arXiv:hep-th/0401161 v2 6 Feb 2004

CERN-PH-TH/2004-010

c–Map,very Special Quaternionic Geometry and Dual Kaḧler Spaces.

R. D’Auria^⋄, S. Ferrara^{†♭}, M. Trigiante^⋄

†CERN, Physics Department, Theory Division, CH 1211 Geneva 23, Switzerland ♭ Istituto Nazionale di Fisica Nucleare (INFN), Laboratori Nazionali di Frascati, Italy E-mail: sergio.ferrara@cern.ch

⋄Dipartimento di Fisica, Politecnico di Torino C.so Duca degli Abruzzi, 24, I-10129 Torino, and Istituto Nazionale di Fisica Nucleare, Sezione di Torino, Italy E-mail: riccardo.dauria@polito.it E-mail: mario.trigiante@polito.it

ABSTRACT

We show that for all very special quaternionic manifolds a different N = 1 reduction exists, defining a Kähler Geometry which is “dual” to the original very special Kähler geometry with metric G_a¯_b = −∂_a∂_b ln V (V =^1_6 d_{abc}λ^aλ^bλ^c). The dual metric g^{ab} = V^{−2}(G^{−1})^{ab} is Kähler and it also defines a flat potential as the original metric. Such geometries and some of their extensions find applications in Type IIB compactifications on Calabi–Yau orientifolds.

1 Isometries of dual quaternionic manifolds

One of the basic constructions in dealing with the low energy effective Lagrangians of Type IIA and Type IIB superstrings is the so called c–map [1], which associates to any Special Kähler manifold of complex dimension n a “dual” quaternionic manifold of quaternionic dimension n_H = n + 1.

In particular it was shown [2] that “dual” quaternionic manifolds always have at least 2n + 4 isometries: one scale isometry ϵ_0 and 2n + 3 shift isometries β_I , α^I , ϵ_+ (I = 0, · · · , n), whose generators close a Heisenberg algebra [3]:

[β^I, ϵ^+] = [α_I , ϵ^+] = 0; [β^I , α_J ] = δ^I_J ϵ^+; [ϵ^0, α_I ] = 1 2 α_I ; [ϵ^0, β^I ] = 1 2 β^I ; [ϵ^0, ϵ^+] = ϵ^+ (1.1) The corresponding generators can be written according to their ϵ^0 weight as [4, 5, 6, 7]:

V = V_0 + V 1_2 + V_1. (1.2)

However it was shown in [6, 7] that when the Special Kähler manifold has some isometries, then some “hidden symmetries” are generated in the c–map spaces which are classified by V_{−1}, V_− 1_2 , with dim(V_{−1}) ≤ 1; dim(V_− 1_2 ) ≤ 2n + 2. (1.3) In particular, for a generic very special geometry, with a cubic polynomial prepotential

F (z) = 1 48 d_{abc}z^az^bz^c (1.4)

with generic d_{abc}, with no additional isometries, it was shown that:

dim(V_{−1}) = 0; dim(V_− 1_2 ) = 1; dim(V_0) = n + 2. (1.5)

Since the isometries of a generic very Special Geometry of dimension n are n + 1, the dual manifold has then 3n + 6 isometries, where the n + 2 additional isometries lie, n + 1 in V_0, denoted by ω_I , (I = 0, · · · , n), and one β̂_0 in V_− 1_2 . For symmetric spaces the upper bound in equation (1.3) is saturated so that dimG_Q = dimG_{SK} + 4n + 7 where G_{SK} and G_Q are the isometry groups of the Special Kähler and Quaternionic spaces respectively.

2 The very Special σ–model Lagrangian and its N = 1 reduction

The quaternionic “dual” σ–model for a generic Special Geometry was derived in [2] by dimensional reduction of a N = 2 Special Geometry to three dimensions. By adapting the conventions of [2] to those of [6] and [8] we call the special coordinates z^a as z^a = x^a + iy^a and define: V = 1 6 (κyyy) ≡ 1 6 κ (κyyy) = d_{abc}y^ay^by^c (2.1) κ_a = d_{abc}y^by^c; κ_{ab} = d_{abc}y^c The 2n + 4 additional coordinates are denoted by ζ^I ≡ (ζ^0, ζ^a), ζ̃_I ≡ (ζ̃_0, ζ̃_a), D, Φ̃.

