manifold M over which it is defined the principal fibre bundle of linear frames Ê(M).

There can be two types of tangent vectors to M at a point z: those that transform as vectors under infinitesimal general coordinate transformations and those that transform as Lorentz vectors under the action of SO(1, m − 1).

Under infinitesimal general coordinate transformations z^{α̂} → z^{α̂} + ξ^{α̂}(z), (2.82) a covariant vector v_{α̂} of the first type transforms according to v_{α̂} → v_{α̂} + δ_ξ v_{α̂}, (2.83) δ_ξ v_{α̂} = −∂_{α̂}ξ^{β̂}v_{β̂} − ξ^{β̂}∂_{β̂} v_{α̂}. (2.84) Indices within this type of vectors are raised or lowered with the metric γ.

Under a local Lorentz transformation, z^{α̂} → Λ^{α̂}_{β̂} z^{β̂} (2.85) a covariant vector v_{α̂} of the second type transforms as v_{α̂} → Λ^{−1 β̂}_{α̂} v_{β̂} . (2.86) Indices within this type of vectors are raised or lowered with the Minkowski metric η.

Since they belong to the same tangent vector space, these two types of vectors can be connected by one rotation, the vielbein e^{α̂}_{β̂} . If we use Latin indices to identify the Lorentz like components and Greek indices to identify the covariant like components of a vector, the two are related by v_{α̂} = e^â_{α̂}v_â. (2.87) If the vielbein has an inverse e^{α̂}_â , e^{α̂}_â e^{b̂}_{α̂} = δ^{b̂}_â, (2.88) e^â_{α̂}e^{β̂}_â = δ^{β̂}_{α̂}, (2.89) it can be used to convert the covariant components of a vector into the Lorentz ones v_â = e^{α̂}_â v_{α̂}. (2.90)

2.2 Description of Matter Fields

2.2.1 The Configuration Space ΓF

Let M(V_n, G, π, Φ) be the principal fibre bundle previously considered. Let be defined over M a differentiable vector fibre bundle F(M, F, Y, p, Ψ). Let ΓF be the vector space of the sections ϕ of F. This space has infinity dimension. We will say that ΓF is the configuration space and that each ϕ ∈ ΓF, ϕ : M −→ F represents a possible configuration of the matter field defined over M.

A field configuration ϕ ∈ ΓM can be written as ϕ(z) = (z, ϕ_z) in a neighborhood of z, with z ∈ M and ϕ_z ∈ F_z, being F_z the fiber passing through z. We usualy refer ourselfs to ϕ_z as the field configuration on z. Neglecting the point z on which it is determinated, we will atribue to ϕ_· also the designation of matter field configuration.

As presented above, a matter field configuration will be considered as a 0-form, that is, a scalar on M and so ϕ ∈ Λ^0(M, F). A possible generalization of this scheme is to consider the matter fields as k-forms on M with values on F, that is, as elements of Λ^k(M, F) (an example is the gravitational field γ). But since Λ^k(M, F) is isomorphic with Λ^0(M, Λ^kM ⊗ F ) our treatment can be applied also to this case (one changes only the fibre of F).

Let χ : Y × F −→ F be the action of Y on F and let us represent a field configuration ϕ ∈ ΓF by ϕ(z) = (z, ϕ_z), where z ∈ M and ϕ_z ∈ F_z. Then, to every element f_U of F we can associate an element ϕ_z ∈ F_z by a homomorphism ψ_U ∈ Ψ, U ⊂ M. If ψ_{Uz} is the restriction of ψ_U to {z} × F_z then we have

ϕ_z = ψ_{Uz}(f_U ),

for some f_U ∈ F . Using another element ψ_V of Ψ, V ⊂ M such that z ∈ U ∩ V , we shall have ϕ_z = ψ_{V z}(f_V ),

with f_V ∈ F a different element of F . Since we must have ψ^{−1}_{Uz} ∘ ψ_{V z} = y for some y ∈ Y, we can establish the following relation

ϕ_z = ψ_{V z} (f_V ) = ψ_{Uz} ∘ χ(y, f_U ) = ψ_{Uz}(yf_U ),

where we have made yf_U = χ(y, f_U ) in order to simplify the notation.

We can then define the following lift of the action of Y on F to an action of Y on F by writing, for ϕ = (z, ϕ_z) ∈ F with ϕ_z = ψ_{Uz}(f_U ), the map Ψ : Y × F −→ F (y, ϕ) −→ yϕ = (z, ψ_{Uz}(yf)). (2.91)

There will be lift of the action of Y to ΓF and it will be given by the following representation T^Y of the group Y

[T^Y_y ϕ](z) = Ψ(y, ϕ)(y^{−1}z) = Ψ(y, (y^{−1} z, ϕ_y−1_z )) = (y^{−1}z, yϕ_y−1_z ), (2.92) for y ∈ Y, ϕ = (z, ϕ_z) ∈ ΓF and where y^{−1}z is the action of Y on M (if there is one). We will then get [T^Y_y ϕ]_z = yϕ_y−1_z.

Besides this representation there can be another one^6: a representation T^G of the action of the structure group of M, G, on the bundle F (this action is supposed to be a lift of the action σ of G on M to the bundle of automorphisms of F). The induced representation will be [T^G_g ϕ](z) = gϕ(g^{−1}z), (2.93)

with g ∈ G and ϕ ∈ ΓF. Using ϕ(g^{−1}z) = (g^{−1}z, ϕ_g−1_z), we get

[T^G_g ϕ](z) = (z, gϕ_g−1_z),

and so we can make [T^G_g ϕ]_z = gϕ_g−1_z.

In general, G will represent some type of internal symmetry and so its action on a matter field configuration should be reduced to the action of G on the field itself and not on the point on where it is calculated. By other words, the action of an internal symmetry to a manifold representative of our universe should be reduced to the identity, that is, such manifold should be invariant to such action. This is not the case, as one sees, since M is not invariant to the G action. This conduces us directly to dimensional reduction, in order to find such symmetry invariant manifold. One of the main reasons for giving a G-(principal) fibre bundle structure to M comes then easily from that fact: an external symmetry of a larger universe, M, can be seen as an internal symmetry of a reduced one, or inversely, an internal symmetry in our measured universe can be regarded as an external symmetry of a larger one.

2.2.2 The Absolute Differential of a Matter Field Configuration

A matter field configuration ϕ ∈ Λ^k(M, F), with M(V_n, G, π, Φ) a principal fibre bundle, being a k-form over M, has an absolute differential on M defined as Dϕ(z)(τ_1, . . ., τ_k) = dϕ(z)(Hτ_1, . . . , Hτ_k), with τ_i ∈ T_zM, (i = 1, . . ., k), and Hτ being the projection of τ in the horizontal vector space H_z.

Belonging to a representation of the structure group Y of F we can also define the absolute differential of a matter field configuration on F. It will be given by

Dϕ(z)(τ_1, τ_2 . . .) = D_Mϕ(z)(Hτ_1, Hτ_2, . . .), (2.94)

with τ_i ∈ T_ϕF and Hτ being the projection of τ in the horizontal vector space H_z on the (principal) fibre bundle F. D_Mϕ(z) denotes the absolute differential defined on M. An observation must now be done. A matter field configuration will carry, in general, not only a representation of the structure group G of M but also carry representations of other groups. When the concept of absolute differential is used it is understooded that all the absolute differentials of the matter field configuration in all the

6a lift of the action of G on M to F is supposed.

(principal) fibre bundles where it is defined were taken. In other words, a principal fibre bundle has been constructed, being its structure group the group product of all the groups that have a non trivial action over the matter field configuration (cf. section 3.1.4). The absolute differential is then defined over this “total” principal fibre bundle.

As an example, a common situation is that in which the fibre F_z on which a scalar^7 matter field configuration is valued is isomorphic with the general linear group Y = GL(1, m − 1; R) and over which the same group acts. We can then identify the two fibres and simply write F(M, F, Y) = Ê(M). The matter field will then be called a vector matter field. Possible reductions can be made by the introduction of a metric γ on M, reducing Ê(M) to Ẽ(M). The absolute differential of a G-invariant matter field configuration will then be Dϕ(z) = dϕ(z) + ω̃ϕ(z), (2.95) where ω̃ is the Minkowski connection form defined on the principal fibre bundle Ẽ(M). Chosen a frame ẽ^z of Ẽ(M) at z ∈ M, we can write

ϕ(z) = ϕ^{α̂}(z)ẽ_{α̂},

where ϕ^{α̂}(z) are the components of ϕ(z) in that frame. In components,

Dϕ^{α̂}(z) = dϕ^{α̂}(z) + ω̃^{α̂}_{β̂} ϕ^{β̂} , (2.96)

where ẽ_z is the coframe correspondent to ẽ^z.

If we define F to be the fibre bundle of spinors, then the matter field will be of a spinorial nature, transforming as a spinor. We have already given the absolute differential of a spinor: D̃ϕ = dϕ + ω̃ϕ = dϕ + 1 4 ω̃_{α̂β̂} γ^{α̂}γ^{β̂}ϕ = ~∇_{β̂} ϕẽ^{β̂}. (2.97)

In a coordinate basis we shall have

D̄ϕ = ẽ^{b̂}_{β̂} ¯∇_{b̂}ϕ∂^{β̂} . (2.98)

2.2.3 The Action of a Form

The Global Scalar Product over M and the Action of a Form

Assuming that M is compact, we can define a global scalar product < ·, · >_M: Λ^pM× Λ^pM −→ R over the p-forms of M by the relation < α, β >_M= ∫ M α ∧ ⋆β = ∫ M β ∧ ⋆α (2.99)

Let us define the global norm of a p-form over M by the relation ‖α‖_M = √ < α, β >_M. 7scalar in relation to a diffeomorphism.

The classical action of two p-forms is defined by S_M[α, β] =< α, β >_M . (2.100) In particular, the classical action of a gauge field will be the square of the curvature of the connection that defines it^8, S_M[Ω] = ‖Ω‖^2_M . (2.101) The Action of a G-invariant form over a product space G ×_H M̄ Let us consider a G-invariant form α defined over a product space G ×_H M̄, with both G and M̄ compact, and where H ⊂ G, and let its action be given by S_{G×H}¯_M[α] =‖ α ‖_{G×H}¯_M . (2.102) Then this action can be reduced to an action over M̄ by integrating over G/H, S¯_M[α] = vol(G/H) ‖ α ‖¯_M, (2.103) with vol(G/H) =‖ 1 ‖_{G/H} the volume of the coset space G/H. A special case is the one in which H = {e}: S¯_M[α] = vol(G) ‖ α ‖¯_M .

8in general one introduces a factor^1_{vol(Y)} in the following expression, where Y is the gauge group and vol(Y) its volume.

Chapter 3

DIMENSIONAL REDUCTION

The dimensional reduction process of gravity, matter and gauge fields is presented. In the first section only G-invariant fields are considered. A G-invariant metric defined over the total space M will give rise, after performed the dimensional reduction of the Hilbert-Einstein action, to an induced metric on the base space together with a Yang- Mills field and a finite number of scalar fields. In the second section, the behaviour of general fields defined over M is studied with the help of abstract harmonic analysis. In general, every field defined on M will manifest itself on the base space V_n as an infinite tower of fields with increasing associated masses.

3.1 Dimensional Reduction of G-invariant Fields

3.1.1 Dimensional Reduction of Gravity

The Principal Fibre Bundle M(V_n, G, π, Φ)

Let M(V_n, G, π, Φ) be an m-dimensional C^ν -differentiable principal fibre bundle defined over the base space V_n, an n-dimensional C^ν -manifold, and that possesses as structure group the Lie group G. As it was shown in the previous chapter, the action of G on itself will induce an action of the same group over the manifold M (cf. section 2.1.2). If we define over M the fibre bundle of frames Ê(M), then this action will be lift to an action of G on Ê(M). It will be in this way subject to the action of two groups: the linear group GL(1, m − 1; R) and the group G. The bundle Ê(M) will then be unnecessarily large and so it can be reduced.

Since we have already shown that Ê(M) can be reduced, by defining a metric γ on M to the fibre bundle of orthonormated frames Ẽ(M) which possesses as structure group O(1, m − 1; R) (cf. section 2.1.6) and this last bundle can yet be reduced to the fibre bundle of adapted orthonormated frames Ë(M) which has for the structure group O(1, n − 1) × O(m − n − 1) (cf. section 2.1.10), we shall work directly with Ë(M).

Let (M, γ) be a C^ν -riemannian manifold for which the metric γ is bi-invariant to the group G, i.e., such that_→ Φ^∗_gγ = γ =^← Φ^∗_gγ, (3.1) for all g ∈ G, being Φ the action of G on M (cf. section 2.1.2).

The bi-invariance property of γ will imply that the metric will assume a constant value over each fibre G_x, x ∈ V_n, of the principal fibre bundle M. The metric can then depend only on the projection of the point over which is defined, i.e., the point x in V_n: x ∈ V_n : z = π(x) ∈ G_x ⊂ M ⇒ γ_z(z) = γ_z (x), with γ_z ∈ T^∗_z M ⊗ T^∗_z M.

It is possible then to define a metric g on the base space V_n, obtaining in this way a riemannian structure (V_n, g), and a family of G-invariant metrics {ξ_x}, on each point x ∈ V_n, for the correspondent fibre G_x.

One proceeds as follows: let τ_1, τ_2 ∈ T_zM be two tangent vectors to M and Hτ_1, Hτ_2 ∈ H_z be their projection in the horizontal space H_z at z. If x = π(z) ∈ V_n, we will define the scalar product of two tangent vectors to V_n in the point x, v_1, v_2 ∈ T_xV_n, that are the projection of Hτ_1, Hτ_2, respectively, as g_x(v_1, v_2) = γ_z (Hτ_1, Hτ_2). g will be a bilinear positive form and will be C^ν in V_n as it is obvious from the definition of γ. This definition is independent of the point z ∈ G_x chosen since the metric γ is G-bi-invariant. For the same point x ∈ V_n, since γ is G-invariant, we can define the metric ξ_x of G_x as the restriction ξ_x = γ_z|_{Vz} with z = π(x) ∈ G_x some point over x and V_z the vertical vector space at z.

Since a G-invariant metric on M defines an infinitesimal connection on the principal fibre bundle M(V_n, G, π, Φ) and since we have seen that the same metric induces a metric on the base space V_n of this bundle and a family of G-invariant metrics {ξ_x} on each fibre G_x of M, we can perform the following dimensional reduction (M, γ) −→ (V_n, g, ω, ξ). The inverse of it is also possible, that is, given an infinitesimal connection ω on M, a metric g on V_n, and a family of G-invariant metrics {ξ_x} on the fibres of M an Ginvariant metric γ of M can be constructed. In fact, let τ_1τ_2 ∈ T_z M be two tangent vectors to M at z and let Hτ_1, Hτ_2 ∈ H_z be their horizontal part. Then we define the product between τ_1 and τ_2 in terms of g, ξ_x and of H_z as

γ_z (τ_1, τ_2) = g_x(π^∗_z τ_1, π^∗_zτ_2) + ξ_x(τ_1 − Hτ_1, τ_2 − Hτ_2), (3.2)

where Vτ_i = τ_i − Hτ_i ∈ V_z , for i = 1, 2, are vertical vectors at z.

Since we have defined a metric g over V_n, we can define the fibre bundle of orthonormated frames of V_n, Ẽ(1, n − 1; R). The dimensional reduction process made can then be expressed by the sequence Ê(M)^γ→ Ẽ(M)^{ω̃}→ Ë(M)^{ω̈,π}→ Ẽ(V_n), or in terms of the structure groups of the previous principal fibre bundles, GL(1, m−1; R)^γ→ O(1, m−1; R)^{ω̃}→ O(1, n−1; R)×O(m−n−1; R)^{ω̈,π}→ O(1, n−1; R).

Metric Decomposition. The differential of the bundle projection π allows us to make a correspondence between the tangent vector space to the total space in a given point and the tangent vector space to base space in the point that is the projection by π of the previous: π^∗_z : T_zM → T_{x=π(z)} V_n. Let ë^z = {ë_{α̂}}_{α̂=0,1,···,m−1} be an adapted orthonormated base of T_zM , and let v ∈ T_zM. Then v = v^{α̂}ë_{α̂}. Taking the differential application of this vector one gets

π^∗_z (v) = π^∗_z (v^{α̂}ë_{α̂}) = v^{α̂}π^∗_z (ë_{α̂}).

For each μ̂, π^∗_z (ë_{α̂}) will be a vector of T_xV_n, so if we take for the base of this space {ë_α}_{α̂=0,1,···,n−1}, we will get

π^∗_z (ë_{α̂}) = π^{∗β}_z (ë_{α̂})ë_β = π^{∗β}_{z,α̂}ë_β,

where π^{∗β}_z will be the components of π^∗_z in the considered base.

Let γ_{α̂β̂} and g_{μν} be the covariant components of the metrics γ and g in the considered basis, and γ^{α̂β̂} and g^{μν} their contravariant components. Then we can project the metric γ of the total space in the base space through the differential of the bundle projection. In components, g^{μν} = π^{∗μ}_{z,α̂}π^{∗ν}_{z,β̂}γ^{α̂β̂} . Let σ be a global section of M, defined as σ : V_n → M, such that π ∘ σ = id_{Vn} . Then σ^∗_{x=π(z)} : T_xV_n → T_zM.

Let v_1, v_2 ∈ T_xV_n be two tangent vectors to V_n at x and let τ_1, τ_2 ∈ T_zM be two tangent vectors to M at z = π(x) such that τ_i = σ^∗_xv_i for i = 1, 2. We define the scalar product between v_1 and v_2 at x ∈ V_n as

g(v_1, v_2) = γ(τ_1, τ_2) = [γ ∘ (σ^∗_x ⊗ σ^∗_x)](v_1, v_2). (3.3)

If σ^{∗α̂}_x are the components of σ^∗_x in the base {ë^{α̂}}_{α̂=0,···,m−1}, and if we make σ^{∗α̂}_x (ẽ_μ) = σ^{∗β̂}_{x,ν}, for {ẽ_μ} ∈ H_z then we can write the components of g in terms of the components of γ on the coframes considered as g_{μν} = σ^{∗α̂}_{x,μ}σ^{∗β̂}_{x,ν}γ_{α̂β̂}. Let z be a point in the fibre G_x. The metric ξ_x of the fibre G_x in that point will be given by the restriction of the metric γ of M to the vertical vector subspace V_z in the same point. Since G_x is, through ϕ_{Ux} ∈ Φ, homomorphic to the structure group G, a metric ξ in G will define, through ϕ_{Ux}, a metric ξ_x on G_x. Since ξ_x is G-invariant, the metric ξ shall also be G-invariant, and so it can be completely determined by its values on the Lie algebra of the group, L_G .

Let z = ϕ_{Ux}(γ) ∈ G_x ⊂ M and let us take the differential of the homomorphism ϕ_{Ux} in a point γ of G: ϕ^∗_{Ux,γ} : T_γ G → T_{z=ϕUx (γ)}M. If v_1, v_2 ∈ T_γ G are two tangent vectors to G on γ ∈ G, then we can associate the vertical vectors τ_1 = ϕ^∗_{Ux,γ}(v_1), τ_2 = ϕ^∗_{Ux,γ}(v_2) ∈ V_z on z ∈ G_x. We define the scalar product of τ_1 with τ_2 on G_x by ξ_x(τ_1, τ_2) = ξ_γ (v_1, v_2), being ξ_γ the metric of G in γ ∈ G. If we choose for a basis of T_γ G, {λ_a}_{a=n,···,m−1} such that ϕ^∗_{Ux,γ}(λ^a) = ë^a, with a = n, · · · , m − 1, then the relation between the two metrics ξ_x and ξ can be written in terms of its components in the two basis {ë^a ⊗ ë^b}_{a,b=n,···,m−1} and {λ^a ⊗ λ^b}_{a,b=n,···,m−1} ({λ^a}_{a=n,···,m−1} is a basis of T^∗_γ G with λ^a(λ_b) = δ^a_b ): (ξ_γ )_{ab} = ϕ^{∗c}_{Ux,γ a}ϕ^{∗d}_{Ux,γ b}(ξ_x)_{cd}. (3.4) Since (ξ_x)_{cd} = (γ_z )_{cd}, we can rewrite the previous relation as (ξ_γ )_{ab} = ϕ^{∗c}_{Ux,γ a}ϕ^{∗d}_{Ux,γ b}(γ_{z=ϕUx (γ)})_{cd}. Due to the G-invariance of γ and of ξ, we can choose a point z on the fibre G_x such that γ = e, the unit of G. We have then ξ_{ab} = ϕ^{∗c}_{Ux a}ϕ^{∗d}_{Ux b}γ_{cd}, (3.5) where we have neglected, in order to simplify the notation, the index e. ξ in this last expression is then considered as the metric of the Lie algebra L_G .

Using the infinitesimal connection form ω: ω : T_zM → L_G = T_eG, we can establish a relation between the contravariant components. Let γ^{α̂β̂} be the contravariant components of the metric of M in the chosen adapted orthonormal frame. We have then, due to the adapted orthonormal nature of the frame, (ξ_x)^{ab} = γ^{ab}.

We can now use the infinitesimal connection form to relate the metric of the fiber G_x to the metric of G; if ω^a_{α̂} are the components of the connection, ξ^{ab} = ω^a_c ω^a_d (ξ_x)^{cd}, or, since ω^c_μ = 0 (because if τ ∈ V_z is vertical ω(τ ) = 0), ξ^{ab} = ω^a_{α̂}ω^b_{β̂}γ^{α̂β̂} .

In this way we obtain the following system of equations: g^{μν} = π^{∗μ}_{α̂} π^{∗ν}_{β̂} γ^{α̂β̂}, (3.6) g_{μν} = σ^{∗α̂}_{x,μ}σ^{∗β̂}_{x,ν}γ_{α̂β̂}, (3.7) ξ^{ab} = ω^a_{α̂}ω^b_{β̂}γ^{α̂β̂}, (3.8) ξ_{ab} = ϕ^{∗c}_{Ux a}ϕ^{∗d}_{Ux b}γ_{cd}. (3.9) Together with the trivial relations on the fibre bundle: ω^a_{α̂}ϕ^{∗α̂}_{Ux b} = δ^a_b , (3.10) ω^a_{α̂}σ^{∗α̂}_{xμ} = 0, (3.11) π^{∗μ}_{α̂} σ^{∗α̂}_{xν} = δ^μ_ν , (3.12) π^{∗μ}_{α̂} ϕ^{∗α̂}_{Ux a} = 0, (3.13) we determine the components of the metric of the total space, once known those of the base space and of the Lie group:

γ_{α̂β̂} = π^{∗μ}_{α̂} π^{∗ν}_{β̂} g_{μν} + ω^a_{α̂}ω^b_{β̂} ξ_{ab}, (3.14) γ^{α̂β̂} = σ^{∗α̂}_{x,μ}σ^{∗β̂}_{x,ν}g^{μν} + ϕ^{∗α̂}_{Ux a}ϕ^{∗β̂}_{Ux;b}ξ^{ab}. (3.15) Another way of deriving directly the equations (3.14,3.15) is starting from the equation (3.2). Let ë^z ∈ Ë(M) be an adapted orthonormal frame at a point z ∈ M and let us consider two tangent vectors τ_1, τ_2 ∈ T_zM at that point. Writing these two vectors in terms of their components in the chosen frame, τ_i = τ^{α̂}_i ë_{α̂} (i = 1, 2), we have that the vertical part of τ_1 and of τ_2 can be written in terms of the infinitesimal connection form in the principal fibre bundle M, ω. Let us take ω(τ_i) = ω(τ^{α̂}_i ë_{α̂}) = τ^{α̂}_i ω(ë_{α̂}) = τ^{α̂}_i ω_{α̂}, for i = 1, 2. We have that ω_{α̂} ∈ L_G and so if {λ_a}_{a=n,···,m−1} is a base of the Lie algebra L_G , we have ω_{α̂} = ω^a_{α̂}λ_a, and so ω(τ_i) = τ^{α̂}_i ω^a_{α̂}λ_a, (i = 1, 2).

By using an homomorphism ϕ_{Ux} ∈ Φ we can write ϕ^∗_{Ux,e}ω(τ_i) ∈ V_z, that is, we get the vertical part of τ_1 and of τ_2. Writing in terms of components in the frame ë^z we will get ϕ^∗_{Ux,e}(ω(τ_i)) = τ^{α̂}_i ω^a_{α̂}ϕ^∗_{Ux,e}(λ_a) = τ^{α̂}_i ω^a_{α̂}ϕ^{∗c}_{Ux,e a}ë_c (i = 1, 2). We can then write, using (3.2),

γ_z(τ_1, τ_2) = g_x(π^∗_x(τ^{α̂}_1 ë_{α̂}), π^∗_x(τ^{β̂}_2 ë_{β̂})) + ξ_x(τ^{α̂}_1 ω^a_{α̂}ϕ^{∗c}_{Ux,e a}ë_c, τ^{β̂}_2 ω^a_{β̂}ϕ^{∗d}_{Ux,e b}ë_d) ⇔ τ^{α̂}_1 τ^{β̂}_2 γ_z(ë_{α̂}, ë_{β̂} ) = π^{∗μ}_{xα̂}τ^{α̂}_1 π^{∗μ}_{xβ̂}τ^{β̂}_2 g_x(ë_μ, ë_ν ) + τ^{α̂}_1 ω^a_{α̂}ϕ^{∗c}_{Ux,e a}τ^{β̂}_2 ω^a_{β̂}ϕ^{∗d}_{Ux,e b}ξ_x(ë_c, ë_d).

By writing γ_{α̂β̂} = γ_z (ë_{α̂}, ë_{β̂}), g_{μν} = g_x(ë_μ, ë_ν) and (ξ_x)_{cd} = ξ_x(ë_c, ë_d) we get γ_{α̂β̂} = π^{∗μ}_{xα̂}π^{∗ν}_{xβ̂}g_{μν} + ω^a_{α̂}ω^b_{β̂} ϕ^{∗c}_{Ux,e a}ϕ^{∗d}_{Ux,e b}(ξ_x)_{cd}. (3.16) This expression can be further simplified by writing it not in terms of the metric ξ_x of the fibre but of the metric of the Lie group G. From (3.4), by taking γ = e, we get

γ_{α̂β̂} = π^{∗μ}_{xα̂}π^{∗ν}_{xβ̂}g_{μν} + ω^c_{α̂}ω^d_{β̂}ξ_{cd}. (3.17)

Using the trivial relations on the bundle we could get the contravariant components of the metric also.

Let us now choose a trivial projection π(x^0, x^1, · · ·, x^{m−1}) = (x^0, x^1, · · · , x^{n−1}). In a local coordinate basis, we have, for ϕ^{∗a}_{Ux b} = δ^a_b , π^{∗μ}_ν = δ^μ_ν , ϕ^{∗μ}_{Ux ν} = 0, π^{∗μ}_a = 0, that γ_{α̂β̂} = ( g_{μν} + ξ_{ab}ω^a_μω^b_ν ξ_{ab}ω^a_μ ξ_{ab}ω^b_ν ξ_{ab} ) (3.18)

γ^{α̂β̂} = ( g^{μν} −g^{μν} ω^b_ν −g^{μν} ω^a_μ ξ^{ab} + g^{μν} ω^a_μω^b_ν ) (3.19)

This form of the contravariant and covariant components of the metric is only valid in the special coordinates that we have chosen.

