arXiv:hep-th/0401064 v2 14 Mar 2004

BITWISTOR FORMULATION OF SPINNING PARTICLE^1 S. Fedoruk^† and V.G. Zima^∗

† Ukrainian Engineering–Pedagogical Academy, Kharkov, Ukraine ∗ Kharkov National University, Kharkov, Ukraine

Abstract

Twistorial formulation of a particle of arbitrary spin has been constructed. Equations of twistor transformation are obtained for massive and massless spinning particles. Twistor space of the massive particle is formed by two twistors and two complex scalars. In the massive case, integral transformations relating twistor fields with usual space–time fields have been constructed.

1 Introduction

Penrose twistors [1], [2] are a powerful tool for the analysis of (super)symmetric models of point–like and extended objects. In the twistor approach mainly massless (super)particles [3] have been considered so far. In twistor formalism massive particle, especially with non–zero spin, is investigated in a rather limited number of paper [1], [4]-[6]. But even in case of massless spinning particle the connection of standard twistor formulation and formulation in (real) space-time produces series of questions.

In the twistor formulation phase space of a massless particle is described by two canonically conjugated each other Weyl spinors λ_α, λ̄_{α̇} = (λ_α) and ω̄^α, ω^{α̇} = (ω̄^α) which combined in four–component Penrose twistor Z_a = ( λ_α , ω^{α̇} ) . In twistor variables Lagrangian of massless particle has the form

L = −^1_2 ( ˙Z̄^aZ_a − Z̄^aŻ_a) − N(^i_2Z̄^aZ_a + j) (1)

where conjugate twistor is defined as Z̄^a = ( ω̄^α , −λ̄_{α̇} ) and N is Lagrange multiplier for twistor spin constraint i 2 Z̄^aZ_a + j =^i_2 (ω̄^αλ_α − λ̄_{α̇}ω^{α̇}) + j ≈ 0 . (2)

Obtained by Noether procedure conserved charges P_{αα̇} = λ_αλ̄_{α̇}, M_{αβ} = iλ_{(α}ω̄_{β)}, M̄_{α̇β̇} = iλ̄_{(α̇}ω_{β̇)}, K α̇α = ωα̇ω̄α, D =^1_2 (ω̄αλ_α + λ̄_{α̇}ωα̇) corresponding to conformal transfor-

mations give for pseudovector Pauli-Lubanski W_{αα̇} = P_α^{β̇}M̄˙_{βα̇} − P^β_{α̇}M_{βα} following value W_{αα̇} = (−^i_2Z̄^aZ_a)P_{αα̇}. Thus the classical consideration shows that model with twistor Lagrangian (1) describes massless particles of finite spin (P^2 = 0, W^2 = 0). Spin (helicity) is defined by quantity (−^i_2Z̄^aZ_a), which equal on classical level constant j due to constraint (2). Therefore constant j is ‘classical helicity’ of massless particle.

Fundamental relations of twistor transformation

p_{αα̇} = λ_αλ̄_{α̇} ; ω^{α̇} =^1_2 x^{α̇α}λ_α , ω̄^α =^1_2λ̄_{α̇}x^{α̇α} (3)

connect twistor variables and space–time ones p_{αα̇} = p_μσ^μ_{αα̇}, x^{α̇α} = x^μσ^{α̇α}_μ . But in traditional writing of the relations (3) it should be isotropy condition for twistor Z̄^aZ_a = ω̄^αλ_α − λ̄_{α̇}ω^{α̇} = 0 . Since ‘twistor Z_a of general form describes classical massless particle

