arXiv:hep-th/0401188 v1 25 Jan 2004

Superspace Generalizations of Schouten-Nijenhuis Bracket

Dmitrij V. Soroka^∗ and Vyacheslav A. Soroka^†

Kharkov Institute of Physics and Technology, 61108 Kharkov, Ukraine

Abstract

The Schouten-Nijenhuis bracket is generalized for the superspace case and for the Poisson brackets of opposite Grassmann parities.

I. Recently a prescription for the construction of new Poisson brackets from the bracket with a definite Grassmann parity was proposed [1]. This prescription is based on the use of exterior differentials of diverse Grassmann parities. It was indicated in [1] that this prescription leads to the generalizations of the Schouten-Nijenhuis bracket [2, 3, 4, 5, 6, 7, 8, 9, 10] on the both superspace case and the case of the brackets with diverse Grassmann parities. In the present report we give the details of these generalizations^1.

II. Let us recall the prescription for the construction from a given Poisson bracket of a Grassmann parity ϵ ≡ 0, 1 (mod 2) of another one.

A Poisson bracket, having a Grassmann parity ϵ, written in arbitrary non-canonical phase variables z^a {A, B}_ϵ = A^←∂_za ω^{ab}_ϵ (z)^→∂_zb B, (1) where^←∂ and^→∂ are right and left derivatives respectively, has the following main properties:

g({A, B}_ϵ) ≡ g_A + g_B + ϵ (mod 2),

{A, B}_ϵ = −(−1)^{(gA+ϵ)(gB +ϵ)}{B, A}_ϵ, ∑ (ABC) (−1)^{(gA+ϵ)(gC +ϵ)}{A, {B, C}_ϵ}_ϵ = 0,

which lead to the corresponding relations for the matrix ω^{ab}_ϵ g ( ω^{ab}_ϵ ) ≡ g_a + g_b + ϵ (mod 2), (2) ω^{ab}_ϵ = −(−1)^{(ga+ϵ)(gb+ϵ)}ω^{ba}_ϵ , (3) ∑ (abc) (−1)^{(ga+ϵ)(gc+ϵ)}ω^{ad}_ϵ ∂_zd ω^{bc}_ϵ = 0, (4)

where ∂_za ≡ ∂/∂z^a and g_a ≡ g(z^a), g_A ≡ g(A) are the corresponding Grassmann parities of phase coordinates z^a and a quantity A and a sum with a symbol (abc) under it designates a summation over cyclic permutations of a, b and c.

∗E-mail: dsoroka@kipt.kharkov.ua †E-mail: vsoroka@kipt.kharkov.ua 1Concerning the generalizations of the Schouten-Nijenhuis bracket see also [11, 12].

The Hamilton equations for the phase variables z^a, which correspond to a Hamiltonian H_ϵ (g(H_ϵ) = ϵ), dz^a dt = {z^a, H_ϵ}_ϵ = ω^{ab}_ϵ ∂_zb H_ϵ (5)

can be represented in the form dz^a dt = ω^{ab}_ϵ ∂_zb H_ϵ ≡ ω^{ab}_ϵ ∂(d_ζ H_ϵ) ∂(d_ζ z^b) def= (z^a, d_ζ H_ϵ)_{ϵ+ζ} , (6)

where d_ζ (ζ = 0, 1) is one of the exterior differentials d_0 or d_1, which have opposite Grassmann parities 0 and 1 respectively and following symmetry properties with respect to the ordinary multiplication

d_0z^ad_0z^b = (−1)^{gagb} d_0z^bd_0z^a,

d_1z^ad_1z^b = (−1)^{(ga+1)(gb+1)}d_1z^bd_1z^a (7)

and exterior products

d_0z^a ∧ d_0z^b = (−1)^{gagb+1}d_0z^b ∧ d_0z^a,

d_1z^a ~∧d_1z^b = (−1)^{(ga+1)(gb+1)}d_1z^b ~∧d_1z^a. (8)

We use different notations ∧ and ~∧ for the exterior products of d_0z^a and d_1z^a respectively.

