arXiv:hep-th/0401221 v2 4 Feb 2004

Preprint typeset in JHEP style - HYPER VERSION

Cosmology of intersecting brane world models in Gauss-Bonnet gravity

Hyun Min Lee^∗ and Gianmassimo Tasinato^†

Physikalisches Institut der Universität Bonn Nussallee 12, D-53115 Bonn, Germany

Abstract: We study the cosmological properties of a codimension two brane world that sits at the intersection between two four branes, in the framework of six dimensional Einstein- Gauss-Bonnet gravity. Due to contributions of the Gauss-Bonnet terms, the junction conditions require the presence of localized energy density on the codimension two defect. The induced metric on this surface assumes a FRW form, with a scale factor associated to the position of the brane in the background; we can embed on the codimension two defect the preferred form of energy density. We present the cosmological evolution equations for the three brane, showing that, for the case of pure AdS_6 backgrounds, they acquire the same form of the ones for the Randall-Sundrum II model. When the background is different from pure AdS_6, the cosmological behavior is potentially modified in respect to the typical one of codimension one brane worlds. We discuss, in a particular model embedded in an AdS_6 black hole, the conditions one should satisfy in order to obtain standard cosmology at late epochs.

∗minlee@th.physik.uni-bonn.de †tasinato@th.physik.uni-bonn.de

Contents

1. Introduction 1

2. Formalism: Branes in six dimensional Gauss-Bonnet gravity 4

3. First model: Intersecting branes in AdS_6 6 3.1 Static case 6 3.2 Moving branes: Cosmology 7 3.2.1 Evaluation of junction conditions 7 3.2.2 Cosmology at the intersection 10 3.2.3 Cosmology on the four brane 11 3.2.4 Fine tuning issues 12

4. Second model: Intersecting Branes in AdS Black Hole 13 4.1 Cosmology at the intersection 14

5. Conclusions 16

1. Introduction

Status of cosmology on codimension two brane worlds

In the past few years, the possibility that the observed world is localized on a brane, embedded in a higher dimensional space, has received much attention, opening new possibilities for phenomenology [1, 2], and furnishing interesting connections with string theory.

In particular, cosmological aspects of brane-world models in codimension one defects have been extensively analyzed, due to the fact that, in this case, it is possible to compute the backreaction of the brane in the bulk geometry, using the so-called Israel-Lanczos junction conditions. The most studied models for cosmology, based on the Randall-Sundrum II background, are characterized by standard cosmological evolution at late times, while corrections to the standard Hubble equation, due to modification of gravity, occur at early cosmological epochs.

The interesting properties of brane world models on codimension two defects (for example, three branes on six dimensional space-times) have been recently re-considered, for the

– 1 – possibility to construct new examples of warped brane world scenarios in six dimensions [3], or to face the cosmological constant problem from a new perspective [4] (see however [5]). Less attention has been dedicated to study cosmological aspects of brane worlds for codimension higher than one, since it is in general difficult to take into account in a consistent way the backreaction of the brane in this case. Relatively to this problem, it has been shown long ago [6] how to embed consistently a brane, characterized by pure tension, on the tip of a conical singularity of the higher dimensional geometry (see also [7] for related examples). The subsequent problem to embed more general energy density on this brane has been considered [8], with the quite surprising result that, with the most natural ansatz for the six dimensional metric, it is not possible to localize energy density that is different from pure tension. A way out for this unpleasant situation has been presented in [9], where the authors observe that a Gauss-Bonnet term, added to the initial six dimensional action, induces new terms on the brane junction conditions that allow to embed the preferred matter on the conical defect.

A new approach

In this paper, motivated by the ideas presented in [9] and [10], we would like to present an alternative approach to construct cosmological models on codimension two defects, in the framework of theories with Gauss-Bonnet terms. Our approach is different from brane worlds on the tip of a conical singularity: in our scenario, a codimension two defect (a three brane) is located at the intersection between two codimension one, four branes at right angle, in a six dimensional space. Each of these four branes corresponds to a fixed hypersurface for a Z_2 symmetry, that identifies the space on the two sides of the hypersurface. The resulting geometry does not present conical singularities. We show that, in the framework of Gauss-Bonnet gravity, it is possible to consistently work out the junction conditions at the intersection, to localize the preferred energy density on this codimension two defect, and, in particular cases, to obtain a (late time) standard cosmology, similarly to well-known codimension one examples in five dimensions.

The main motivation is to construct examples of cosmological models for our codimension two brane worlds, in which also the background geometry (bulk plus codimension one four branes that intersect) is completely specified. We have a complete control of the evolution equations for the codimension two brane world, and we relate this evolution to a time dependence of the system of codimension one branes. This in general requires a degree of fine tuning between energy density on the codimension two brane and the one on the codimension one branes. It would be interesting to understand whether also other approaches for constructing cosmological models in codimension two defects require similar fine tunings.

An important property of our framework consists on the fact that it is not necessary to consider solutions for Einstein-Gauss-Bonnet theory that present conical singularities. Indeed,

– 2 – any bulk solution is suitable to embed codimension one branes that intersect, providing the codimension two brane-world we are interested in. Moreover, our approach could suggest a way to obtain models for cosmology based on the picture of intersecting brane worlds, where the full backreaction of the branes is taken into account. This kind of configurations receive large attention in String Theory, for the possibility to obtain models with low energy Standard Model-like spectra [11].