1Contribution to the Proceedings of the International Workshop “Supersymmetry and Quantum Symmetries” (SQS’03, Dubna, 24-29 July 2003)

with helicity −^i_2Z̄^aZ_a’ ([2], Sec.6, § 2, text after (6.3.9)) the isotropic twistor describes massless particle of zero helicity j = 0. Thus basic conditions (3) determine the correspondence between twistor formulation (1) and space–time one of massless particle only at zero spin j = 0. Massless particles with nonzero helicity are obtained in quantum spectrum upon the transition from space–time formulation to twistor formulation either by introducing nonzero spin (helicity) constant j directly into the spin constraint Z̄Z − 2ij ≈ 0 in the twistor action (1) ‘by hand’ or taking into account an ordering ambiguity of quantum variables in the spin constraint. Taking into account basic ideology of twistor approach as alternative for space–time description [2], from set of formulations of spinning particle it must be space–time formulation corresponding to one (1) at fulfilment of basic relation for twistor transformation which generalize the expressions (3).

Twistor description of massive particle requires with necessity more than one twistor [1], [4]-[6]. It follows directly from this that time–like momentum of massive particle can be resolved only with using two or more twistor spinors p_{αα̇} = λ^i_αλ̄_{α̇i}. In a minimal case two twistors (i = 1, 2) are used. But the complete twistor description of the massive particle of an arbitrary spin has not been accomplished yet. It should include the constraints and the Lagrangian of the massive spinning particle and also a correct chooses of corresponding variables in twistor formulation. In contrast to the massless case where, in principle, the twistor description of a particle of arbitrary helicity is achieved by using only one twistor in the massive case it is necessary to use some spinning variables in addition to the twistor ones^2. In this case we have some analog with case of massless superparticle where for description of nonzero superhelicity it is necessary to use additional variables which together with twistor variables form supertwistor. As in case massless particle it is necessary to have corresponding space–time formulation of massive spinning particle which connected with twistor formulation after using of fundamental relations of twistor transformation. It is important also that massless case and massive one have certain analogies. In ideal massless case can be obtained from massive one in level zero mass m → 0.

In present paper we follow the constructive way to finding of twistor formulation of spinning particle implies using the appropriate space–time formulation. For this aim from all space–time formulations the more appropriate formulation are those in which the spin degrees of freedom are described by means of commuting variables. Also from such formulations there are appropriate ones in which spin variables are spinors (for obtaining arbitrary spins including half–integer ones) and describing of arbitrary spins is realized in uniform way. The formulation relativistic spinning particle with index spinor [7] is more appropriate formulation for these aims. In this formulation uniform Lagrangian describes massive and massless spinning particles. Also spinning particle with index spinor has a some analogy with usual superparticle. Therefore for our aim we can exploit the some elements of transition from space–time formulation of superparticle to twistor one.

2 Twistor formulation of massive spinning particle

We take index spinor formulation [7] of spinning particle as starting point for obtaining twistor formulation. In index spinor formalism spinning particle is described with space– time vector x^μ and commuting Weyl spinor ζ^α. In first order formalism its Lagrangian

2Otherwise the constraints and the Lagrangian of the system would be nonlinear and rather complicated [private discussion with J.Lukierski].

has the form [7]

L = −^1_2 p_{αα̇}Π̇^{α̇α} +^1_2 V (p_{αα̇}p^{α̇α} − 2m^2) − Λ(ζ^αp_{αα̇}ζ̄^{α̇} − j) , (4)

where the bosonic ‘superform’ is Π^{α̇α} ≡ Π̇^{α̇α}dτ ≡ dx^{α̇α} + 2iζ̄^{α̇}dζ^α − 2idζ̄^{α̇}ζ^α, p_μ is momentum vector of particle with mass m and real scalars V and Λ are Lagrange multipliers. After quantization the wave function of the spinning particle Ψ(ζ, ζ̄) = e^{−ζp̂ζ̄}Φ(ζ) is expressed by holomorphic polynomial Φ(ζ) = ζ^{α1} . . . ζ^{αs} ϕ_{α1... αs} on spinor ζ. The spin (helicity) of particle s is equal to the constant j renormalized by ordering constants^3.