Yang-Mills Potential and the Strength Tensor Field. Let {U_i}_{i=1,2,···} be a covering of V_n and let be defined over each U_i ⊂ V_n a local section σ_i : U_i ⊂ V_n −→ M. We define the Yang-Mills potential on U_i as the local induced infinitesimal connection form A_i (cf. section 2.1.2). As we have seen, a family of Yang-Mills potentials {A_i}_{i=1,2,···} defined over the covering {U_i}_{i=1,2,···} define and is defined by an infinitesimal connection form ω defined over the principal fibre bundle M. When we have defined an global section on M, σ : V_n −→ M then only one Yang-Mills potential A is needed. We can write the infinitesimal connection form ω at a point z of M in terms of A and of an element g of G dependent of the section σ chosen (z = gσ ∘π(z)),

ω = Ad(g^{−1})(A ∘ π^∗) + g^{−1}dg. (3.20)

Let τ ∈ T_z M be a tangent vector to M at z and let v = π^∗_z τ ∈ T_xV_n, we define A(v) = ω(τ ).

Due to the G-invariance of γ, we can substitute (3.21, 3.22) by

γ_{α̂β̂} = ( g_{μν} + ξ_{ab}A^a_μA^b_ν ξ_{ab}A^a_μ ξ_{ab}A^b_ν ξ_{ab} ) (3.21) γ^{α̂β̂} = ( g^{μν} −g^{μν} A^b_ν −g^{μν} A^a_μ ξ^{ab} + g^{μν} A^a_μA^b_ν ) (3.22)

We must now determine the components of the curvature of the induced connection, that is, the Yang-Mills Strength Tensor Field F = σ^∗Ω = DA in that base.

From the relation F = dA + 1 2 [A, A], one gets for the components of F , in the special base that we are using,

F^a_{μν} = dA^a_{μ ν} + 1 2 [A, A]^a_{μν}. But we have dA^a_{μ ν} =^1_2 (∂_μA^a_ν − ∂_νA^a_μ), and from the structure relations on the Lie group G [λ_b, λ_c] = C^a_{bc}λ_a, one gets

[A, A]^a_{μν} = [A^bλ_b, A^cλ_c]^a_{μν} = A^b_μA^c_ν [λ_b, λ_c]^a = A^b_μA^c_νC^a_{bc}.

And so, F^a_{μν} = 1 2 (∂_μA^a_ν − ∂_ν A^a_μ) + 1 2 C^a_{bc}A^b_μA^c_ν . Einstein-Yang-Mills equations. We will choose an affine connection for the riemannian manifold M that is metric compatible. The Christoffel symbols are then given in the chosen local coordinates by

Γ^{α̂}_{β̂γ̂} = 1 2 γ^{α̂δ̂}(∂_{β̂} γ_{γ̂δ̂} + ∂_{γ̂} γ_{δ̂β̂} − ∂_{δ̂}γ_{β̂γ̂} ).

The Riemann’s tensor components follow, in the usual way, from

R^{α̂}_{β̂γ̂δ̂} = ∂_{γ̂} Γ^{α̂}_{β̂δ} − ∂_{δ̂}Γ^{α̂}_{β̂γ̂} + Γ^{ϵ̂}_{β̂δ̂}Γ^{α̂}_{ϵ̂γ̂} − Γ^{ϵ̂}_{β̂γ̂} Γ^{α̂}_{ϵ̂δ̂}.

We then construct the Ricci tensor, R_{α̂β̂} = R^{λ̂}_{α̂λ̂β̂},

R_{ab} = R_{ab}(G) + 1 4 F_{μνa}F^{μν}_b + 1 2 ξ^{cd}D_μξ_{ac}D^μξ_{bd} − 1 4 ξ^{cd}D_μξ_{ab}D^μξ_{cd} − 1 2 D_μ(D^μξ_{ab}), R_{μν} = R_{μν} (V_n) − 1 2 F_{μσa}F^{μa}_ν − 1 4 ξ^{ab}ξ^{cd}D_μξ_{ac}D_ν ξ_{bd} − 1 2 D_μ(ξ^{ab}D_ν ξ_{ab}), R_{μa} = 1 2 D^σ F_{μσa} + 1 4 F_{μσa}ξ^{cd}D^σ ξ_{cd} − 1 2 C^c_{ab}ξ^{bd}D_μξ_{cd}, where R(G) and R(V_n) refers to the Ricci tensor of G and of V_n, respectively. From the Ricci tensor we determine the scalar of curvature, R = γ^{α̂β̂}R_{α̂β̂} : R = R(G)+R(V_n)− 1 4 F_{μνa}F^{μνa}− 1 4 D_μξ_{ab}D^μξ^{ab}− 1 4 ξ^{ab}ξ^{cd}D_μξ_{ab}D^μξ_{cd}−D^μ (ξ^{ab}D_μξ_{ab}). (3.23)

The Hilbert-Einstein-Yang-Mills lagrangian density in m dimensions with a cosmological term is defined as L^{(m)}_{HEY M} = √ −γ(R − 2Λ_m) = √ −gξ^{12} [R(G) + R(V_n) −^1_4 F_{μνa}F^{μνa}− 1 4 D_μξ_{ab}D^μξ^{ab} −^1_4 ξ^{ab}ξ^{cd}D_μξ_{ab}D^μξ_{cd} − D^μ(ξ^{ab}D_μξ_{ab}) − 2Λ_m], (3.24)

where Λ_m is the cosmological constant in M and γ, g and ξ are the determinants of the metrics of M, V_n and G, respectively. Since γ depends only on x ∈ V_n, R, g, ξ will only depend on x ∈ V_n. The same happens for the Yang-Mills strength tensor field F . We can then reduce the previous lagrangian density to a n-dimensional one: ∫ M L^{(m)}_{HEY M} d^mx = vol(G) ∫ V_n L^{(n)}_{HEY M} d^nx. The Einstein-Yang-Mills equations, in the absence of matter fields and considering the cosmological term, are then the Euler-Lagrange equations of the following action S[γ] = ∫ M d^mx √ −γ(R − 2Λ_m) = ∫ M d^m √ −gξ^{12} (R − 2Λ_m),

Taking δS = 0, one finds (R_{α̂β̂} − 1 2 γ_{α̂β̂} (R − 2Λ))δγ^{α̂β̂} = 0.

The variations δγ^{α̂β̂} are not completely arbitrary: they should be in such way that the special form that was given to γ^{α̂β̂} as a composition of the metrics of the submanifolds of the bundle would be preserved in those variations. If we varies δS not in order to γ but separatively with respect to g, A and ξ we get: R_{μν} − 1 2 (R − 2Λ_m)g_{μν} = 0, (3.25)

R_{μa} = 0, (3.26) R_{ab} − 1 2 (R − 2Λ_m)ξ_{ab} = 0. (3.27)

Conformal Rescaling of the Hilbert-Einstein-Yang-Mills Lagrangian Density. In order to identify, explicitly, the kinetic terms of the scalar fields in the HEYM lagrangian density, we have to perform a conformal rescaling of the last. To do this we change the metrics of the base space and of the internal space, multiplying both by a factor ξ^j , where ξ is the determinant of the metric of the internal space G and j is a real number to be chosen and that can differ in the two cases, i.e., we have g^′_{μν} = ξ^j g_{μν} ξ^′_{ab} = ξ^kξ_{ab}, (3.28)

with g^′ and ξ^′ the new metrics expressed in terms of the old ones, g and ξ, and with j and k real numbers. These are chosen in order to remove the global factor ξ^{12} in (3.24) as far as possible. We will choose them by imposing the following requirements [4]:

1. g^{μν} g^{σρ}ξ_{ab}ξ^{12} √ −g = g^{′μν}g^{′σρ}ξ^′_{ab} √ −g^′, 2. g^{μν} ξ_{ab} √ −g = g^{′μν} √ −g^′. Using this procedure we get for the new HEYM lagrangian density conformally transformed L_{HEY M} = √ −g^′[R(G) + R(V_n) −^1_4 ξ^′_{ab}g^{′μσ}g^{′νρ}F^a_{μν} F^b_{σρ} −^1_4 ξ^{′ab}ξ^{′cd}g^{′μν} (D_μξ^′_{ac}D_ν ξ^′_{bd} −^1_{m−2} D_μξ^′_{ab}D_ν ξ^′_{cd}) − 2Λ_mξ^{′− 1m−2} ], (3.29)

where m is the dimension of the total space M. If we define the scalar potential as

V (ξ) = 2Λ_mξ^{− 1m−2} − R(G), (3.30)

then we have for the final HEYM lagrangian density, L_{HEY M} = √ −g[R(V_n) −^1_4 ξ_{ab}F^a_{μν}F^{b μν} −^1_4 ξ^{ab}ξ^{cd}(D_μξ_{ac}D^μξ_{bd} −^1_{m−2} D_μξ_{ab}D^μξ_{cd}) − V (ξ)]. (3.31)

The Fibre Bundle M(V_n, G/H, G, π, Φ) Let us consider now the case in which the internal space is an homogeneous space M = G/H. As we have seen in the previous chapter, the following reduction of the fibre bundle of linear frames Ê(M) defined over M(V_n, M, G, π, Φ) is possible: Ê(M)^γ→ Ẽ(M)^{ω̃}→ Ë(M), where Ẽ(M) is the fibre bundle of orthonormal frames, induced from Ê(M) once a metric γ of M is introduced and Ë(M) is the fibre bundle of adapted orthonormal frames. In terms of structure groups we have GL(1, m−1; R)^γ→ O(1, m−1; R)^{ω̃}→ O(1, n−1; R)×O(k; R)×O(m−k−n−1; R), where k = dimN /H and N is the normalizer of H in G.

As before, in order to proceed with the gravitational dimensional reduction we must consider the bi-invariance of the metric γ of M to the structure group G:

→Φ^∗_gγ = γ =^← Φ^∗_gγ, (3.32)

for all g ∈ G. We shall then have,

x ∈ V_n : z = π(x) ∈ G_x ⊂ M ⇒ γ_z (z) = γ_z(x), γ_z ∈ T^∗_z M ⊗ T^∗_z M

that is, the metric γ assumes a constant value along the same fiber G_x, i.e., does not depend on the point z in which is determined but only on the projection x = π(z) of that point.

A G-invariant metric γ on M will determine and be determined by a family of Ginvariant metrics {ξ_x} on each fiber M_x of M, a G-invariant infinitesimal connection

H_{z̄} on the associated principal fibre bundle M̄(V_n, Ḡ, π̄, Φ̄) and a metric g on the base space V_n.

Let us start by the family {ξ_x} of metrics on the fibers M_x of M. Let τ_1, τ_2 ∈ V_z be two vertical vectors at a generic point z of M that has as projection x = π(z) ∈ V_n. The metric ξ_x of the fiber M_x at that point will be given by ξ_x(τ_1, τ_2) = γ(τ_1, τ_2). Being γ G-invariant, ξ_x will be also G-invariant over the fiber M_x.

Let us now consider the orthogonal complement H_z of the vertical space V_z at a point z ∈ M, i.e., the subspace H_z ⊂ T_zM such that T_z M = V_z ⊕ H_z, having for each pair of vectors τ ∈ V_z , v ∈ H_z, γ(τ, v) = 0. Due to the G-invariance of the metric γ we will have H_{gz} = Φ^∗_gH_z for g ∈ G. We must now prove that the associated principal fibre bundle to M, M̄, possesses H = {H_{z̄}} as infinitesimal connection. As it was shown in the section 2.1.10, the vertical space V_z at a point z ∈ M admits a decomposition of the form V_z = V^{(N /H)} z ⊕ V^{(L)}_z , (3.33)

resulting from the decomposition of the Lie algebra of G,

L_G = L_H ⊕ L_{N /H} ⊕ L_L. (3.34)

Let us consider a point z̄ of the associated principal fibre bundle M̄. M̄ being a subset of M (we are considerating the case in which Ḡ = N /H) we have that z̄ ∈ M also. We can then decompose the tangent vector space T_{z̄}M at z̄ as

T_{z̄}M = V_{z̄} ⊕ H_{z̄},

or, using the decomposition (3.33),

T_{z̄}M = V^{(L)}_{z̄} ⊕ V^{(N /H)}_{z̄} ⊕ H_{z̄}. (3.35)

Since de dimension of V^{(N /H)}_{z̄} is k and that of V^{(L)}_{z̄} is m − n − k, we have that H_{z̄} has the same dimension as the base space V_n.

On the other side, the tangent vector space T_{z̄}M contains the subspace T_{z̄}M̄. Since H leaves the point z̄ invariant, its action on T_{z̄}M̄ is the trivial one. But V^{(L)}_{z̄} does not contain vectors invariant under H (because L does not have) and so V^{(L)}_{z̄} and T_{z̄}M̄ must be orthogonal. We can then write

T_{z̄}M = V^{(L)}_{z̄} ⊕ T_{z̄}M̄. (3.36)

Confronting with (3.35) one gets the following decomposition of the tangent vector space to M̄ T_{z̄}M̄ = V^{(N /H)}_{z̄} ⊕ H_{z̄}. (3.37)

Since V^{(N /H)} z̄ is the vertical space to M̄, we have that H_{z̄} is horizontal. We have then that H = {H_{z̄}} is an infinitesimal connection over M̄. To this infinitesimal connection we can then associate an infinitesimal connection form ω. This will be an L_{N /H}-valued one form over M̄ as expected. Since the Yang-Mills field is defined in terms of ω we have that the first will take its values on the Lie algebra of N /H.

The metric γ of M will induce a metric g on V_n as follows. Let us consider two vectors τ_1, τ_2 ∈ T_zM and let Hτ_1, Hτ_2 ∈ H_z be their projection into H_z. If v_1 = π(Hτ_1) ∈ T_xV_n and v_2 = π(Hτ_2) ∈ T_xV_n then we can define the scalar product between v_1 and v_2 as g(v_1, v_2) = γ(Hτ_1, Hτ_2). Due to the G-invariance of the metric γ this definition is independent of the point z ∈ M_x chosen along the fiber M_x.

We can also proceed backwards, that is, given a metric g on V_n, a family of Ginvariant metrics {ξ_x} of all the fibers of M and an infinitesimal connection on the associated principal fibre bundle M̄ we can deduce a G-invariant metric γ for M. In fact let us consider two tangent vectors τ_1, τ_2 ∈ T_{z̄}M̄ to M̄ at a point z̄ and let z ∈ M be a point of M such that z = Φ(g, z̄) = gz̄, for some element g ∈ G (we recall that M̄ is a subset of M). Then v_i = Φ^∗_{z̄}τ_i ∈ T_zM, i = 1, 2, will be tangent vectors to M at z. We can then define the scalar product between v_1 and v_2 at z as

γ_z(v_1, v_2) = g_x(π^∗_xv_1, π^∗_xv_2) + ξ_x(v_1 − Φ^∗_{z̄} Hτ_1, v_2 − Φ^∗_{z̄}Hτ_2), (3.38)

where Hτ_i, i = 1, 2, denotes the horizontal part of τ_i in the infinitesimal connection of the associated principal fibre bundle M̄.

Metric Decomposition. Let us consider the tangent vector space T_z M at point z ∈ M with π(z) = x ∈ V_n and let ë^z ∈ Ë(M) be an adapted orthonormal frame at that point. Using the same notations of the preceding subsection, we have that the contravariant components of the metric g^{−1} (in the base {ë_μ ⊗ ë_ν }_{μ,ν=0,···,n−1}) of the base space V_n will be given in terms of those of the metric of the total space, γ^{−1}, and of the canonical projection differential, π^∗: g^{μν} = π^{∗μ}_{z,α̂}π^{∗ν}_{z,β̂}γ^{α̂β̂} . Introducing a global section σ : V_n −→ M we can also write for the covariant components of g: g_{μν} = σ^{∗α̂}_{x,μ}σ^{∗β̂}_{x,ν}γ_{α̂β̂}. We see that the treatment is the same as for the case of the principal fibre bundle M(V_n, G, π, Φ), as it should be.

Considerating the same frame, we can identify the covariant and the contravariant components of the metric of the fiber, ξ_x at that point with those corresponding to the metric of M, that is, with the ”vertical” components of γ. We make (ξ_x)_{ab} = γ_{ab} and (ξ_x)^{ab} = γ^{ab} (we can do this because the frame is adapted and orthonormal). Using an homomorphism ϕ_{Ux} ∈ Φ we can write the covariant components of the metric on the fiber M_x in terms of that one of the homogeneous space M = G/H. We have, as in previous section, (ξ_γ )_{ab} = ϕ^{∗c}_{Ux,γ a}ϕ^{∗d}_{Ux,γ b}(ξ_x)_{cd}, (3.39) and so, we get ξ_{ab} = ϕ^{∗c}_{Ux,e a}ϕ^{∗d}_{Ux,e b}γ_{cd}. (3.40) In order to establish a relation between the contravariant components of the metric on the fiber M_x and of the metric on G/H we have to use the infinitesimal connection form ω̄ on the associated principal fibre bundle M̄. It is here that the approach differs from that of the previous section.

Let us consider two tangent vectors τ_1, τ_2 ∈ T_z M to M at z and let z = Φ(g, z̄) for some point z̄ ∈ M̄ and some element g ∈ G. Taking the differential of Φ and applying it to the two previous vectors one gets Φ^∗_gτ_i ∈ T_{z̄}M̄ (i = 1, 2), that is, we get two tangent vectors to the associated principal fibre bundle M̄ at z̄. On the other way, we have ω̄(Φ^∗_g τ_i) ∈ L_{N /H} (i = 1, 2), and so, by applying δ^∗_{g−1} to the previous we get a tangent vector to the internal space G/H at its origin:

δ^∗_g−1 ω̄(Φ^∗_g τ_i) ∈ T_e(G/H) (i = 1, 2).

We can now take the differential of an homomorphism ϕ_{Ux} ∈ Φ between the internal space and the fiber M_x ⊂ M at x ∈ V_n and apply it to the previous vectors. The result will be the two vertical parts of the vectors τ_i, i = 1, 2, at z ∈ M: Vτ_i = ϕ^∗_{Ux,e}δ^∗_g−1 ω̄(Φ^∗_g τ_i) ∈ V_z (i = 1, 2). (3.41) We define then the scalar product of τ_1 and τ_2 at z by γ_z (τ_1, τ_2) = g_x(π^∗_xτ_1, π^∗_xτ_2) + ξ_x(Vτ_1, Vτ_2), (3.42) or, using (3.41),

γ_z (τ_1, τ_2) = g_x(π^∗_xτ_1, π^∗_xτ_2) + ξ_x(ϕ^∗_{Ux,e}δ^∗_g−1 ω̄(Φ^∗_g τ_1), ϕ^∗_{Ux,e}δ^∗_g−1 ω(Φ^∗_g τ_2)). (3.43) We must now choose an adapted orthonormal frame at z ∈ M. Let it be ë^z ∈ Ë(M) and let us write τ_i = τ^{α̂}_i ë_{α̂}, i = 1, 2.

We can then do Φ^∗_gτ_i = τ^{α̂}_i Φ^∗_gë_{α̂} = τ^{α̂}_i Φ^∗_{gα̂} = τ^{α̂}_i Φ^{∗ᾱ}_{gα̂}ë_ᾱ, where we have chosen for a frame of T_{z̄}M̄, {ë_ᾱ}_{ᾱ=0,···,n+k−1}. By taking the infinitesimal connection, ω̄(Φ^∗_gτ_i) = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄(ë_ᾱ) = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄_ᾱ = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱλ_ā, where {λ_ā}_{ā=n,···,n+k−1} is a basis of L_{N /H}. Applying δ^∗_{g−1} we get δ^∗_g−1 ω̄(Φ^∗_gτ_i) = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^∗_g−1 (λ_ā) = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^{∗a}_g−1_āλ_a, where {λ_a}_{a=n,···,m−1} is a basis of T_e(G/H). We now obtain, by applying ϕ_{Ux} ∈ Φ, ϕ^∗_{Ux,e}δ^∗_g−1 ω̄(Φ^∗_gτ_i) = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^{∗a}_g−1_āϕ^∗_{Ux,e}(λ_a) = τ^{α̂}_i Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^{∗a}_g−1_āϕ^{∗c}_{Ux,e a}ë_c, where {ë_c} ⊂ ë^z is a frame of the vertical space at z.

By applying (3.43) to τ_i, i = 1, 2, we get

τ^{α̂}_1 τ^{β̂}_2 γ_z (ë_{α̂}, ë_{β̂}) = τ^{α̂}_1 τ^{β̂}_2 π^{∗μ}_{xα̂}π^{∗ν}_{xβ̂}g(ë_μ, ë_ν )+ τ^{α̂}_1 τ^{β̂}_2 Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^{∗a}_{g−1 ā}ϕ^{∗c}_{Ux,e a}Φ^{∗β̄}_{β̂} ω̄^{b̄}_{β̄} δ^{∗b}_{g−1b̄}ϕ^{∗d}_{Ux,e a}ξ_x(ë_c, ë_d), (3.44)

or, by writing γ_{α̂β̂} = γ_z(ë_{α̂}, ë_{β̂}), g_{μν} = g_x(ë_μ, ë_ν) and (ξ_x)_{cd} = ξ_x(ë_c, ë_d) we get for the covariant components of the metric of the total space in the frame ë^z γ_{α̂β̂} = π^{∗μ}_{xα̂}π^{∗ν}_{xβ̂}g_{μν} + Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^{∗a}_g−1_āΦ^{∗β̄}_{β̂} ω̄^{b̄}_{β̄}δ^{∗b}_{g−1 b̄}ϕ^{∗c}_{Ux,e a}ϕ^{∗d}_{Ux,e b}(ξ_x)_{cd}. (3.45) We can now rewrite the previous relation by writing the covariant components of the metric ξ_x of the fiber M_x in terms of those of the metric ξ of the homogeneous space G/H at its origin (we can do it since ξ_x is G-invariant). We have ξ_{ab} = ϕ^{∗c}_{Ux,e a}ϕ^{∗d}_{Ux,e b}(ξ_x)_{cd}, and so we get

γ_{α̂β̂} = π^{∗μ}_{xα̂}π^{∗ν}_{xβ̂}g_{μν} + Φ^{∗ᾱ}_{α̂} ω̄^ā_ᾱδ^{∗a}_g−1_āΦ^{∗β̄}_{β̂} ω̄^{b̄}_{β̄}δ^{∗b}_{g−1 b̄}ξ_{ab}. (3.46)

If we define ω_g = δ^∗_{g−1} ω̄Φ^∗_g then, due to the G invariance of ω̄, we shall have ω_g = ω̄, and so γ_{α̂β̂} = π^{∗μ}_{xα̂}π^{∗ν}_{xβ̂}g_{μν} + ω̄^a_{α̂}ω̄^b_{β̂}ξ_{ab}, (3.47)

a relation similar to the one obtained for the principal fibre bundle M(V_n, G, ϕ, Φ) - but where the gauge field take is values on the Lie algebra of N (H)/H.

Einstein-Yang-Mills Equations. The results for the Ricci tensor are identical to those obtained for the principal fibre bundle M(V_n, G, π, Φ). We have, R_{ab} = R_{ab}(G/H) + 1 4 F_{μνa}F^{μν}_b + 1 2 ξ^{cd}D_μξ_{ac}D^μξ_{bd} − 1 4 ξ^{cd}D_μξ_{ab}D^μξ_{cd} − 1 2 D_μ(D^μξ_{ab}), R_{μν} = R_{μν} (V_n) − 1 2 F_{μσa}F^{σa}_ν − 1 4 ξ^{ab}ξ^{cd}D_μξ_{ac}D_ν ξ_{bd} − 1 2 D_μ(ξ^{ab}D_ν ξ_{ab}), R_{μa} = 1 2 D^σ F_{μσa} + 1 4 F_{μσa}ξ^{cd}D^σ ξ_{cd} − 1 2 C^c_{ab}ξ^{bd}D_μξ_{cd}, where R(G/H) and R(V_n) refers to the Ricci tensor of the internal space G/H and of V_n, respectively.

As expected the scalar of curvature is R = R(G/H)+R(V_n)− 1 4 F_{μνa}F^{μνa}− 1 4 D_μξ_{ab}D^μξ^{ab}− 1 4 ξ^{ab}ξ^{cd}D_μξ_{ab}D^μξ_{cd}−D^μ(ξ^{ab}D_μξ_{ab}). (3.48)

Taking for the Hilbert-Einstein-Yang-Mills lagrangian density, in the absence of matter, L^{(m)}_{HEY M} = √ −γ(R − 2Λ_m) = √ −gξ^{12} [R(G/H) + R(V_n) −^1_4 F_{μνa}F^{μνa}− 1 4 D_μξ_{ab}D^μξ^{ab} −^1_4 ξ^{ab}ξ^{cd}D_μξ_{ab}D^μξ_{cd} − D^μ(ξ^{ab}D_μξ_{ab}) − 2Λ_m], (3.49) where Λ_m is the cosmological constant in M and γ, g and ξ are the determinants of the metrics of M, V_n and G/H, respectively, one gets from the variational principle the Einstein-Yang-Mills equations R_{μν} − 1 2 (R − 2Λ_m)g_{μν} = 0, (3.50)

R_{μa} = 0, (3.51) R_{ab} − 1 2 (R − 2Λ_m)ξ_{ab} = 0. (3.52)

3.1.2 Classical Motion Equations

The Principal Fibre Bundle M(V_n, G, π, Φ)

Let C(M) be the set of all C^ν-curves on M and let α : R^+_0 −→ M be a curve on M. We can, using α and the action of G on M, construct a family of curves {α_g}_{g∈G} on M by defining α_g(t) = gα(t), for t ∈ R^+_0 , and by identifying α_e with α. A class of equivalence can then be made: let β : R^+_0 −→ M be a curve on M; we say that β and α are equivalent, and write β α, if there is an element g ∈ G such that β(t) = α_g(t) for every t ∈ R^+_0 . We will, as usually, write the equivalence class of a curve α as [α]. All the elements of an equivalence class will possess the same projection (α(t) and α_g(t) lie in the same fiber) and since the canonical projection is a C^ν-map that projection will be a C^ν-curve of V_n. We then have π(α) = π([α]) ∈ C(V_n).

Let C_0(M) ⊂ C(M) be the set of all geodesics on M, i.e., the set of all curves α ∈ C(M) such that Dα̇(t) dt = 0, (3.53)

for all t ∈ R^+_0 , and where α̇ stands for^{dα}_{dt} . If a G-invariant metric γ is chosen for the total space M then α ∈ C_0(M) implies that [α] ∈ C_0(M), i.e., if α is a geodesic then all elements of the family {α_g}_{g∈G} are equally geodesics on M. In fact, since Φ^∗_gα̇ =^d_{dt} α_g and as the absolute differential commutes with the action of G on M - due to the G-invariance of γ - we have D dt α̇_g = D dt Φ^∗_gα̇ = Φ^∗_g D dt α̇ = 0,

and so α_g is a geodesic.