The models

We discuss brane world models defined in vacua for six dimensional Einstein-Gauss-Bonnet gravity with negative cosmological constant^1. We embed in these space-times two codimension one, four branes that intersect at right angle, working out the Israel-Lanczos junction conditions. We show that, in order to satisfy these conditions, energy density must be localized on a codimension two defect located at the intersection between the four branes. We focus on the case in which one of the four branes moves through the static AdS_6 background, in the mirage cosmology framework of [15], applied to Z_2 symmetric brane worlds in [16]. The intersection between the branes moves as well: we define our 3+1 dimensional brane world on this surface, and consequently we provide an example of codimension two brane world that moves through the six dimensional background. One finds that the energy density localized on the codimension two brane acquires different forms depending on how the energy momentum tensor of the moving codimension one four brane is chosen. Looking on the other way around, we can choose our preferred form for the energy density localized on the intersection, and consequently define the energy momentum tensor on the four brane that moves.

In particular, we consider two models. The first one is a brane world system embedded in a pure AdS_6 background: working out in detail the evolution equations for the projected cosmology in the codimension two defect, we show that the projected Hubble equation acquires exactly the same structure of the Hubble equation in the five dimensional Randall-Sundrum II model. At late epochs the projected Friedmann equation in the codimension two brane approaches the one of standard cosmology: this indicates that, at large distances, gravity behaves as four dimensional, without the necessity of compactifying the extra dimensions. We point out that, as expected, a certain degree of fine tuning is required between the energy density localized on the three brane at the intersection, and the energy density on the moving four brane. In the second model, we use as background geometry an AdS black hole in six dimensions. We embed also in this case two four branes that intersect at right angle, and we limit our attention to the cosmology on the codimension two intersection. The analysis of this

1Brane-world models embedded in five dimensional vacua for Einstein-Gauss-Bonnet gravity have been extensively studied [12, 13]; less effort has been devoted to construct models in six dimensions, with the exception of [10, 14].

– 3 – more general system renders manifest interesting differences between the evolution equations of our codimension two brane world, and the traditional codimension one brane worlds. We find that, in this case, the resulting cosmological properties are in general non standard: the equation of continuity for the energy density is not satisfied, and the effective Planck mass varies with time. These non standard features are related to the geometrical properties of the background. We discuss the conditions to recover, at least at late epochs, a standard cosmological behavior.

2. Formalism: Branes in six dimensional Gauss-Bonnet gravity

Let us start presenting the general action for our six dimensional system

S = M^4_6 ∫ d^6x √ −g ( 1 2 R − L_6 + 1 2 αL_{GB} ) , (2.1)

where M_6, L_6 and α are the six dimensional fundamental mass scale, the Lagrangian for bulk fields, and the Gauss-Bonnet coupling with mass dimension −2, respectively. The Gauss- Bonnet term is defined in six dimensions as^2

L_{GB} = R^2 − 4R_{M N} R^{M N} + R_{M N P Q}R^{M N P Q}. (2.2)

The Einstein equations relative to this action are given by

G_{M N} + 2αH_{M N} = T_{M N} (2.3)

with T_{M N} the energy momentum tensor relative to the bulk Lagrangian L_6, and H_{M N} = RR_{M N} − 2R_{M P} R^P_N − 2R^{P Q}R_{M P N Q} + R_M^{P QR}R_{N P QR} − 1 4 g_{M N} L_{GB} . (2.4)

Considering a vacuum for this theory, we can embed two codimension one branes (four branes) Σ_1 and Σ_2 intersecting at right angle, corresponding to fixed points of two Z_2 symmetries that identify the space in each side of them. It is possible to localize fields in their world volume, that are described by the action

S_{br} = ∫ Σ_1

d^5x √ −h_1L_1 + ∫ Σ_2

d^5x √ −h_2L_2 + ∫ Σ_3 ≡Σ_1 ∩Σ_2

d^4x √ −h_3L_3. (2.5)

2This term, that in six dimensions does not correspond to a topological invariant, has been actually first discussed by Lovelock [17]. We thank V. Rychkov for this terminological remark.

– 4 – where h_i denote the projected metrics on the subspaces, and we include possible contributions localized on a codimensions two defect at the intersection between the branes.

The junction conditions for each of the two codimension one branes are dictated by the Israel junction conditions, extended to the Gauss-Bonnet case in [18]. Let us present the junction conditions on the brane Σ_2: the ones for the brane Σ_1 are analogous, and both sets of conditions must be satisfied simultaneously. They are given by the equations

2⟨K_{ab} − Kh_{ab}⟩ + 2α⟨3J_{ab} − Jh_{ab} + 2P_{acdb}(h)K^{cd}⟩ = − 1 M^4_6

(S̃_{ab} + S_{ab}) (2.6)

where ⟨X⟩ ≡ (X(Σ_{2,+}) + X(Σ_{2,−}))/2, while the induced four brane metric is h_{M N} = g_{M N} − n_M n_N , with a unit normal vector n_M to this codimension one defect^3. The extrinsic curvature tensor evaluated on Σ_2 is given by K_{ab} = h^M_a h^N_b ∇_M n_N with K = K^a_a, and the tensors J_{ab} and P_{abcd} are given by

J_{ab} = 1 3 (2KK_{ac}K^c_b + K_{cd}K^{cd}K_{ab} − 2K_{ac}K^{cd}K_{db} − K^2K_{ab}) , (2.7)

P_{abcd} = R_{abcd} + 2R_{b[c}g_{d]a} − 2R_{a[c}g_{d]b} + Rg_{a[c}g_{d]b} . (2.8) The energy momentum tensors relative to matter localized on Σ_2 , appearing on the right hand side of (2.6), are given by

S̃_{ab} = − 2√ −h_2 δ (√ −h_2L_2 ) δh^{ab}_2 , (2.9)

S_{ab} = −δ(Σ_1)δ^μ_a δ^ν_b 2 √ −h_2 δ (√ −h_3L_3 ) δh^{μν}_3 ≡ δ(Σ_1) √ −h_3 −h_2 δ^μ_a δ^ν_b S_{μν} . (2.10)

The last quantity S_{ab} denotes energy momentum tensor that is localized on the intersection Σ_3 between the branes. When considering the usual Einstein gravity, one finds that, in this situation, there are no terms, in the geometrical part of junction conditions, that are localized at the intersection. This means that energy momentum tensor S_{ab} should vanish.