The α^I , β_I isometries act as shifts on the 2n + 2 coordinates ζ^I , ζ̃_I :

δζ^I = α^I ; δζ̃_I = β_I (2.2)

while the ω^a shift isometries of the special geometry, δx^a = ω^a, act as duality rotations on the ζ^I , ζ̃_I symplectic vector: δ ( ζ ζ̃ ) = ( A 0 C −A^T ) ( ζ ζ̃ ) (2.3)

with A = ( 0 0 ω^a 0 ) ; C = ( 0 0 0 3 d_{abc} ω^c ) . (2.4)

On the other hand the β̂_0 isometry rotates ζ^a into x^a so that the x^a, ζ̃_a variables are related by quaternionic isometries. It is immediate to see that the full σ–model Lagrangian [2, 6, 8] is invariant under the following parity operation Ω:

y^a → y^a; ζ̃_a → ζ̃_a; ζ^0 → ζ^0; D → D; (2.5)

x^a → −x^a; ζ^a → −ζ^a; ζ̃_0 → −ζ̃_0; Φ̃ → −Φ̃ (2.6) so that, restricting to the plus-parity sector is a consistent truncation, giving rise to the following Lagrangian for 2n + 2 (real) variables: ( √ −g)^{−1}L = −(∂_μD)^2 − 1 4 G_{ab} ∂_μy^a∂^μy^b − 1 8 e^{2D} V (∂_μζ^0)^2 (2.7)

−2e^{2D} V^{−1} (G^{−1})^{ab}∂_μζ̃_a∂^μζ̃_b

where G_{ab} = −∂_a∂_b log V . By a change of variables we can decouple the (D, ζ^0) fields from the rest as follows: define two new variables (Φ, λ^a):

V (y) e^{2D} = e^{2Φ} ; y^a = λ^a e^{Φ2} (2.8)

Thus it follows that V (λ)e^{2D} = e^Φ2 and the Lagrangian becomes: ( √ −g)^{−1}L = − 1 4 (∂_μΦ)^2 − 1 8 e^{2Φ}(∂_μζ^0)^2 − 1 4 G_{ab}∂_μλ^a∂^μλ^b (2.9) − 1 4 (∂_μ log V (λ))^2 − 2V (λ)^{−2}(G^{−1})^{ab}∂_μζ̃_a∂^μζ̃_b the (Φ, ζ^0) part defines a SU(1, 1)/U(1) σ–model.

The coefficient of the two terms in the ∂_μλ^a∂^μλ^b part combine into −^3_2 (_{κab} κ − 3^{κaκb}_{κ2} ) . We now define a new variable t_a =^1_2 κ_{ab}λ^b such that dλ^b = (κ^{−1})^{ba} t_a we obtain that g^{ab} = −6 (κ_{cd} κ − 3 κ_cκ_d κ^2 ) (κ^{−1})^{ac}(κ^{−1})^{bd} = − 6 κ^2 [ (κ^{−1})^{ab}κ − 3λ^aλ^b ] = 36 κ^2

(G^{−1})^{ab} (2.10)

Therefore in the (t_a, ζ̃_a) variables we finally get ( √ −g)^{−1}L = − 1 4 (∂_μΦ)^2 − 1 8 e^{2Φ}(∂_μζ^0)^2 − 1 4 g^{ab}∂_μt_a∂^μt_b (2.11) −2g^{ab}∂_μζ̃_a∂^μζ̃_b Therefore by defining the complex variables

η_a = t_a + 2 √ 2iζ̃_a (2.12)

we get for the 2n–dimensional σ–model: − 1 4 g(ℜη)^{ab} (∂_μℜη_a ∂^μℜη_b + ∂_μℑη_a ∂^μℑη_b) = − 1 4 g^{ab}∂_μη_a ∂^μη̄_b (2.13)