By taking the exterior differential d_ζ from the Hamilton equations (5), we obtain

d(d_ζ z^a) dt = (d_ζ ω^{ab}_ϵ )

∂(d_ζ H_ϵ) ∂(d_ζ z^b)

+ (−1)^{ζ(ga+ϵ)}ω^{ab}_ϵ ∂_zb (d_ζ H_ϵ)^{def}= (d_ζ z^a, d_ζH_ϵ)_{ϵ+ζ} . (9)

As a result of equations (6) and (9) we have by definition the following binary composition for functions F and H of the variables z^a and their differentials d_ζ z^a ≡ y^a_ζ (F, H)_{ϵ+ζ} = F [_← ∂ z^a ω^{ab}_ϵ^→∂_yb_ζ +(−1)^{ζ(ga+ϵ) ←}∂ y^a_ζ ω^{ab}_ϵ^→∂_zb +^←∂_ya_ζ y^c_ζ ( ∂_zc ω^{ab}_ϵ ) → ∂_yb_ζ ] H. (10)

By using relations (2)-(4) for the matrix ω^{ab}_ϵ , we can establish that the composition (10) satisfies all the main properties for the Poisson bracket with the Grassmann parity equal to ϵ + ζ. Thus, the application of the exterior differentials of opposite Grassmann parities to the given Poisson bracket results in the brackets of the different Grassmann parities.

By transition to the co-differential variables y^{ϵ+ζ}_a , related with differentials y^a_ζ by means of the matrix ω^{ab}_ϵ

y^a_ζ = y^{ϵ+ζ}_b ω^{ba}_ϵ , (11)

the Poisson bracket (10) takes a canonical form^2 (F, H)_{ϵ+ζ} = F [_← ∂ z^{a →}∂_yϵ+ζ_a −(−1)^{ga(ga+ϵ+ζ) ←}∂_yϵ+ζ_a^→∂ z^a ] H, (12)

2There is no summation over ϵ in relation (11).

that can be proved with the use of the Jacobi identity (4).

The bracket (10) is given on the functions of the variables z^a, y^a_ζ F = ∑ p 1 p! y^{ap}_ζ · · · y^{a1}_ζ f_{a1...ap} (z), g(f_{a1...ap} ) = g_f + g_{a1} + · · · + g_{ap} ,

whereas this bracket, rewritten in the form (12), is given on the functions of variables z^a and y^{ϵ+ζ}_a F = ∑ p 1 p! y^{ϵ+ζ}_{ap} · · · y^{ϵ+ζ}_{a1} f^{a1...ap} (z), g(f^{a1...ap} ) = g_f + ϵp + g_{a1} + · · · + g_{ap} .

We do not exclude a possibility of the own Grassmann parity g_f ≡ g(f) for a quantity f.

III. If we take the bracket in the canonical form (12), then we obtain the generalizations of the Schouten-Nijenhuis bracket [2, 3] (see also [4, 5, 6, 7, 8, 9, 10]) onto the cases of superspace and the brackets of diverse Grassmann parities. Indeed, let us consider the bracket (12) between monomials F and H having respectively degrees p and q F = 1 p! y^{ϵ+ζ}_{ap} · · ·y^{ϵ+ζ}_{a1} f^{a1 ...ap} (z), g(f^{a1...ap} ) = g_f + pϵ + g_{a1} + · · · + g_{ap} ,

H = 1 q! y^{ϵ+ζ}_{aq} · · · y^{ϵ+ζ}_{a1} h^{a1...aq} (z), g(h^{a1...aq} ) = g_h + qϵ + g_{a1} + · · · + g_{aq} . Then as a result we obtain (F, H)_{ϵ+ζ} = (−1)^{[gb1 +···+gbq−1 +(q−1)(ϵ+ζ)](gf +gl+pζ)} p!(q − 1)! × y^{ϵ+ζ}_{bq−1} · · ·y^{ϵ+ζ}_{b1} y^{ϵ+ζ}_{ap} · · · y^{ϵ+ζ}_{a1} ( f^{a1...ap ←}∂_zl ) h^{b1...bq−1l}

− (−1)^{(gl+ϵ+ζ)(gf +pϵ+ga2 +···+gap )+[gb1 +···+gbq +q(ϵ+ζ)][gf +ϵ+(p−1)ζ]} (p − 1)!q! × y^{ϵ+ζ}_{bq} · · · y^{ϵ+ζ}_{b1} y^{ϵ+ζ}_{ap} · · · y^{ϵ+ζ}_{a2} f^{la2...ap} ∂_zl h^{b1...bq} . (13) Let us consider the formula (13) for the particular values of ϵ and ζ.

1. We start from the case which leads to the usual Schouten-Nijenhuis bracket for the skewsymmetric contravariant tensors. In this case, when ϵ = 0, ζ = 1 and the matrix ω^{ab}_0 (x) = −ω^{ba}_0 (x) corresponds to the usual Poisson bracket for the commuting coordinates z^a = x^a, we have

(F, H)_1 = (−1)^{(q−1)(gf +p)} p!(q − 1)!