This is no more true when we add the Gauss-Bonnet part: contributions contained in the P -tensor, in the left hand side of (2.6), result to be localized just at the intersection between the codimension one branes, and require energy momentum tensor at the intersection in order to satisfy the junction conditions. We will show this fact by explicit examples in the next sections.

3Capital letters denote 6d indices, M, N = 0, 1, 2, 3, 4, 5. Small letters denote 5d indices, a, b = 0, 1, 2, 3, 4. Greek letters denote 4d indices, μ, ν = 0, 1, 2, 3.

– 5 –

3. First model: Intersecting branes in AdS_6

In this section, we deal with the simplest example of bulk action in which the formalism presented in the previous section can be applied: an AdS bulk, where L_6 ≡ Λ_6 corresponds to negative cosmological constant, and action given by

S = M^4_6 ∫ d^4xdz_1dz_2 √ −g ( 1 2 R − Λ_6 + 1 2 αL_{GB} )

(3.1)

Then, we can solve the Einstein-Gauss-Bonnet equations (2.3), with T_{M N} = −Λ_6g_{M N} , obtaining a warped metric with flat four dimensional subspace

ds^2 = A^2(z_1, z_2)(η_{μν} dx^μdx^ν + dz^2_1 + dz^2) , (3.2)

with a warp factor given by [10]

A(z_1, z_2) = 1/(k_1z_1 + k_2z_2 + 1) , (3.3)

while the constants k_1 and k_2 satisfy the equation

k^2_1 + k^2 = 1 12α [ 1 ± √ 1 + 12αΛ_6 5 ] . (3.4)

The two signs correspond to two branches of solutions: from now on, we consider the minus sign, since in this case taking α → 0 we obtain the correct limit to the AdS solution of standard Einstein gravity [19].

Let us embed in this background two codimension one branes, that intersect with a 90 degree angle. In the next subsection, we review the conditions to have a static system, with the two static branes intersecting at the origin. In subsection (3.2), instead, we present a model in which one of the four branes moves through the bulk, inducing cosmology both on its world-volume, and on the codimension two defect that lives at the intersection with the other four brane.

3.1 Static case

Starting from metric (3.2), let us consider the situation in which the two four branes are situated respectively on the hypersurfaces z_1 = 0 and z_2 = 0^4. Since they constitute fixed points of a Z_2 symmetry, the bulk metric in this case becomes

4This static system of branes at right angle has been considered in [10] (see also [20]).

– 6 – ds^2 = A^2(|z_1|, |z_2|)(η_{μν}dx^μdx^ν + dz^2_1 + dz^2 ) (3.5)

and the warp factor becomes A(|z_1|, |z_2|) = 1/(k_1|z_1| + k_2|z_2| + 1). The junction conditions at the brane positions force to choose the brane energy densities as pure tensions, that is:

L_1 = −Λ_1 , L_2 = −Λ_2 , L_3 = −λ . (3.6)

The tensions must satisfy the relations

k_1 [ 1 − 12α ( 1 3 k^2_1 + k^2 )] = Λ_1 8M^4_6

, (3.7)

k_2 [ 1 − 12α ( k^2_1 + 1 3 k^2 )] = Λ_2 8M^4_6

, (3.8)

αk_1k_2 = λ 96M^4_6

. (3.9)

The interesting point is that, in this system, the codimension two brane Σ_3 located at the intersection between the four branes is characterized by its own tension λ, proportional to the Gauss-Bonnet parameter α. This means that the presence, in the six dimensional action, of the Gauss-Bonnet term implies the presence of energy density localized on the three brane. We will develop this observation in the context of moving branes in the next subsection.

3.2 Moving branes: Cosmology Starting from [15], it has been observed that branes that move through a static bulk induce cosmology on their own world volume. The time evolving projected scale factor depends on the position of the brane in the bulk, and the time dependent energy density localized on the brane must satisfy suitable junction conditions, that change with changing the brane position.

Let us apply this idea to our system, demanding that one of the two branes, let us say Σ_2, moves through the static background constituted by the AdS bulk, while the other brane Σ_1 is fixed at the position z_1 = 0. In this situation, the three brane that sits on the intersection moves as well, and, as we will see, this generates an induced cosmology also at the intersection.

We start evaluating the junction conditions at the fixed points of the Z_2 symmetries, next we continue discussing the features of the projected cosmology on the three and four branes.

3.2.1 Evaluation of junction conditions We demand that the four brane Σ_2 moves through the static AdS bulk in which the static Σ_1 brane is located. The starting bulk metric is consequently the following,

– 7 – ds^2 = A^2(|z_1|, z_2)(η_{μν} dx^μdx^ν + dz^2_1 + dz^2 ) , (3.10)

and the static brane Σ_1 located in z_1 = 0, the fixed point of a Z_2 symmetry, satisfies the junction condition (3.7). Calling z_2(t) the position of the moving brane, the induced metric on its world volume results to be

ds^2_{Σ2} = A^2(|z_1|, z_2(t)) [ − (1 − ż^2 )dt^2 + δ_{ij} dx^idx^j + dz^2_1 ]

≡ −n^2(|z_1|, t)dt^2 + a^2(|z_1|, t)(δ_{ij}dx^idx^j + dz^2_1 ) (3.11)

where the dot denotes the derivative with respect to t. Then, the bulk space for z_2 < z_2(t) is identified with the one for z_2 > z_2(t) by a Z_2 symmetry.