One of the motivations for constructing Kaluza-Klein theories is that the dimensional reduction will break the geodesic condition (3.53) on the base space V_n, that is, particles will not only follow geodesics on this space but also geodesics in the total space M. In particular one is interested in the break of the geodesic condition on V_n by the introduction of an linear term on α̇ that could correspond to a Lorentz-like induced force on this space.

Let α ∈ C_0(M) and t ∈ R^+_0 . Then α̇(t) will be the tangent vector to α at the point z = α(t) ∈ M and will in this way belong to the tangent space T_{α(t)}M. Let ë^z = {ë_α, ë_a}_{α=0,···,n−1;a=n,···,m−1} be an adapted orthonormal frame to M at z. Then we can write the velocity vector α̇ at z as α̇(t) = α̇^α(t)ë^z_α + α̇^a(t)ë^z_a.

Since the infinitesimal connection is, by definition, G-invariant (cf. section 2.1.2), one element α_g ∈ [α] will possess the same horizontal components for its velocity vector at the point gz = α_g(t) = gα(t) as the element α, i.e., Hα̇_g(t) = α̇^α(t)ë^{gz}_α . Varying g in G we conclude that all elements of the equivalence class [α] ∈ C(M) have the same horizontal components in the adapted orthonormal frame family {ë^{gz}}_{g∈G} . The vertical components of the vector α̇(t) at z ∈ M can be obtained from a vector of the Lie algebra L_G through some element ϕ of Φ. Let q(t) ∈ L_G be that vector so that Vα̇ = ϕ^∗_{Ux,e}(q), with ϕ_U ∈ Φ, x = π(z) ∈ U and U ⊂ V_n. In components, α̇^a(t) = ϕ^{∗a}_{Ux}(q(t)). Writing q(t) in a basis {λ_a} of L_G , q = q^bλ_b, such that ë^z_a = ϕ^∗_{Ux,e}(λ_a) = ϕ^∗_{Ux,e a}, we will have α̇^a(t) = ϕ^{∗a}_{Ux,e b}q^b(t). Fixing q ∈ L_G and changing ϕ ∈ Φ we can associate to all the elements of [α] the same generator q. Let ϕ_V ∈ Φ be one of these elements such that ϕ^{−1}_{Ux} ∘ ϕ_{V x} = g for g ∈ G. Then gϕ_{Ux}(q) = ϕ_{V x}(q), and so Φ^∗_gα̇(t) = ϕ_{V x}(q(t)). Since through one point of M there passes only one element of [α], we can make ϕ_{V x}(q(t)) = α̇_g(t), being α̇_g the tangent vector to α_g at z.

We will now define q(x) = ϕ_{U(g(t))x}(q(t)), where U (g) ⊂ V_n and where g varies in G. Then we can write the velocity vector field of each element of [α] as α̇_g(t) = α̇^α(t)ë^{gz}_α + q^a(π(α_g(t)))ë^{gz}_a . (3.54) By applying the geodesic condition (3.53) on M to each of this elements we will get the two sets of equations Dα̇^α dt = q_aF^{a α}_β α̇^β + 1 2 q^aq^bg^{αβ} D_β(ξ_{ab}), (3.55) Dq^a dt = C^a_{bc}q^bq^c. (3.56)

By identifying the components ẋ^α of the velocity vector field π^∗_xα̇(t) of the projected geodesic π(α) ∈ C(V_n) with the horizontal components of α̇, and by writing explicitly the absolute differential in terms of the coefficients of the linear connection on the bundle of adapted orthonormated frames, the equations will be

d^2x^α dt + Γ^α_{βγ} dx^β dt dx^γ dt = q_aF^{a α}_β dx^β dt + 1 2 q^aq^bg^{αβ}D_β (ξ_{ab}), (3.57) dq^a dt = C^a_{bc}q^c ( dx^μ dt A^b_μ + q^b ) . (3.58)

The first equation describes the motion of a classical particle in a curved space, subject to a Yang-Mills like force, being the Yang-Mills vector charge given by the q element of the Lie algebra of the internal symmetry group G. The second equation shows that such charge is not conserved along the tragectory of the particle.

The Fibre Bundle M(V_n, G/H, G, π, Φ)

The treatment for the case in which the total space presents a fibre bundle structure with internal space a homogeneous space is similar to the previous one. The only difference is that the tangent vector space to G/H at the origin can be decomposed into two Lie algebras:

T_e(G/H) = L_{N /H} ⊗ L_L, (3.59) and so there will be not one charge vector but two: q ∈ L_{N /H} and h ∈ L_L. They will be called, following [4], the color charge vector and the Higgs charge vector, respectively.

The equations will be written in three groups, one for the base space V_n and the others two for the internal spaces (Lie algebras), N /H and L, Dα̇^α dt = q_āF^{ā α}_β + 1 2 q^āq^{b̄}g^{αβ}D_β ξ_ā¯_b + 1 2 h^ah^bg^{αβ}D_β ξ_{ab}, (3.60) Dq^ā dt = C^ā_{b̄c̄}q^āq^{b̄} + C^a_{bc}h^bh^c, (3.61) Dh^a dt = C^a_{bc}h^bh^c, (3.62)

where C^ā_{b̄c̄} and C^a_{bc} are the structure constants of N /H and of L, respectively.

3.1.3 Dimensional Reduction of a Fibre Bundle

The Principal Fibre Bundle M(V_n, G, π, Φ)

Let M(V_n, G, π, Φ) be an m-dimensional C^ν-differentiable principal fibre bundle, representative of our multidimensional universe, on which G acts through Φ and let it be defined over M the fibre bundle F(M, F, Y, p, Ψ) that possesses as structure group Y and as internal space F (it could be one of the fibre bundles of frames discussed in the previous chapter).

Let us suppose the existence of a lift of the action of G to F:

Φ_F : G × F −→ F, (3.63)

and of one G-invariant global section of M^1,

σ : V_n −→ M, (3.64)

such that Φ(g, σ(x)) = σ(x), for all x ∈ V_n and g ∈ G.

1This condition is very restrictive, in fact it can be only applied to a small number of examples. This constrain is replaced by a more adequate resctriction in the next subsection.

Using σ, we can define an n-dimensional submanifold of M by M̄ = σ(V_n), and, through p and M̄, the bundle F̄ = p^{−1}(M̄). By defining the restrictions of the projection map p and of the Y-action to F̄ as p̄ = p|¯_F and Ψ̄ = Ψ|¯_F , we shall have that F̄(M̄, F, Y, p̄, Ψ̄) is a fibre bundle that possesses as structure group Y.

Let it be notice that, since σ is a G-invariant section of M, M̄ will be also Ginvariant, i.e., for each point z̄ ∈ M̄ we shall have

gz̄ = Φ̄(g, z̄) = z̄, (3.65)

where Φ̄ = Φ|¯_M is the restriction of the G-action on M to M̄.

Turning upon F̄, we see that in general the dimension of F̄ will be inferior to that of F, and so, if F̄ defines completely - as will be shown - F, then a first dimensional reduction has taken place.

Let us take F = G × F̄, (3.66) and i : G × F̄ −→ F̄ (g, ϕ̄) −→ Φ̄_F (g, ϕ̄). (3.67)

Then over F will exist a G-action given by g^′(g, ϕ̄) = (g^′g, Φ̄(g^′, ϕ̄)), for g^′ ∈ G and (g, ϕ̄) ∈ F. By extending the projections of M the fibre bundle F can be reconstructed.

Since the base space M̄ of F̄ is G-invariant, the action of this group on F̄ must be vertical, i.e., its action must be only over the fibers F¯_ϕ of F̄. Since over those fibers there is the action of another group, Y, an equivalence relation between the two actions could be made and in this way the fibre bundle F̄ could be yet reduced.

To that purpose, let us consider the two actions

Φ̄_{F̄} : G × F̄ −→ F̄, (3.68) Ψ̄ : Y × F̄ −→ F̄. (3.69)

Our goal is to establish a relation between these two. With this scope at sight, let us define the following map ψ̄ : G × F̄ −→ Y, (g, ϕ̄) −→ ψ̄(g, ϕ) = Ψ̄^{−1}_{ϕ̄} ∘ Φ̄¯_F (g, ϕ̄). (3.70)

The restrictions of ψ̄ to the first and the second components will be denoted, respectively, by

ψ̄_g : F̄ −→ Y, (3.71) ψ̄_{ϕ̄} : G −→ Y. (3.72)

These last can be used to establish a relation between the action of G on F̄ and that of Y at fixed point ϕ̄ ∈ F̄. Then a problem takes place: we can establish an equivalence relation between the action of G and that of Y only at a local level! That is, the equivalence relation established through ψ̄¯_ϕ is only valid at a single point ϕ̄ ∈ F̄. Once we move away from this point the equivalences made through ψ̄¯_ϕ will change because for two distinct points ϕ̄, ϕ̄^′ ∈ F̄, ψ̄¯_ϕ and ψ̄¯_ϕ′ will in general differ.

In order to proceed, a restriction shall be made: fixing a point ϕ̄_0 ∈ F̄ and writing all the equivalence relations between the actions of the two groups through ψ̄_s = ψ̄¯_{ϕ0} the equivalence relations in all the other points ϕ̄ of F̄ can be deduced from ψ̄_s through the following relation ψ̄_{ϕ̄} = y(ϕ̄)ψ̄_sy^{−1}(ϕ̄), (3.73)

for a convenient choice of an element y of Y that will obviously depend on the point ϕ̄ on which the equivalence relations are determined. The restriction is then the following: all the homomorphisms ψ̄¯_ϕ should lie on the same orbit of the action of the inner automorphisms in Hom(G, Y).

Through (3.73) the equivalence relations between G and Y can be determined in all points ϕ̄ ∈ F̄. We will then be interested to know the points of F̄ that have the same equivalence relations as the fixed point ϕ̄_0, i.e., the points ϕ̄ ∈ F such that, in all of them, to an element g ∈ G there is an element y ∈ Y - that is the same for all the points - that their action on that points is the same. The set of these points is

F^r = {ϕ̄ ∈ F̄ : ψ̄¯_ϕ = ψ_s}. (3.74)

A restriction of the action of Y (and, by equivalence, of G) to F^r will be such that a point on F^r is transformed, through that same action, in another point of F^r (the action must be close). The subgroup of Y such that its elements satisfy the previous request is the centralizer of ψ̄_s(G) in Y, that is,

C = C_Y (ψ̄_s(G)) = {y ∈ Y : yψ̄_s(g)y^{−1} = ψ̄_s(g), g ∈ G}. (3.75)

Along with the restrictions p^r = p̄|_F r , Ψ^r = Ψ̄|_F r we have that F^r (M̄, F, C, p^r, Ψ^r ) is a C-fibre bundle. The inicial bundle can be reconstructed by taking F̄ = Y ×_C F^r. A second and final reduction was then made.

The Fibre Bundle M(V_n, G/H, G, π, Φ)

Let us now consider the case in which a fibre bundle F(M, F, Y, p, Ψ) is defined over a fibre bundle M(V_n, G/H, π, Φ), whose internal space is homogeneous.

A lift of the action of G to F,

Φ_F : G × F −→ F, (3.76)

and of a H-invariant global section of M,

σ : V_n −→ M (3.77)

are supposed to exist.

We make then the following definitions: M̄ = σ(V_n) ⊂ M, F̄ = p^{−1}(M̄) ⊂ F, p̄ = p|¯_F , Ψ̄ = Ψ|¯_F and Φ̄_{F̄} : G × F̄ −→ F̄. (3.78) A fibre bundle can then be constructed over M̄: F̄(M̄, F, Y, p̄, Ψ̄). Since M̄ is H-invariant, the action (3.78) over F̄ will be vertical, and so, if we define i : G ×_H F̄ −→ F̄ ([g, ϕ̄]) −→ Φ̄_F (g, ϕ̄), (3.79) we shall have that i is a G-invariant diffeomorphism, and so can be considered an embebing of F̄ in F = G ×_H F̄. (3.80) With Φ̄¯_F and (3.80) the inicial fibre bundle F(M, F, Y, p, Ψ) can be reconstructed and so a first dimensional redution has been made.

Like in the previous section, in order to perform another reduction, let us define ψ̄ : H × F̄ −→ Y, (h, ϕ̄) −→ ψ̄(h, ϕ̄) = Ψ̄^{−1}_{ϕ̄} ∘ Φ̄¯_F (h, ϕ̄). (3.81) The restrictions to the first and the second components will be, respectively, ψ̄_h : F̄ −→ Y, (3.82) ψ̄_{ϕ̄} : H −→ Y. (3.83) By using the last restriction we can establish a correspondence between the vertical action of H on F̄ and that of Y for a fixed point ϕ̄ ∈ F̄. As before, the equivalence relation that can be made through ψ̄¯_ϕ will be local, and so we must introduce the restriction that all homomorphisms ψ̄¯_ϕ should lie on the same orbit of the action of the inner automorphims in Hom(H, Y), i.e., once fixed a point ϕ̄_0 ∈ F̄ and the restriction over it, ψ̄¯_{ϕ0} = ψ̄_s, we shall have ψ̄_{ϕ̄} = y(ϕ̄)ψ̄_sy^{−1}(ϕ̄), (3.84)

for all ϕ̄ ∈ F̄ and for a conveniently choice of y ∈ Y.

The previous relation allow us to construct all the equivalence relations over F̄, once known ϕ_s at a point. As before we denote by F^r = {ϕ̄ ∈ F̄ : ψ̄¯_ϕ = ψ_s}, (3.85) the subset of F̄ of those points ϕ̄ ∈ F̄ such that their equivalence relations are the same as those of the point ϕ̄_0 chosen. Over this space it is defined a fibre bundle structure, F^r (M̄, F, C, p^r, Ψ^r ), such that its structure group is given by C = C_Y (ψ̄_s(H)) = {y ∈ Y : yψ̄_s(h)y^{−1} = ψ̄_s(h), h ∈ H}, (3.86) and p^r = p̄|_F r , Ψ^r = Ψ̄|_F r . The inicial bundle can then be reconstructed by taking F̄ = Y ×_C F^r.

3.1.4 Dimensional Reduction of Matter Fields

The Principal Fibre Bundle M(V_n, G, π, Φ) Let it be defined over M(V_n, G, π, Φ) the fibre bundle of linear frames Ê(M) and the fibre bundle F(M, F, Y, p, Ψ). In general, a matter field configuration will carry a representation of the linear group GL(1, m − 1) and of the structure group Y. It will be then defined as section of the following fibre bundle Q̂(M, F, Ĵ , π̂, Q̂), Q̂ = {(ê, ϕ) ∈ Ê(M) × F : p̂(ê) = p(ϕ)}, (3.87) such that its structure group is Ĵ = GL(1, m−1)×Y and has for canonical projection and J -action, π̂ = p̂ ⊗ p and Q̂, respectively.

Once defined a metric γ on M, the fibre bundle of linear frames can be reduced to Ẽ(M), reducing Q̂ to the fibre bundle Q̃(M, J̃ , π̃, Q̃), with J̃ = O(1, m − 1) × Y. This one can yet be reduced through the introduction of an adapted frame in every tangent space to M. We will then get the bundle Q̈(M, J̈ , π̈, Q̈), Q̈ = {(ë, ϕ) ∈ Ë(M) × F : p̈(ë) = p(ϕ)}, (3.88) with J̈ = O(1, n − 1) × O(m − n) × Y. We will supose the existence of a lift of the G action to F,

Φ_F : G × F −→ F. (3.89)

Since Φ naturally lifts to a G-action on Ê(M), and so on Ë(M), we will have defined an action of G on Q̈, Φ_{Q̈} : G × Q̈ −→ Q̈ (3.90)

Defining ΓQ̈ as the matter field configuration space - the space of sections of Q̈ -, there will be in this space a representation of J̈ ,

[T^{J̈}_{j̈} q̈](z) = Q̈(j̈, q̈)(j̈^{−1}z), (3.91)

with j̈ ∈ J̈ , q̈ ∈ ΓQ̈, and z ∈ M. By (3.90) there will also be an induced representation of G, [T^G_g q̈](z) = Φ_{Q̈}(g, q̈)(g^{−1}z), (3.92) for g ∈ G and z ∈ M.

We will consider only G-invariant matter fields configurations,

[T^G_g q̈](z) = q̈(z). (3.93)

Let it be defined a G-invariant global section on M,

σ : V_n −→ M, (3.94)

such that Φ(g, σ(x)) = σ(x), for all x ∈ V_n and g ∈ G, and let us define the Ginvariant submanifold M̄ = σ(M) ⊂ M. As in the previous section, we will take

¯Q̈ = π̈_{−1}(M̄) and construct the fibre bundle ¯Q̈(M̄, J̈ , ¯π̈, ¯Q̈) over M̄. This bundle,

by the results of the previous section, completely defines the initial fibre bundle Q̈.

In order to proceed, we will assume that the metric γ defined over M is G-invariant. Then we can define a metric over M̄ by projecting γ through p̈. An action of O(1, n − 1) over M̄ will then be given and so we can define over M̄ the fibre bundle of orthonormated frames, Ẽ(M̄). We can then take ¯Q̈ = {(ẽ, ë, ϕ̄) ∈ Ẽ(M̄) × VË(M̄) × F̄ : Vp(ë) = p̄(ϕ̄)}, (3.95) where VË(M̄) ⊂ Ë(M̄) is the principal fibre bundle constructed from Ë(M̄) by taking only the vertical vectors over M̄, that possesses for structure group O(m − n) and where F̄ = p^{−1}(M̄) is the total space of the fibre bundle F̄(M̄, F, Y, p̄, Ψ̄).

We can now perform the dimensional reduction of ¯Q̈ by reducing the fibre bundles by which it is defined. The bundle VË(M̄) will lead to a fibre bundle with a structure group C_{O(m−n)}(G) (cf. previous section). The reduction of F̄ will conduce to the bundle F^r that possesses as structure group C_Y (G). We shall then have for the reduced form of ¯Q̈, Q^{′r}, a structure group

J^{′r} = O(1, n − 1) × C_{O(m−n)}(λ̄_s(G)) × C_Y (ψ̄_s(G)), (3.96)

where λ̄ : G × VË(M̄) −→ O(m − n) (3.97) is the analogous of (3.70) for the bundle VË(M̄) and λ̄_s = λ̄(ë_0), for some fixed point ë_0 ∈ VË(M̄). Q^r will be given explicity by Q^{′r} = {¯q̈ ∈ ¯Q̈ : β̄(g, ¯q̈) = β̄_s(g), g ∈ G}, (3.98) with β̄ = λ̄ ⊗ ψ̄ : G × ¯Q̈ −→ O(m − n) × Y, (3.99) and β̄_s = λ̄_s ⊗ ψ̄_s.

We will then have a matter field configuration space ΓQ^{′r} on which three representations are defined: a representation of the Lorentz group, a representation of C_{O(m−n)}(λ̄_s(G)) and of the gauge group C_Y (ψ̄_s(G)). Since we are considering only G-invariant matter fields, the representation of C_{O(m−n)}(λ̄_s(G)) must be trivial, and so, over this space of G-invariant matter field configurations we can neglect the action of this group. Then we can reduce further the matter field fibre bundle Q^{′r} to a bundle Q^r with a structure group given by

J^r = O(1, n − 1) × C_Y (ψ̄_s(G)). (3.100)

We have then concluded that a G-invariant matter field configuration, in a given representation of a gauge group Y, defined over a multidimensional universe with a principal fibre bundle structure M(V_n, G) is equivalent to a matter field configuration, in a representation of the gauge group C_Y (ψ̄_s(G)), defined over the base space M̄ ⊂ M.

The Fibre Bundle M(V_n, G/H, G, π, Φ)

The treatment for a matter field configuration defined over M(V_n, G/H, G, π, Φ) is very similar to the treatment given in the previous section, and so we will present only the results.

A matter field configuration over M will be a section of a fibre bundle Q(M, J ), with J = GL(1, m − 1) × Y, where Y is the gauge group of the bundle F(M, Y). After defining a H-invariant global section σ : V_n −→ M and considering the Ginvariance of the matter field configurations and of the metric γ defined on M, several dimensional reductions of Q will take place. The final result will be a bundle Q^r with a structure group J^r = O(1, n − 1) × C_Y (ψ̄_s(H)). (3.101)

3.1.5 Dimensional Reduction of Gauge Fields

The Principal Fibre Bundle M(V_n, G, π, Φ)

Let us consider a principal fibre bundle F(M, Y, p, Ψ) defined over M(V_n, G, π, Φ) and let us supose the existence of a lift of the action of G to F:

Φ_F : G × F −→ F. (3.102)

Restrictions to the first and second components will be denoted, as usually, by Φ_{F g} and Φ_{F ϕ}, respectively.

Let it be defined an infinitesimal connection over F, described by an infinitesimal connection form ω that we will supose to be G-invariant:

Φ^∗_{F g} ω = ω. (3.103)

Let it be defined a G-invariant global section of M,

σ : V_n −→ M, (3.104)

and let it be defined the principal fibre bundle F̄(M̄, Y) over M̄ = p^{−1}(M) (cf. section 3.1.3). F̄ will completely define F through the dimensional reduction process, so it is expected that the infinitesimal connection form ω can be subject to reduction over F̄.

To that purpose, let us consider a generic point ϕ ∈ F over z = p(ϕ) ∈ G_x ⊂ M, with π(z) = x ∈ V_n, and let T_ϕF be the tangent vector space to F in that point. Let ϕ̄ ∈ F̄ be over z̄ ∈ M̄ such that ϕ = Φ_{F g}(ϕ̄) for a convenientely choice of g ∈ G. Then z̄ will lie in the same fiber of z, i.e., z̄ ∈ G_x. Let ẽ^{ϕ̄} ∈ Ẽ(F̄ ) be a orthonormated frame in the tangent vector space T¯_ϕF̄. We can induce a decomposition of the cotangent space T_ϕF by choosing an adapted frame ë^ϕ ∈ Ë(F) such that

ë^ϕ = Φ^∗_{F g} (ẽ^{ϕ̄}) ⊕ Ψ^∗_y(ẽ^z ), (3.105)

where ẽ^z ⊂ Ẽ(G_x) is an orthonormated frame of the tangent space T_zG_x and y ∈ Y such that ϕ̄ = Ψ(y, z).

Associated with the decomposition (3.123) there will be an identical decomposition of the cotangent space T^∗_ϕ F. Let us write the infinitesimal connection form ω in such adapted orthonormal frame ë_z ∈ Ë^∗(F) ω = ω_1 + ω_2, (3.106) with ω_1 and ω_2 lying, respectively, in the subspace spawned by ẽ¯_ϕ and ẽ_z.

Let us define ω̄ = ω_1|¯_F , (3.107) ξ̄(ϕ̄) = Φ^∗_{F ϕ̄}ω_2|_{F̄} . (3.108)

We will then have that ω̄ will obey all the conditions presented in 2.1.2, being an infinitesimal connection form defined on F̄. ξ̄ will be a Y-invariant map from L_G to the Lie algebra of the gauge group, L_Y . By Y-invariance we will have ξ̄ ∘ Ψ_y = Ad_{y−1} ∘ ξ̄, (3.109)

and by G-invariance of ω, (3.103), ξ̄(ϕ̄) ∘ Ad_g = Ad_{ψ̄ϕ̄(g)} ∘ ξ̄(ϕ̄), (3.110)

where ψ̄ is given by (3.70). By (3.103), ω̄ will also be G-invariant, Φ^∗_{F g}ω̄ = ω̄. (3.111) We must be able to reconstruct the initial connection ω from the knowledge of (ω̄, ξ̄) and of the G and Y actions in order to the dimensional reduction process be complete. From 3.1.3 we can construct F by taking F = G × F̄ and using Φ̄_F . A tangent vector v to F at a point ϕ = (g, ϕ̄) can then be written as v = v̄ + θ with v̄ ∈ T¯_ϕF̄ and θ ∈ T_g G. In special, we can write θ = gλ, with λ ∈ L_G the vector of the Lie algebra of G generated by θ (cf. section 2.1.2). In this way, we shall have v = v̄ + gλ. (3.112) We will define the action of a infinitesimal connection form ω over v as ω(v) = ω̄(v̄) + ξ̄(ϕ̄)(λ). (3.113) It can be proved that this connection obeys all the properties given in 2.1.2.

From a principal fibre bundle F(M, Y) over which it is defined a G-invariant infinitesimal connection form ω we get then, by dimensional reduction, a principal fibre bundle F(M̄, Y) with a G-invariant infinitesimal connection form ω̄ and an Y and Ginvariant map ξ̄. A dimensional reduction of an Yang-Mills-type action defined over F, S_F [Ω] = 1 vol(Y) ‖ Ω ‖^2_F , (3.114) will then occur. By taking a decomposition of Ω = Dω according to (3.123) and using the homomorphism (3.67) we can write

i^∗ (Dω)^{(1,1)} = i^∗ ( dω_1 + 1 2 [ω_1, ω_1] ) = dω̄ + 1 2 [ω̄, ω̄] = Ω̄, (3.115)

i^∗ (Dω)^{(1,2)} = i^∗ ( 1 2 dω_2 + 1 2 [ω_1, ω_2] ) = 1 2 p^∗ ( dξ̄ + [ω̄, ξ̄] ) = 1 2 p^∗ (¯ Dξ̄ ) , (3.116)

i^∗ (Dω)^{(2,2)} = i^∗ ( 1 2 [ω_2, ω_2] ) = 1 2 p^∗ ( [ξ̄, ξ̄] ) = p^∗ ( α(ξ̄) ) .(3.117)

The reduced action can then be determined:

S_{G×}¯_F [Ω̄, ξ̄] = 1 vol(Y) ( ‖ Ω̄ ‖_{G×}¯_F + 1 2 ‖ p^∗ (¯ Dξ̄ ) ‖_{G×}¯_F + ‖ p^∗ ( α(ξ̄) ) ‖_{G×}¯_F ) , (3.118) and since ω̄ and ξ̄ are G-invariant, we can integrate over G (cf. section 2.2.3),

S¯_F [Ω̄, ξ̄] = vol(G) vol(Y) ( ‖ Ω̄ ‖¯_F + 1 2 ‖ p̄^∗ (¯ Dξ̄ ) ‖¯_F + ‖ p̄^∗ ( α(ξ̄) ) ‖¯_F ) . (3.119)

This action will trivially be reduced to the following action over F^r,

S_F r [Ω^r, ξ^r] = vol(G)vol(Y/C) vol(Y) ( ‖ Ω^r ‖_F r + 1 2 ‖ p^{r∗} (Dξ^r ) ‖_F r + ‖ p^{r∗} (α(ξ^r )) ‖_F r ) , (3.120) with ξ^r = ξ̄|_F r , ω^r = ω̄|_F r and Ω^r = Dω^r . Moreover, the previous action can yet be written (integrating over the fibre of F^r and by defining a local section s on F^r ) as S¯_M[A, ϕ] = ∫ M̄ d^nx √ −g ( 1 4 tr(F_{μν}F^{μν}) + 1 2 tr(D̄_μϕD̄^μϕ) − V (ϕ) ) , (3.121)

where F = s^∗Ω, A = s^∗ω, ϕ = p^{r∗}ξ, V (ϕ)d^nx = −a(ϕ) ∧ ⋆a(ϕ), with a = s^∗α, and g is the determinant of the metric of M̄ and where the internal volume factor was rescalled to one.