The previous Lagrangian is Kähler provided g(t)^{ab} = ∂^2K̂ ∂t_a ∂t_b . (2.14)

This condition is achieved by setting K̂ = −2 log V (λ). Indeed ∂ ∂t_a log V = (κ^{−1})^{ac} ∂ ∂λ^c log V = 3 λ^a κ ∂^2 ∂t_a ∂t_b log V = 3 [ (κ^{−1})^{ab} κ − 3 λ^aλ^b κ^2 ] = − 1 2 × 36 κ^2

(G^{−1})^{ab} (2.15)

3 Isometries of the N = 1 reduction

The σ–model isometries of the c–map, using the notations of [7] are parametrized by

ϵ^+, ϵ^0, α^I , β_I , ω^a, ω^0, β̂_0. (3.1)

The N = 1 reduction projects out ϵ^+, α^a, β_0, ω^a, so the remaining isometries are n + 4, namely:

β_a, ω^0, ϵ^0, α^0, β̂_0. (3.2)

Three of the latter generate a SL(2, R) symmetry (otherwise absent in generic dual quaternionic manifolds), the others generate a shift symmetry in ℑη_a and a scale symmetry in the η_a variables. The dual manifold has the same isometries of the original Special Kähler. Since the ζ̃_a variables are related to the x^a variables by quaternionic isometries, the two manifolds need in fact not be distinct. Even though the ζ̃_a variables are related to the x^a variables by quaternionic isometries, the two manifolds are in general distinct. However, in the particular case of homogeneous–symmetric spaces [9], it turns out that the dual manifold coincide with the original one. The proof of this statement will be given elsewhere.

4 Connection with Calabi Yau orientifolds

The c–map was originally studied in relation to the Type II A → Type II B mirror map in Calabi–Yau compactifications. In Calabi Yau orientifolds of Type II B strings with D–branes present, the bulk Lagrangian is obtained combining a world–sheet parity with a manifold parity which, for generic spaces [10], is precisely doing the truncation we have encountered in this note.

For certain Calabi Yau manifolds more generic orientifoldings are possible where the set of special coordinates z^A is separated in two parts with opposite parity, z^A_± (n_+ + n_− = n) such that [11] y_± → ± y_± x_± → ∓ x_± (4.1)

and then consequently

ζ_± → ∓ ζ_± ; ζ^0 → ζ_0 ζ̃_± → ± ζ̃_± ; ζ̃_0 → −ζ̃_0 (4.2)

However in this case one must demand

d_{++−} = d_{−−−} = 0 (4.3)

in order for the N = 1 reduction to be consistent [12].

In this case the σ–model Lagrangian acquires more terms and can be symbolically written as: ( √ −g)^{−1} L = −(∂D)^2 − 1 4 G_{++} (∂y_+) − 1 4 G_{−−} (∂x_−)^2 − 1 8 e^{2D} V (∂ζ^0)^2 − 1 8 e^{2D} V G_{−−} (x_−∂ζ^0 − ∂ζ_−)^2 −

2e^{2D} V^{−1} (G^{−1})^{++} (∂ζ̃_+ + 1 8 d_{+−−} x_−x_−∂ζ^0 − 1 4 d_{+−−} x_−∂ζ_−)^2 (4.4) where for the sake of simplicity space–time indices have been suppressed from partial derivatives and contraction over them is understood. In (4.4) G_{++} is as before since d_{+++} ≠ 0, G_{+−} = 0 and G_{−−} = −6 (d_{−−+} y_+)/(d_{+++} y_+y_+y_+).

The total set of coordinates are: y_+, x_−, ζ_−, ζ̃_+ and (Φ, ζ^0). Since in this case some of the y coordinates, namely y_−, have been replaced by x_−, the new variables define a Kähler manifold of complex dimension n + 1 certainly distinct from the original one.