Let us continue evaluating the geometrical quantities that appear in the left hand side of eq. (2.6), that represent the junction conditions on the brane Σ_2. The results of our calculations show that there are geometrical terms, on this equation, that are localized at the intersection between the four branes, and must be compensated by some form of energy momentum tensor localized on this codimension two surface.

The velocity vector (u^M ) and the normal vector (n_M ) for the moving 4-brane are given by u^M = 1 A √ 1 − ż^2

(1, ż_2,⃗0) , (3.12)

n_M = A √ 1 − ż^2

(−ż_2, 1,⃗0) . (3.13)

Then, the spatial components of the extrinsic curvature at the 4-brane are given by

K^{z1}_{z1} = K^i_i = 1 2 n^{z2} ∂_{z2} h_{ij} = − k_2 √ 1 − ż^2

≡ K . (3.14)

On the other hand, the (00) component of the extrinsic curvature at the 4-brane is given by

K^0_0 = −K_{M N} u^M u^N = 1 A^2ż_2 d dt ( A √ 1 − ż^2 ) . (3.15)

From the induced metric of the moving 4-brane Σ_2, eq. (3.11), we obtain the non zero components of the Riemann tensor and of the Ricci tensor, respectively, as the following,

R^{0i}_{0j} = (X − Y − Ȳ )δ^i_j , R^{0z1}_{0z1} = X − Y − X̄ + Ȳ , R^{ik}_{jl} = (Y − Ȳ )(δ^i_j δ^k_l − δ^i_l δ^k_j ), R^{iz1}_{jz1} = (Y − X̄ + Ȳ )δ^i_j , (3.16)

– 8 –

R^0_0 = 4(X − Y ) − X̄ − 2Ȳ , R^i_j = (X + 2Y − X̄ − 2Ȳ )δ^i_j , (3.17) R^{z1}_{z1} = X + 2Y − 4X̄ + 4Ȳ

where we define X = 1 n^2 [ ä a − ȧ a ( ṅ n − ȧ a )] , Y = 1 n^2 ( ȧ a )_2 , (3.18)

X̄ = 1 a^2 ( a^{′′} a ) , Ȳ = 1 a^2 ( a^′ a )_2 . (3.19)

Then, the divergence-free part Riemann tensor, given in eq. (2.8), is given by

P^{0i}_{0j} = (3Y − 2X̄ + Ȳ )δ^i_j , P^{0z1}_{0z1} = 3(Y − Ȳ ) , P^{ik}_{jl} = (2X − Y − 2X̄ + Ȳ )(δ^i_jδ^k_l − δ^i_l δ^k_j ) , P^{iz1}_{jz1} = (2X − Y − 3Ȳ )δ^i_j . (3.20)

With these quantities, we can evaluate the geometrical quantities of the left hand side of the junction conditions (2.6). We must now specify the form of the energy momentum tensors that appear in the right hand side of this equation. We impose that the energy momentum tensors, both on the four brane Σ_2 and on the three brane Σ_3, acquire a perfect fluid form:

S̃^a_b = diag(−ρ̃, p̃, p̃, p̃, p̃) , (3.21)

S^μ_ν = diag(−ρ, p, p, p) . (3.22)

Then, we can substitute all the quantities on the junction conditions (2.6). The energy density and pressure on the four brane Σ_2, ρ̃ and p̃, are given by

ρ̃ = −8M^4_6 K[1 − 4α(3k^2_1 + 3k^2 − 2K^2)], (3.23)

p̃ = 2M^4_6 (K^0_0 + 3K)[1 − 12α(k^2_1 + k^2)] + 64αM^4_6 K^3 − 16αM^4_6 z_2 ż_2 d dt K^3, (3.24)

while the energy density and pressure on the three brane Σ_3, ρ and p, result to be

ρ = −96αk_1M^4_6 K|_{z1=0}, (3.25) p = −ρ + 32αk_1M^4_6 (K^0_0 − K)|_{z1=0}. (3.26)

– 9 –

3.2.2 Cosmology at the intersection Since we obtained the connection between energy momentum tensor and geometrical quantities, we are ready to discuss the cosmological properties of our background. We first consider the induced cosmology on the codimension two, three brane Σ_3.

Starting from eq. (3.11), a redefinition of the time variable allows to write the induced metric on the 3-brane in a FRW form:

ds^2_{3−brane} = −dτ^2 + R^2(τ)δ_{ij}dx^idx^j , (3.27)

with

R(τ) ≡ A(z_1 = 0, z_2(τ)) = 1 k_2z_2(τ) + 1

, (3.28)

where the proper time for the 3-brane is obtained from the t coordinate as a coordinate transformation,

dτ = A(z_1 = 0, z_2(t)) √ 1 − ż^2 dt → √ 1 − ż^2 = 1 √ 1 + A^2(^{dz2}_{dτ} )^2 .

The scale factor is related to the position of the codimension two brane in the bulk. Equations (3.25) and (3.26) ensure that the standard continuity equation is satisfied for energy momentum tensor on the three brane, that is, dρ dτ + 3H(ρ + p) = 0 . (3.29)

Equation (3.25) furnishes us the Friedmann equation on the brane, that acquires the remarkably simple form

H^2 = k^2 [( ρ λ )_2 − 1 ] . (3.30)

where the tension λ is defined in the eq. (3.9). It is easy to show that (3.30) can be re-casted on the same form of Friedman equation that one finds in the Randall-Sundrum model. Indeed, decomposing ρ ≡ λ + ρ_3 , p ≡ −λ + p_3 , (3.31)

and defining M^2_4 = λ 6k^2 = α 16k_1M^4_6 k_2

, (3.32)

one can rewrite eq. (3.30) as H^2 = 1 3M^2_4 ρ_3 + 1 6M^2_4 ρ^2_3 λ . (3.33)

– 10 –

Therefore, we see that in this model we obtain standard cosmology at late times, when λ ≫ ρ_3, while we have corrections to the standard form of the Hubble parameter at early times. The fact that at late epochs the second term in the right hand side of (3.33) becomes negligible, and we obtain the standard form for the Friedmann equation, indicates that gravity on the brane behaves as four dimensional at large distances. Interestingly, notice that in this model the four dimensional, induced Planck mass, given by (3.32), results proportional to the Gauss-Bonnet parameter α, like in the approach of [9].