The Fibre Bundle M(V_n, G/H, G, π, Φ)

Let F(M, Y, p, Ψ) be a principal fibre bundle defined over M(V_n, G/H, G, π, Φ) in the conditions of section 2.1.3. A lift of the G-action of M to F is suposed,

Φ_F : G × F −→ F, (3.122)

and a H-invariant global section σ of M and an infinitesimal connection form ω over F that is also G-invariant, are given. The base space M̄ of/and the principal fibre bundle F̄(M̄, Y, p̄, Ψ̄) are constructed in the same way as in the previous subsection.

Following, again, the previous subsection we define in the same way a decomposition of the tangent vector space T_ϕF of F in a point ϕ ∈ F:

ë^ϕ = Φ^∗_{F g} (ẽ^{ϕ̄}) ⊕ Ψ^∗_y(ẽ^z ), (3.123)

where ẽ^z ⊂ Ẽ(G/H_x) is an orthonormated frame of the tangent space T_z G/H_x and y ∈ Y such that ϕ̄ = Ψ(y, z). Using the metric an identical decomposition of the cotangent vector space at the same point ϕ ∈ F will occur. Let us then write the infinitesimal connection form ω, following such decomposition:

ω = ω_1 + ω_2. (3.124)

We define, as before,

ω̄ = ω_1|¯_F , (3.125) ξ̄(ϕ̄) = Φ^∗_{F ϕ̄}ω_2|_{F̄} , (3.126)

and with the same lines of thought as exposed in the previous subsection, ω̄ will be a G-invariant infinitesimal connection form over F̄ and ξ̄ will be, for each ϕ̄ ∈ F̄, an Y-invariant map from L_P to L_Y . It will further obey

ξ̄(ϕ̄) ∘ Ad_h = Adψ̄_{ϕ̄}(h) ∘ ξ̄(ϕ̄), (3.127)

for all h ∈ H.

With a reasoning similar to that of the previous subsection we shall have that, for a tangent vector to F at ϕ that can be written as

v = v̄ + λ_Hθ_H + λ_P θ_P , (3.128)

with λ_H ∈ L_H and λ_P ∈ L_P generators, once given ω̄ and ξ̄ in the associated point on F̄ and with the action of G on F, we can define a G-invariant infinitesimal connection form ω of F at that point as

ω(v) = ω̄(v̄) + ψ̄^∗_{ϕ̄}(λ_H) + ξ̄(ϕ̄)(λ_P ), (3.129)

and following this procedure to define an infinitesimal connection on F.

We now proceed to the dimensional reduction of an Yang-Mills-type action defined over F: S_F [Ω] = 1 vol(Y) ‖ Ω ‖^2_F . (3.130)

By decomposing Ω according to the same decomposition of ω, we shall have

i^∗ (Dω)^{(1,1)} = i^∗ ( dω_1 + 1 2 [ω_1, ω_1] ) = dω̄ + 1 2 [ω̄, ω̄] = Ω̄, (3.131)

i^∗ (Dω)^{(1,2)} = i^∗ ( 1 2 dω_2 + 1 2 [ω_1, ω_2] ) = 1 2 p^∗ ( dξ̄ + [ω̄, ξ̄] ) = 1 2 p^∗ (¯ Dξ̄ ) , (3.132)

i^∗ (Dω)^{(2,2)} = i^∗

(_1 2 [ω_2, ω_2] ) =^1_2 p^∗ ( [ψ̄^∗ + ξ̄, ψ̄^∗ + ξ̄] ) =^1_2 p^∗ ( [ξ̄, ξ̄] − ξ̄ ∘ [·, ·]|_{LP} − ψ̄^∗ ∘ [·, ·]|_{LH} ) = p^∗ ( α(ξ̄) ) , (3.133) where in the last expression we have used (3.127), i.e., the relation (written in another but equivalent form) [ψ̄^∗(λ_H), ξ̄(λ_P )] = ξ̄ ∘ [λ_H, λ_P ], (3.134) for λ_H ∈ L_H and λ_P ∈ L_P . The action can then be writen as

S_{G×H}¯_F [Ω̄, ξ̄] = 1 vol(Y) ( ‖ Ω̄ ‖_{G×H}¯_F + 1 2 ‖ p^∗ (¯ Dξ̄ ) ‖_{G×H}¯_F + ‖ p^∗ ( α(ξ̄) ) ‖_{G×H}¯_F ) , (3.135) which can be reduced to

S¯_F [Ω̄, ξ̄] = vol(G/H) vol(Y) ( ‖ Ω̄ ‖¯_F + 1 2 ‖ p̄^∗ (¯ Dξ̄ ) ‖¯_F + ‖ p̄^∗ ( α(ξ̄) ) ‖¯_F ) , (3.136)

and this to

S_F r [Ω^r, ξ^r] = vol(G/H)vol(Y/C) vol(Y) ( ‖ Ω^r ‖_F r + 1 2 ‖ p^{r∗} (Dξ^r ) ‖_F r + ‖ p^{r∗} (α(ξ^r)) ‖_F r ) . (3.137) Finally, by defining a local section s of F^r , we can give S its definitely form S¯_M[A, ϕ] = ∫ M̄ d^nx √ −g ( 1 4 tr(F^2) + 1 2 tr(Dϕ^2) − V (ϕ) ) , (3.138)

where F = s^∗Ω^r, A = s^∗ω^r, ϕ = p^{r∗}ξ^r, V (ϕ)d^nx = −a(ϕ) ∧ ⋆a(ϕ), with a = s^∗α and g is the determinant of the metric of M̄ and where the internal volume factor was, as before, rescalled to one.

3.2 Dimensional Reduction of General Fields

3.2.1 Harmonic Analysis

Unitary Representation of the Internal Symmetry Group G.

Let U(G) be the set of all continuous irreducible unitary representations U of G^2 [9, 11] and let us suppose that there is an intertwining transformation T [10] such that to two irreducible unitary representations, U and U^′ that act, respectively, on the Hilbert spaces H and H^′, we can establish the relation U_gT = T U^′_g, for all g ∈ G. If T is an isometry then we say that U and U^′ are equivalent and we write U ∼ U^′. The dual object of G, Ĝ, is defined as the set of all equivalence classes of irreducible unitary representations U of G. To each σ ∈ Ĝ we can then associate various representations U ∈ U(M). We will represent a generic element of the class σ by U^{(σ)} and denote its (Hilbert) representation space by H_{(σ)}^3. Due to the compactness of G this space has a finite dimension d_σ.

2The internal symmetry group G is compact.

3All representations U^{(σ)} ∈ σ operate on Hilbert spaces of the same finite dimension and so we can consider that all this representations operate on a single Hilbert space H_{(σ)}.

Let σ ∈ Ĝ, U^{(σ)} be the representative of σ and let {ζ_i}_{i=1,···,dσ} be a fixed but arbitrary orthonormal basis in the representation space H_{(σ)}. We define the coordinate functions of U^{(σ)} in the previous base as

u^{(σ)}_{jk} (g) =< U^{(σ)}_g ζ_k, ζ_j >, (3.139)

for j, k ∈ {1, · · ·, d_σ}, g ∈ G and where <, > is the internal product defined on the Hilbert space H_{(σ)}.

We can now present the Weyl-Peter theorem [10]:

Theorem. For all σ ∈ Ĝ and j, k ∈ {1, 2, · · ·, d_σ}, let it be defined the coordinate functions u^{(σ)}_{jk} of the reprentatives U^{(σ)} in a basis {ζ_1, · · · , ζ_{dσ} } of the respective representation spaces H_{(σ)}. The set of functions d^{12}σ u^{(σ)}_{jk} is an orthonormal basis for L_2(G). Thus for ϕ ∈ L_2(G), we have ϕ = ∑ σ∈Ĝ d_σ∑

j,k=1 d_σ < ϕ, u^{(σ)}_{jk} > u^{(σ)}_{jk} , (3.140)

where < ϕ, u^{(σ)}_{jk} >= ∫ G ϕu^{(σ)∗}_{jk} dλ, with dλ the de Haar measure on G, and the series in (3.140) converges in the metric of L_2(G).

The character χ_U of a finite-dimensional representation U of G is defined as the function χ_U (g) = tr(U_g ), where the trace is defined as tr(U_g) = ∑_d k=1 u_{kk}(g), being d the dimension of the representation space and u_{kk}, k = 1, · · · , d, the coordinate functions associated to U ∈ U(G) in some basis of the representation space. One can prove that for two irreducible unitary representations appartening to the same class σ their character is the same. We can then associate to each σ ∈ Ĝ the corresponding character of the class χ_σ . We will now present a corolarium of the Weyl-Peter theorem,

Corolarium. Let ϕ ∈ L_2(G). Then the equalities ϕ = ∑ σ∈Ĝ d_σχ_σ ∗ ϕ = ∑ σ∈Ĝ d_σϕ ∗ χ_σ, (3.141)

hold, the series converging in the metric of L_2(G).

The convolution of χ_σ with ϕ is explicitly given by [9], χ_σ ∗ ϕ(g) = ∫ G χ_σ(λ)ϕ(λ^{−1}g)dλ, (3.142)

where dλ is the de Haar measure on G. We can then write (3.141) as ϕ(g) = ∑ σ∈Ĝ d_σ ∫ G χ_σ (λ)ϕ(λ^{−1}g)dλ. (3.143)

Harmonic Expansion Let ΓF be the configuration space, i.e., the space of the sections of the fibre bundle F(M, F, Y, Ψ). Locally we can write the total space M as a product space M = V_n × G of the base space V_n and the internal space G. We can then write, at a local level, for an arbitrary point z ∈ M, in a local coordinate system, z = (x, g) ≡ (x, ϕ_{Ux}(g)), where x = π(z) ∈ U ⊂ V_n and z = ϕ_{Ux}(g) for g ∈ G and ϕ_U ∈ Φ. Then, at a local level, we have ϕ(z) = ϕ(x, g). Let us now make the restriction ϕ_x(g) = ϕ(x, g), for fixed x ∈ V_n. Then we will have that ϕ_x(g) is an application that has as support G. Let us now write ϕ(z) = (z, ϕ_z), such that, ϕ_x(g) = (z, ϕ^x_g ). Then ϕ^x_g ∈ L_2(G), and so we can then apply the corolarius of the WeylPeter theorem to ϕ^x_g . We have ϕ_x(g) = ∑ σ∈Ĝ d_σ ∫ G χ_σ (λ)ϕ_λ−1_g dλ,

or, since we have by (2.93), [T_gϕ]_z = [T_λϕ]_{(x,g)} = ϕ^x_λ−1_g, we get ϕ^x_g = ∑ σ∈Ĝ d_σ ∫ G χ_σ (λ)[T_λϕ]^x_g dλ. Appearing x only as a free parameter we can write directly ϕ_z = ∑ σ∈Ĝ d_σ ∫ G χ_σ (λ)[T_λϕ]_zdλ. (3.144)

Writing [T_gϕ](z) = (z, ϕ_g−1_z ) = (z, [T_gϕ]_z), we finally get ϕ(z) = ∑ σ∈Ĝ d_σ ∫ G χ_σ (λ)[T_λϕ](z)dλ. (3.145)

We can then define a projection operator over the configuration space ΓF: π_σ : ΓF −→ Γ_σ F ϕ → π_σϕ(z) , (3.146) with π_σϕ(z) = d_σ ∫ G χ_σ(λ)[T_λϕ](z)dλ.

The subspace Γ_σF consists of the field configurations that transforms with G in the same manner as the irreducible representation U^{(σ)} of σ. We can then rewrite (3.145) as ϕ(z) = ∑ σ∈Ĝ π_σϕ(z). (3.147)

This equation expresses the fact that ⊕_{σ∈Ĝ} Γ_{(σ)}F is isomorphic with ΓF. Following [43] we will call to an element ϕ ∈ Γ_{(σ)}F an harmonic of type σ.

We will now choose an arbitrary but fixed basis {ζ_i}_{i=1,···,dσ} of the representation space H_{(σ)} of the irreducible unitary representation U^{(σ)} for σ ∈ Ĝ. The character of this representation can be written, as we have seen, in terms of the associated coordinate functions of U^{(σ)}, u^{(σ)}_{jk} . In fact, it depends only on the diagonal coordinate functions u^{(σ)}_{kk} . We can then write, going backwards,

χ_σ(λ) = d_σ∑

k=1 u^{(σ)}_{kk} (λ) = d_σ∑

k=1 < U^{(σ)}ζ_k, ζ_k) > . (3.148)

Substituting this in the expression of π_σϕ(z), we get π_σϕ(z) = d_σ∑

k=1 d_σ ∫ G < U^{(σ)}_λ ζ_k, ζ_k > [T_λϕ](z)dλ. (3.149)

By defining, following [43], the Fourier component of ϕ along a vector ζ ∈ H_{(σ)} in the representation class σ as

ϕ^{(σ)}_ζ (z) = d_σ ∫ G U^{(σ)}_λ ζ[T_gϕ](z)dλ, (3.150)

we have π_σϕ(z) = d_σ∑

k=1 < ϕ^{(σ)}_{ζk} , ζ_k > . (3.151)

Let us define the fibre bundle F_{(σ)}(M, H_{(σ)} ⊗ F, Y, Φ_σ) defined over M and that possesses for fibers the tensor product space H_{(σ)} ⊗ F_z, where F_z is the typical fiber of F. We have that the Fourier components within one representation of the type σ belong to a very special subspace of the space ΓF_{(σ)} of all sections of F_{(σ)}: belong to a subspace Γ_{inv}F_{(σ)} ⊂ ΓF_{(σ)} that is G-invariant. This is the main reason for introducing the Fourier components of some configuration field: being G-invariant, the Fourier components can be dimensionally reduced (the prescription was given in the previous section). The equation (3.151) then traduces the fact that Γ_{(σ)}F is isomorphic with the space Γ_{inv}F_{(σ)} ⊗ H_{(σ)}:

Γ_{(σ)}F = Γ_{inv}F_{(σ)} ⊗ H_{(σ)} (3.152)

We have then established the following isomorphism:

ΓF = ⊕_{σ∈Ĝ} Γ_{inv}F_{(σ)} ⊗ H_{(σ)}. (3.153)

Harmonic Analysis over an Homogeneous Space In order to replace in the previous analysis the internal space by an homogeneous space G/H we must have to apply, for all the representations U^{(σ)}, σ ∈ Ĝ, over the Hilbert space H_{(σ)}, the following condition U^{(σ)}_{gh} = U^{(σ)}_g U^{(σ)}_h , (3.154) valid to all h ∈ H ⊂ G. In terms of coordinate functions we shall have u^{(σ)}_{jk} (gh) = ∑ mn u^{(σ)}_{jm}(g)u^{(σ)}_{nk} (h). (3.155)

In order to proceed we supose that | det Ad_G(h)| = | det Ad_H(h)|, (3.156) for h ∈ H. Then there will be a positive G-invariant measure dλ_H on G/H [8] and such measure will be unique up to a constant factor. Moreover, we shall have for f ∈ L_2(G), ∫ G f(λ)dλ = ∫ G/H (∫ H f(λh)dh ) dλ_H. (3.157)

Let us define f̂ ([g]) = ∫ H f(gh)dh. (3.158) Then the mapping f → f̂ will be a linear mapping from L_2(G) onto L_2(G/H) and so can be used to write the decomposition (3.145) over the homogeneous space G/H.

We write the Fourier components of ϕ along a vector ζ ∈ H_{(σ)} as

ϕ^{(σ)}_ζ (z) = d_σ ∫ G/H U_{λH}ϕ̂_{λH} (z)dλ_H, (3.159)

with ϕ̂_{λH} (z) = ∫ H U^{(σ)}_h ζ [T_{λHh}ϕ] (z)dh (3.160) The analysis will then be identical, only changing the internal space for an homogeneous space.

3.2.2 Dimensional Reduction of Gravity and Matter Fields

Let it be defined over M(V_n, G/H) the fibre bundle F(M, F, Y) and the correspondent space of local sections ΓF. A field, in general, can be written as an element ϕ ∈ ΓF, and so it can be decomposed as ϕ(z) = ∑ σ∈Ĝ π_σϕ(z). (3.161)

We then write π_σϕ(z) in terms of the field configuration’s Fourier components.

The Fourier components of a field configuration for all the representation classes σ ∈ Ĝ determine completely the second and are determined by it. Being G-invariant, each Fourier component can be subjected to the dimensional reduction process analysed in the previous sections. Since the dimensional reducted Fourier components determine completely the unreduced Fourier components, we have performed the dimensional reduction of the field configuration itself.

64 CHAPTER 3. DIMENSIONAL REDUCTION

Chapter 4

SYMMETRY BREAKING

A general approach to the study of symmetry breaking processes in Kaluza-Klein type theories is presented. It is shown that in general the dimensional reduction process inherent to such type of theories will conduce, first, to a geometrical symmetry breaking, being the gauge group of the Yang-Mills fields obtained a subgroup of the structure group of the fibre bundle structure of the initial manifold; and second, to a spontaneous symmetry breaking of that reduced gauge group led by a scalar field also obtained from the reduction process. It is explicitly present the form of the breaking scalar potential when the internal space is symmetric. Finally, the spontaneous compactification process, by which a fibre bundle structure can be dynamicly achieved by a general manifold - and so without imposing it à priori - is presented.

4.1 Quantisation

4.1.1 Quantisation of Matter Fields

The Matter Field Configuration Manifold

Definitions. Let ΓF be the configuration space defined over M. Since ΓF is a vectorial space it possesses the structure of an infinitely dimensional manifold. A point over ΓF will be represented by ϕ. The coordinates of a point ϕ will be given by the correspondent components of ϕ in some basis {ϕ_i}^∞_{i=0} of ΓF (usually the set of eigenvectors of some operator): ϕ = ∞∑ i=0 c_iϕ_i, ϕ = (c_1, c_2, c_3, · · ·).

The Tangent and Cotangent Bundles. From each c_i one constructs the differential dc_i, creating in this way a basis {dc_i}^∞_{i=0} of the cotangent vector space T^∗_ϕ ΓF. In a similar way, {∂_i}^∞_{i=0} will constitute a basis of the tangent vector space T_ϕΓF in the same point ϕ. We then construct the tangent and cotangent vector bundles, T ΓF and T^∗ΓF.

The Classical Action and the Dynamical Space. The action S of the field will be a real-value scalar function (functional) on the configuration space, that is, S ∈ Λ^0(ΓF, R). The variational derivative δS/δϕ will then be a one-form on ΓF, being the dynamical field configurations defined as the field configurations ϕ ∈ ΓF that obey δS δϕ = 0,

for some boundary conditions. The set of all (classical) dynamical field configurations is entitled the dynamical (sub)space of the configuration space and will be represented by ΓF_S .

The Quantisation Process

The quantisation of the matter field configurations can be settled in the following three steps:

1. Let ΓF^∗ be the dual space to ΓF and let us fix an action S and define the following functional:

Z_S (j) = ∫ ΓF Dϕ e^{i(S(ϕ)+<j,ϕ>M)}, (4.1) for j ∈ ΓF^∗ and where < j, ϕ >_M= ∫ M ϕ ∧ ∗j is the internal product defined over M (cf. section 2.2.3).

2. From Z_S ∈ Λ^0(ΓF^∗, R) we define the connected generating functional through

exp(iW_S (j)) = Z_S (j), (4.2)

with j ∈ ΓF^∗.

By expanding W_S in a functional Taylor development,

W_S (j) = ∑_∞ n=1 1 n! ⟨ · · · ⟨ G^{(n)}, j ⟩ M · · · , j ⟩ M = ∑_∞ n=1 1 n! ∫ M d^mz_1 √ −γ · · · d^mz_n √ −γG^{(n)}_{i1···in} (z_1, · · ·, z_n)j^{i1} (z_1) · · · j^{in} (z_n), (4.3) we get the connected Green’s functions G^{(n)}.

The background matter field configuration is defined through the W_S ∈ Λ^0(ΓF^∗, R) as ϕ_c = δW_S (j) δj . (4.4) ϕ_c can be defined as a section of a fibre bundle F_c(M, F_c, Y_c, p_c, Ψ_c), ϕ_c ∈ ΓF_c. 3. Finally, the effective action Γ ∈ Λ^0(ΓF_c, R) is defined as the functional Legendre transformation of the connected generating functional in terms of the background field, Γ(ϕ_c) = W[j(ϕ_c)]− < j(ϕ_c), ϕ_c > . (4.5)

The (quantum) dynamical (sub)space of the background matter field configuration space ΓF_Γ is defined as the subspace of the background fields ϕ_c ∈ ΓF_c that satisfies δΓ(ϕ_c) δϕ_c + j(ϕ_c) = 0. (4.6)

Or, in the absence of currents, as the solutions of

δΓ(ϕ_c) δϕ_c = 0,

that is the quantum formulation of the identical expression for the classical action S. By expanding Γ in a functional Taylor development,

Γ(ϕ_c) = ∑_∞ n=1 1 n! ⟨ · · · ⟨ Γ^{(n)}, ϕ_c ⟩ M · · · , ϕ_c ⟩ M = ∑_∞ n=1 1 n! ∫ M d^mz_1 √ −γ · · · d^mz_n √ −γΓ^{(n)}_{i1···in} (z_1, · · · , z_n)ϕ^{i1}_c (z_1) · · · ϕ^{in}_c (z_n), (4.7) we get the 1PI Green’s functions or the proper vertices Γ^{(n)}.

Since the quantum fibre bundle F_c usually coincides with the classical one, F - this neglecting that F is in fact an operator space over an Hilbert space and that F_c isn’t - we can make ΓF_c = ΓF, and thus the quantum process is resumed to an automorphism in the space of functions defined over the matter configuration field manifold, that is, we write the previous quantisation process as an automorphism

T : Λ^0(ΓF, R) −→ Λ^0(ΓF, R),

such that the effective action Γ is written in terms of the classical action S through Γ = T S.

The quantisation process, and so the quantisation operator, is dependent on the intermediate connected generating functional W_S . It is this functional that induces the quantum transformation ϕ → ϕ_c in ΓF. This being non-local (referred to the configuration manifold ΓF), it differs from the usually (active) ”coordinate” transformations on a generic manifold, and it is the non-locality of the quantum operator T that set its nature as a statistical one.

An expression to the quantisation operator T is desirable if one wishes to study the breaking of a symmetry of the action due to the quantum process (anomalous or spontaneously symmetry breaking).

Perturbative Expansion

Let us suppose that the background matter field configuration is close to the matter field configuration, i.e, that ϕ = ϕ_c + ϕ̃, where ϕ̃ it’s a small quantum perturbation to ϕ_c. Then we can write for the classical action

S(ϕ) = S(ϕ_c) + ⟨ δS δϕ (ϕ_c), ϕ̃ ⟩ M + 1 2 ⟨ ϕ̃, ⟨ δ^2S δϕ^2 (ϕ_c), ϕ̃ ⟩ M ⟩ M + · · · (4.8)

If the quantum effects are small, as they are supposed to, the effective action shall be given, approximatively by the classical one:

Γ(ϕ_c) = S(ϕ_c) + ∞∑ k=1 Γ^{(k)}(ϕ_c), (4.9)

where Γ^{(k)} is the k-loop correction to the classical action due to quantum effects. We will be interested only in the one-loop correction term Γ^{(1)}.

From the Legendre transformation

W_S [j(ϕ_c)] = Γ(ϕ_c)+ < j, ϕ_c >_M,

the background equations j(ϕ_c) = − δΓ δϕ_c (ϕ_c), from the measure transformation Dϕ = Dϕ̃, and from the functional development of both the classical and effective actions we obtain exp [ i ( S(ϕ_c) + ∑_∞ k=0 Γ^{(k)}(ϕ_c) + ⟨_{δS} δϕ_c (ϕc), ϕc ⟩ M + ∑_∞ k=0 ⟨_{δΓ(k)} δϕ_c (ϕc), ϕc ⟩ M )] = ∫ ΓF Dϕ̃ exp [ i ( S(ϕ_c) +^1_2 ⟨ ϕ̃, ⟨_{δ2 S} δϕ^2 (ϕc), ϕ̃ ⟩ M ⟩ M + · · · + ⟨_{δS} δϕ_c (ϕc), ϕc ⟩ M + ∑_∞ k=1 ⟨_{δΓ(k)} δϕ_c (ϕc), ϕc ⟩ M )] (4.10) Cancelling the common terms we will get ∞∏ k=1 e^{iΓ(k)(ϕc )} = ∫ ΓF Dϕ̃ e^{−i}⟨^{ϕ̃,}⟨^{A,ϕ̃}⟩^M⟩M , where we made A = − δ^2S δϕ^2_c (ϕ_c). (4.11)

We get for the one-loop term

e^{iΓ(1)(ϕc )} = ∫ ΓF Dϕ̃ e^{−i}⟨^{ϕ̃,}⟨^{A,ϕ̃}⟩^M⟩M . (4.12)

We now write the quantum perturbation in terms of its coordinates:

ϕ̃ =^∞ ∑ k=1 c_nϕ̃_n, where {ϕ_n} is an orthonormal base of ΓF and its elements are eigenvectors from the operator A: Aϕ̃_n = A_nϕ̃_n.

Writing for the measure Dϕ̃ = ∞∏ k=1 μ √ π dc_k, with μ a normalisation constant, we will have

e^{iΓ(1)(ϕc )} = ∞∏ l=1 ∫ dc_l μ √ π e^{−i ∑m,n cmcnAn <ϕ̃m,ϕ̃n>M} .

And since < ϕ̃_m, ϕ̃_n >_M= δ_{mn} we will have

e^{iΓ(1)(ϕc )} = ∞∏ k=1 ∫ dc_k μ √ π e^{−iAkc2k} . We can now perform a Wick rotation, changing the eigenvalues A_k into −iA_k, and so we get

e^{iΓ(1)(ϕc )} = ∞∏ k=1 ∫ dc_k μ √ π e^{−Akc2k} . Each integral in this product is a Gaussian integral with value √ πμ^2/A_n so we finally get Γ^{(1)}(ϕ_c) = 1 2 ∞∑ n=1 ln ( A_n μ^2 ) . (4.13)

Introducing the zeta-function ζ( A μ^2 |s) = ∞∑ n=1 ( A_n μ^2 )_{−s} , (4.14)

and taking its derivate,

ζ^′( A μ^2 |s) = − ∞∑ n=1 ln ( A_n μ^2 ) ( A_n μ^2 )_{−s} , (4.15)

we can write the one-loop correction as

Γ^{(1)}(ϕ_c) = − 1 2 ζ^′( A μ^2

|0). (4.16)

4.2 Symmetries

4.2.1 Basic Definitions

Let M(V_n, G/H, G, π, Φ) and F(M, F, Y, p, Ψ) be differentiable fibre bundles, being the first the base space of the second, and let us consider the space of the sections of F, i.e., the matter field configuration space ΓF. Let S, Γ ∈ Λ^0(ΓF, R) be, respectively, the classical and the effective actions of the matter and background fields.

We say that the classical (or effective) action of a matter (or background) field configuration possesses a given symmetry if there is an action of a Lie group B over ΓF that lifts to an action of the same group over Λ^0(ΓF, R) such that the induced representation T^B of the symmetry group transforms S (or Γ) into a functional that is linear dependent on S (or Γ), i.e., we have, for a B-type symmetry the following condition [T^B_b S](ϕ) = c(b)S(ϕ), (4.17)

for all b ∈ B and for c ∈ Λ^0(B, R) different from the null function.