Θ_{bq−1} · · · Θ_{b1} Θ_{ap} · · ·Θ_{a1} ( f^{a1 ...ap ←}∂_xl ) h^{b1 ...bq−1 l} − (−1)^{gf (q+1)+q(p−1)} (p − 1)!q! Θ_{bq} · · · Θ_{b1} Θ_{ap} · · · Θ_{a2} f^{la2 ...ap} ∂_xl h^{b1 ...bq} , (14) where Θ_a ≡ y^1_a are Grassmann co-differential variables related owing to (11) with the Grassmann differential variables Θ^a ≡ d_1x^a

Θ^a = Θ_bω^{ba}_0 .

When Grassmann parities of the quantities f and h are equal to zero g_f = g_h = 0, we obtain from (14) (F, H)_1^{def}= (−1)^{(p+1)q+1}Θ_{ap+q} · · ·Θ_{a2} [F, H]^{a2...ap+q} , where [F, H]^{a2...ap+q} are components of the usual Schouten-Nijenhuis bracket (see, for example, [8]) for the contravariant antisymmetric tensors^3. This bracket has the following properties [F, H] = (−1)^{pq}[H, F ], ∑ (F HE) (−1)^{ps}[[F, H], E] = 0, where s is a degree of a monomial E.

2. In the case ϵ = ζ = 0 and ω^{ab}_0 (x) = −ω^{ba}_0 (x) we obtain the bracket for symmetric contravariant tensors (see, for example, [7]) (F, H)_0^{def}= y^0_{ap+q} · · ·y^0_{a2} [F, H]^{a2...ap+q} , where commuting co-differentials y^0_a connected with commuting differentials y^a_0 ≡ d_0x^a in accordance with (11) y^a_0 = y^0_b ω^{ba}_0 and the bracket [F, H]^{a2...ap+q} has the following properties [F, H] = −(−1)^{gf gh} [H, F ], ∑ (EF H) (−1)^{gegh} [E, [F, H]] = 0.

3. By taking the Martin bracket [13] ω^{ab}_0 (θ) = ω^{ba}_0 (θ) with Grassmann coordinates z^a = θ^a (g_a = 1) as an initial bracket (1), we have in the case ζ = 0 for antisymmetric contravariant tensors on the Grassmann algebra (F, H)_0^{def}= Θ_{ap+q} · · ·Θ_{a2} [F, H]^{a2...ap+q} , where the Grassmann co-differentials Θ_a related with the Grassmann differentials Θ^a as d_0θ^a ≡ Θ^a = Θ_bω^{ba}_0 .

The bracket [F, H] has the following properties [F, H] = −(−1)^{gf gh} [H, F ], ∑ (EF H) (−1)^{gegh} [E, [F, H]] = 0. 4. By taking the Martin bracket again, in the case ζ = 1 d_1θ^a ≡ x^a = x_bω^{ba}_0 we obtain for the symmetric tensors on Grassmann algebra (F, H)_1^{def}= x_{ap+q} · · ·x_{a2} [F, H]^{a2...ap+q} . The bracket [F, H] has the following properties [F, H] = −(−1)^{(gf +p+1)(gh+q+1)}[H, F ], ∑ (EF H) (−1)^{(ge+s+1)(gh+q+1)}[E, [F, H]] = 0.

3Here and below we use the same notation [F,H] for the different brackets. We hope that this will not lead to the confusion.

5. In general, if we take the even bracket in superspace with coordinates z^a = (x, θ), where x and θ are respectively commuting and anticommuting (Grassmann) variables, then in the case ζ = 1 we have (F, H)_1^{def}= y^1_{ap+q} · · ·y^1_{a2} [F, H]^{a2...ap+q} , where d_1z^a ≡ y^a_1 = y^1_b ω^{ba}_0 .

The bracket [F, H] has the following properties [F, H] = −(−1)^{(gf +p+1)(gh+q+1)}[H, F ], ∑ (EF H) (−1)^{(ge+s+1)(gh+q+1)}[E, [F, H]] = 0.

6. In the case of the even bracket in superspace as initial one with ζ = 0 we obtain (F, H)_0^{def}= y^0_{ap+q} · · ·y^0_{a2} [F, H]^{a2...ap+q} , where d_0z^a ≡ y^a_0 = y^0_b ω^{ba}_0 .

The bracket [F, H] has the following properties [F, H] = −(−1)^{gf gh} [H, F ], ∑ (EF H) (−1)^{gegh} [E, [F, H]] = 0.