There is an N = 4 analogue of this dual N = 1 geometries if we consider different embeddings of N = 4 supergravity into N = 8. This corresponds to Type II B on T^6/Z_2 orientifold with D3 or D9 branes (Type I string) or Heterotic string on T^6. In all these cases the bulk sector corresponds to [SO(6, 6)/SO(6) × SO(6)] × [SU(1, 1)/U(1)] σ–model but the 15 axions in SO(6, 6)/SO(6) × SO(6) are coming from C_4, C_2, B_2 [13, 14, 15, 16, 17, 18, 19].

Also cases in which a further splitting appears are realized if the orientifold projection acts [18] differently on T^{p−3} ×T^{9−p} (p = 3, 5, 7, 9). This is the analogue of the y_±, x_± splitting [11]. In all these cases the dual manifolds coincide, as predicted by N = 4 supergravity.

5 Properties of the dual Special Kähler spaces and no– scale structure.

The dual Kähler space, obtained by a N = 1 truncation of the (c–map) very special quaternionic space has a metric that satisfies a “duality” relation with the original very special Kähler space: g^{ab}_D = 1 V^2

(G^{−1})^{ab} (5.1)

Moreover it can be shown that its affine connection is simply related to the affine connection of original Kähler space: Γ^D_d^{bc} = 1 V (G^{−1})^{ca}Γ^b_{ad}. (5.2)

Actually in the one–dimensional case the two connections coincide.

These dual spaces are also no–scale [20, 21, 22]. Indeed it is sufficient to prove that ∂K̂ ∂ℜη_a (g^{−1})_{ab} ∂K̂ ∂ℜη_b = 3. (5.3)

But this is indeed the case since λ^aG_{ab}λ^b = 3. (5.4)

From a Type II B perspective, this was anticipated in [23]

6 Concluding remarks.

In this note we have shown that for an arbitrary very special geometry, through the c–map, it is possible to construct a “dual” Kähler geometry which has a dual metric, it is Kähler and it provides a dual no–scale potential. Recently such constructions have found applications in Calabi Yau orientifolds [24, 11] but the procedure considered here is intrinsic to the four dimensional context.

We have not shown that the final Lagrangian is supersymmetric but, using the reduction techniques of [12], it can be shown that this is indeed the case. It is reassuring that the SL(2, R) symmetry, related to the Type II B interpretation, comes out in a pure four dimensional context, thanks to the results of [6, 7]

7 Acknowledgements

We would like to thank M.A. Lledó and A. Van Proeyen for enlightening discussions.

The work of S.F. has been supported in part by the D.O.E. grant DE-FG03-91ER40662, Task C, and in part by the European Community’s Human Potential Program under contract HPRN-CT-2000-00131 Quantum Space-Time, in association with INFN Frascati National Laboratories and R.D. and M. T. are associated to Torino University.

References

[1] S. Cecotti, S. Ferrara and L. Girardello, “Geometry Of Type II Superstrings And The Moduli Of Superconformal Field Theories,” Int. J. Mod. Phys. A 4 (1989) 2475.

[2] S. Ferrara and S. Sabharwal, “Quaternionic Manifolds For Type Ii Superstring Vacua Of Calabi-Yau Spaces,” Nucl. Phys. B 332 (1990) 317.

[3] L. Andrianopoli, R. D’Auria, S. Ferrara, P. Fre and M. Trigiante, “R-R scalars, U-duality and solvable Lie algebras,” Nucl. Phys. B 496 (1997) 617 [arXiv:hep-th/9611014].

[4] D. V. Alekseevskii, Classification of quaternionic spaces with a transitive solvable group of motions., Izv. Akad. Nauk SSSR Ser. Mat. 9, 315-362 (1975); Math. USSR Izvesstija, 9, 297-339 (1975).

[5] S. Cecotti, “Homogeneous Kahler Manifolds And T Algebras In N=2 Supergravity And Superstrings,” Commun. Math. Phys. 124 (1989) 23.

[6] B. de Wit and A. Van Proeyen, “Symmetries Of Dual Quaternionic Manifolds,” Phys.

Lett. B 252 (1990) 221.

[7] B. de Wit, F. Vanderseypen and A. Van Proeyen, “Symmetry structure of special geometries,” Nucl. Phys. B 400 (1993) 463 [arXiv:hep-th/9210068].