We will be interested not in the symmetries of the action S over the multidimensional universe M but in the symmetries of the reduced and effective action S^r over the base space M̄. In general, if the action over M obeys (4.17), then the reduced one will obey an identical relation

[T^{Br}_b S^r ](ϕ) = c^r(b)S^r (ϕ), (4.18)

where B^r ⊂ B is the symmetry group of S^r - that will be, in general, of lower dimension than that of the unreduced action, S.

4.3 Symmetry Breaking Process

4.3.1 Characterisation

Symmetry Breaking Process.

A symmetry breaking process is defined as an automorphism in the space of functionals over ΓF that does not preserve a given symmetry, i.e., it can be written as an operator T ∈ Aut(Λ^0(ΓF, R)) such that the transformed functional T S does not obey the condition (4.17) even if the original functional does so. In general we can write

[T^{B′}_b′ T S](ϕ) = c(b^′)T S(ϕ), (4.19)

for b^′ ∈ B^′ and where B^′ ⊂ B is a subgroup of B.

Geometrical Symmetry Breaking Process.

A geometrical symmetry breaking process is defined by an homomorphism T between the space of functionals over ΓF and ΓF^r, with F^r ⊂ F, such that T is not an eigenvector of a representation T^B of B but it is an eigenvector of a representation of a subgroup B^r of B, i.e., T^{Br} T = c^rT . (4.20) This expression is identical to (4.19) when F and F^r are the same fibre bundle, and it presents, in fact, a generalisation of the previous case.

In general, there will be always a geometric symmetry breaking when the initial fibre bundle F can be reduced to a fibre bundle F^r that completely determines it. We shall have in this case B = Y and B^r = C (cf. chap. 3). In this chapter we will only study symmetry breaking processes of the reduced action, that will be, in general, preceded by a geometrical symmetry breaking from the unreduced one.

Quantum Symmetry Breaking Process.

Anomalous Symmetry Breaking. A very common type of symmetry breaking occurs when quantising a given field theory and the final action - the effective one, Γ - does not retain an internal symmetry of the classical one - S. In this case, when the symmetry breaking is due to the quantisation process, we are in the presence of an anomalous symmetry breaking.

Spontaneously Symmetry Breaking. A particular case of anomalous symmetry breaking is the one in which the quantisation process does not break directly an internal symmetry but reveals itself incomplete. When quantising a theory there is a possibility that in the end a degeneracy in the lower state of the theory be found. In order to theory be defined it is necessary that such state be unique: one of the states in the degeneracy must be chosen as the vacuum of the theory. By doing so, that is, by completing the quantum transformation with a direct translation of the background fields configurations on ΓF, there will be, in general, a symmetry breaking: a spontaneously symmetry breaking.

An spontaneously symmetry breaking will occur if the quantum motion equation δΓ δϕ_c = 0, (4.21)

holds for some v nonzero value of ϕ_c, being necessary a redefinition of the dynamical subspace ΓF_Γ on ΓF,

ϕ_c −→ ϕ^′_c = T (v)ϕ_c, (ϕ_c ∈ ΓF_Γ, ϕ^′_c ∈ ΓF^′_Γ),

with T (v) : ΓF_Γ → ΓF^′_Γ, in order to the theory to have a vanishing vacuum expectation value. The action on the functional space Λ^0(ΓF, R) will be

Γ^′(ϕ_c) = Γ(T (v)ϕ_c). (4.22)

The complete quantum transformation can then be written as

Γ = (T S) ∘ T (υ). (4.23)

It must be noted that the value of v is obtained from (4.21), being necessary to know the expression of the effective action. In general this is not possible and only approximations can be given to Γ (cf. section 4.1.1).

4.3.2 Spontaneous Symmetry Breaking

Spontaneous Symmetry Breaking at the Tree-Level

At a tree-level analysis, we say that a spontaneous symmetry breaking takes place if the classical action possesses roots in points away from the origin, i.e., that the equation δS δϕ_c (ϕ_c) = 0, (4.24)

has for solution a non-null value of ϕ_c.

In general the classical action can be written in terms of a Lagrangian density L that by its part can be written as the sum of two terms: a kinetic and a potential term. We can then write

S(ϕ_c) = ∫ M d^mz √ −γL = ∫ M d^mz √ −γ [K(Dϕ_c, ϕ_c) − V_0(ϕ_c)] , where K(Dϕ_c, ϕ_c) and V_0(ϕ_c) are, respectively, the kinetic and the potential term. Since we are mainly interested in cases where the vacuum expectation value is translational invariant the condition of tree-level spontaneously symmetry breaking can be written as dV_0 dϕ_c (ϕ_c) = 0, (4.25)

for a non-null solution ϕ_c. It expresses the fact that V_0(ϕ_c) has a minimum for a non null value of the classical field ϕ_c.

It is then the form of the classical potential to dictate if it will occur or not a treelevel spontaneously symmetry breaking.

Induced Spontaneous Symmetry Breaking from One-Loop Radiative Corrections

Let us consider the trunked quantisation process to the one-loop correction of the classical action, that is, let us consider the following effective action approximation,

Γ(ϕ_c) = S(ϕ_c) + Γ^{(1)}(ϕ_c). (4.26)

Induced spontaneous symmetry breaking due to one-loop radiative corrections occurs if (4.21) is verified for a non-null ϕ_c after the addition of the one-loop correction term Γ^{(1)} to the classical action S. That is, it is supposed that (4.24) has for its only solution ϕ_c = 0 and that is the correction one-loop term that comports the symmetry breaking. One must say that this type of analysis is in some sense unjustified since one can not say that a symmetry breaking occurs without calculating all radioactive correction terms. It can be that from the addition of all terms the symmetry breaking is lost, that is, that the quantisation process is complete and the symmetry breaking occurs from neglecting the high order terms in the perturbative expansion of that one. An example of this is given in [6].

Turning to (4.26) we have that the one-loop correction can in general be written as a correction to the classical potential since it will only depend on ϕ_c and not on in its derivatives. By writing Γ^{(1)}(ϕ_c) = − ∫ M d^mz √ −γV^{(1)}(ϕ_c), the spontaneously symmetry breaking condition can be rewritten as d dϕ_c [ V_0 + V^{(1)} ] (ϕ_c) = 0, (4.27) for a non-null value ϕ_c.

4.3.3 The Goldstone Problem and the Higgs Mechanism

Let B be an d_B-dimensional symmetry group of the classical action and let B^′ ⊂ B be the d_B′ -dimensional symmetry group of the effective action. And let us consider the two point connected and 1PI Green functions G^{(2)} and Γ^{(2) 1}. The two are related by ∫ M d^mz √ −γG^{(2)}_{ij} (x − z)Γ^{(2)jk}(z − y) = δ^k_i δ^{(m)}(x − y), (4.28) for x, y ∈ M. In order to proceed we must suppose that the Lie algebra L_B is reductive, L_B = L_B′ ⊕ L_B′′ , (4.29) where L_B′ is the Lie algebra of B^′ and L_B′′ is the complement to the last in L_B.

Let us choose an adapted orthonormal base of L_B, {λ_i}_{i=1,···,dB} = {λ_i′ , λ_i′′ }_i′_{=1,···,dB′ ;i}′′_{=dB′ +1,···,dB} . Let β : B × ΓF −→ ΓF, (4.30) β^′ : B^′ × ΓF −→ ΓF, (4.31) be the actions of B and B^′ on the configuration space ΓF. Then we shall have β(b, ϕ) ∈ ΓF for b ∈ B and ϕ ∈ ΓF. In special, for b in a neighbourhood of the unit e of B, we can take, using the exponential map, b = e^{−iλj bj} , with b^j , j = 1, · · · , d_B, in R. For b^j infinitesimal we can make b = e − iλ_j b^j. (4.32) Then the action of this element in ΓF will be given by β(b, ϕ) = β(e − iλ_j b^j, ϕ) = ϕ − ib^j β(λ_j , ϕ). 1the notation could be misleading: it is not the two-loop correction to the effective action that we are considering.

The variation in ϕ induced by the infinitesimal transformation represented by b will be δ_bϕ = γ(b, ϕ) − ϕ = −ib^j β(λ_j , ϕ). By using (4.29) we can write δ_bϕ = −ib^{j′} β(λ_j′ , ϕ) − ib^{j′′} β(λ_j′′ , ϕ) = δ_b′ ϕ + δ_b′′ ϕ. (4.33) The associated variation on ΓF^∗ will be given by δ_bj(x) = ∫ M d^m √ −γz^{δj(x)}_{δϕ(z)} δϕ(z) = ∫ M d^mz √ −γ^{δ2Γ} δϕ(z)δϕ(x) δϕ(z) = ∫ M d^mz √ −γΓ^{(2)}(x − z)(δ_b′ ϕ(z) + δ_b′′ ϕ(z)) (4.34)

Since ϕ will remain invariant for B^′-type transformations, we will have δ_b′ ϕ = 0. The same will not occur for B^{′′}, and so, if the symmetry breaking is not to be followed by the generation of currents, we should have

δ_bj = 0 ⇒ Γ^{(2)}(x − z)δ_b′′ ϕ(z) = 0. (4.35)

But this gives, Γ^{(2)}(x − z) = 0 = G^{(2)}(x − z), (4.36)

and so the symmetry breaking will be followed by the production of d_B′′ = d_B − d_B′ massless Goldstone bosons. In order to solve this problem we have to consider that there will be the production of currents by the symmetry breaking process:

δ_bj ≠ 0, (4.37)

but that such currents will be absorbed into a gauge field of the B-symmetry, generating a mass vector field. This is the Higgs mechanism and it consists on the promotion of the global B-symmetry into a local one.

4.4 Symmetry Breaking from Dimensional Reduction

4.4.1 The Scalar Field’s Potential

Let us consider a principal fibre bundle F(M, Y, p, Ψ) defined over a multidimensional universe M(V_n, M, G, π, Φ) that possesses as internal space a symmetric homogeneous space G/H, with H ⊂ G, and let it be defined an G-invariant infinitesimal connection form ω on F.

From previous results (cf. section 3.1.5), this bundle can be subjected to dimensional reduction, leading to a bundle F^r(M̄, C, p^r, Ψ^r), with C the centraliser of ψ̄(H) in Y. The infinitesimal connection form ω will define over F^r an H-invariant infinitesimal connection ω^r and an Y-invariant mapping ξ^r from F^r to L^∗_P ⊗ L_Y . The reduced action will be

S_F r [Ω^r, ξ^r] = vol(G/H)vol(Y/C) vol(Y) ( ‖ Ω^r ‖_F r + 1 2 ‖ p^{r∗} (Dξ^r ) ‖_F r + ‖ p^{r∗} (α(ξ^r)) ‖_F r ) , (4.38) with α(ξ^r ) = 1 2 [ξ^r, ξ^r] − 1 2 ξ^r ∘ [·, ·]|_{LP} − 1 2 ψ̄^∗ ∘ [·, ·]|_{LH}. (4.39)

By defining a section s of F^r, we shall get an action defined over the base space of F^r, i.e., over M̄, S¯_M[A, ϕ] = ∫ M̄ d^nx √ −g ( 1 4 tr(F^2) + 1 2 tr(Dϕ^2) − V (ϕ) ) , (4.40)

where the scalar potential is given by V (ϕ)d^nx = −a(ϕ) ∧ ⋆a(ϕ), (4.41) with a = s^∗α and ϕ = p^{r∗}ξ^r . By choosing a local coordinate basis {dx^μ}_{μ=0,···,n−1} on M̄ and a basis {λ_a}_{a=1,···,dim(P)} on L_P we can write for the action S¯_M[A, ϕ] = ∫ M̄ d^nx √ −g ( 1 4 tr(F_{μν}F^{μν}) + 1 2 tr(D_μϕD^ν ϕ) − V (ϕ) ) , (4.42)

with V expressed in terms of a in those basis, V (ϕ) =< a_{ab}, a^{ab} >_{LY} , (4.43) having a_{ab} = 1 2 [ϕ(λ_a), ϕ(λ_b)] − 1 2 ϕ ∘ [λ_a, λ_b]|_{LP} − 1 2 ψ̄^∗ ∘ [λ_a, λ_b]|_{LH}, (4.44)

and being < ·, · >_{LY} an inner product defined on L_Y .

We can then write for the scalar potential,

V (ϕ) = 4∑ k=0 V^{(k)}(ϕ), (4.45)

with

V^{(0)} = 1 4 < ψ̄^∗([λ_a, λ_b]_{LH} ), ψ̄^∗([λ^a, λ^b]_{LH} ) >_{LY} , (4.46)

V^{(1)}(ϕ) = 1 2 < ϕ([λ_a, λ_b]_{LP} ), ψ̄^∗([λ^a, λ^b]_{LH} ) >_{LY} , (4.47)

V^{(2)}(ϕ) =^1_4 < ϕ([λ_a, λ_b]_{LP} ), ϕ([λ^a, λ^b]_{LP} ) >_{LY} −^1_2 < [ϕ(λ_a), ϕ(λ_b)]_{LY} , ψ̄^∗([λ^a, λ^b]_{LH} ) >_{LY} ,

(4.48)

V^{(3)}(ϕ) = − 1 2 < [ϕ(λ_a), ϕ(λ_b)]_{LY} , ϕ([λ^a, λ^b]_{LP} ) >_{LY} , (4.49)

V^{(4)}(ϕ) = 1 4 < [ϕ(λ_a), ϕ(λ_b)]_{LY} , [ϕ(λ^a), ϕ(λ^b)]_{LY} >_{LY} . (4.50)

4.4.2 Scalar Fields Analysis

The Lie Algebra Decomposition

The form (4.43) given for the scalar fields potential is still unappropriated since it does not take into account that ϕ must be an interwining operator [10, 11],

ϕ ∘ Ad(H)(L_P ) = Ad(ψ̄(H))(L_Y ) ∘ ϕ. (4.51)

From now on we will consider that both H and Y are connected in a way that we can write the infinitesimal version of (4.51) [4]

ϕ ∘ Ad(L_H)(L_P ) = Ad(ψ̄(L_H)) ∘ ϕ(L_P ). (4.52)

We will also consider the Lie algebras L_G and L_Y to be simple.

In order to identify the representation of C_Y (ψ̄(H) in which the scalar fields ϕ belong we must decompose both the representations Ad(L_H) and Ad(ψ̄(L_H)) that act, respectively, in the Lie algebras L_P and L_Y , into irreducible representations in order to apply the Schur theorem to the common representations [9, 10, 11].

To that purpose, we must be able to write both L_P and L_Y in subspaces that will be invariant under Ad(L_H) and Ad(ψ(L_H)). We begin with L_P .

By (2.24) we shall have that L_P is an invariant space under Ad(L_H) and by (2.35) we can write the following decomposition of L_P ,

L_P = L_{N /H} ⊕ L_L. (4.53)

By (2.32) and considering that H ⊂ N we shall have that Ad(L_H)L_{N /H} ⊂ L_{N /H}, (4.54) and so will be an invariant subspace of L_P . Moreover, it will be a subspace over which only a trivial representation of Ad(L_H) acts.

In order to find a decomposition of L_L we must first decompose the Lie algebra of H into invariant subspaces under Ad(L_H). We shall have

L_H = ⊕^N_{γ=0}L^{(γ)}_H , (4.55)

getting, Ad(L_H)L_P = [L_H, L_P ] = ⊕^N_{γ=0}[L^γ_H, L_P], (4.56)

and so we find the following decomposition of the representation U_H of Ad(L_H) over L_P - we suppose that a basis as been chosen -,

U_H = U^0_H ⊕ ( ⊕^N_{γ=1}U^γ_H ) , (4.57)

with U^γ_H acting over [L^γ_H, L_P] and U^0_H being the trivial representation. There can be that some of the representations U^γ_H will be equivalent to a fixed representation W_H of Ad(L_H) [10]. We shall then have that W_H is contained in U_H. If {W^δ}_{δ=1,···,n} is a family of mutually inequivalent representations U^γ_H contained in U_H and if m_δ is the multiplicity of an arbitrary W^δ_H in U_H, then we can write

U_H = W^0_H ⊕ n∑ δ=1 m_δW^δ_H, (4.58)

with W^0_H = U^0_H. This will then induce the following decomposition of L_H (that is only an arrangement of the terms of the previous decomposition): L_H = L^0_H ⊕ ⊕^n_{δ=1}L^δ_H, (4.59) with L^δ_H = ⊕^{mδ}_{i=1}L^δ_{Hi}, (4.60) where L^{(δ)}_H is the collection of subspaces of H that are invariant under W^γ_H.

Under this decomposition of the Lie algebra of H a similar one can be presented to L_L:

L_L = ⊕^n_{δ=1}L^δ_L, (4.61) with L^δ_L = ⊕^{mi}_{i=1}L^δ_{Li}. (4.62) The decomposition of L_P will then be L_P = L_{N /H} ⊕^n_{δ=1} [ ⊕^{mi}_{i=1} ( L^δ_{Li} )] , (4.63) corresponding a decomposition of the Ad(L_H) over it,

Ad(L_H) = W^0_H ⊕ n∑ δ=1 m_δ W^δ_H, (4.64)

with W^0_H the trivial representation.

We turn now to the decomposition of Ad(ψ̄^∗(L_H))L_Y . Ad(ψ̄^∗(L_H))L_Y = [ψ̄^∗(L_H), L_Y ] (4.65) We make the first decomposition of L_Y as L_Y = ψ̄^∗(L_H) ⊕ L^′_Y . (4.66) We will then get Ad(ψ̄^∗(L_H))L_Y = [ψ̄^∗(L_H), ψ̄^∗(L_H)] ⊕ [ψ̄^∗(L_H), L^′_Y ]. (4.67) Since ψ̄^∗ is a homomorphism of Lie algebras we have [ψ̄^∗(L_H), ψ̄^∗(L_H)] = ψ̄^∗ ∘ [L_H, L_H] = ψ̄^∗ ∘ Ad(L_H). (4.68) By further decompose L^′_Y , L^′_Y = ϕ(L_P ) ⊕ L^{′′}_Y , (4.69) and by noticing that [ψ^∗(L_H), ϕ(L_P )] = ϕ ∘ [L_H, L_P ] = ϕ ∘ Ad(L_H)L_P (4.70) we obtain

Ad(ψ̄^∗(L_H))L_Y = ψ̄^∗ ∘ Ad(L_H) ⊕ ϕ ∘ Ad(L_H)L_P ⊕ [ψ̄^∗(L_H), L^{′′}_Y ]. (4.71) By writing L^{′′}_Y = L^{(0)}_Y ⊕ L^{(3)}_Y , (4.72) where L^{(0)}_Y is the subspace of L_Y where a trivial action of Ad(L_H) occurs, and decomposing L^{(2)}_Y = ϕ ∘ Ad(L_H)L_P , (4.73) in the same manner as in (4.64) but without the trivial representation W^0_H,

L^{(2)}_Y = n∑ δ=1 m^′_δW^δ_H, (4.74)

we will get

Ad(ψ̄^∗(L_H))L_Y = L^{(0)}_Y ⊕ ψ̄^∗(Ad(L_H)) ⊕ n∑ δ=1 m^′_δ W^δ_H ⊕ [ψ̄^∗(L_H), L^{(3)}]. (4.75)

From the Schur theorem we can write ϕ as a sum over the different representations of H, ϕ = ϕ^0 ⊕ ( ⊕^n_{δ=1}ϕ^δ ) , (4.76) with ϕ^0 : L_{N /H} −→ L^{(0)}_Y , (4.77) ϕ^δ : L^δ_L −→ L^{(2) δ}_Y . (4.78) Let us now define a family of basic interwining operators: ι^δ_{i,k} : L^δ_{Li} −→ L^{(2) δ}_{Yk} . (4.79) We can then write ϕ^δ = m_i∑

i=1 m^′_k∑

k=1 ι^δ_{i,k}ϕ^{δ i,k}. (4.80) Since over L^{(1) δ}_{Yk} , for k = 1, · · · , m^′_δ, it acts the same representation W^δ of H,

ϕ^{δi} = m^′_k∑

k=1 ι^δ_{i,k}ϕ^{δ i,k}, (4.81) will be transformed by H as a m^′_k-multiplet within the representation W^δ. For each δ, there will be m_δ (m_δ + 1)/2 multiplets, and so there will be a total of N_{mult} multiplets of scalar fields, with N_{mult} given by N_{mult} = 1 2 n∑ δ=1 m_δ(m_δ + 1). (4.82)

There will be also a singlet if L_{N /H} is non-trivial.

Case when G/H is Symmetric When G/H is symmetric, L_H can be decomposed into L_H = L^0_H + L^1_H + L^2_H, (4.83) with L^δ_H, δ = 0, 1, 2, simple subalgebras. We shall then have three distinct representations of H, W^0, W^1 and W^2. Those will induce the following decomposition of L_P :

L_P = L_{N /H} ⊕ L^1_L ⊕ L^2_L. (4.84) Without losing generality, we can take m_δ = 1, δ = 1, 2, having then for the multiplets

ϕ^δ = m^′_δ∑

k=1 ι^δ_kϕ^{δ,k}, (4.85)

with ι^δ_k : L^δ_L → L^{(2) δ}_{Yk} . We shall then get N_{mult} = 2 multiplets of scalar fields and possibly one singlet.

4.4.3 Symmetry Breaking Analysis

Case when G ⊂ Y Let it be defined the mapping Λ : M̄ × L_G −→ L_Y (z̄, λ) −→ { ψ̄∗_e (λ), if λ ∈ L_H, ϕ(z̄)(λ), if λ ∈ L_P . (4.86)

We can then express the potential through Λ, by taking

a_{ab}(z̄) = 1 2 [Λ(z̄, λ_a), Λ(z̄, λ_b)]_Y − 1 2 Λ(z̄, [λ_a, λ_b]_G). (4.87)

Since the potential is the sum of non-negative internal products in Y, it must always be non-negative and so if we take Λ to be an homeomorphism of Lie algebras by defining an appropriated ϕ, we shall have V (ϕ) = 0, with ϕ as a minimum of the potential. The group that leaves this minimum invariant will be the effective gauge group of the theory. Since it is the homomorphism Λ that defines this minimum, it shall be the group R that leaves invariant Λ.

By taking L_R to be the Lie algebra of that group R, we shall have L_R = C_{LY} (Λ(L_G )), (4.88) with C_{LY} (Λ(L_G )) the centraliser of the Lie algebra of G in L_Y .

Moreover we shall have L_R ⊂ L_C , with C the centraliser of ψ̄(H) in Y. That is, there will be a spontaneous symmetry breaking of the reduced gauge group C to R.

Case when G/H is symmetric When G/H is symmetric we have [L_P , L_P] ⊂ L_H and since L_G is simple, [L_P , L_P] = L_H. We shall further have that [λ_a, λ_b]_{LP} = 0 and ϕ([λ_a, λ_b]_{LP} ) = 0. Thus the only surviving terms in (4.45) shall be

V^{(0)} = 1 4 < ψ̄^∗([λ_a, λ_b]_{LH} ), ψ̄^∗([λ^a, λ^b]_{LH} ) >_{LY} , (4.89) V^{(2)}(ϕ) = − 1 2 < [ϕ(λ_a), ϕ(λ_b)]_{LY} , ψ̄^∗([λ^a, λ^b]_{LH} ) >_{LY} , (4.90) V^{(4)}(ϕ) = 1 4 < [ϕ(λ_a), ϕ(λ_b)]_{LY} , [ϕ(λ^a), ϕ(λ^b)]_{LY} >_{LY} . (4.91)

Moreover we will suppose that the basis {λ_a} of L_P will be adapted to the decomposition of L_P . We can then proceed to the analysis of each of these terms.

V^{(0)}. Since ϕ̄^∗ : L_H → L_Y is an homomorphism of Lie algebras and the internal product of L_Y is, by force, Ad(L_Y )-invariant, we can define an Ad(L_H)-invariant internal product on L_H by simply taking < λ_H, λ^′_H >_{LH} =< ψ̄^∗(λ_H), ψ̄^∗(λ^′_H) >_{LY} . (4.92) We shall then have for V^{(0)},

V^{(0)} = 1 4 < [λ_a, λ_b]_{LH} , [λ^a, λ^b]_{LH} >_{LH} . (4.93)

Being a basis of L_P , {λ_a} shall obey [λ_a, λ_b] = λ_{ab}, for some λ_{ab} ∈ L_H. Then

V^{(0)} = 1 4 < λ_{ab}, λ^{ab} >_{LH} . (4.94) Since the norm on L_H is always positive, we shall have V^{(0)} > 0. (4.95) Let us now proceed to the analysis of λ_{ab} considering the symmetric decomposition (4.83). Since [λ_a, λ_b] is non null only if λ_a and λ_b are in the same representation and belong to the same space L^{(1)}_P or L^{(2)}_P , we shall have that λ_{ab} ∈ L^{(1)}_P or λ_{ab} ∈ L^{(2)}_P , respectively. Since {λ_a} is adapted, we shall have

V^{(0)} = 1 4 ∑ a,b∈L^{(1)}_H < λ_{ab}, λ_{ab} >_{LH} + 1 4 ∑ a,b∈L^{(2)}_H < λ_{ab}, λ_{ab} >_{LH} , (4.96)

where we have used the fact that L^{(1)}_H and L^{(2)}_H are orthogonal. V^{(2)}. Let us write ϕ in terms of the basic interwining operators ι^δ_k:

ϕ = 2∑ δ=0 m^′_k∑

k=0 ϕ^{δk}ι^δ_k = ∑ δk ϕ^{δk}ι^δ_k = ∑ Δ ϕ^Δι_Δ, (4.97)

where we have taken Δ = (δ, k) and m^′_0 = 1.

The second term in the potential will then be given by V^{(2)} = − 1 2 ∑ ΔΔ^′

ϕ^Δϕ^{Δ′} < [ι_Δ(λ_a), ι_Δ′ (λ_b)]_{LY} , ψ̄^∗(λ^{ab}) >_{LY} , (4.98)

with λ^{ab} = [λ^a, λ^b] ∈ L_H. Since we have chosen the decomposition of L_Y to be orthogonal with respect to < ·, · >_{LY} , the above internal product will be null unless [ι_Δ(λ_a), ι_Δ′ (λ_b)]_{LY} ∈ ψ̄^∗(L_H).