7. Taking as an initial bracket the odd Poisson bracket in superspace with coordinates z^a, for the case ζ = 0 we have (F, H)_1^{def}= y^1_{ap+q} · · ·y^1_{a2} [F, H]^{a2...ap+q} , where d_0z^a ≡ y^a_0 = y^1_b ω^{ba}_1 .

The bracket [F, H] has the following properties [F, H] = −(−1)^{(gf +1)(gh+1)}[H, F ], ∑ (EF H) (−1)^{(ge+1)(gh+1)}[E, [F, H]] = 0.

8. At last for the odd Poisson bracket in superspace, taking as an initial one, we obtain in the case ζ = 1 (F, H)_0^{def}= y^0_{ap+q} · · ·y^0_{a2} [F, H]^{a2...ap+q} , where d_1z^a ≡ y^a_1 = y^0_b ω^{ba}_1 .

The bracket [F, H] has the following properties [F, H] = −(−1)^{(gf +p)(gh+q)}[H, F ], ∑ (EF H) (−1)^{(ge+s)(gh+q)}[E, [F, H]] = 0. 5

Thus, we see that the formula (13) contains as particular cases quite a number of the Schouten-Nijenhuis type brackets.

IV. We give the prescription for the construction from a given Poisson bracket of the definite Grassmann parity another bracket. For this construction we use the exterior differentials with different Grassmann parities. We proved that the resulting Poisson bracket essentially depends on the parity of the exterior differential in spite of these differentials give the same exterior calculus [1]. The prescription leads to the set of different generalizations for the Schouten-Nijenhuis bracket. Thus, we see that the Schouten-Nijenhuis bracket and its possible generalizations are particular cases of the usual Poisson brackets of different Grassmann parities (12). We hope that these generalizations will find their own application for the deformation quantization (see, for example, [8, 14]) as well as the usual Schouten-Nijenhuis bracket.

We are sincerely grateful to J. Stasheff for the interest to the work and stimulating remarks. One of the authors (V.A.S.) sincerely thanks L. Bonora for the fruitful discussions and warm hospitality at the SISSA/ISAS (Trieste) where this work has been completed.

References

[1] D.V. Soroka and V.A. Soroka, Exterior differentials in superspace and Poisson brackets, JHEP 0303 (2003) 001; hep-th/0211280.

[2] J.A. Schouten, Uber differetialkomitanten zweier Kontravarianter Grossen, Proc. Nederl. Acad. Wetensh., ser. A. 43 (1940) 449.

[3] A. Nijenhuis, Indag. Math. 17 (1955) 390.

[4] A. Nijenhuis, Proc. Kon. Ned. Akad. Wet. Amsterdam A. 58 (1955) 390.

[5] A. Frohlicher and A. Nijenhuis, Proc. Kon. Ned. Akad. Wet. Amsterdam A. 59 (1956) 338.

[6] K. Kodaira and D.C. Spencer, Ann. Math. 74 (1961) 59.

[7] C. Buttin, Compt. Rend. Acad. Sci. Ser. A 269 (1969) 87.

[8] F. Bayen, M. Flato, C. Fronsdal, A. Lichnerowicz, D. Sternheimer, Deformation theory and quantization, 1. Deformations of symplectic structures, Ann. Phys. 111 (1978) 61.

[9] Z. Oziewicz, On Schouten-Nijenhuis and Frolicher-Nijenhuis Lie modules, The lecture given at the XIX International Conference on Differential Geometric Methods in Theoretical Physics, Rapallo (Genova) Italy, 1990.

[10] M.V. Karasev and V.P. Maslov, Non-linear Poisson brackets. Geometry and quantization, Moscow, Nauka, 1991.

[11] J.A. de Azcarraga, J.M. Izquierdo, A.M. Perelomov, J.C. Perez Bueno, The Z_2-graded Schouten-Nijenhuis bracket and generalized super-Poisson structures, J. Math. Phys. 38 (1997) 3735; hep-th/9612186.

[12] J.A. de Azcarraga, A.M. Perelomov, J.C. Perez Bueno, The Schouten-Nijenhuis bracket, cohomology and generalized Poisson structures, J. Phys. A 29 (1996) 7993.

[13] J.L. Martin, Generalized classical dynamics and the “classical analogue” of a Fermi oscillator, Proc. Roy. Soc. A 251 (1959) 536.

[14] M. Kontsevich, Deformation quantization of Poisson manifolds, 1, alg/9709040.