As anticipated, the form of the Friedmann equation (3.30) is the same as the codimension one, Randall-Sundrum II brane world. This observation will be true only when the background is purely AdS: for a more general bulk, as we will discuss in Section (4), the evolution equations are different in respect to the ones that typically arise in codimension one brane worlds.

3.2.3 Cosmology on the four brane Following the same procedure of the previous case, we can write the cosmological evolution equation for the moving four brane Σ_2, with induced metric given in eq. (3.11). Equations (3.23) and (3.24) ensure that a continuity equation for energy momentum tensor on the four brane (given in eq. (3.21)) is satisfied:

˙ρ̃ + 4ȧ a (ρ̃ + p̃) = 0 , (3.34)

where we use here the six dimensional time t.

The form of the Friedmann equation on the brane is more complex than the three brane case, and contains various contributions coming from the Gauss-Bonnet terms. It is convenient to define a (position dependent) proper time τ̃ via the formula

dτ̃ = A(z_1, z_2(t)) √ 1 − ż^2dt , (3.35)

where notice that for the limiting case z_1 = 0 this expression coincides with the one we used for the three brane proper time. Defining the four brane scale factor as

R(τ̃) = A(z_1, z_2(τ̃)) ,

we obtain the following form for the four brane Friedmann equation:

H^2 = ( 1 R dR dτ̃ )_2 = c_+ + c_− − 1 12α √ 1 + 12αΛ_6 5 − k^2 . (3.36)

The quantities c_+ and c_− are given by the following expressions

c_± = 1 24α [ (1 +

12αΛ_6 5 )^32 + 27α 16M^8_6 ρ̃^2 ± 9 2 √ α 6 ρ̃ M^4_6 √ (1 +

12αΛ_6 5 )^32 + 27α 32M^8_6 ρ̃^2

]^1_3 . (3.37)

– 11 –

It is not easy to extract interesting physical information from this Friedmann equation. In any case, decomposing the energy density and the pressure as

ρ̃ ≡ Λ_2 + ρ_4 , p̃ ≡ −Λ_2 + p_4 , (3.38)

and inserting these expressions in the right hand side of eq. (3.36), one finds that, for Λ_2 ≫ ρ_4, the dominant contribution is a linear term in the energy density ρ_4.

3.2.4 Fine tuning issues The motion of the four brane through the bulk is necessarily related to the one of the three brane, since the latter sits on the former. This means that, in the limit z_1 → 0, we should impose that the evolution for the four brane scale factor, ruled by the corresponding Friedmann equation, results the same as the one for the three brane scale factor (that is, the intersection must “follow” the moving four brane).

Calling (ρ̃_0, p̃_0) energy density and pressure for the four brane at z_1 = 0, straightforward calculations using the junction conditions show that we must impose the following relations between energy densities and pressures between the three and the four brane:

ρ̃_0 = ρ λ [ Λ_2 − 64αk^3_2M^4_6 ( 1 − ρ^2 λ^2 )] , (3.39)

p̃_0 = 1 4 ρ̃_0 ( − 1 + 3p ρ ) + 96αk^3_2M^4_6 ( ρ λ )_3( 1 + p ρ ) . (3.40)

These equations represent fine tuning relations that must be satisfied, in our system, in order to obtain consistent cosmology. It is interesting to see that, at late epochs of cosmological evolution, they acquire a simple, linear form. Indeed, decomposing the energy densities and pressures as in eqs. (3.31) and (3.38), the fine-tuning equations (3.39)-(3.40) become, at linear order,

ρ_4 ≃ (Λ_2 + 128αk^3_2M^4_6 ) ρ_3 λ , (3.41)

p_4 ≃ −ρ_4 + 3 4 ( Λ_2 + 128αk^3_2M^4_6 ) 1 λ (ρ_3 + p_3) . (3.42)

The ratios between pressure and energy densities, that define the equations of state, are related, in this late epoch limit, via the following expression

p_4 ρ_4 ≃ 3 4 ( p_3 ρ_3 − 1 3 ) . (3.43)

This is the expression one expects to obtain when the Friedmann equations for the three and the four brane are dominated by the term linear in the respective energy density.

– 12 –

4. Second model: Intersecting Branes in AdS Black Hole

In Einstein-Gauss-Bonnet theories with negative cosmological constant, the most general solution for the equations of motions relative to the system of eq. (3.1), with a spherical metric ansatz, is given in [21]. This is given by

ds^2_6 = −h(r)dt^2 + dr^2 h(r) + r^2dΩ^2_4 , (4.1)

where the metric coefficient is given by

h(r) = q + r^2 12α ( 1 ± √ 1 + 12α 5 Λ_6 + 24α r^5 μ ) , (4.2)

where q represents the curvature of the four dimensional subspace labeled by dΩ_4, and μ is a mass parameter^5. From now on, we will consider the solution branch with the minus sign in (4.2): in this case, the limit α → 0 corresponds to an AdS-Schwarzschild geometry of normal Einstein gravity. In the limit μ → 0, and q = 0, one finds the same background discussed in the previous section.