There must then be an element λ^′_{ab} ∈ L_H such that ψ̄^∗(λ^′_{ab}) = [ι_Δ(λ_a), ι_{Δ′} (λ_b)]_{LY} . (4.99) We will then have < [ι_Δ(λ_a), ι_Δ′ (λ_b)]_{LY} , ψ̄^∗(λ^{ab}) >_{LY} =< ψ̄^∗(λ^′_{ab}), ψ̄^∗(λ^{ab}) >_{LY} =< λ^′_{ab}, λ^{ab} >_{LH} . (4.100) We can now take, since [L_P , L_P] = L_H, λ^′_{ab} = [λ^′_a, λ^′_b], (4.101) with the λ^′_a connected to the λ_a through a rotation: λ^′_a = R^c_aλ_c. (4.102) So we get λ^′_{ab} = R^c_aR^d_b λ_{cd}, having < λ^′_{ab}, λ^{ab} >_{LH} = R^c_aR^d_b < λ_{cd}, λ^{ab} >_{LH} (4.103) This internal product will only be non-null if both λ_{cd} and λ^{ab} belong to the same representation, which shall be L^{(1)}_H or L^{(2)}_H . From this we conclude that (4.99) is non null only when Δ = Δ^′. The sum will then be restricted to a sum over the identical representations, which implies that (since {λ_a} is adapted): < λ^′_{ab}, λ^{ab} >_{LH} = δ_{ΔΔ}′ 2∑ δ=1 ∑ a,b,c,d∈L^{(δ)}_H R^c_aR^d_b < λ_{cd}, λ_{ab} >_{LH} , (4.104)

that is, < λ^′_{ab}, λ^{ab} >_{LH} = c(R)δ_{ΔΔ}′ , (4.105) with c(R) = 2∑ δ=1 ∑ a,b,c,d∈L^{(δ)}_H R^c_aR^d_b < λ_{cd}, λ_{ab} >_{LH} . (4.106)

The second term of the potential has then the form

V^{(2)}(ϕ) = − 1 2 c ‖ ϕ ‖^2, (4.107) with ‖ ϕ ‖^2= ∑ Δ (ϕ^Δ)^2. (4.108)

V^{(4)}. As before, let us write ϕ = 2∑ δ=0 m^′_k∑

k=0 ϕ^{δk}ι^δ_k = ∑ δk ϕ^{δk}ι^δ_k = ∑ Δ ϕ^Δι_Δ. (4.109)

We get for the fourth term in the scalar potential

V^{(4)}(ϕ) = 1 4 ∑ ΔΔ^′ Δ^{′′} Δ^{′′′}

ϕ^Δϕ^{Δ′} ϕ^{Δ′′} ϕ^{Δ′′′} < [ι_Δ(λ_a), ι_Δ′ (λ_b)]_{LY} , [ι_Δ′′ (λ^a), ι_Δ′′′ (λ^b)]_{LY} >_{LY} . (4.110) As before, the commutators in the internal product are non null only when they act over the same representation:

V^{(4)}(ϕ) = 1 4 ∑ ΔΔ^′

(ϕ^Δ)^2(ϕ^{Δ′} )^2 < [ι_Δ(λ_a), ι_Δ(λ_b)]_{LY} , [ι_Δ′ (λ^a), ι_Δ′ (λ^b)]_{LY} >_{LY} . (4.111) There will be then two elements, λ_{ab}, λ^′_{ab} ∈ L_H such that ψ̄^∗(λ_{ab}) = [ι_Δ(λ_a), ι_Δ(λ_b)]_{LY} , (4.112) and ψ̄^∗(λ^′_{ab}) = [ι_{Δ′} (λ_a), ι_{Δ′} (λ_b)]_{LY} . (4.113) We shall then have, with identical definitions as in the previous paragraph,

V^{(4)}(ϕ) = 1 4 ∑ ΔΔ^′

(ϕ^Δ)^2(ϕ^{Δ′} )^2R^{′c}_a R^{′d}_b < λ_{cd}, λ^{ab} >_{LH} . (4.114)

By the same line of thought, we get

V^{(4)}(ϕ) = 1 4 c(R^′) ‖ ϕ ‖^4, (4.115)

with c given by (4.106) and ‖ ϕ ‖^4= ∑ Δ (ϕ^Δ)^4. (4.116)

V. The potential is then given by

V (ϕ) = 1 4 c(R^′) ‖ ϕ ‖^4 − 1 2 c(R) ‖ ϕ ‖^2 + 1 4 c(δ). (4.117)

By taking υ = c(R)/c(R^′) and c(δ) c(R^′) = υ + 4β c(R^′) , we can write the scalar potential in its final form,

V (ϕ) = 1 4 c(R^′) ( ‖ ϕ ‖^2 −υ )_2 + β. (4.118)

By applying the methods of the first sections of this chapter to this potential, one imediatly finds out that this potential conduces to a spontaneous symmetry breaking of the gauge group C(Y).

Some examples for the explicit determination of the scalar potential can be found in [84] and in [18].

4.5 Spontaneous Compactification

In the third chapter was presented a dimensional reduction scheme of a multidimensional universe that naturally follows from the fibre bundle structure that the last possesses. One of the questions that may be asked is whether such structure should be given a priori, or rather should result from some dynamical mechanism.

As presented in the literature [45, 92, 18], such dynamical mechanism can be achieved only thought the introduction of matter fields in an Einstein multidimensional universe since Einstein equations in the absence of matter fields terms can not lead to a manifold whose structure would be a fibre bundle with a non-Abelian symmetry group.

The standard procedure is to add Yang-Mills fields in the Hilbert-Einstein action [45, 92]. This represents an apparently withdraw in the Kaluza-Klein unification idea but with the advent of supergravity theories in multidimensional universes [46, 47], such procedure becomes inherent to the need that the action be supersymmetric.

4.5.1 Compactification of an Homogeneous Space

Let us consider a m-dimensional Riemannian manifold (M, γ) over which is defined a principal fibre bundle F(M, Y, p, Ψ). A local infinitesimal connection form defined on F(M, Y) will be considered, as usually, as an Yang-Mills field A over M whose gauge symmetry group will be Y. The local curvature of the infinitesimal connection form will be, aside a factor of 2, the Yang-Mills field strength, F .

The action will be given as the sum of two terms: the Hilbert-Einstein action with a cosmological term, S_{HE} , and the Yang-Mills action, S_{Y M} ,

S = S_{HE} + S_{Y M} . (4.119)

The two will be given by S_{EH} = ∫ M d^mz √ −γ 1 2κ^2

(R − 2Λ_m) , (4.120)

S_{Y M} = 1 4g^2

< F, F >_M, (4.121)

where R is the scalar of curvature of M, Λ_m the cosmological constant in m-dimensions and F^{(â)}_{α̂β̂} = ∂_{α̂}A^{(â)}_{β̂} − ∂_{β̂}A^{(â)}_{β̂} + C^{(â)}_{(b̂)(ĉ)}A^{(b̂)}_{α̂} A^{(ĉ)}_{β̂} (4.122)

is the Yang-Mills field strength of the Yang-Mills field A^{(â)}_{α̂} , and where C^â_{b̂ĉ} are the structure constants of the k-dimensional gauge symmetry group Y^2.

From (4.119) the following equations can be deduced: R_{α̂β̂} − 1 2 γ_{α̂β̂} R + γ_{α̂β̂} Λ_m = κ^2T_{α̂β̂}, (4.123)

∇_{α̂}F^{α̂β̂(â)} + C^{(â)}_{(b̂)(ĉ)}A^{(b̂)}_{α̂} F^{α̂β̂(ĉ)} = 0, (4.124)

where T_{α̂β̂} = − 1 g^2

F^{(â)}_{α̂γ̂} F^{γ̂}_{β̂ (â)} + γ_{α̂β̂} F^{(â)}_{γ̂δ̂} F^{γ̂δ̂}_{(â)}, (4.125)

is the Yang-Mills stress-energy tensor.

We seek a solution of the previous equations in which M adopts a fibre bundle structure M(V_n, G/H, G, π, Φ), with V_n as base space and a d-dimensional homogeneous space G/H that is G-symmetric as the internal space, such that d = m − n ≤ k, the structure group G being a subgroup of the gauge field group Y: G ⊂ Y. We suppose that the Lie algebra of the gauge group Y is reductive,

L_Y = L_G ⊕ L_I , (4.126)

2In this section, in order to distinguish between indices of the gauge group Y and those of the internal space we write the firsts between brackets.

being I the orthogonal complement of G on Y.

Let us choose an adapted orthonormal base of L_Y , {λ̃_{(â)}} = {λ̃_{(ã)}, λ̃_{(ā)}}, such that {λ̃_{(ã)}} is a base of the Lie algebra of G and {λ̃_{(ā)}} a base of L_I , and let us write the Yang-Mills field in that base.

In order to solve the equations (4.123,4.124) we give the following ansatz: 1. The metric on M is reductive γ = g ⊕ ξ, (4.127) where g is the metric on the base space V_n such that the base space presents a null curvature R_{αβ} and ξ is an G-invariant metric of the internal space G/H;

2. The gauge potential is orthogonal to I, A^{(â)}_{α̂} λ̃_â = A^{(ã)}_{α̂} λ̃_{(ã)} ∈ L_G , (4.128) that is, A^{(ā)}_{α̂} = 0.

3. The gauge potential A^{(â)}_{α̂} vanishes on V_n, A^{(â)}_α = 0, (α = 0, · · · , n − 1); (4.129) 4. The gauge potential does not depend on the coordinate system over V_n^3, A^{(â)}_{α̂} = A^{(â)}_{α̂} (x^b), (b = n, · · ·, m − 1); (4.130) 5. The gauge potential is G-symmetric on G/H. With such ansatz the motion equations become − 1 2 g_{αβ}R + g_{αβ}Λ_m = κ^2T_{αβ}, (4.131) R_{ab} − 1 2 ξ_{ab}R + ξ_{ab}Λ_m = κ^2T_{ab}, (4.132) ∇_aF^{ab(â)} + C^{(â)}_{(b̂)(ĉ)}A^{(b̂)}_d F^{ab(ĉ)} = 0, (4.133) where T_{αβ} = 1 4g^2 g_{αβ}F^{(â)}_{ab} F^{ab}_{(â)}, (4.134) T_{ab} = 1 g^2

F^{(â)}_{ac} F^c_{b(â)} − 1 4g^2 ξ_{ab}F^{(â)}_{cd} F^{cd}_{(â)}, (4.135) and R = R^a. From (4.131) we get R = − κ^2 g^2

F^{(â)}_{ab} F^{ab}_{(â)} − 2κ^2Λ_m,

3here we use latin indices to indicate internal space components; Y gauge group components are denoted by latin indices with an hat.

and by inserting this result in (4.132) we have R_{ab} = − κ^2 g^2

F^{(â)}_{ac} F^c_{b(â)}, (4.136) Λ_m = − 1 4κ^2

R. (4.137) Finally we can rewrite (4.136) as R_{ab} = − κ^2 g^2

F^{(ã)}_{ac} F^c_{b(ã)}, (4.138) since the components of F lying on I are all null.

The fifth condition of our ansatz, in which the Yang-Mills is G-symmetric, wasn’t yet used. To do it let us consider the following Lie algebra reduction L_G = L_H ⊕ L_P (4.139) an let it be defined an adapted orthonormal base {λ̈_ã} = {λ̈_ȧ, λ̈_a} on L_G , with {λ̈_ȧ} and {λ̈_a} orthonormated bases of L_H and L_P , respectively. The elements of this base will generate a set of (left or right) fundamental vector fields over G: θ̃^R_{g ã} = d dt (e^{tλ̈ã} g)|_{t=0}, (4.140) θ̃^L_{g ã} = d dt (ge^{tλ̈ã} )|_{t=0}. (4.141) These fields can be projected on G/H, conducing to fundamental fields on this space, θ^R_a = p^a_{∗ ã}θ̃^{ã R}, (4.142) θ^L_a = p^a_{∗ ã}θ̃^{ã L}. (4.143) As fundamental fields they will be G-symmetric vectors on G/H and will constitute a base in the tangent vector space at any point of that space, and so every vector field on G/H can be written as a linear combination of these fundamental fields. In special a G-symmetric vector field will be written as a linear combination on these fields with coefficients that are Ad(G)-invariants, i.e., for a G-symmetric vector field v we have v = v^aθ_a, (4.144) Ad(g)^a_b v^b = v^a, (4.145) for every g ∈ G and we have neglected the left-right nature of the field. We can then write, for the Yang-Mills field, A = A^{(ã)}λ̈_{(ã)} = A^{(ã)a}λ̈_{(ã)}θ_a, (4.146) and since it is G-symmetric, Ad(g)^a_b A^{(ã)b} = A^{(ã)a}. (4.147)

We now proceed to the construction of an G-invariant metric ξ on G/H [4]. By taking its inverse we can write it in the base {θ_a ⊗ θ_b}: ξ^{−1} = ξ^{ab}θ_a ⊗ θ_b. (4.148) The condition that the metric be G-symmetric is then Ad(g)^a_c Ad(g)^b_dξ^{cd} = ξ^{ab}. (4.149) We will consider that the group G is simple. Then once an G-invariant metric is given all the other bi-invariant metrics will be proportional to that, i.e., if ξ_0 is such a metric we can write all the others as ξ = ρ^2ξ_0 of real ρ. A special choice is to make ξ^{ab}_0 = δ^{ab}, that is, ξ^{−1}_0 = ∑ a θ_a ⊗ θ_a. (4.150) In a local coordinate system we should then have ξ^{−1}_0 = ∑ a θ^b_aθ^c_a∂_b ⊗ ∂_c, (4.151)

where θ_a = θ^b_a∂_b.

We can now add the following conditions to our ansatz: 6. The gauge field is orthogonal to H, A^{(ã)}_b λ̈_{(ã)} = A^{(a)}_b λ̈_{(a)} ∈ L_P , (4.152) that is, A^{(ȧ)}_b = 0.

7. We finally take A^{(a)} = μθ_{(a)}, (4.153) i.e., A = μ ∑ a λ̈_a ⊗ θ_a. Then we can write every G-invariant metric of G/H as ξ^{−1} = ρ^2 μ^2 ∑ (a) A^{(a)} ⊗ A^{(a)}, (4.154)

for ρ, μ ∈ R. Writing A in a local coordinate system, A = μ ∑ (a) θ^b_{(a)}λ̈_{(a)} ⊗ ∂_b, (4.155)

we can rewrite (4.154) in terms of components in such local coordinate system as ξ^{bc} = ρ^2 μ^2 ∑ (a) A^{b(a)}A^{c(a)}. (4.156)

We have written our solution in terms of three constants: ρ, μ and Λ_m. We must now introduce this results in the equations obtained in order to find specific values for the three. If we achieve to do so, spontaneous compactification has taken place.

We start by calculating the Ricci tensor of (4.138) by using its proper definition. Since A^{(a)} are, for (a) = 1, · · · , d, covariant vectors on G/H, the Riemann tensor is defined by [∇_b, ∇_c]A^{(a)}_d = −R^e_{bcd}A^{(a)}_e − S^e_{bc}∇_eA^{(a)}_d . (4.157) Being the geometry riemannian, the torsion tensor will be null, S^e_{bc} = 0, and so, ∇_b∇_cA^{(a)}_d − ∇_c∇_bA^{(a)}_d = −R^e_{bcd}A^{(a)}_e . (4.158) By summing over b = d, we get ∇_c∇^bA^{(a)}_b − ∇^b∇_cA^{(a)}_b = R^e_cA^{(a)}_e . (4.159) We have then to determine the covariant derivative of the Yang-Mills vector field in the ansatz that we are using. Since we have written A in terms of the fundamental fields θ, the first must obey the following commutation rules (cf. eq. (2.8)), 1 μ^2

[A^{(a)}, A^{(b)}] = 1 μ C^{(a)(b)} (c) A^{(c)}, (4.160)

and so, by writing A^{(a)} in a local coordinate system, we have A^{d(a)}∂_dA^{e(b)} − A^{d(b)}∂_dA^{e(a)} = μC^{(a)(b)}_{(c)} A^{e(c)}. (4.161) Since the first term is antisymmetric we can replace ∂_d by its covariant partner, ∇_d, A^{d(a)}∇_dA^{e(b)} − A^{d(b)}∇_dA^{e(a)} = μC^{(a)(b)}_{(c)} A^{e(c)}. (4.162) We can now lower the space-like indices of A^{e(b)} and A^{e(a)} by using metric ξ^{ef} , and by considering that its covariant derivative is null, ξ^{ef} (A^{d(a)}∇_dA^b_f − A^{d(b)}∇_dA^{(a)}_f ) = μC^{(a)(b)}_{(c)} A^{e(c)}.

Multiplying and summing by ξ_{ek} we get A^{d(a)}∇_dA^{(b)}_f − A^{d(b)}∇_dA^{(a)}_f = μC^{(a)(b)}_{(c)} A^{(c)}_f .

By noticing that the fundamental vector fields θ_a are Killing vector fields on G/H, obeying the Killing equation, ∇_bθ_{c a} + ∇_cθ_{b a} = 0, (4.163) we shall have that the Yang-Mills vector field components on L_P will also be Killing vectors:

∇_bA^{(a)}_c + ∇_cA^{(a)}_b = 0, (4.164) for (a) = 1, · · ·, d, and so we can take −A^{d(a)}∇_f A^{(b)}_d + A^{d(b)}∇_f A^{(a)}_d = μC^{(a)(b)}_{(c)} A^{(c)}_f .

Multiplying and summing both members by A_{e(a)},

A^{d(b)}A_{e(a)}∇_f A^{(a)}_d − A_{e(a)}A^{d(a)}∇_f A^{(b)}_d = μC^{(a)(b)}_{(c)} A^{(c)}_f A_{e(a)}, and using (4.156) in the second term of the first member, we find

A^{d(b)}(∇_f (A_{e(a)}A^{(a)}_d ) − A^{(a)}_d ∇_f A_{e(a)}) − μ^2 ρ^2 ξ^d_e ∇_f A^{(b)}_d = μC^{(a)(b)}_{(c)} A^{(c)}_f .

The first term inside the brackets is, up to a factor, the covariant derivative of the metric ξ_{ed}, and so it is null. By defining

χ^{(b)(a)} = ρ^2 μ^2

A^{d(b)}A^{(a)}_d , (4.165)

we have −χ^{(b)(a)}∇_f A_{e(a)} − ∇_f A^b_e = ρ^2 μ C^{(a)(b)} (c) A^c_f A_{e(a)}, i.e., (δ^{(b)}_{(a)} + χ^{(b)}_{(a)})∇_f A^{(a)}_e = ρ^2 μ C^{(b)(d)} (c) A^{(c)}_f A_{e(d)}, (4.166)

where we have used χ^{(a)(b)} = χ^{(b)(a)}. Since χ^{(a)}_{(b)} χ^{(b)}_{(c)} = χ^{(a)}_{(c)} , we shall have

∇_f A^{(a)}_e = ρ^2 μ C^{(b)(d)} (c) A^{(c)}_f A_{e(d)} ( δ^{(a)}_{(b)} − 1 2 χ^{(a)}_{(b)} ) , (4.167)

We now make use of the following relations, ∇_eA^{(a)}_e = 0, (4.168) ∇^e∇_f A^{(a)}_e = −∇^e∇_eA^{(a)}_f = −∇^2A^{(a)}_f , (4.169) derived from (4.164). The Ricci tensor is given by R^d_f A^{(a)}_d = ∇^e∇_f A^{(a)}_e − ∇_f ∇^eA^{(a)}_e , (4.170) and so R^d_f A^{(a)}_d = −∇^2A^{(a)}_f . (4.171) By taking the divergence of (4.167) we have

∇^2A^{(a)}_f = ρ^2 μ C^{(b)(d)} (c) A^{(c)}_e ∇^eA_{f(d)} ( δ^{(a)}_{(b)} − 1 2 χ^{(a)}_{(b)} ) , and using again (4.167),

∇^2A^{(a)}_f = ρ^4 μ^2 C^{(b)(d)} (c) C_{(e)(f)(g)}A^{(c)}_e A^{e(g)}A^{(f)}_f ( δ^{(d)}_{(e)} − 1 2 χ^{(d)}_{(e)} ) ( δ^{(a)}_{(b)} − 1 2 χ^{(a)}_{(b)} ) , i.e.,

∇^2A^{(a)}_f = ρ^2C^{(b)(d)}_{(c)} C_{(e)(f)(g)}χ^{(g)}_{(c)} A^{(f)}_f ( δ^{(d)}_{(e)} − 1 2 χ^{(d)}_{(e)} ) ( δ^{(a)}_{(b)} − 1 2 χ^{(a)}_{(b)} ) . Performing all the calculations, we get R_{ab} = − 3 4 ρ^2ξ_{ab} + ρ^4 2μ^2

A^{(a)}_a A^{(b)}_b C_{(a)(c)(d)}C^{(c)(f)}_{(b)} χ^{(d)}_{(f)}, (4.172)

or by defining, following [92],

K_{(a)(b)} = C_{(a)(c)(d)}C^{(c)(f)}_{(b)} χ^{(d)}_{(f)}, (4.173)

the Ricci tensor will be given by R_{ab} = − 3 4 ρ^2ξ_{ab} + ρ^4 2μ^2

A^{(a)}_a A^{(b)}_b K_{(a)(b)}. (4.174)

The Yang-Mills strength tensor non null components can be written as

F^{(a)}_{ab} = ∇_aA^{(a)}_b − ∇_bA^{(a)}_a + C^{(a)}_{(b)(c)}A^{(b)}_a A^{(c)}_b ,

and using (4.164), F^{(a)}_{ab} = 2∇_aA^{(a)}_b + C^{(a)}_{(b)(c)}A^{(b)}_a A^{(c)}_b . (4.175) From (4.167), we have

F^{(a)}_{ab} = ( 1 + 2ρ^2 μ ) C^{(a)}_{(b)(c)}A^{(b)}_a A^{(c)}_b − ρ^2 μ C^{(b)}_{(c)(d)}A^{(c)}_a A^{(d)}_b χ^{(a)}_{(b)} , (4.176)

and after some straightforward calculations,

− F^{(a)}_{ac} F^c_{b(a)} = ξ_{ab} ( 3 − μ ρ^2 ) + ( μ^2 ρ^2

− 2ρ^2 ) A^{(a)}_a A^{(b)}_b K_{(a)(b)}. (4.177)

The Einstein equations are then

−^3_4 ρ^2ξ_{ab} +^{ρ4}_{2μ2} A^{(a)}_a A^{(b)}_b K_{(a)(b)} =^{κ2μ2}_{g2} ξ_{ab} ( 3 −^μ_{ρ2} ) +^{κ2}_{g2} (_{μ2} ρ^2 − 2ρ 2 ) A^{(a)}_a A^{(b)}_b K_{(a)(b)},

i.e., [ κ^2 g^2 ( μ^2 ρ^2

− 2ρ^2 ) − ρ^4 2μ^2 ] A^{(a)}_a A^{(b)}_b K_{(a)(b)} + [ κ^2μ^2 g^2 ( 3 − μ ρ^2 ) + 3 4 ρ^2 ] ξ_{ab} = 0. (4.178)

The Yang-Mills equations, after some tedious calculations, assume the form ( 1 − μ ρ^2 ) ( [ ρ^2 + μ ] K^{(a)}_{(b)} A^{b(b)} − 3 2 ρ^2A^{b(a)} ) = 0. (4.179)

The cosmological constant will be given by

Λ_m = − 1 4κ^2

R^a =

3ρ^2d 16κ^2 − ρ^4 8κ^2μ^2 χ^{(a)(b)}K_{(a)(b)}. (4.180)

Presented this three sets of equations, one must now take a convenient choice of the parameters (μ, ρ, Λ_m) that obey them. In order to such solution to be possible one must have [92] K^{(a)}_{(b)} A^{(b)}_b = cA^{(a)}_b , (4.181) for real c. The equations will then be, [ κ^2 g^2 ( μ^2 ρ^2

− 2ρ^2 ) − ρ^4 2μ^2 ] c μ^2 ρ^2 + κ^2μ^2 g^2 ( 3 − μ ρ^2 ) + 3 4 ρ^2 = 0, (4.182) ( 1 − μ ρ^2 ) [( 1 + μ ρ^2 ) c − 3 2 ] = 0, (4.183)

Λ_m = ρ^2d 8κ^2 ( 3 2 − cρ^2 μ^2 ) . (4.184)

Two solutions are then easily found, 1. When μ = ρ^2, we will have a solution with μ = g^2 2κ^2 c −^3_2 2 − c , (4.185)

Λ_m = d 8κ^2 ( g^2 3 4 c −^3_2 2 − c − c ) . (4.186)

The dependence of Λ_m with ρ^2 is given by

Λ_m(ρ^2) = 3d 16κ^2 ρ^2 − dc(ρ^2) 8κ^2

, (4.187)

with

c(ρ^2) =

2ρ^2 +^{3g2}_{4κ2} ρ^2 +^{g2}_{κ2}

. (4.188)

2. When 1 +^μ_{ρ2} =^3_{2c} , the Yang-Mills equation is satisfied and we shall have from the Einstein equation, μ = g^2 κ^2

1 −^1_2 c (_3 2c − 1 ) ( c +^3_{4c} − 1

) . (4.189)

The cosmological constant will be given by

Λ_m = dc 8κ^2 ( g^2 κ^2

1 −^1_2 c ( 1 −^1_3 c

) (_3 2c − 1 ) ( c +^3_{4c} − 1 ) − 1 c ) . (4.190)

It remains to verify if such solutions are consistent with the fact that the internal space is an homogeneous space, i.e., we must be able to solve (4.181) for a general homogeneous space. We can simplify K^{(a)}_{(b)} to

K^{(a)}_{(b)} = δ^{(a)}_{(b)} − C^{(a)(c)(d)}C_{(b)(c)(d)}, (4.191)

and so the condition (4.181) can be restated as

C^{(a)(c)(d)}C_{(b)(c)(d)} = (1 − c)δ^{(a)}_{(b)} . (4.192)

There are two special cases for which this is verified: the one in which the internal space is a Lie group, and that in which is a symmetric homogeneous space.

In the first case, we shall have H = e, having then c = 1. We get, μ = 4g^2 3κ^2

, (4.193) and Λ_m = 1 8κ^2 ( 2g^2 κ^2 − 1 ) . (4.194)

In the second case, we have (cf. [92])

C^{(a)(c)(d)}C_{(b)(c)(d)} = 1 2 δ^{(a)}_{(b)} , (4.195)

and so c =^1_2 , μ = g^2 3κ^2

, (4.196) and Λ_m = − d 16κ^2 ( g^2 + 1 ) . (4.197)

A fibre bundle structure can then be dynamical achieved by the introduction of Yang-Mills-type fields terms in an action of Hilbert-Einstein type defined over a manifold without such type of structure.

Chapter 5

MODEL BUILDING

The construction of realistic models within the Kaluza-Klein frame is analysed and its principal problems discussed. In particular, the chiral and the hierarchy problems are examined and some solutions presented. From the construction of an effective field theory from the M-theory, the Randall-Sundrum model can be obtained, solving the hierarchy problem.

5.1 Model Building

5.1.1 The Symmetry Breaking Scheme

In chapter 3 we have presented the dimensional reduction process by which a fibre bundle F(M, F, Y, p, Ψ) defined over a multidimensional universe M that has also a fibre bundle structure, M(V_n, M, G, π, Φ), with a homogeneous space M = G/H as internal space, can be reduced to a lower dimensional fibre bundle F^r(M̄ , F, C, p^r, Ψ^r) defined over a manifold M̄ ⊂ M, representative of our observed universe and that does not possess a particular structure.