Twistor formulation of massive spinning particle, which corresponds to the space– time formulation (4), has been constructed in [9]. For this we introduce pure gauge variables in initial system which are Lorentz harmonics [10], [11], [12]. In what follows after canonical transformation we exclude space–time variables by means of gauge fixing and remain only with twistor variables. Canonical transformations and gauge fixing conditions have physical meaning. In particular they produce the fundamental conditions of twistor transformations relating the space–time formulation and twistor one.

The massive spinning particle in the twistor formulation is described by the variables λ^i_α, λ̄_{α̇i} = (λ^i_α), ω^{α̇i}, ω̄^α_i = (ω^{α̇i}); ξ^i, ξ̄_i = (ξ^i); i = 1, 2. The connection of twistor variables with the space–time ones is defined by the conditions of twistor transformation

p_{αα̇} = λ^i_αλ̄_{α̇i} ; (5)

ω̄^α_i =^1_2λ̄_{α̇i}x^{α̇α} + iξ̄_iζ^α , ω^{α̇i} =^1_2 x^{α̇α}λ^i_α − iξ^iζ̄^{α̇} ; (6)

ξ^i = ζ^αλ^i_α , ξ̄_i = λ̄_{α̇i}ζ̄^{α̇} . (7)

The twistor phase space of massive spinning particle is subjected to the set of the first class constraints M ≡ λ^{αi}λ_{αi} + λ̄_{α̇i}λ̄^{α̇i} + 4m ≈ 0 , (8)

D_i^j ≡^i_2 ( ω̄^α_i λ^j_α − λ̄_{α̇i}ω^{α̇j} ) + ξ̄_iξ^j ≈ 0 , S ≡ ξ̄_iξ^i − j ≈ 0 . (9)

Spinors λ^i and ω^i are components of the twistors Z^i_a = ( λ^i_α , ω^{α̇i} ) . Introducing in a standard way conjugate twistors Z̄_{ȧi} = (Z^i_a) = (¯ λ_{α̇i} , ω̄^α_i ) , Z̄^a_i = g^{aḃ}Z̄˙_{b i} = ( ω̄^α_i , −λ̄_{α̇i} ) , the kinetic terms are rewritten as −^1_2 p_{αα̇}Π^{α̇α} =^1_2 (Z̄^a_i dZ^i_a −dZ̄^a_i Z^i_a)+i(dξ̄_i ξ^i −ξ̄_i dξ^i). The twistor mass–shell constraints (8) take the form M = Z^i_aI^{ab}Z_{bi} + Z̄^a_i I_{ab}Z̄^{bi} + 4m ≈ 0 where I^{ab}, I_{ab} are asymptotic twistors [2]. Also the constraints (9) are represented as covariant contractions of twistors D_i^j =^i_2Z̄^a_i Z^j_a + ξ̄_iξ^j ≈ 0. Thus the twistor formulation of massive spinning particle is described by Lagrangian

L =^1_2 ( Z̄^a_i Ż^i_a − ˙Z̄^a_i Z^i_a ) − i ( ˙ξ̄_i ξi − ξ̄_i ξ̇i ) − Λ_mM − Λ_j^iD_i^j − Λ_sS , (10)

where Λ_m, Λ_j^i, and Λ_s are Lagrange multipliers for constraints (8), (9).

3When potential term −Λ(ζp̂ζ̄ − j) in Lagrangian (4) is absent after quantization the wave function is expressed by function which is polynomial series on ζ, ζ̄ with non-fixed degree of homogeneity Φ(ζ, ζ̄) = ∞∑ n=0 ∞∑ m=0 ζ^{α1} . . . ζ^{αn}ζ̄^{α̇1} . . . ζ̄^{α̇m} ϕ_{α1... αnα̇1... α̇m} . In this case we have in spectrum the set of particles with all arbitrary spins (helicities). Thus index spinor variables have the role analogical to role of the spinor variables in unfolded formulation of higher spin field theory [8].