We would like to use this general background to embed a pair of intersecting codimension one branes, and study the cosmology at the intersection along the same lines of the model discussed in the previous section. In order to have a more natural embedding of codimension one branes intersecting at right angle, and to allow a direct comparison with the previously discussed model, it is convenient to change coordinate system in the following way^6. Defining dr dχ = r √ h(r), the metric (4.1), for the case q = 0, can be re-casted in the form

ds^2_6 = −h(χ)dt^2 + r^2(χ) ( δ_{ij} dx^idx^j + dχ^2 + dη^2 ) . (4.3)

Now, let us re-define the extra coordinates as

χ = (1 + k_1z_1 + k_2z_2) , η = (1 + k_2z_1 − k_1z_2) ,

where k_1 and k_2 are two constants satisfying the relation (3.4). We can rewrite the metric (4.3) as ds^2_6 = −B^2(z_1, z_2)dt^2 + A^2(z_1, z_2) ( δ_{ij} dx^idx^j + dz^2_1 + dz^2 ) . (4.4)

The metric coefficients A and B are defined in terms of h and r as:

B^2 ≡ h(z_1, z_2) , A^2 ≡ (k^2_1 + k^2)r^2(z_1, z_2) .

5This metric ansatz is also suitable to describe solutions for different systems, containing for example antisymmetric forms [22].

6We will use again the coordinate system of (4.1) at the end of the next subsection, since it allows to present the results in a particularly transparent form.

– 13 –

For the limiting case μ = 0, it is easy to see that this form of the metric reproduces (3.3), that is, A = B = 1 1 + k_1z_1 + k_2z_2 .

4.1 Cosmology at the intersection Starting with the metric (4.4), it is straightforward to embed a pair of codimension one branes. Similarly to what we have done in Section (3.2), we ask that one four brane Σ_1 sits on the line z_1 = 0, the fixed point of an orbifold symmetry. The starting bulk metric is consequently

ds^2_6 = −B^2(|z_1|, z_2)dt^2 + A^2(|z_1|, z_2) ( δ_{ij} dx^idx^j + dz^2_1 + dz^2 ) . (4.5)

At this point, we introduce a second, dynamical four brane Σ_2, that intersects with a right angle the first one, and moves through the bulk. The induced metric on Σ_2 results to be ds^2_{Σ2} = − [ B^2 ( |z_1|, z_2(t) ) − A^2 ( |z_1|, z_2(t) ) ż^2 ] dt^2 + A^2 ( |z_1|, z_2(t) ) ( δ_{ij} dx^idx^j + dz^2_1 ) (4.6)

where the dot denotes the derivative with respect to t. Then, the bulk space for z_2 < z_2(t) is identified with the one for z_2 > z_2(t) by a Z_2 symmetry.

The evaluation of the junction conditions for the four branes and for the three brane at the intersection corresponds to a straightforward generalization of calculations developed in Section (3.2.1): in this case, one generally finds that the energy density on the four brane should be anisotropic, since it depends on the coordinate z_1. In the present paper, we limit our analysis to the results for the evolution equations of the three brane at the intersection.

The induced metric on the three brane takes of the FRW form

ds^2_{3+1} = −dτ^2 + R^2(τ) ( δ_{ij} dx^idx^j ) , (4.7)

where the scale factor again depends on the position of the three brane in the background, and is given by R(τ) ≡ (k^2_1 + k^2)^{12} r(τ) = A ( 0, z_2 ( t(τ) )) . (4.8) The proper time is connected to the original time t via the definition dτ = √ B(0, z_2)^2 − A(0, z_2)^2 ż^2 dt .

The equations that rule the cosmological evolution for the system are the equation of conservation of energy, and the Friedmann equation. We consider a three brane energy momentum tensor of the perfect fluid form S^μ_ν = diag(−ρ, p, p, p) .

– 14 –

The standard continuity equation is not satisfied in the present case: dρ dτ + 3 1 R(τ) dR(τ) dτ (ρ + p) = ρ d dτ ln √ h(r(τ)) (k^2_1 + k^2)^12 r(τ)

, (4.9)

where we express this, as well as the following results, in terms of the metric function h(r) as defined in eq. (4.2). It is clear that in this frame a flow of energy leaves the intersection where the three brane is located. Notice that in the case μ = 0, √ h(r) ∝ r , (4.10)

the right hand side of (4.9) vanishes, and we recover the result of pure AdS. Interestingly, starting from the expression for h(r), one can render the right hand side of (4.9) small enough imposing bounds on the size of μ, and/or requiring that the size of the scale factor is large enough.

Similar features occur discussing the Friedmann equation, that in this model results to be (remember the linear relation between R and r, given in eq. (4.8))

H^2 ≡ ( 1 R dR dτ )_2

= k^2 [ R^2 h(r) ( ρ λ )_2 − h(r) R^2 ] , (4.11)

where we use eq. (3.9) to define the constant λ. A static configuration is obtained choosing, for example, ρ = λ, and tuning the scale factor (that is, the position of the brane in the bulk) in such a way that the right hand side of (4.11) vanishes. Next, cosmological evolution is induced perturbing the static configuration with ρ = λ + ρ_3, and writing

H^2 = k^2

R^2 h(r) 1 λ [ 2ρ_3 + ρ^2_3 λ + λ − λ ( h(r) R^2

)_2] . (4.12)

In this way, one recovers a linear term in the energy density plus corrections. Notice that, in this case, the effective Planck mass in four dimensions depends on the value of the scale factor (unless μ = 0), being given by

M^2_{P l} = λ 6k^2 h (r(τ)) R^2(τ)

. (4.13)

In this case the same arguments presented in the case of the equation of continuity are still valid. In particular, one can render the variation rate of the Planck mass, and the size of the corrections in the Friedmann equation, small enough imposing bounds on the size of μ. Let us consider, for example, an expansion of the Friedmann equation for small energy densities and small μ parameter. With p = −λ + p_3 and p_3 = ω_3ρ_3, we get