We have firstly reduced the fibre bundle of linear frames Ê(M) to that of adapted frames Ë(M). This can then be reduced to the fibre bundle of orthonormal frames Ẽ(M̄) over M̄ times a principal fibre bundle W(M̄, N (H)/H) with a structure group N (H)/H. Physically this means that an Hilbert-Einstein action defined over a multidimensional universe that possesses a fibre bundle structure will conduce to an Hilbert- Einstein-Yang-Mills action defined over the observed universe, being the gauge group of the Yang-Mills field, N (H)/H. This action will also contain several scalar fields that can, in special conditions, break spontaneously this gauge group, conducing to the well known effect of generation of masses for the gauge field.

We have secondly analysed the reduction process for a generic principal fibre bundle F(M, Y) defined over a multidimensional universe M(V_n, G/H, G) when a Hinvariant section σ : V_n → M is given - and so N /H will be trivial. In this case the reduced principal fibre bundle will be of the form F^r (M̄, C), with M̄ = σ(V_n) and C the centraliser of the H-action in Y through a mapping ψ̄. If an infinitesimal connection form ω is defined over F, we shall have that over F^r there will also be defined an infinitesimal connection form ω^r together with a scalar field ξ^r . If one writes the action of ω over F, this will be reduced to an action over M̄ that will contain an Yang-Mills term, being the gauge group C, a scalar field kinetic term and a scalar field potential V (ϕ). This scalar potential will lead, in general, to a spontaneous symmetry breaking of the gauge group C (cf. chapter 4). We have derived its explicit form for the case when the internal space is a symmetric space. An extension of this analysis of symmetry breaking by dimensional reduction to the supersymmetric case was given in [94, 95, 96].

Thirdly, we have reduced G-invariant matter fields over M(V_n, G/H, G), and fourthly we have performed a more general type of dimensional reduction by reducing matter fields with no such symmetry requirement. For that purpose we have made a Fourier decomposition of the matter fields into G-invariant components that could then be reduced by the methods presented before.

There will then occur, in general, two types of symmetry breaking in non-Abelian Kaluza-Klein theories: a geometric symmetry breaking during the dimensional reduction process and a spontaneous symmetry breaking resulting from that dimensional reduction.

These two types of symmetry breaking can be usefully used in the construction of realistic models. One could consider, for instance, a large gauge group Y ⊃ SU (3) × SU (2) × U (1) such that by geometric symmetry breaking could be reduced to C = SU (3) × SU (2) × U (1), and then to break it by the common spontaneous symmetry breaking process to R = SU (3)×U (1), being this induced by the scalar field resulting from the previous dimensional reduction. This however can’t be done - at least for the conventional Kaluza-Klein theories - for fermion type fields (this problem will be presented later on). Another problem is that we are forcing all matter fields in the theory to be symmetric, and there is no reason a priori to do so.

If we do not retain the symmetry necessity of the matter fields, then we should write all fields in the theory in terms of their Fourier symmetric components. This however will inevitably conduce to a tower of symmetric fields with increasing masses. Since such massive fields are not currently observed and considering the resolution of the present detectors we have to impose a very small volume for the internal space of the multidimensional universe of the constructed model. The stability of such small space should then be analysed. There are various types of stabilisation mechanisms but we will only make a short remark of one induced at a quantum level.

5.1.2 The Spontaneous Compactification

A difficulty that could be risen is why should the multidimensional universe of our theory have a fibre bundle structure? To bypass this difficulty one should find such structure as a ground state of a more general model. One could then consider small disturbances around this state and then to expand all fields of the theory in its Fourier components, integrating next over the internal space of such ground state. The result would be, as before a tower of states with increasing masses.

With the spontaneous compactification process presented in the last chapter we could achieve the desired fibre bundle structure with the wished internal space for the multidimensional universe of the model. No need is then to consider a priori such structure since that can be obtained by such dynamical mechanism.

5.1.3 Quantum Kaluza-Klein Theories

Through this work, only classical aspects (together with some generic quantum aspects such as spontaneous symmetry breaking processes) were considered. There is however a vasty literature available on the quantisation of Kaluza-Klein theories (in special, for the abelian ones). Here we make only special reference to the article [25] where a justification for the small volume of the internal space of a Kaluza-Klein type model was presented by extending the known Casimir effect to the gravitation field. At a quantum level, due to the compact nature of the internal space there will be a Casimir force that will decrease the volume of that space. In [25] that analysis was only done for the abelian Kaluza-Klein type models, but it is to suppose that a similar behaviour will be found for the non-abelian ones.

5.2 The Chiral Problem

5.2.1 The Non-Go Witten Theorem

One of the main features of the SM and of SM type-like extensions is the existence of a left-right fermion asymmetry in the base space V̄_4, asymmetry that is derived from the V-A behaviour of the electroweak fermion currents. In this sense, at Weinberg-Salam energies (∼ 300 GeV), left-handed fermions transform differently from right-handed ones under the gauge symmetry group SU (3)×SU (2)×U (1). This imediatly conduces to the severe constrain, due to gauge invariance, that fermions should be massless, acquiring mass only through a spontaneously symmetry breaking of the electroweak symmetry gauge group SU (2) × U (1). This is usually done by introducing a scalar field in the theory (that is a doublet under SU (2)) that will present a non null vacuum expectation value (VEV), and that its redefinition will, through the Higgs mechanism, break the SU (2) × U (1), then producing fermionic masses. Such type of symmetry breaking process can only produce masses that are close to the mass scale at which SU (2) × U (1) is broken (m_{EW} ∼ 10^3 GeV), and thus the relative light mass of fermions can by this way be explained.

Through the Kaluza-Klein scheme one can naturally identify a gauge field as a local infinitesimal connection form on a higher dimensional universe that presents a principal fibre bundle structure (or a fibre bundle structure with an associated principal fibre bundle on which the infinitesimal connection is defined). Gauge and internal symmetries are then considered as external symmetries (in a geometric sense). The construction of a realistic Kaluza-Klein theory [120] would then involve a differentiable fibre bundle M(V_4, G/H, G, π, Φ) whose internal space could be made an homogeneous space - due to economical reason, cf. [120] - on which the action of an non-abelian group G, such that SU (3) × SU (2) × U (1) ⊂ G, should be given.

Fermions should then be introduced a posteriori as sections of an spinor bundle, Ẽ(M), defined over M. And at this point we are faced with a first problem: fermions should be massless in the reduced universe, V̄_4. The difficulty is obvious: if we start with a fermionic field ψ (that is an scalar under general coordinate transformations) in M that obeys the massless Dirac equation on M:

/D̃ψ = γ^{β̂} ~∇_{β̂} ψ = 0, (5.1)

and if we choose a local coordinate system at z ∈ M such that the first four coordinates are a local coordinate system of V̄_4 and the remaining a local coordinate system of the internal space at z, then the previous equation assumes the form

/D̃ψ = γ^β ~∇_βψ + γ^b ~∇_bψ = 0, (5.2)

where, as in the previous chapters, the greek letters refer to the reduced space and the latin ones to the internal space. We then see that the two terms appearing in this equation are, respectively, the Dirac operators of the fermionic field in the reduced and the internal space, and so /D̃^{(4)}ψ + /D̃^{(int)}ψ = 0, (5.3)

with an obvious notation, and we imediatly see that the eigenvalue of the internal Dirac operator became the observed mass in the reduced space.

A spectral analysis of the Dirac operator over the internal space shall then be done. Since in all Kaluza-Klein type theories the internal space is compact, the spectrum of /D̃^{(int)} is discrete. Its non-null eigenvalues will correspond to massive fermions on V̄_4, and since as usually one takes the internal space volume to be of the order of the Planck mass, these eigenvalues will give extremely huge masses, and so such fermions, if to exist, are far from being observed by current detectors. The zero modes of /D̃^{(int)} will give origin to massless fermions on V̄_4, those belonging to the SM.

Two pertinent questions can then be made: does the Dirac operator have zero modes for some specific internal space? And if it do so can the eigenvectors of such zero modes possess two different representations of the gauge group SU (3)×SU (2)×U (1) - a left and a right-handed one?

An answer to the first question was first given for a special situation by Palla [108] and a general treatment for positive curved internal spaces was first presented by Lichnerowicz [90].

Chapline, Manton, Slansky and Witten [38, 39, 97, 120] were the first to discuss the problem of obtaining a complex spectrum in Kaluza-Klein theories and Witten [121] gave its final answer: no such complex spectrum can be achieved in a multidimensional universe with a compact oriented differentiable manifold without boundary as internal space. Several solutions were proposed [120, 121, 119] to solve the chiral problem, namely by abandoning the assumption that the internal space is compact without boundary [121, 119] or by modifying the riemannian geometry [119]. Another solution, proposed by Randjbar-Daemi, Salam and Strathdee [111], would be to consider additional gauge fields to the theory, as needed in non-Abelian Kaluza-Klein theories to induce a spontaneous compactification, considering that the compactification involves a topologically non-trivial configuration of such gauge fields. A similar exposition but with large extra dimensions was given in [54]. Another solution for the chiral problem was provided by Hosotani in [78], by observing that the Casimir effect can induce, under certain circumstances, the spontaneous breakdown of gauge symmetries with the desired chiral asymmetry.

The Atiyah-Hirzebruch-Witten Theorem By defining the character-value index of the Dirac operator as the number of zero modes of that operator, we can present the two theorems deduced by Witten in [121]:

Atiyah-Hirzebruch Theorem. The character-valued index of the Dirac operator vanishes on any manifold with a continuous symmetry group.

Atiyah-Hirzebruch-Witten Theorem. The character-valued index of the Rarita- Schwinger operator vanish on any homogeneous space.

These two non-go theorems represent a serious obstacle on the construction of realistic Kaluza-Klein theories.

5.2.2 The Wetterich Procedure

The Wetterich evasion procedure [119] of the non-go Witten theorem consists in perform modifications of the conditions to which the theorem applies. The first procedure presented by Wetterich [119], and Witten first suggested [121], is to abandon the assumption that the internal space is compact without boundary; the second, more radical procedure, is to modify the riemannian geometry of the total space. In this procedure one replaces the usual riemannian geometry constrains

γ_{α̂β̂} = e^{b̂}_{α̂}e_{β̂b̂}, (5.4) ∇_{α̂}e_{β̂b̂} = 0, (5.5) Ŝ^{α̂}_{β̂γ̂} = 0, (5.6)

by the following generalised gravity conditions

γ_{α̂β̂} = e^{b̂}_{α̂}e_{β̂b̂} − k_{α̂β̂} , (5.7) ∇_{α̂}e_{β̂b̂} = U_{α̂β̂b̂}, (5.8) Ŝ^{α̂}_{β̂γ̂} ≠ 0. (5.9)

These modifications must be so that in the base space V_n, one has a ground state characterised by

k_{αβ} = 0, (5.10) U_{αβb} = 0, (5.11) S^α_{βγ} = 0. (5.12)

In this way we have modified the geometry of the multidimensional universe but one must get the usual riemannian geometry in the four-dimensional universe up to corrections of the order of the Planck mass. Wetterich has shown that within such generalisation of the Riemann geometry it is possible to construct realistic models - models that would include both bosonic as fermionic massless particles.

5.3 The Hierarchy Problem

5.3.1 The Introduction of Extra-Dimensions

The existence of two apparently fundamental energy scales in nature - the electroweak and the Planck scale - has been subject to a detailed study in last past years. Explaining how can a occur at a so low level (^{mEW}_{mP l} ≈ 10^{−17}) a symmetry breaking, triggered by an elementary scalar, and be perturbatively stable, has been one of the reasons to the construction of theories beyond the SM. Such hierarchy stability could only, up to recent years, be explained by the introduction of techni-color or low-energy supersymmetry, when a new hypothesis concerning the structure of the space-time itself was presented [26] and that could solve the hierarchy problem in a simpler way - by the introduction of a Kaluza-Klein type universe with a small variant: only the gravity can propagate into the internal space.

By the introduction of extra, compact dimensions, the weak strength of gravity at the electroweak scale could be explained. If, for simplicity we take such internal space to be a d-dimensional sphere of radius a, two test masses m_1 and m_2 would feel a type like Gauss potential that would be given by

V (r) = 1 m^{d+2}_{P l(4+d)} m_1m_2 r^{d+1} , (5.13)

where m_{P l(4+d)} dictates the Planck scale of this multidimensional universe.

In order to explain why experimentally one obtains a gravitational potential proportional to r^{−1}, one must take r >> R,

V (r) = 1 m^{d+2}_{P l(4+d)} R^d m_1m_2 r , (5.14)

where the Planck scale of our universe should be m^2_{P l} = m^{d+2}_{P l(4+d)} R^d. Since R is, at this stage arbitrary, we can take m_{P l(4+d)} to be of the order of the electroweak scale, m_{EW} . In fact, we can take m_{P l(4+d)} = m_{EW} , thus resolving the hierarchy problem by taking the electroweak scale to be the only fundamental energy scale [26, 27, 30]. We must then have for R [26],

R ≈ 10^{30/n−17}cm × ( 1 TeV m_{EW} )_{1+2/n} . (5.15)

The case n = 1 is excluded by the experience. All the other cases, n ≥ 2 are possible. The case n = 2, with R ≈ 100μm − 1mm,

is the more interesting one because in a very near future it can be subjected to experience, since deviations from the Newtonian gravity will occur at distances of only one millimetre.

The apparent weakness of gravity is then explained by the propagation of the graviton in the bulk when the SM particles are localised in our 4-dimensional world. In [26] a model was proposed for the trapping of the SM fields by considering a 6-dimensional

5.4. KALUZA-KLEIN, SUPERGRAVITY... AND RANDALL-SUNDRUM 99

theory with a weak scale vortex, being the SM fields localised within its throat. Earlier models for trapping SM particles on a domain wall in Kaluza-Klein theories were presented in [112, 113].

Another problem of this framework is to explain the large size of the extra dimensions [30, 27, 28]. A study of the effects of possible flavour-violating in this model were already presented [29, 33] and a study of the Kaluza-Klein states originated from such large sized extra dimensions can be found in [71].

5.3.2 The Membrane Solution: Randall-Sundrum Scheme

The factorisation of the universe in a 4-dimensional manifold and a very large compact internal space has some unanswered questions, as, for instance, the reason of such large size of the extra-dimensions. For this reason a simpler model was presented [105], in which only one small sized extra-dimension was considered. An extension of this model to a non-compact extra-dimension was given in [106].

These type of models - called after the work of [105] as Randall-Sundrum models - will be analysed in the next chapter.

5.4 Kaluza-Klein, Supergravity, Superstrings, M-theory and Randall-Sundrum

With the advent of supersymmetry [56, 70] and of supergravity [57, 58, 59, 49, 93], the unifying purpose of non-Abelian Kaluza-Klein theories has assumed a secondary role, mainly due to all its problems (cf. previous sections). Only after the introduction of supergravity in multidimensional universes [46, 47, 60] the Kaluza-Klein dimensional reduction techniques have been used directly in the construction of grand unifying theories (GUT’s). Spontaneous compactification assumes then a decisive role in this type theories [60, 53], and the Kaluza-Klein type-like dimensional reduction process becomes the standard procedure in the construction of effective field theories from multidimensional supergravity theories.

Parallel to development of supergravity theories, the superstrings theories have made enormous advances, arriving to a point in which multidimensional supergravity could be derived from it, being in this way more general than supergravity itself.

There are five types of consistent supersymmetric string theories, all defined in a 10-dimensional space: type I (O(32)), heterotic (O(32)), heterotic (E_8 × E_8), type IIA and type IIB. The type I superstring theory contains the open strings and all the other types contain only close strings. Being different, these five types of superstring theories become equivalent if we reduce the dimension of the multidimensional universe. For instance, by compactifying one dimension on a circle we can connect the two heterotic theories as well as the two type-II theories. The strong coupling limit of the six-dimensional toroidally compactified heterotic string is given by the type IIA theory compactified on K3 and vice-versa, and the strong coupling limit of the O(32) heterotic string theory is the type I theory and vice-versa, thus demonstrating the equivalence between all the superstrings theories.

In recent years [122, 123, 124, 76, 77, 125], a more general 11-dimensional theory as been developed: the M-theory. It has been shown [76, 77] that both heterotic E_8×E_8 and type IIA superstring theories can be derived from this theory by compactifying it over the orbifold R^{10} × S^1/Z_2 and the bundle R^{10} × S^1, respectively. M-theory is the most general physical theory constructed so far and it is under an intense investigation.

One particular theme under investigation in M-theory is the determination of alternative effective theories [91]. These effective theories are constructed by performing a generalised Kaluza-Klein dimensional reduction process from eleven down to five dimensions. Only after this reduction to a 5-dimensional theory a final dimensional reduction from five to four dimensions is performed - this being rather different than that previously used, i.e., Kaluza-Klein type-like. The main reason for such intermediate state of a 5-dimensional theory is that the scale of the fifth dimension is larger than that of the Calabi-Yau manifold [91]. The more interesting aspect of these effective theories is that the 5-dimensional theory is a N = 1 supergravity theory defined over a 5- dimensional orbifold with four-dimensional boundaries. The Randall-Sundrum model has its roots in such dimensional reduction process of the M-theory^1, having the conveniently property of solving the hierarchy problem. It is not with a lack of humour that the Randall-Sundrum model is recovered from a Kaluza-Klein-type dimensional reduction process from an eleven-dimensional theory, after its compactification on a manifold (orbifold) with a fibre bundle structure.

1in fact the Randall-Sundrum solution is a simply case of the solution obtained in [91].

Chapter 6

RANDALL-SUNDRUM THEORIES

The Randall-Sundrum model is presented and its principal properties analysed. Some generalizations are given and the stability of the hierarchy discussed.

6.1 The Formalism

6.1.1 Basic Definitions

The Randall-Sundrum geometric set is the following^1: let us consider a m-dimensional manifold (M, γ) with no special structure a priori (such as a fibre bundle structure, for instance) but that contains a b number of riemannian manifolds {(V^I_{nI} , g_I )}_{I=1,···,b} of lower dimension n_I < m called branes. A point over M will be denoted by z and a point over the brane V^I_{nI} will be denoted by x^I . The bulk coordinates describing the position occupied by a point x^I of V^I_{nI} will be dynamical fields and will be denoted by z^I (x^I ). In general, one identifies such submanifolds with boundaries of the initial manifold.

Induced Metrics on the Branes

Since we describe the motion of a brane V^I_{nI} by the coordinates z^I in M, an induced metric on the brane can be found from the metric of the total space M. Let us consider two points x^I and x^I + dx^I on V^I_{nI} . A distance can be introduced between these points using the bulk metric γ,

ds^2_I = γ_{α̂β̂}(z^I (x^I ))dz^{α̂}_I dz^{β̂}_I = γ_{α̂β̂} (z^I (x))∂_αz^{α̂}_I (x^I )dx^α_I ∂_βz^{β̂}_I (x^I )dx^β_I , (6.1)

and from this an induced metric on the brane can be obtained,

g^I_{αβ} = γ_{α̂β̂}(z^I )∂_αz^{α̂}_I ∂_β z^{β̂}_I . (6.2)

1Here we take a generalisation of the models proposed in [109, 110, 105]

6.1.2 Matter Fields

Within the Randall-Sundrum model matter fields are located in a particular brane, being only gravity (for most the models) the one allowed to propagate in the bulk. This is the main feature of the Randall-Sundrum model since it solves the hierarchy problem (cf. chapter 5). We will then consider a matter field configuration as a section of a fibre bundle F_I (V_{nI} , F, Y) defined over a brane V_{nI} ⊂ M.

Dynamical Localisation. The idea of localisation of matter fields into submanifolds of a multidimensional universe traces back to [112, 113], where a multidimensional universe of the form M = V_4 × R was considered. Matter fields of the scalar type were defined over M but a special potential was used [89]:

V (ϕ) = λ 4 ( ϕ^2 − m^2 λ )_2

. (6.3)

For this potential there is a kink solution that depends only on the fifth coordinate:

ϕ_0(y) = m √ λ tanh m(y − y_0) √ 2 , (6.4)

this solution being centred at y = y_0 and providing some type of localisation around that coordinate point. This simple model provides an example of dynamical localisation of fields on a submanifold of a multidimensional universe.

6.2 Dimensional Reduction

6.2.1 Einstein Equations and Israel Junction Conditions

The classical action of an Randall-Sundrum scheme will be given by an Hilbert-Einstein term with a cosmological constant Λ_m in M, b Gibbons-Hawking terms with the respective brane cosmological constants {Λ^I_{nI} }_{I=1,···,b}, and a matter field action of fields located on the branes^2 and on the bulk, S[γ, g_1, · · · , g_b, ϕ] = S_{HE} [γ] + S_{GH} [g_1, · · · , g_b] + S_{BM} [g_1, · · · , g_b, ϕ] + S_M [γ, ϕ] (6.5) with

S_{HE} [γ] = 1 2κ^2 ∫ M d^mz √ −γ (R − 2Λ_m) , (6.6)

S_{GH} [g_1, · · · , g_b] = 1 κ^2 b∑ I=1 ∫ V^I_{nI} d^{nI} x_I √ −g_I ( K^I − Λ^I_{nI} ) , (6.7)

S_{BM} [g_1, · · ·, g_b, ϕ] = b∑ I=1 ∫ V^I_{nI} d^{nI} x_I L^I_{BM} (ϕ, ∂ϕ, g_I), (6.8) S_M [γ, ϕ] = ∫ M d^mzL_M (ϕ, ∂ϕ, γ), (6.9) 2we will consider n_I = n = m − 1 in this section.

and where K^I is the trace of the extrinsic curvature of the I brane, that can be written in terms of a normal vector n^I to V^I_{nI} as [87]

K^I_{α̂β̂} = ~∇_{α̂}n^I_{β̂} . (6.10)

If we take Gaussian normal coordinates to the brane V_{nI} , we can simply take

K^I_{α̂β̂} = 1 2 ∂_ηγ_{α̂β̂} , (6.11)

with δ_η the derivative along the normal coordinate to the brane.

By taking the variation of this action (6.5) with respect to {γ, g_I }_{I=1,···,b}, δS[γ, g_I ] = ∫ M d^mz √ −γ [ −^1_{2κ2} ( R_{α̂β̂} −^1_2 γ_{α̂β̂}R + Λ_mγ_{α̂β̂} ) +^1_2 T_{α̂β̂} ] δγ^{α̂β̂}+ ∑_b I=1 ∫ V^I_{nI} d n_I x I √ −g_I [ −^1_{2κ2} ( K^I_{αβ} − g^I_{αβ}K^I + Λ^I_{nI} g^I_{αβ} ) +^1_2 T^I_{αβ} ] δg^{αβ}, (6.12) where

T_{α̂β̂} = 2 √ −γ δS_M [γ, ϕ] δγ^{αβ} , (6.13)

T^I_{αβ} = 2 √ −g^I δS_{BM} [g_1, · · ·, g_b, ϕ] δg^{αβ}_I , (6.14)

are the m-dimensional stress-energy tensor of the bulk matter fields and the n_I dimensional stress-energy tensor of the matter fields on V^I_{nI} , we obtain the Einstein equations, δS[γ, g_I , ϕ] δγ^{α̂β̂} = − 1 2κ^2 √ −γ ( R_{α̂β̂} − 1 2 γ_{α̂β̂} R + Λ_mγ_{α̂β̂} ) + 1 2 √ −γT_{α̂β̂} = 0, (6.15)

which must be subjected to the Israel junction conditions, δS[γ, g_I , ϕ] δg^{α̂β̂}_I = − 1 2κ^2 √ −g_I ( △[K^I_{αβ} − g^I_{αβ}K^I ] + Λ^I_{nI} g^I_{αβ} ) + 1 2 √ −g_I T^I_{αβ} = 0, (6.16) for I = 1, · · ·, b. In order to find a solution we have to solve the Einstein equation R_{α̂β̂} − 1 2 γ_{α̂β̂}R + Λ_mγ_{α̂β̂} = κ^2T_{α̂β̂} , (6.17)

in the space between the branes - the bulk -, and then assure the jump over all the branes, △[K^I_{αβ} − g^I_{αβ}K^I ] + Λ^I_{nI} g^I_{αβ} = κ^2T^I_{αβ}. (6.18) Another way of writing the Israel junction conditions is [87], △K^I_{αβ} + 1 3 Λ^I_{nI} g^I_{αβ} = κ^2 ( T^I_{αβ} − 1 3 T^{α I}_α g^I_{αβ} ) , (6.19) where △K^I_{αβ} = K^{I +}_{αβ} − K^{I −}_{αβ} , (6.20) with K^{I ±}_{αβ} = lim z→(x^I ,0^±) K^I_{αβ}, being the limit taken along the normal n^I to the brane.

The Randall-Sundrum solution. Let us consider a 5-dimensional universe of the form M = M̄ × S^1/Z_2, where the internal space is a orbifold with a Z_2 symmetry [105]. We will consider that there are two four-dimensional branes in this universe, and by choosing a coordinate y ∈ [0, d] for the internal space we will suppose that they lie at the fixed points y = 0 and y = d. In order to find the ground state for this model, we consider the following action, S[γ, g^±] = 1 2κ^2 (∫ d^4x ∫_d −d dy √ −γ(R − 2Λ_5) − 2Λ^+_4 ∫ d^4x √ −g^+ − 2Λ^−_4 ∫ d^4x √ −g^− ) , (6.21) where we have represented the brane at y = 0 by the plus sign and that at y = d by the minus sign. We will then get the following system of equations, R_{α̂β̂} − 1 2 γ_{α̂β̂} R + γ_{α̂β̂} Λ_5 = 0, (6.22) and △K^±_{αβ} + 1 3 Λ^±_4 g^±_{αβ} = 0, (6.23)

with △K^±_{αβ} = 1 2 ( ∂_yg^±_{αβ}(y^±|_∓) − ∂_yg^±_{αβ}(y^±|_∓) ) , (6.24)

being y^±|_∓ the limit taken from both sides of the position of the brane.

Since we have chosen Gaussian normal coordinates for both branes that overlap, we can simply take g^± = γ(y^± )|_±. (6.25) The equations can then be written in terms of γ only, R_{α̂β̂} − 1 2 γ_{α̂β̂} R + γ_{α̂β̂} Λ_5 = 0, (6.26)

∂_yγ_{αβ} (y^±|_∓)|_± − ∂_yγ_{αβ}(y^±|_∓)|_± + 2 3 Λ^±_4 γ(y^±)|_± = 0. (6.27)

The Randall-Sundrum ansatz is γ = ( e^{−2ϕ(y)}η_{αβ} 0 0 1 ) (6.28)

By inserting it in the previous equations, we get for ϕ(y), ϕ(y) = |y|/l, (6.29) with l = √ − 6 Λ_5

(6.30)

and for Λ^±_4 ,

Λ^±_4 = ± √ −6Λ_5 κ^2

. (6.31)

We then conclude that the bulk of this model must be a slice of an AdS_5 geometry, being the observed universe the brane located at y = y^− = d.