3 Twistorial formulation of massless particle

In level of zero mass m → 0 we can leave only one spinor λ_α which resolves the light–like vector of four–momentum p_μ. The equation of twistor transformation (5)-(7) for massless particle take the form

p_{αα̇} = λ_αλ̄_{α̇} ; ω̄^α =^1_2λ̄_{α̇}x^{α̇α} + iξ̄ζ^α ; ξ = ζ^αλ_α (11)

and c. c. Here λ_α, ω^{α̇} and c. c. are spinor components of twistors Z_a = (λ_α , ω^{α̇}) and Z̄^a = (ω̄^α , −λ̄_{α̇}) as whereas commuting complex scalar ξ, ξ̄ = (ξ) is corresponding spin variable in twistor formalism. The phase space of the massless particle is subject to the first class constraints

D_0 ≡ i(ω̄^αλ_α − λ̄_{α̇}ω^{α̇}) + 2ξ̄ξ = iZ̄^aZ_a + 2ξ̄ξ ≈ 0 , S ≡ ξ̄ξ − j ≈ 0 . (12)

These constraints follow from the constraints of massive twistorial particle [9] in case of using one twistor and zero mass.

Thus in twistor variables the massless particles with nonzero helicity is described by Lagrangian L =^1_2 (Z̄^a Ż_a − ˙Z̄^a Z_a) − i(˙ξ̄ ξ − ξ̄ ξ̇) − ΛD_0 − Λ_sS . (13)

This system is the space–time formulation (4) of the spinning particle reformulated in the twistor approach. Thus after using conditions (11) kinetic terms of the Lagrangian (4) transform in kinetic terms of the Lagrangian (13) −^1_2 p_{αα̇}Π^{α̇α} =^1_2 (Z̄^a dZ_a − dZ̄^a Z_a) + i(dξ̄ ξ − ξ̄ dξ). Resolving the condition p_{αα̇} = λ_αλ̄_{α̇} and using the equations (11) for scalars ξ, ξ̄, the spin constraint ζp̂ζ̄ − j ≈ 0 of the Lagrangian (4) takes the form of the constraint S ≈ 0 in twistor variables.

We can exclude the variables ξ and ξ̄ with the help of first class constraint ξ̄ξ − j ≈ 0. After that massless particle is described by Lagrangian (1). Due to the spin constraint i 2 Z̄^aZ_a + j ≈ 0 in Lagrangian (1) the twistor Z_a is nonisotropic (even on classical level) and describes massless particle with nonzero helicity. We obtain the twistor formulation with the nonisotropic twistor upon transition from the space–time formulation because of the presence of the second terms in the incidence conditions (11). The presence in the incidence conditions, written in real (not complex!) space–time, of the second terms for spinning case is well known [2]. Real rays which correspond to the twistor Z = (λ, ω) with the incidence conditions (11) (nonisotropic twistor) form the Robinson congruence.

Note that the conditions (11) for definition of spinors ω can be represented as twistorial shift ω^{α̇} → ω^{α̇} − iξζ̄^{α̇}, ω̄^α → ω̄^α + iξ̄ζ^α along spinor ζ. Since ζ and λ are orthogonal, ζλ ≠ 0, we obtain variation of helicity^i_2 (λ̄_{α̇}ω^{α̇} − ω̄^αλ_α) →^i_2 (λ̄_{α̇}ω^{α̇} − ω̄^αλ_α) + j. This twistorial shift is distinguished from twistor shift [13] ω^{α̇} → ω^{α̇} + lλ̄^{α̇}, ω̄^α → ω̄^α + lλ^α along spinor λ where l is a length constant. That shift results in a modification of particle (or string) interactions with background fields [13] and does not produce any change of helicity since under this shift λ̄_{α̇}ω^{α̇} − ω̄^αλ_α = inv.

