arXiv:hep-th/0401124 v2 2 Mar 2004

MIT-CTP-3467 hep-th/0401124

Topological Gravity, Kaluza-Klein Reduction, and the Kink^1

Alfredo Iorio Center for Theoretical Physics, Massachusetts Institute of Technology 77, Massachusetts Avenue - Cambridge MA 02139 USA

Abstract

Kaluza-Klein reduction of the 3d gravitational Chern-Simons term leads to a 2d theory that supports a symmetry breaking solution and an associated kink interpolating between AdS and dS geometries.

1 Chern-Simons Gravity

Chern-Simons (CS) gauge theories, either pure or as modifications of Yang-Mills theories, have been studied from a variety of perspectives, gravity included. Nonetheless, some aspects of the impact on gravity deserve further investigation.

The probably best known arena for CS gravity is in 3 dimensions[2]

GR(G_{μν} ) = ∫ d^3x √ GR , (1) with G = detG_{μν} , μ, ν = 0, 1, 2, η_{AB} = diag(+1, −1, ...), and R is the scalar curvature. In such a theory there are no local degrees of freedom, as in n (≥ 3) dimensions they are (n − 3)n/2. The curvature is fully determined by its “Ricci part”, the Weyl tensor vanishing identically: R^{μν}_{ρσ} = − ϵ^{μνλ}ϵ_{ρσκ}E^κ_λ , where E_{μν} = R_{μν} − 1/2G_{μν} R. All solutions of the Einstein equations are conformally flat, hence in source-free regions (T^{matter}_{μν} = 0) spacetime is flat (for Λ = 0). In the early 80’s it was noticed that this model has several interesting properties[3], especially when a CS term is added to GR(G_{μν} )

CS(Γ) = 1 4π^2 ∫ d^3xϵ^{μνλ} ( 1 2 Γ^ρ_{μσ} ∂_ν Γ^σ_{λρ} + 1 3 Γ^ρ_{μσ} Γ^σ_{ντ} Γ^τ_{λρ} ) . (2)

This leads to a topologically massive scalar graviton theory, descending from the theory GR(G_{μν} )+ 1/μ CS(Γ).

In the first order formulation of Vielbein (E^A_μ ) and spin connections (Ω^{AB}_μ ) the gauge theoretical nature of 3d gravity becomes more transparent. Treating E and Ω as independent variables, it was proved the equivalence[4] GR(E, Ω) ⇔ CS(E, Ω). This only happens in 3 dimensions, where a non-degenerate, ISO(2,1)-invariant, bilinear form can be defined in terms of P_A and J_A, generators of translations and rotations, respectively. The Dreibein is the gauge field associated

1Talk given at the X Marcel Grossmann Meeting, Rio de Janeiro, Brasil. Based on [1].

to P_A, while the spin connection is the gauge field associated to J_A. A different perspective takes Ω(E), obtained imposing torsionlessness rather than having it has an Euler-Lagrange (EL) equation. On this see, for instance, [5].

2 Kaluza-Klein Reduction

We shall concentrate on CS(Γ) alone and dimensionally reduce it in a Kaluza-Klein (KK) setting[1]. We have δCS(Γ) = − 1 8π^2 ∫ d^3x √ GC^{μν} δG_{μν} , (3) where the Cotton tensor C^{μν} , defined by C^{μν} = − 1 2 1 √ G (ϵ^{ρσμ}D_ρR^ν_σ + μ ↔ ν) , (4) in 3d plays the role of the Weyl tensor. Notice that C^{μν} exists in any dimension, but only in 3d its vanishing ensures a necessary and sufficient condition for conformal flatness [6]. Thus, this theory, entirely governed by CS(Γ), has EL equations C^{μν} = 0, whose solutions are all conformally flat.

Our gauge theory/gravity theory dictionary consists in reading the Christoffel connection Γ^λ_{μν} as having space-time index μ, and matrix indices (λ, ν): (A_μ)^λ_ν . Thus, under general coordinate transformations

(A_μ(x))^λ_ν → ( Ã_μ(x̃) )_λ ν = ∂x^σ ∂x̃^μ ( U^{−1}A_σ(x)U + U^{−1} ∂ ∂x^σ U )_λ ν , (5)

with gauge function U = ∂x/∂x̃.

Moreover, R^ρ_{σμν} = (∂_ν Γ^ρ_{μσ} +Γ^ρ_{ντ} Γ^τ_{μσ} −μ ↔ ν), coincides with (F_{νμ})^ρ_σ = (∂_ν A_μ + A_ν A_μ − μ ↔ ν)^ρ_σ . Denoting the Dreibein by E^A_μ (and its inverse by E^μ_A), the metricity condition defines the spin connection (Ω_μ)^A_B : D_μE^A_ν = ∂_μE^A_ν − Γ^λ_{μν} E^A_λ = − (Ω_μ)^A_B E^B_ν or (A_μ)^λ_ν = E^λ_A (Ω_μ)^A_B E^B_ν + E^λ_A∂_μE^A_ν . Thus A_μ is the gauge transform of the spin connection Ω_μ with the gauge function U^B_ν = E^B_ν . It then follows that R^A_{Bμν} = (∂_ν Ω_μ + Ω_ν Ω_μ − μ ↔ ν)^A_B, and R^ρ_{σμν} = E^ρ_AR^A_{Bμν} E^B_σ, R_{σν} = E^μ_AR^A_{Bμν} E^B_σ , R = E^μ_AR^{AB}_{μν} E^ν_B . We can write

CS(Γ) = 1 4π^2 ∫ d^3xϵ^{μνλ} [ tr ( 1 2 Ω_μ∂_ν Ω_λ + 1 3 Ω_μΩ_ν Ω_λ ) − 1 6 tr (V_μV_ν V_λ) ] (6) = CS(Ω) + W (E) , (7)

where (V_μ)^σ_ρ = E^σ_A∂_μE^A_ρ. The last term W (E) is the winding number of the Dreibein, whose variation is a surface term.