Bulk’s Black Hole Solutions. We can solve the Einstein equations together with the Israel conditions by choosing a known solution for the bulk and then to introduce the wanted number of branes, that will be considered as domain walls, into the bulk - their position unknown at the beginning, and not fixed as in the Randall-Sundrum model - allowing them to move, separating different regions of the bulk. We could, for instance, consider Robertson-Walker type universes [87, 48],

γ = −h_k(y) 0 0 0^{y2}_{l2} g^k_{ij} 0 0 0 h^{−1}_k (y)

, (6.32)

with l given by the same expression as in the Randall-Sundrum, g^k_{ab} being the metric corresponding to a unit three dimensional plane, an hyperboloid or a sphere for k = 0, −1, +1, respectively and

h_k(y) = k + y^2 l^2 − μ y^2

. (6.33)

The geometry of the bulk assumes then a form of the geometry around a black hole [68]. The μ parameter can then be considered to be the mass of that black hole. The singularity at y = 0 will be hidden by an horizon at y = y_h, such that h(y_h) = 0. The case of a bulk’s black hole in a six-dimensional case was analysed in [37]. More general metrics can be considered by supposing that the bulk black hole possesses a charge Q in relation to some Yang-Mills field defined on the bulk [48]. We would then have a AdS-Reissner-Nordstrom metric, with

h_k(y) = k + y^2 l^2 − μ y^2 + Q^2 y^4

. (6.34)

This situation however will be of no use to us.

By introducing only one brane - without matter on it, since we are only determining the ground state of the theory -, we would find out that its position along the extra dimension, y = R(t) would vary with time. In fact, we should get the following motion equation for the brane[87], 1 2 dR dt + V (R) = − k 2 , (6.35) with

V (R) = 1 2 ( 1 − ( Λ_4 Λ_c )) R^2 −

(μ_+ + μ_−)

4R^2 − 1 32 ( Λ_4 Λ_c )_{−2} l^2(μ_+ − μ_−)^2 R^6

, (6.36)

with Λ_4 being the brane tension, μ_± the values of μ on both sides of the brane and

Λ_c = √ −6Λ_5 κ^2 . By taking k = μ_± = 0 and Λ_4 = Λ_c we recover the Randall-Sundrum model with a brane.

6.2.2 Construction of the Effective Theory

After obtaining a solution for the bulk metric γ, the metrics g^I will be given by the restriction of γ to the space occupied by the branes. In general one can’t simply take g^I = γ|_{VnI} if one wishes to use (6.11) since normal coordinates for one brane will not in general be normal coordinates for another one. We use then different charts for the different branes, being all normal to the brane that they are associated. In general these different charts will not overlap, and so we can not simply make g^I = γ|_{VnI} for a given brane. By using gauge invariance we can bypass this problem, adding to γ SO(1, m − 1) gauge invariant terms and then identifying its restriction to V_{nI} with g^I . This gauge invariance of γ will result into the introduction of various scalar fields - the so called radion fields.

The Linearised Theory of the Randall-Sundrum Model. Let us consider small perturbations h̃_{α̂β̂} around the Randall-Sundrum solution, with γ_0 given by (6.28),

γ_{α̂β̂} = γ^0_{α̂β̂} + h̃_{α̂β̂}. (6.37)

For γ_{α̂β̂} to be also a solution of the field equations, h̃ must obey ( d^2 dy^2 − 4 l^2

+ e^{4ϕ(y)}∂_μ∂^μ ) h̃_{αβ} = 0, (6.38)

where, for simplicity we have chosen the Randall-Sundrum gauge [61, 32]: h̃_{44} = h̃_{μ4} = ∂_νh̃^ν_μ = h̃^μ = 0.

In order to apply the boundary conditions on the branes, we shall define two charts such that for a given chart, one of the branes will be written in Gaussian normal coordinates. Of course these two sets of charts will not overlap completely and so we can’t write the metrics in the branes directly in terms of the bulk metric as was done before for the Randall-Sundrum model. We make then use of the coordinate transformation gauge invariance of γ to write [61, 32] (this is the most general gauge transformation), h̃^±_{αβ}(x, y) = h̃_{αβ}(x, y)+l∂_α∂_β ξ^±(x)+ 2 l η_{αβ}e^{−4ϕ(y)}ξ^±(x)+ 1 2 e^{−4ϕ(y)} ( ∂_αξ^±_β + ∂_β ξ^±_α ) , (6.39) with ξ^±(x) a two four-dimensional scalar field and ξ^±_α (x) two four-dimensional vector fields. In the Randall-Sundrum gauge the branes will not be located at y = 0 and y = d, instead, its location will be given by y^± = y^±_0 − ξ^±(x^α), where y^±_0 are the initials positions of the branes. It is this the reason for performing the last gauge transformation.

The Israel junction conditions take then the form ( d dy + 2 l ) h̃_{αβ}(x, y_±) = −2∂_α∂_βξ^±(x). (6.40)

By taking the trace of this equation, and considering that we are in the Randall-Sundrum gauge, we get for the scalar fields [61, 32]- also called radion fields -,

□ξ^±(x) = 0. (6.41)

In the presence of matter T^±_{αβ} ≠ 0 on the branes, we should get [61, 32] ( d dy + 2 l ) h̃_{αβ}(x, y_±) = ∓κ ( T^±_{αβ} − 1 3 η_{αβ}T^± ) − 2∂_α∂_βξ^±(x). (6.42) and □ξ^±(x) = ± 1 6 κT^±(x), (6.43)

In general, we redefine the radion fields by taking then to be dimensionless,

ψ^+ (x) = ξ^+(x) l , ψ^−(x) = e^{−2d/l} ξ^−(x) l , (6.44)

with d the distance between the branes.

6.2.3 The Hierarchy

The Randal-Sundrum Model. Let us consider the Randal-Sundrum model with a complex scalar field ξ defined over the visible brane, i.e., the V^−_4 brane. Its action will be given by

S_s[ξ, ξ^†] = ∫ V^−_4

d^4x √ −g^− ( g^{−αβ}D_αξ^†D_β ξ − V (ξ) ) . (6.45)

By writing γ_{αβ} (d) = g^−_{αβ} and taking γ_{αβ}(d) = e^{−2d/l}η_{αβ}, we shall have,

S_s[ξ, ξ^†] = ∫ V^−_4 d^4xe^{−4ϕ/l} ( e^{2d/l}η^{αβ}D_αξ^†D_β ξ − V (ξ) ) , (6.46)

and by rescaling the scalar field ξ → e^{d/l}ξ, we shall get

S_s[ξ, ξ^†] = ∫ V^−_4

d^4x ( η^{αβ}D_αξ^†D_β ξ − V (e^{d/l}ξ) ) . (6.47)

If we take V to lead to spontaneous symmetry breaking,

V (ξ) = 1 4 c ( ‖ ξ ‖^2 −υ )_2 + β, (6.48)

we shall have for the potential of the rescaled field,

V (ξ) = 1 4 c ( ‖ ξ ‖^2 −e^{−2d/l} υ )_2

+ β. (6.49)

We have then made a rescaling of the non-null expectation vacuum value of the scalar field: υ → e^{−2d/l}υ, thus changing the scale at which the spontaneous symmetry breaking will occur. By conveniently choosing the parameter l, we can take the Planck scale to be coincident with the weak scale, obtaining only one fundamental scale, solving the hierarchy problem.

6.2.4 Quantum Effects

Stabilization of the Radion Fields. One of the questions that could be risen after the construction of a type-like Randall-Sundrum model is whether such a model would be stable. Taking, the Randall-Sundrum two-brane solution, one could ask if the distance between the two branes could vary in such a way that the full system could become unstable. By other words, the radion fields, ψ^±, could be unstable. In order to verify if that is so, let us construct their action:

S[ψ^±] = ∫ V^±_4

d^4x √ −g^± ( 1 2 g^{±αβ}∂_αψ^±∂_βψ^± ) . (6.50)

In general, both fields will be subjected to a non-null scalar field effective potential, and so their effective action will be given by

Γ[ψ^±] = ∫ V^±_4

d^4x √ −g^± ( 1 2 g^{±αβ}∂_αψ^±∂_βψ^± + V^±_{eff} (ψ^±) ) . (6.51)

At a first stage, let us consider, as suggested in [67], the existence of massless bulk fields and let us find their contribuition for V^±_{eff} . Let us consider, for instance, a massless conformally coupled bulk’s scalar field Φ: ( −□ + 3 16 R ) Φ = 0, (6.52)

where the □ is written using the Randall-Sundrum metric solution (6.28). By taking the following redefinition of the scalar field,

Φ → Φ̃ = e^{−3ϕ(y)}Φ, (6.53)

we can rewrite (6.52) as the following equation for Φ̃,

∂_{α̂}∂^{α̂}Φ̃ = 0, (6.54) having for solution Φ̃ = e^{ik·z}. By forcing Φ̃ to the boundary conditions

∂_4Φ̃ = 0, (6.55)

for y = y^±. The eigeinvalues of ∂_{α̂}∂^{α̂} will then be

λ^2_{n,k(4)} = k^2_{(4)} + ( nπ d )_2

, (6.56)

where k_{(4)} denotes the four-momentum along the branes direction.

We can now determine the contribution of the one-loop quantum correction (4.16) for the scalar potential of Φ̃. We have for the zeta-function, ζ ( − ∂_{α̂}∂^{α̂} μ^2 |s ) = +∞∑ n=0 ∫ d^4k (2π)^4 ( λ^2_{n,k} )_{−s} . (6.57)

After performing the integration in k_{(4)} we get ζ ( − ∂_{α̂}∂^{α̂} μ^2 |s ) = μ^{2s} 16π^{2s−2} Γ(s − 2) Γ(s) d^{2s−4}ζ_R(2s − 4), (6.58)

with

ζ_R(s) = +∞∑ n=0 n^{−s}, (6.59)

the Riemann zeta-function.

We shall then get for the one-loop term,

Γ̃^{(1)}(Φ̃) = Γ̃^{(1)} = − π^2 2^5d^4 ([ ln ( μd π )] ζ_R(−4) + ζ^′_R(−4) ) , (6.60)

where d is the distance between the branes. We can now make the rescaling for the Φ potential, getting V (d) = Ṽ (d)e^{−3ϕ(y)}, (6.61) with V (d) the potential obtained from Γ^{(1)}.

The effective potential will be given by V_{eff} (d) = ∫_d −d dy √ +e^{−4|y|/l}e^{−3|y|/l}Ṽ (d) = 2l 5 ( e^{−5d/l} − 1 ) Ṽ (d), (6.62)

i.e., V_{eff} (d) = lπ^2 2^4 · 5d^4 ( 1 − e^{−5d/l} ) ζ^′_R(−4), (6.63)

and where we have used ζ_R(−4) = 0.

If we take, for instance, the brane “+” to be fixed in the position y = 0, we shall have for the radion field ξ_−(x) = d_0 − d, (6.64) where d_0 is the initial position of the brane “-”. The radion field ξ_− will then be subjected to the effective potential,

V_{eff} (ξ_−) = lπ^2 2^4 · 5(d_0 − ξ_−)^4 ( 1 − e^{5ξ− /l}e^{−5d0/l} ) ζ^′_R(−4). (6.65)

The radion field mass contribution due to the Casimir effect will be given by

δm^2_ξ = d^2V_{eff} dξ^2 (0) = − π^2ζ^′_R(−4) 16d^6_0l e^{−5d0 /l} ( 5d^2_0 + 8d_0l + 4l^2 [ 1 − e^{5d0 /l} ]) , (6.66) and will have a negative value, thus leading to instability. If the calculation was performed for a Dirac spinor, the result would be the symmetric from this, conducing to stability. Depending on the bulks content, the radion, and so the hierarchy, can be stabilised - we must have a greater number of fermionic fields than of bosons. In [62] it is shown that gravity conduces, by Casimir effect, to a negative square mass for the radion, and thus can not, by itself, lead to stability. In [67] a classical potential for the bulk’s fields was introduced in order to force the Randall-Sundrum construction to be stable.

Chapter 7

CONCLUSIONS

The wish of a theory that could unified all interactions by a common principle has been a constant over Physic’s history. The non-Abelian Kaluza-Klein theories have been introduced as a premature response to that need, being today more appreciated for their elegance than for their original purpose. They find their beauty on their accurate mathematical description, reducing all physical principles to a geometric construction where the universe is the most likeble of all the places, containing no fundamental forces. This idilic image of the world as been, however, overtrone by the recent unifying theories such as Superstrings and Supergravity. However these become inaccessible without the dimensional reduction process caracteristic to the Kaluza-Klein theories, and constantly used in the construction of their effective field theories.

In this work we have analysed such process for both symmetric and general fields, performing the dimensional reduction of gravity, matter and gauge fields over a multidimensional universe with a fibre bundle structure. It has been found that such process, when applied to a gauge field will inevitably conduce, first to a geometric symmetry breaking of the initial gauge group, and secondly to spontaneous symmetry breaking of the gauge group thus obtained, led by a scalar field that has its origin in the dimensional reduction process itself. The potential responsable for such symmetry breaking was explicitly calculated for the case in which the internal space is symmetric. It was also presented the spontaneous compactification mechanism by which a manifold without a special structure can dynamicly achieve a fibre bundle structure, thus being able of being reduced.

The construction of models within the Kaluza-Klein cenario was studied and its dificulties presented. The chiral and the hierarchy problems were discussed and some solutions given. By using the Kaluza-Klein dimensional reduction process, the Randall- Sundrum cenario can be obtained, taking for the starting point, the M-theory.

Some of the principal charateristics of Randall-Sundrum type-like models were analysed and its main feature studied: the solution of the hierarchy problem. Spontaneous symmetry breaking assumes through the Randall-Sundrum theory a fundamental role in defining the fundamental scale of nature. The stability of the hierarchy through the Randall-Sundrum model was partially analised: the Casimir effect was presented as a stabilization mechanism. Randall-Sundrum appeals also by its rich phenomenology

112 CHAPTER 7. CONCLUSIONS

since it can be tested in the next generation of particle acelerators (such as the LHC).

Bibliography

[1] Bagger, J., Wess, J., Supersymmetry and Supergravity, Princeton University Press, Princeton, New Jersey, 1992 [2] Berezin, F., Introduction to Superanalysis, D. Reidel Publishing Company, Holland, 1987 [3] Bytsenko, A., Elizalde, E., Odintsov, S., Romeo, A., Zerbini, S., Zeta Regularization Techniques with Applications, World Scientific, Singapore, 1994 [4] Coquereaux, R., Jadczyk, A., Riemannian Geometry, Fibre Bundles, Kaluza- Klein Theories and all that..., World Scientific, Singapore, 1988 [5] Farhi, E., Jackiw, R., Dynamical Gauge Symmetry Breaking, World Scientific, Singapore, 1982 [6] Frampton, P., Gauge Field Theories, The Benjamin/Cummings Publishing Company, Inc., California, 1987 [7] Harvey, F., Spinors and Calibrations, Academic Press, London, 1990 [8] Helgason, S., Differential Geometry and Symmetric Spaces, Academic Press Inc., London, 1962 [9] Hewitt, E., Ross, K., Abstract Harmonic Analysis, vol. I, Springer-Verlag, Berlin, 1963 [10] Hewitt, E., Ross, K., Abstract Harmonic Analysis, vol. II, Springer-Verlag, Berlin, 1970 [11] Kirillov, A., Éléments de la Théorie des Représentations, Éditions Mir, Moscou, 1974 [12] Kobayashi, S., Differential Geometry of Complex Vector Bundles, Iwanami Shoten Publishers and Princeton University Press, Princeton, 1987 [13] Kobayashi, S., Nomizu, K., Foundations of Differential Geometry, vol. I, Interscience Publishers, London, 1963 [14] Kobayashi, S., Nomizu, K., Foundations of Differential Geometry, vol. II, Interscience Publishers, London, 1969

[15] Lichnerowicz, A., Global Theory of Connections and Holonomy Groups, Noordhoff International Publishing, Lyden, 1976 [16] Michor, P., Gauge Theory for Fiber Bundles, Bibliopolis, Napoli, 1991 [17] Misner, C., Thorne, K., Wheeler, J., Gravitation, Freeman, San Francisco, 1970 [18] Mourão, J., Kubyshin, Y., Rudolph, G., Volobujev, P., Dimensional Reduction of Gauge Theories, Spontaneous Compactification and Model Building, Springer- Verlag, Berlin, 1989 [19] Sharpe, R., Differential Geometry - Cartan’s Generalization of Klein’s Erlangen Program, Springer, s.l., 1997 [20] Srivastava, P., Supersymmetry, Superfields and Supergravity: an Introduction, Adam Hilger, Bristol, 1986 [21] Stein, E., Topics in Harmonic Analysis - Related to the Littlewood-Paly Theory, Annals of Mathematis Studies no. 63, Princeton University Press, Princeton, 1970 [22] Trautman, A., Differential Geometry for Physicists, Bibliopolis, Napoli, 1984 [23] Weinberg, S., The Quantum Theory of Fields - Foundations, vol. I, Cambridge University Press, Cambridge, 1995 [24] Weinberg, S., The Quantum Theory of Fields - Modern Applications, vol. II, Cambridge University Press, Cambridge, 1996 [25] Appelquist, T., Chodos, A., Phys. Rev., D28, 772 (1983) [26] Arkani-Hamed, N., Dimopoulos, S., Dvali, G., The Hierarchy Problem and New Dimensions at a Millimeter, hep-ph/9803315 [27] Arkani-Hamed, N., Dimopoulos, S., Dvali, G., Phenomenology, Astrophysics and Cosmology of Theories with Sub-Millimeter Dimensions and TeV Scale Quantum Gravity, hep-ph/9807344 [28] Arkani-Hamed, N., Dimopoulos, S., March-Russell, J., Stabilization of Sub- Millimeter Dimensions: The New Guise of the Hierarchy Problem, hepth/9809124 [29] Arkani-Hamed, N., Dimopoulos, S., New origin for approximate symmetries from distant breaking in extra dimensions, hep-ph/9811353 [30] Antoniadis, I., Arkani-Hamed, N., Dimopoulos, S., Dvali, G., New Dimensions at a Millimeter to a Fermi and Superstrings at a TeV, hep-ph/9804398 [31] Bachas, C., Lectures on D-branes, hep-th/9806199 [32] Barvisky, A., Kamenshchik, A., Rathke, A., Kiefer, C., Phys. Rev., D67, 023513 (2003)

[33] Berezhiani, Z., Dvali, G., Flavor Violation in Theories with TeV Scale Quantum Gravity, hep-ph/9811378 [34] Bichteler, K., J. Math. Phys., 9, 813 (1968) [35] Bergmann, P., Einstein, A., Ann. Math., 39, 683 (1938) [36] Boos, E., Kubyshin, Y., Smolyakov, M., Volobuev, I., Effective Lagrangians for linearized gravity in Randall-Sundrum model, hep-th/0105304 [37] Brower, R., Mathur, S., Tan, C., Brane World Gravity in an AdS Black Hole, hep-th/0210285 [38] Chapline, G., Manton, N., Nucl. Phys., B184, 391(1981) [39] Chapline, R., Slansky, Nucl. Phys., B209, 461 (1982) [40] Charmousis, C., Gregory, R., Rubakov, V., Phys. Rev., D62, 067505 (2000) [41] Cho, Y., Freund, P., Phys. Rev., D12, 1711 (1975) [42] Coleman, S., Weinberg, E., Phys. Rev., D7, 1888 (1973) [43] Coquereaux, R., Jadczyk, A., Class. Quantum Grav., 3, 29-42 (1986) [44] Coquereaux, R., Jadczyk, A., Nucl. Phys., B276, 617-638 (1986) [45] Cremmer, E., Scherk, J., Nucl. Phys., B108, 409 (1976) [46] Cremmer, E., Julia, B., Scherk, J., Phys. Lett., 76B, 409 (1978) [47] Cremmer, E., Julia, B., Phys. Lett., 80B, 48 (1978) [48] Csáki, C., Erlich, J., Grojean, C., Gravitational Lorentz Violations and Adjustment of the Cosmological Constant in Asymmetrically Warped Spacetimes, hepth/0012143 [49] Das, A., Phys. Rev., D15, 2805 (1977) [50] Das, A., Mitov, A., A systematic study of the radion in the compact Randall- Sundrum model, hep-th/0203205 [51] de Witt, B., Relativity, Groups, Topology, C. deWitt and B. deWitt, eds., Gordon and Breach, New York, 1964.

[52] de Witt, B., Supergravity, hep-th/0212245 [53] Duff, M., in Proceedings of the XVth GIFT International Seminar on Theoretical Physics, World Scientific, Singapore (1985) [54] Dvali, G., Randjbar-Daemi, S., Tabbash, R., Phys. Rev., D65, 064021 (2002) [55] Einstein, A., Bergmann, P., Ann. Math., 39, 683 (1938)

[56] Ferrara, S., Wess, J., Zumino, B., Phys. Lett., 51B, 239 (1974) [57] Ferrara, S., Freedman, D., van Nieuwenhuizen, P., Phys. Rev., D13, 3214 (1976) [58] Freedman, D., van Nieuwenhuizen, P., Phys. Rev., D14, 912 (1976) [59] Freedman, D., Phys. Rev. Lett., 38, 105 (1977) [60] Freund, P., Rubin, M., Phys. Lett., 97B, 233 (1980) [61] Garriga, J., Tanaka, T., Phys. Rev. Lett., 84, 2778 (2000); Nojiri S., Odintsov, S., Zerbini, S., Class. Quant. Grav., 17, 4855 (2000), hep-th/0006115 [62] Garriga, J., Pujolás, O., Tanaka, T., Radion effective potential in the Brane-World, hep-th/0004109 [63] Gen, U., Sasaki, M., Quantum Radion on de Sitter branes, hep-th/0201031 [64] Geroch, R., J. Math. Phys., 9, 1739 (1968) [65] Gibbons, G., in Proceedings of the XVth GIFT International Seminar on Theoretical Physics, World Scientific, Singapore (1985) [66] Goldberger, W., Wise, M., Phys. Rev. Lett., 83, 4922 (1999) [67] Goldberger, W., Wise, M., Bulk Fields in the Randall-Sundrum Compactification Scenario, hep-ph/9907218 [68] Gómez, C., Janssen, B., Silva, P., Brane World with Bulk Horizons, hepth/0003002 [69] Grzadkowski, B., Gunion, J., Bulk Scalar Stabilization of the Radion withou Metric Back-Raction in the Randall-Sundrum Model, hep-th/0304241 [70] Haag, R., Lopuszanski, J., Shonius, M., Nucl. Phys., B88, 257 (1975) [71] Han, T., Lykken, J., Zhang, R., Kaluza-Klein States from Large Extra Dimensions, hep-ph/9811350 [72] Harnad, J., Shnider, S., Vinet, L., J. Math. Phys., 21, 2719 (1980) [73] Henneaux, M., J. Math. Phys., 23, 830 (1982) [74] Hoffmann, B., Veblen, O., Phys. Rev., 36, 810 (1931) [75] Hofmann, R., Panagiota, K., Pospelov, M., (De-)Stabilization of an extra dimension due to a Casimir force, hep-th/0012213 [76] Horava, P., Witten, E., Nucl. Phys., B460, 506 (1996) [77] Horava, P., Witten, E., Nucl. Phys., B475, 94 (1996) [78] Hosotani, Y., Phys. Rev., D29, 731 (1983)

[79] Isham, C., Salam, A., Strathdee, J., Ann. Phys., 62, 98-119 (1971) [80] Jadczyk, A., JGP, vol. 1, n.2 (1984) [81] Jadczyk, A., Class. Quantum Grav., 1, 517-530 (1984) [82] Jordan, P., Z. F. Physik, 157, 112 (1959) [83] Kaluza, T., Sitzber. Preuss. Akad. Wiss, 966-972 (1921) [84] Kapetanakis, D., Zoupanos, G., Phys. Rept., C219, 1 (1992) [85] Kerner, R., Ann. Inst. Poincare, 9, 143 (1968) [86] Kiritsis, E., Introduction to Superstring Theory, hep-th/9709062 [87] Kraus, P., Dynamics of Anti-de Sitter Domain Walls, hep-ph/9910149 [88] Klein, O., Z. Phys., 37, 895-906 (1926) [89] Kubyshin, Y., Models with Extra Dimensions and Their Phenomenology, hepth/0111027 [90] Lichnerowicz, A., C. R. Acad. Sci. Paris, Serie A-B 257 (1963) [91] Lukas, A., Ovrut, B., Stelle, K., Waldram, D., The Universe as a Domain Wall, hep-th/9803235 [92] Luciani, J., Nucl. Phys., B135, 111 (1978) [93] MacDowell, S., Mansouri, F., Phys. Rev. Lett., 38, 739 (1977) [94] Manousselis, P., Zoupanos, G., Supersymmetry Breaking by Dimensional Reduction over Coset Spaces, hep-ph/0010141 [95] Manousselis, P., Zoupanos, G., Soft Supersymmetry Breaking due to Dimensional Reduction over Non-Symmetric Coset Spaces, hep-ph/0106033 [96] Manousselis, P., Zoupanos, G., Dimensional Reduction over Coset Spaces and Supersymmetry Breaking, hep-ph/0111125 [97] Manton, N., Nucl. Phys., B193, 391 (1981) [98] Milnor, J., L’enseignement mathematique, 9, 128 (1963) [99] Milton, K., Odintsov, S., Zerbini S., Phys. Rev., 65, 065012 (2002) [100] Pais, A., Physica, 8, 1137 (1941) [101] Pauli, W., Ann. d. Physik, 18, 305 (1931) [102] Polchinsky, J., TASI Lectures on D-branes, hep-th/9611050

[103] Poppenhaeger, K., Hossenfelder, S., Hofmann, S., Bleicher, M., The Casimir Effect in the Presence of Compactified Universal Extra Dimensions, hepth/0309066 [104] Randall, L., Sundrum, R., Out of This World Supersymmetry Breaking, hepph/9810155 [105] Randall, L., Sundrum, R., Phys. Rev. Lett., 83, 3370 (1999), hep-ph/9905221 [106] Randall, L., Sundrum, R., Phys. Rev. Lett., 83, 4690 (1999) [107] Regge, T., in Proceedings of the XVth GIFT International Seminar on Theoretical Physics, World Scientific, Singapore (1985) [108] Palla, L., Proc. 1978 Tokyo Conference on High Energy Physics, p. 629 [109] Sundrum, R., Effective Field Theory for a Three-Brane Universe, hepph/9805471 [110] Sundrum, R., Compactification for a Three-Brane Universe, hep-th/9807348 [111] Randjbar-Daemi, S., Salam, A., Strathdee, J., Nucl. Phys., B214, 491 (1983) [112] Rubakov, V., Shaposhnikov, M., Phys. Lett., B125, 136 (1983) [113] Rubakov, V., Shaposhnikov, M., Phys. Lett., B125, 139 (1983) [114] Rubakov, V., Large and infinite extra dimensions: an introduction, hepph/0104152 [115] Salam, A., Strathdee, J., Ann. Phys. (NY), 141, 316 (1982) [116] Schmutzer, E., Z. F. Physik, 149, 329 (1957) [117] Schmutzer, E., Z. F. Physik, 154, 312 (1959) [118] Thiry, Y., Comptes Rendus (Paris), 226, 216 (1948) [119] Wetterich, C., Nucl. Phys., B242, 473 (1984) [120] Witten, E., Nucl. Phys., B186, 412 (1981) [121] Witten, E., in Proceedings of the Shelter Island Conference, MIT Press, Cambridge, Mass. (1985) [122] Witten, E., Nucl. Phys., B443, 85 (1995) [123] Witten, E., hep-th/9503124 [124] Witten, E., hep-th/9507121 [125] Witten, E., Nucl. Phys., B471, 135 (1996)