The variables of the twistorial formulation (13), coordinates of twistor Z_a = (λ_α, ω^{α̇}) and complex scalar ξ, may be combined in quantity Z_A = (Z_a; ξ) = (λ_α, ω^{α̇}; ξ) which has five of complex components and can be called as ‘bosonic supertwistor’. Introducing conjugate quantities Z̄˙_A = (Z̄_ȧ; ξ̄) = (λ̄_{α̇}, ω̄^α; ξ̄), Z̄^A = g^{AḂ}Z̄˙_B = (Z̄^a; −2iξ̄) = (ω̄^α, −λ̄_{α̇}; −2iξ̄) we see that Lagrangian (13) without last term −Λ_s(ξ̄ξ − j) takes the form^1_2 (Z̄^AŻ_A − ˙Z̄^AZ_A) − ΛZ̄^AZ_A.

In the variables α, β, γ, δ introduced by λ_1 = i(α + β), λ_2 = i(γ + δ), ω^1 = α − β, ω^2 = γ − δ the norm of ‘bosonic supertwistor’^i_2Z̄^AZ_A =^i_2 (ω̄^αλ_α − λ̄_{α̇}ω^{α̇}) + ξ̄ξ takes the form^i_2Z̄^AZ_A = β̄β + δ̄δ + ξ̄ξ − ᾱα − γ̄γ and is quadratic Hermitian form of signature (+ + + − −). Thus the Lagrangian (13) without last term describing the set of particles with all possible helicities is invariant under global transformations of group U(3, 2) which play ‘bosonic superconformal’ group in twistor formalism. At transition to space–time formulation (4) these U(3, 2)–transformations reduce to nonlinear transformation including usual the conformal transformations, the ‘bosonic supersymmetric’ transformations and ‘bosonic superboosts’.

4 Wave function of the twistorial spinning particle

Canonical quantization a la Dirac of massive spinning particle in the twistor formulation has been carry out in [9]. The wave function is (2J +1)–component field Ψ_M (λ, λ̄), defined up to local transformations acting on index M = −J, −J + 1, ..., J

Ψ^′_M (λ^′) = D^J_{M N} (h)Ψ_N (λ) , (14)

where h ∈ SU(2) and λ^{′i}_α = h^i_j λ^j_α. The D^J_{M N} is matrix of SU(2)–transformations of weight J. Thus the wave function is defined in fact on homogeneous space M = G/H = SL(2, C)/SU(2). In form of SU(2)-index i = 1, 2 the index M is collective index M = (i_1 . . . i_{2J} ). Then the wave function which represented twistor field of massive spinning particle is Ψ_M (λ, λ̄) = Ψ_{i1... i2J} (λ, λ̄) , (15)

The wave function is completely symmetric Ψ_{i1... i2J} = Ψ_{(i1... i2J )}.

The relation of the usual space–time spin–tensor fields Φ_{α1...α2J} (x) with the twistor fields (15) is established by means of an integral transformation in the following way. One constructs SU(2)-invariant expressions contracting the twistor fields Ψ_{i1...i2J} (λ, λ̄) with twistor spinors λ^{i1}_{α1} , . . . , λ^{i2J}_{α2J} . Obtained expressions being Lorentz spin–tensors are defined on a homogeneous space SL(2, C)/SU(2). After integration with an invariant measure d^3λ of space SL(2, C)/SU(2) with the standard Fourier exponent e^{ixμpμ} where p_μ = −^1_2 p_{αα̇}σ^{α̇α}_μ = −^1_2 λ^iσ_μλ̄_i we obtain usual space–time fields^4 Φ_{α1... α2J} (x) = ∫ d^3λe^{− i2 xμλk σμλ̄k} λ^{i1}_{α1} . . . λ^{i2J}_{α2J} Ψ_{i1... i2J} (λ, λ̄) . (16) These fields are totally symmetric in spinor indices Φ_{α1 ...α2J} (x) = Φ_{(α1...α2J )}(x) and give us standard (2J + 1)-component field description of massive spin J. Due to the presence of the exponent in the integral representation for the fields (16) they satisfy automatically massive Klein–Gordon equation (∂^μ∂_μ − m^2) Φ_{α1 ... α2J} (x) = 0.