[8] R. Bohm, H. Gunther, C. Herrmann and J. Louis, “Compactification of type IIB string theory on Calabi-Yau threefolds,” Nucl. Phys. B 569 (2000) 229 [arXiv:hep-th/9908007].

[9] E. Cremmer and A. Van Proeyen, “Classification Of Kahler Manifolds In N=2 Vector Multiplet Supergravity Couplings,” Class. Quant. Grav. 2 (1985) 445.

[10] A. Giryavets, S. Kachru, P. K. Tripathy and S. P. Trivedi, “Flux compactifications on Calabi-Yau threefolds,” arXiv:hep-th/0312104.

[11] M. Grana, T. W. Grimm, H. Jockers and J. Louis, “Soft supersymmetry breaking in Calabi-Yau orientifolds with D-branes and fluxes,” arXiv:hep-th/0312232.

[12] L. Andrianopoli, R. D’Auria and S. Ferrara, “Consistent reduction of N = 2 → N = 1 four dimensional supergravity coupled to matter,” Nucl. Phys. B 628 (2002) 387 [arXiv:hep-th/0112192].

[13] A. R. Frey and J. Polchinski, “N = 3 warped compactifications,” Phys. Rev. D 65 (2002) 126009 [arXiv:hep-th/0201029].

[14] S. Kachru, M. B. Schulz and S. Trivedi, “Moduli stabilization from fluxes in a simple IIB orientifold,” JHEP 0310 (2003) 007 [arXiv:hep-th/0201028].

[15] R. D’Auria, S. Ferrara and S. Vaula, “N = 4 gauged supergravity and a IIB orientifold with fluxes,” New J. Phys. 4 (2002) 71 [arXiv:hep-th/0206241].

[16] R. D’Auria, S. Ferrara, M. A. Lledo and S. Vaula, “No-scale N = 4 supergravity coupled to Yang-Mills: The scalar potential and super Higgs effect,” Phys. Lett. B 557 (2003) 278 [arXiv:hep-th/0211027].

[17] R. D’Auria, S. Ferrara, F. Gargiulo, M. Trigiante and S. Vaula, “N = 4 supergravity Lagrangian for type IIB on T**6/Z(2) in presence of fluxes and D3-branes,” JHEP 0306 (2003) 045 [arXiv:hep-th/0303049].

[18] C. Angelantonj, S. Ferrara and M. Trigiante, “New D = 4 gauged supergravities from N = 4 orientifolds with fluxes,” JHEP 0310 (2003) 015 [arXiv:hep-th/0306185].

[19] C. Angelantonj, S. Ferrara and M. Trigiante, “Unusual gauged supergravities from type IIA and type IIB orientifolds,” arXiv:hep-th/0310136.

[20] E. Cremmer, S. Ferrara, C. Kounnas and D. V. Nanopoulos, “Naturally Vanishing Cosmological Constant In N=1 Supergravity,” Phys. Lett. B 133 (1983) 61; J. R. Ellis, A. B. Lahanas, D. V. Nanopoulos and K. Tamvakis, “No - Scale Supersymmetric Standard Model,” Phys. Lett. B 134 (1984) 429.

[21] R. Barbieri, E. Cremmer and S. Ferrara, “Flat And Positive Potentials In N=1 Supergravity,” Phys. Lett. B 163 (1985) 143.

[22] E. Cremmer, C. Kounnas, A. Van Proeyen, J. P. Derendinger, S. Ferrara, B. de Wit and L. Girardello, “Vector Multiplets Coupled To N=2 Supergravity: Superhiggs Effect, Flat Potentials And Geometric Structure,” Nucl. Phys. B 250 (1985) 385.

[23] T. R. Taylor and C. Vafa, “RR flux on Calabi-Yau and partial supersymmetry breaking,” Phys. Lett. B 474 (2000) 130 [arXiv:hep-th/9912152].

[24] K. Becker, M. Becker, M. Haack and J. Louis, “Supersymmetry breaking and alpha’- corrections to flux induced potentials,” JHEP 0206 (2002) 060 [arXiv:hep-th/0204254].