Therefore variations of CS(Γ) coincide with those of CS(Ω) and W (E) does not contribute to the EL equations. In standard gauge theories W (U) can give rise to quantization of the CS term, while this is not the case for the gravity term[7]. We shall not consider W (E) any further. In 3d Ω_{μ ,AB} = ϵ_{ABC} Ω^C_μ, thus

CS(Ω) = − 1 4π^2 ∫ d^3xϵ^{μνλ}η_{AB}Ω^A_μ∂_ν Ω^B_λ + 1 2π^2 ∫ d^3x det Ω^A_μ . (8)

With the KK Ansatz the 3d metric tensor reads (see for instance [8]) G_{μν} = ϕ ( g_{αβ} − a_αa_β −a_α −a_β −1 ) , (9)

where all quantities are independent of y, and, transforming G_{μν} under δx^μ = −ξ^μ(t, x), it is seen that g_{αβ} is the 2d metric tensor, a_α is a 2d gauge vector, (α, β = 0, 1), and ϕ is a scalar. As the CS term is conformally invariant we set ϕ = 1. The reduced Dreibein E^A_μ and spin connection Ω^A_μ read

E^a_α = e^a_α , E^2_α = a_α , E^a_2 = 0 , E^2_2 = 1 , (10)

Ω^a_α = 1 2 e^a_αf , Ω^2_α = −ω_α − 1 2 fa_α , Ω^a_2 = 0 , Ω^2_2 = − 1 2 f , (11)

respectively. Here a, b, ... = 0, 1, e^a_α is the Zweibein, the 2d spin connection is ω_{α, ab} = ϵ_{ab} ω_α, f_{αβ} = √ −g ϵ_{αβ} f, where f_{αβ} = ∂_{[α}a_{β]}.

With these, the dimensionally reduced gravitational CS term is eventually obtained

CS = − 1 8π^2 ∫ d^2x √ −g(fr + f^3) , (12)

where g = detg_{αβ}, and r is the 2d scalar curvature.

The 3d scalar curvature R with the KK Ansatz (and ϕ = 1) reduces to

R = r + 1 2 f^2 . (13)

3 The Kink

Variation of reduced action produces

δCS = 1 4π^2 ∫ d^2x √ −g(−j^αδa_α + 1 2 T_{αβ}δg^{αβ}) , (14) where j^α = −(1/2 √ −g)ϵ^{αβ}∂_β (r + 3f^2), and T_{αβ} = g_{αβ}(D^2f − f^3 −^1_2 rf) − D_αD_βf. As a consequence of gauge and 2d diffeo invariance D_αj^α = 0, and D^β T_{αβ} = 0, respectively. The components of the dimensionally reduced Cotton tensor are C^{αβ} = T^{αβ}, C^{α2} = −j^α − T^{αβ} a_β, and C^{22} = g_{αβ}T^{αβ} + a_αT^{αβ} a_β + 2j^αa_α. Thus the EL equations are

ϵ^{αβ} ∂_β (r + 3f^2) = 0 , g_{αβ}(D^2f − f^3 − 1 2 rf) − D_αD_βf = 0 . (15)

The first is solved by r + 3f^2 = constant = c. Eliminating r in the second equation, and decomposing into the trace and trace-free parts lead to 0 = D^2f − cf + f^3 , (16) 0 = D_αD_βf − 1 2 g_{αβ}D^2f . (17) The equations are invariant against f ↔ −f. A solution that respects this symmetry is: f = 0, r = c, with R = c. However, there is also a symmetry breaking solution f = ± √ c, r = −2c, (c > 0), with R = −(3/2)c. The latter is maximally symmetric, the former is not. When the symmetry breaking solution is present, there also is a kink solution f = √ c tanh √ c 2 x , (18) interpolating between f = ± √ c, and giving rise to r = −2c + 3c/(cosh^{2 √c}_2 x), with 3d scalar curvature R = −3c/2 + 5c/(2 cosh^2 √ c 2 x).

The global properties of the reduced theory above described have been now extensively studied[9].

4 Overview

There are various dimensional reductions/enhancements one can perform on the CS gravity term: 3d → 2d [this work, [1]]; 4d ← 3d [10]; (2N + 1)d → 2Nd in particular 5d → 4d [11].

References

[1] G.Guralnik, A.Iorio, R.Jackiw, S.-Y.Pi, Ann. Phys. 308 (2003) 222. [2] S.Carlip, Quantum gravity in 2+1 dimensions, Cambridge University Press (1998). [3] S.Deser, R.Jackiw, S.Templeton, Ann. Phys. (NY) 140 (1982) 372. [4] E.Witten, Nucl. Phys. B 311 (1988/89) 46. [5] J.H.Horne, E.Witten, Phys. Rev. Lett. 62 (1989) 501.

[6] A.Garcia, F.W.Hehl, C.Heinicke, A.Macias, The Cotton tensor in Riemannian spacetimes, gr-qc/0309008.

[7] R.Percacci, Ann. Phys. 177 (1987) 27.

[8] L.O’Raifeartaigh, N.Straumann, Rev. Mod. Phys. 72 N.1 (2000). [9] D.Grumiller, W.Kummer, Ann. Phys. 308 (2003) 211. [10] R.Jackiw, S.-Y.Pi, Phys. Rev. D 68 (2003) 10412. [11] D.Grumiller, A.Iorio, in preparation.