We can obtain different, but equivalent descriptions of free massive particles of spin J. The SU(2)-invariants can be constructed by contraction the twistor fields Ψ_{i1...i2J} (λ, λ̄) only with twistor spinors λ̄^i_{α̇}. In this way we obtain the space–time fields only with primed spinor indices. When constructing the SU(2)-invariants, the part of the SU(2)-indices in the twistor field Ψ_{i1...i2J} (λ, λ̄) can be contracted with spinors λ^i_α whereas the remaining ones are contracted with λ̄^i_{α̇}. As result we obtain the spin–tensor field Φ_{α1 ... αn}^{α̇n+1... α̇2J} (x) with n unprimed spinor indices and 2J − n primed ones. By construction this field is

4Analogous integral transformations for massless twistor fields have been considered in [12], [14], [15]

symmetric with respect all unprimed and all primed indices and satisfy massive Klein– Gordon equation and transversal condition ∂^μσ_μ^{α1}_{α̇n+1} Φ_{α1... αn}^{α̇n+1... α̇2J} (x) = 0. These fields at fixed J, describing the massive spin J particle, are related to each other by Fierz–Pauli equations i ∂^μ σ^{β̇αn}_μ Φ_{α1... αn}^{α̇1... α̇2J−n} = m Φ_{α1... αn−1}^{α̇1... α̇2J−nβ̇} , i ∂^μ σ_{μβα̇n} Φ_{α1... α2J−n}^{α̇1... α̇n} = m Φ_{α1... α2J−n β}^{α̇1... α̇n−1} . United the fields Φ_{α1... αn}^{α̇n+1 ... α̇2J} (x) with fixed J in a unique fields we obtain description of spin J massive particle in Bargman–Wigner or Rarita-Schwinger formalism.

Acknowledgements. This work was supported in part by INTAS Grant INTAS- 2000-254 and by Ukrainian National Found of Fundamental Researches under the Project N 02.07/383. We would like to thank I.A. Bandos, E.A. Ivanov, S.O. Krivonos, J. Lukierski, A.J. Nurmagambetov, D.P. Sorokin and M.A. Vasiliev for interest to this work and for many useful discussions.

References

[1] R.Penrose and M.A.H.MacCallum, Phys. Reports 6C(1972)241 [2] R. Penrose and W. Rindler, Spinors and Space-Time, Vol.2, 1986 (Cambridge: Cambridge University Press) [3] D. P. Sorokin, Phys. Rept. 329 (2000) 1 (and refs. therein) [4] Z. Perjés, Phys. Rev. D 11 (1975) 2031; D 20 (1979) 1857 [5] A. Bette, J. Math. Phys. 25 (1984) 2456, 37 (1996) 1724 [6] S. Fedoruk and V. G.Zima, Nucl. Phys. (Proc. Suppl.) B 102&103 (2001) 233 [7] V. G. Zima and S. Fedoruk, JETP Lett. 61 (1995) 251; Class. Quantum Grav. 16 (1999) 3653 [8] M. A. Vasiliev, Phys. Rev. D 66 (2002) 066006 [9] S. Fedoruk and V. G. Zima, J. Kharkiv University, 585 (2003) 39 (hep-th/0308154) [10] A. Galperin, E. Ivanov, E. Kalizin, V. Ogievetsky and E. Sokatchev, Class. Quantum Grav. 1 (1984) 469; 2 (1985) 155 [11] I. A. Bandos, Sov. J. Nucl. Phys. 51 (1990) 906 [12] V.G.Zima and S.Fedoruk, Theor. Math. Phys. 102 (1995) 305 [13] V. A. Soroka, V. I. Tkach, D. V. Volkov and D. P. Sorokin, JETP Lett. 52 (1990) 526; Int. J. Mod. Phys. A 7 (1992) 5977 [14] I.Bandos, J.Lukierski and D.Sorokin, Phys. Rev. D 61 (2000) 040002 [15] M. Plyushchay, D. Sorokin and M. Tsulaia, JHEP 0304 (2003) 013; hep-th/0310297