H^2 ≃

2k^2 λ ρ̄_3 +

2(1 + 6ω_3)k^2 5(−2 + 3ω_3) μ̃ r^5 + O ( ρ̄^2_3 λ ) + O ( μ̃ r^5 ρ̄_3 ) + O ( μ̃^2 r^{10} ) (4.14)

– 15 – where we define

ρ̄_3 ≡ ρ_0R^{−3(1+ω3)}, with constant ρ_0, (4.15) μ̃ ≡ 5 2 μ (k^2_1 + k^2) √ 1 + 12αΛ_6/5

. (4.16)

Therefore, we find that the correction due to the nonzero μ reflects a form of dark radiation on the moving 4-brane.

Let us end commenting on the exact forms for the evolution equations, (4.9) and (4.11), that we obtain in this model. These equations are written in such a way that they are valid for any bulk metric of the form (4.1), and point out interesting differences between the results of our approach, and typical results found in codimension one brane worlds. For example, the factor of the ρ^2 term in eq. (4.11), related to the Planck mass in four dimensions, depends in general not only on the volume of the extra dimensions, like in the codimension one case, but also on the position of the brane in the bulk. A similar observation regards the non vanishing flow of energy density from the brane to the background: in this frame, we obtain the standard continuity equation only in the case of pure AdS_6 background. However, notice that it is straightforward to Weyl rescale the metric to another frame, where we can recover a standard continuity equation.

5. Conclusions

We studied the cosmological properties of codimension two three brane worlds that sit at the intersection between two codimension one four branes, in the framework of six dimensional Einstein-Gauss-Bonnet gravity. The full backreaction of the defects in the background is completely taken into account. We showed that the junction conditions force the presence of localized energy density on the codimension two defect: the induced metric on this surface assumes a FRW form, with a scale factor associated to the position of the brane in the background. We presented the cosmological evolution equations for the three brane, showing that, for the case of pure AdS_6 backgrounds, they acquire the same form that one finds in the Randall-Sundrum II model. In particular, we can embed on the codimension two defect the preferred form of energy density. The fact that we obtain standard cosmology at late times indicates that gravity on the brane behaves as four dimensional at large distances, with a Planck mass that is proportional to the Gauss-Bonnet parameter α. These properties are obtained at the price of fine tuning relations between the energy density localized on the three brane, and energy that sits on one of the four brane. When the background is different from pure AdS_6, the cosmological behavior is potentially modified in respect to the typical one of codimension one brane worlds, due to the presence of additional contributions to the evolution equations. These contributions depend on the geometrical properties of the background, and

– 16 – in general describe a flow of energy from the brane to the background. We discussed, in a particular model, the conditions one must satisfy to obtain standard cosmology at late epochs.

Although we considered examples in which the background geometry is controlled just by negative cosmological constant, our approach is completely general, and can be used to embed codimension two brane worlds in vacua for Einstein-Gauss-Bonnet gravity coupled to other fields. This suggests the possibility that a coupling between brane matter and background fields, like for instance bulk scalars, modify the evolution equations, for example compensating the energy flow from brane to bulk, and could also indicate a possible way out for the fine tuning problems we discussed.

Moreover, in principle, a suitable generalization of our approach to systems that contain higher order terms in curvature invariants, can provide a framework to study cosmology for brane worlds in codimension higher than two.

Acknowledgments

We are pleased to thank S. Förste, R. Gregory, N. Kaloper, H. P. Nilles, A. Papazoglou, and I. Zavala for discussions and comments on the manuscript. This work is supported by the European Community’s Human Potential Programme under contracts HPRN-CT-2000-00131 Quantum Spacetime, HPRN-CT-2000-00148 Physics Across the Present Energy Frontier and HPRN-CT-2000-00152 Supersymmetry and the Early Universe. HML was supported by priority grant 1096 of the Deutsche Forschungsgemeinschaft.

References

[1] N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 429 (1998) 263 [arXiv:hep-ph/9803315]; I. Antoniadis, N. Arkani-Hamed, S. Dimopoulos and G. R. Dvali, Phys. Lett. B 436 (1998) 257 [arXiv:hep-ph/9804398].

[2] L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 4690 [arXiv:hep-th/9906064];

L. Randall and R. Sundrum, Phys. Rev. Lett. 83 (1999) 3370 [arXiv:hep-ph/9905221].

[3] F. Leblond, Phys. Rev. D 64 (2001) 045016 [arXiv:hep-ph/0104273]; F. Leblond, R. C. Myers and D. J. Winters, JHEP 0107 (2001) 031 [arXiv:hep-th/0106140]; C. P. Burgess, J. M. Cline, N. R. Constable and H. Firouzjahi, JHEP 0201 (2002) 014 [arXiv:hep-th/0112047].

[4] J. W. Chen, M. A. Luty and E. Ponton, JHEP 0009 (2000) 012 [arXiv:hep-th/0003067];

S. M. Carroll and M. M. Guica, arXiv:hep-th/0302067; I. Navarro, JCAP 0309 (2003) 004 [arXiv:hep-th/0302129].

[5] Y. Aghababaie, C. P. Burgess, S. L. Parameswaran and F. Quevedo, arXiv:hep-th/0304256;

I. Navarro, Class. Quant. Grav. 20 (2003) 3603 [arXiv:hep-th/0305014]; Y. Aghababaie et al.,

– 17 –

JHEP 0309 (2003) 037 [arXiv:hep-th/0308064]; H. P. Nilles, A. Papazoglou and G. Tasinato, arXiv:hep-th/0309042; H. M. Lee, arXiv:hep-th/0309050.

