arXiv:hep-th/0401224 v1 28 Jan 2004

BRST Invariant mass term for Chern-Simons

M.A.L.Capri, V.E.R.Lemes

UERJ - Universidade do Estado do Rio de Janeiro Instituto de Física Departamento de Física Teórica Rua São Francisco Xavier, 524 20550-013 Maracanã, Rio de Janeiro, Brazil

REF. UERJ/DFT-03/99

Abstract

A perturbative analysis of a massive Chern-Simons is presented. The mass term is introduced in a BRST invariant way. With these method we prove that the number of independent renormalisation of massive Chern-Simons is equal to topologically massive Yang-Mills and different from pure Chern-Simons.

I Introduction

In the last years, many efforts has been done in order to extent the bosonization mechanism to three dimensions [1, 2, 3, 4]. This efforts give rise to a large number of works that link planar effects that appear in condensed matter physics to vectorial actions. In particular the 2+1 dimensional Thirring model has been bosonized into a free vectorial theory in the leading order of the inverse mass expansion[2], using the equivalence of the abelian self-dual and the topologically massive model [5]. This mechanism is extended to prove that the computation of quantities that are mapped into a loop integral are equivalent, to each oder by a field redefinition that is a power series, whose convergence depends on the relation of the energy and the mass parameter [6, 7, 8]. Many works has been done recently in order to extent this equivalence of loop integrals into nonabelian three dimensional models [9, 10, 11, 12]. One important point to emphasize here, is that all these results depends on the fact that the number of independent renormalization parameters must be equal in the two models, ie, the bosonization process does not change the physical target space.

This work has the purpose to prove that, from the point of view of the number of renormalization the three dimensional Yang-Mills action is equivalent a massive Chern-Simons one. The method used to do this consists into introduce a insertion of mass dimension 2 into the original Chern-Simons action as a BRST invariant term. This is done with the use of a pair of fieds λ, j that form a doublet including the mass as the expected value of the j field in the BRST symmetry [13, 14, 15].

The paper is organized as follows. In Sect.II we present the Chern-Simons action and introduce the mechanism that turn possible to introduce mass into a invariant way. Sect.III is devoted to present all symmetries that are able to be extended to quantum level and help us to fix the counterterm action. Sect.IV will be devoted to the study of the counterterms and the obtaining of the number of independent renormalization constants presented into the model. Finally in the conclusions we discuss the results, comparing them with the well know results obtained for Yang- Mills.

II The Chern-Simons action with mass term

In order to analyse the properties of the Chern-Simons action with mass term, let us first begin by recalling the pure Chern-Simons action into the Landau gauge, S = ∫ d^3x [ 1 4 ε^{μνσ} ( A^a_σF^a_{μν} − 1 3 gf^{abc}A^a_μA^b_ν A^c_σ ) + b^a∂^μA^a_μ + c̄^a∂_μ(D^μc)^a ] . (1)

The expression (1) is left invariant by the following nilpotent BRST transformations: sA^a_μ = −(D_μc)^a, sc^a = 1 2 gf^{abc}c^bc^c sc̄^a = b^a, sb^a = 0. (2) In order to study the renormalization properties of the Chern-Simons action plus a mass term. Let us introduce these term into the action as a BRST variation of the type: s (∫ d^3x 1 2 λA^a_μA^{aμ} ) = ∫ d^3x [ 1 2 (j + m)A^a_μA^{aμ} + λ∂_μc^aA^{aμ} ] , (3)

where λ and j form together a BRST doublet (sλ = j + m and sj = 0). It is important to emphasize that these doublet is related to a product of gauge fields and is equivalent to say that the spectrum of the gauge propagator is changed introducing a mass pole.

Now the complete fully quantized action with the invariant mass term and all Symmetries is given by: Σ = ∫ d^3x [ 1 4 ε^{μνσ} ( A^a_σF^a_{μν} − 1 3 gf^{abc}A^a_μA^b_ν A^c_σ ) + b^a∂^μA^a_μ + c̄^a∂_μ(D^μc)^a+

−Ω^a_μ(D^μ c)^a + 1 2 gf^{abc}L^ac^bc^c + 1 2 (j + m)A^a_μA^{aμ} + λ∂_μc^aA^{aμ}+ +ξ_1m^2j + ξ_2 2 mj^2 + ξ_3 6 j^3 ] (4)

The last three terms that appear in the action are only to complete the most general power-counting invariant case.