[6] S. Deser, R. Jackiw and G. ’t Hooft, Annals Phys. 152 (1984) 220.

[7] R. Gregory and A. Padilla, Phys. Rev. D 65 (2002) 084013 [arXiv:hep-th/0104262]; R. Gregory and A. Padilla, Class. Quant. Grav. 19 (2002) 279 [arXiv:hep-th/0107108].

[8] J. M. Cline, J. Descheneau, M. Giovannini and J. Vinet, JHEP 0306 (2003) 048 [arXiv:hep-th/0304147].

[9] P. Bostock, R. Gregory, I. Navarro and J. Santiago, arXiv:hep-th/0311074.

[10] J. E. Kim, B. Kyae and H. M. Lee, Phys. Rev. D 64 (2001) 065011 [arXiv:hep-th/0104150];

J. E. Kim and H. M. Lee, Phys. Rev. D 65 (2002) 026008 [arXiv:hep-th/0109216].

[11] R. Blumenhagen, L. Goerlich, B. Kors and D. Lust, JHEP 0010 (2000) 006

[arXiv:hep-th/0007024]; G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, J. Math. Phys. 42 (2001) 3103 [arXiv:hep-th/0011073]; G. Aldazabal, S. Franco, L. E. Ibanez, R. Rabadan and A. M. Uranga, JHEP 0102 (2001) 047 [arXiv:hep-ph/0011132].

[12] N. E. Mavromatos and J. Rizos, Phys. Rev. D 62, 124004 (2000); I. P. Neupane, J. High Energy Phys. 09, 040 (2000); I. P. Neupane, Phys. Lett. B 512, 137 (2001); K. A. Meissner and M. Olechowski, Phys. Rev. Lett. 86, 3708 (2001); Y. M. Cho, I. Neupane, and P. S. Wesson, Nucl. Phys. B 621, 388 (2002).

[13] J. E. Kim, B. Kyae, and H. M. Lee, Phys. Rev. D 62 (2000) 045013 [arXiv:hep-ph/9912344];

J. E. Kim, B. Kyae, and H. M. Lee, Nucl. Phys. B 582 (2000) 296 [arXiv:hep-th/0004005]; Erratum–ibid B 591 (2000) 587; N. Deruelle and T. Dolezel, Phys. Rev. D 62 (2000) 103502 [arXiv:gr-qc/0004021]; I. Low and A. Zee, Nucl. Phys. B 585 (2000) 395 [arXiv:hep-th/0004124]; S. Nojiri and S. D. Odintsov, J. High Energy Phys. 07 (2000) 049 [arXiv:hep-th/0006232]; O. Corradini and Z. Kakushadze, Phys. Lett. B 494 (2000) 302 [arXiv:hep-th/0009022]; J. E. Kim and H. M. Lee, Nucl. Phys. B 602 (2001) 346 [arXiv:hep-th/0010093]; Erratum–ibid B 619 (2001) 763; B. Abdesselam and N. Mohammedi, Phys. Rev. D 65 (2002) 084018 [hep-th/0110143]; C. Germani and C. F. Sopuerta, Phys. Rev. Lett. 88 (2002) 231101 [arXiv:hep-th/0202060]; J. E. Lidsey, S. Nojiri, and S. D. Odintsov, J. High Energy Phys. 06 (2002) 026; C. Charmousis and J.-F. Dufaux, [arXiv:hep-th/0202107]; P. Binetruy, C. Charmousis, S. C. Davis, J.-F. Dufaux, Phys. Lett. B 544 (2002) 183 [arXiv:hep-th/0206089]; J. E. Lidsey and N. J. Nunes, Phys. Rev. D 67 (2003) 103510; J. P. Gregory and A. Padilla, Class. Quant. Grav. 20 (2003) 4221 [arXiv:hep-th/0304250].

[14] O. Corradini and Z. Kakushadze, Phys. Lett. B 506 (2001) 167 [arXiv:hep-th/0103031];

O. Corradini, A. Iglesias, Z. Kakushadze and P. Langenfelder, Phys. Lett. B 521 (2001) 96

[15] A. Kehagias and E. Kiritsis, JHEP 9911 (1999) 022 [arXiv:hep-th/9910174].

[16] P. Kraus, JHEP 9912 (1999) 011 [arXiv:hep-th/9910149]; D. Ida, JHEP 0009 (2000) 014 [arXiv:gr-qc/9912002]; P. Bowcock, C. Charmousis and R. Gregory, Class. Quant. Grav. 17 (2000) 4745 [arXiv:hep-th/0007177].

– 18 –

[17] D. Lovelock, J. Math. Phys. 12 (1971) 498.

[18] S. C. Davis, Phys. Rev. D 67 (2003) 024030 [arXiv:hep-th/0208205]; E. Gravanis and S. Willison, Phys. Lett. B 562 (2003) 118 [arXiv:hep-th/0209076]; K. Maeda and T. Torii, [arXiv:hep-th/0309152].

[19] N. Arkani-Hamed, S. Dimopoulos, G. R. Dvali and N. Kaloper, Phys. Rev. Lett. 84 (2000) 586 [arXiv:hep-th/9907209].

[20] I. P. Neupane, Class. Quant. Grav. 19 (2002) 5507 [arXiv:hep-th/0106100]; Y. M. Cho and I. P. Neupane, Int. J. Mod. Phys. A 18 (2003) 2703 [arXiv:hep-th/0112227].

[21] D. G. Boulware and S. Deser, Phys. Rev. Lett. 55 (1985) 2656; R. G. Cai, Phys. Rev. D 65 (2002) 084014 [hep-th/0109133].

[22] M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 628 (2002) 295 [arXiv:hep-th/0112045].

– 19 –