III Ward identities

Now we must collect all symmetries that could be writen into a form of a ward identity. These Symmetries that are compatible with the quantum action principle [16]give rise to a complete set of equations that defines in a unique way all the possible counterterms that are permited for these action. These ward identities are given by:

-The equation that defines the insertion,

U(Σ) = ∫ d^3x (δΣ δλ + c^a δΣ δb^a ) = 0; (5)

-The gauge fixing and antighost equation, δΣ δb^a = ∂^μA^a_μ, δΣ δc̄^a + ∂^μ δΣ δΩ^{a μ} = 0; (6)

-The ghost equation, G^aΣ = −Δ^a,

G^a = ∫ d^3x ( δ δc^a + gf^{abc}c̄^b δ δb^c ) Δ^a = ∫ d^3x[gf^{abc}(A^b_μΩ^{c μ} + L^bc^c)]; (7)

-The SL(2R) D(Σ) = ∫ d^3x ( c^a δΣ δc̄^a + δΣ δL^a δΣ δb^a ) = 0; (8)

-The Slavnov Taylor equation,

S(Σ) = ∫ d^3x ( δΣ δA^a_μ δΣ δΩ^{a μ} + δΣ δc^a δΣ δL^a + b^a δΣ δc̄^a + (j + m) δΣ δλ ) = 0. (9)

In this point is important to emphasize that the lack of the usual vectorial symmetry, presented in pure Chern-Simons[16], that generates the algebra of supersymmetry is due to the insertion term in the action. This insertion change the behaviour of the gauge propagator introducing one scale in the original Chern-Simons action. The mass parameter introduced by the doublet λ, j in the action change the cohomology of the BRST operator [16] acting on the space of all fields and sources. Into more simple words, in spite of coming from a BRST doublet, the mass term change the behavior of the gauge propagator from topological to a metrical one.

Now let us display for further use, the quantum numbers of all fields and sources entering in the action.

Fields and souces A^a_μ c^a c̄^a b^a λ j Ω^a_μ L^a Gh. number 0 1 −1 0 −1 0 −1 −2 Dimension 1 0 1 1 1 1 2 3

Table 1: Ghost number and canonical dimension of the fields and souces.

IV Characterization of the general local invariant counterterm

In order to characterize the general invariant counterterm that is freely adeed to all orders of perturbation theory, we perturb the classical action Σ by adding an arbitrary integrated local polinomial in the fields and external sources Γ_c that has dimension limited to 3 and ghost number zero. The requirement that the perturbed action obeys the same set of equation obtained for Σ give rise to the full set of constraints under the quantum action Γ: S(Γ) = 0, U(Γ) = 0, G^a(Γ) = −Δ^a · Γ,

D(Γ) = 0, δΓ δb^a = ∂^μA_μ^a, δΓ δc̄^a + ∂^μ δΓ δΩ^{a μ} = 0. (10)

The calculation of the Counterterm is obtined using

Γ = Σ + ϵΓ_c (11)

β_Σ(Γ_c) = 0, U(Γ_c) = 0, G^a(Γ_c) = 0,

D(Γ_c ) = 0, δΓ_c δb^a = 0, δΓ_c δc̄^a + ∂^μ δΓ_c δΩ^{a μ} = 0, (12)

where β_Σ is the linearized nilpotent operator that extends the BRST symmetrie to all fields and sources and it is given by:

β_Σ = ∫ d^3x ( δΣ δA^a_μ δ δΩ^{aμ} + δΣ δΩ^{a μ} δ δA^a_μ + δΣ δc^a δ δL^a + δΣ δL^a δ δc^a + b^a δ δc̄^a + (j + m) δ δλ ) . (13)

The Counterterm is obtined by the most general functional of dimension 3 and ghost number zero, that obeys the equation β_Σ(Γ_c) = 0, and it is given by:

Γ_c = ∫ d^3x [y 4 ε^{μνσ} ( A^a_σF^a_{μν} − 1 3 gf^{abc}A^a_μA^b_ν A^c_σ )] + β_ΣΔ^{(−1)}. (14)

According to the Table 1, the most general form of Δ^{(−1)}, that is a field polinomial of dimension 3 and ghost number −1, is given by:

Δ^{(−1)} = ∫ d^3x [ a_1(Ω^a_μ + ∂_μc̄^a)A^{aμ} + a_2L^ac^a + a_3 1 2 mgf^{abc}c̄^ac̄^bc^c + λ ( a_4 1 2 A^{aμ}A^a_μ+ +a_5 1 2 mj + a_6 1 6 j^2 + a_7mc̄^ac^a + a_8jc̄^ac^a + a_9c̄^ab^a + a_{10}b^ab^a )] . (15) Using the full set of constraints given by (12), we have for the functional Δ^{(−1)}:

Δ^{(−1)} = ∫ d^3x [ a_1(Ω^a_μ + ∂_μc̄^a)A^{aμ} − a_1 1 2 λA^{a μ}A^a_μ + a_5 1 2 mλj + a_6 λ 6 j^2 ] . (16)

Then the term β_ΣΔ^{(−1)} in (14) becomes

β_ΣΔ^{(−1)} = ∫ d^3x [ a_1 ( 1 2 ε^{μνσ} A^a_σF^a_{μν} + 1 2 (j + m)A^{aμ}A^a_μ + 2λ∂_μc^aA^{aμ}+ +(Ω^a_μ + ∂_μc̄^a)∂^μc^a ) + a_5 2 (j + m)mj + a_6 6 (j + m)j^2 ] , (17)

and the counterterm action becomes:

Γ_c = ∫ d^3x

[ y + 2a_1 4 ε^{μνσ} A^a_σF^a_{μν} − y 12 gε^{μνσ} f^{abc}A^a_μA^b_ν A^c_σ + a_1(Ω^a_μ + ∂_μc̄^a)∂^μc^a+ + a_1 2 (j + m)A^{aμ}A^a_μ + 2a_1λ∂_μc^aA^{aμ} + a_5 2 m^2j + ( a_5 2 + a_6 6 ) mj^2 + a_6 6 j^3 ] . (18) The 4 free parameters (y, a_1, a_5, a_6) present in the counterterm action are responsible for the renormalization of all fields, sources the coupling constant g and parameters ξ_i. Indeed is immediate to observe that

Σ + ϵΓ_c = Σ(A_0, c_0, c̄_0, b_0, λ_0, j_0, Ω_0, L_0, ξ_0, m_0, g_0) + O(ε^2), (19) by redefining the couplings, sources and the field amplitudes according to

φ_0 = Z_φφ, Z_φ = 1 + ϵz_φ (20)

where φ ≡ A^a_μ, c^a, c̄^a, b^a, λ, j, Ω^a_μ, L^a, m, g, ξ_1, ξ_2, ξ_3. Using (20) in (19) we have,

Z_g = 1 + ϵz_g = 1 − ϵ y 2 , Z_A = 1 + ϵz_A = 1 + ϵ ( y 2 + a_1 ) , Z_m = 1 + ϵz_m, Z_c = 1 + ϵz_c = 1 − ϵ a_1 2 , Z_c = 1 + ϵz_c = 1 − ϵ a_1 2 , Z_L = 1 + ϵz_L = 1 + ϵ (y 2 + a_1 ) , Z_λ = 1 + ϵz_λ = 1 − ϵ (y 2 − 3a_1 2 ) , Z_b = 1 + ϵz_b = 1 − ϵ (y 2 + a_1 ) , Z_j = 1 + ϵz_j = 1 + ϵz_m, Z_{ξ1} = 1 + ϵz_{ξ1} = 1 + ϵ (a_5 2 − 3z_m ) , Z_{ξ2} = 1 + ϵz_{ξ2} = 1 + ϵ (a_5 2 − a_6 3 − 3z_m ) , Z_{ξ3} = 1 + ϵz_{ξ3} = 1 + ϵ(a_6 − 3z_m).

(21)

In terms of the renormalization constants Z_φ. We have the following relations:

Z_c = Z_c = Z_Ω = (Z_g)^{−1/2}(Z_A)^{−1/2}, Z_L = Z_A, Z_b = (Z_A)^{−1}, Z_λ = (Z_g)^{5/2}(Z_A)^{3/2}, Z_j = Z_m.

(22)

We note from (21) that there are 3 physical independent renormalizations Z_g, Z_A, Z_m, these renormalizations corresponds to the beta function, the anomalous dimension and renormalization of the mass pole. Is important to emphasize here that the mass introduced, in spite of coming from a BRST invariant term, change the propagator introducing one scale in the action. This scale is responsible for the breaking the supersymmetric structure presented in pure Chern-Simons [16] saying to us that the action now is not topological any more and has metric observables. The parametrs ξ_1, ξ_2, ξ_3 are introduced only by consistency with the power counting and do not correspond to real physical parameters, all of the ξ_i can be set to zero at the end of the calculations. We see therefore that the number of independent physical renormalizations that appear in massive Chern-Simons is equal to the number obtained in the case of topologically massive Yang-Mills [16, 17, 18]. In these sense the duality mechanisms between these two actions could be implented without changing the number of renormalization constants presented in topologically massive Yang-Mills or in massive Chern-Simons.

V Conclusion

We have presented a BRST analysis of Chern-Simons with a mass term. This mass is introduced into a BRST invariant way, with the help of a BRST doublet λ and j. These way of introduce mass, change the number and the form of the equations compatible with the quantum action principle. The change in the pole of the propagator, from a massless to a massive one and the lack of the vectorial symmetry, change the behavior of the theory from topological to a metrical one. The two new ward identities, the defintion of the mass insertion (5) and the SL(2R) ones(8), plays a crucial role into the proof of the stability of the theory under radiative corrections and which turns out to have important consequences for fixing the number of independent renormalizations and consequently the metric behavior of the observables.

Let us conclude by saying that these method of include insertions that change the propagator of a given action, making use of the insertions like A^2, could be very usefull to study the duality equivalences under three dimensional gauge actions, the relations under three dimensional actions by a duality mechanism using this insertion method, will be presented in future works.

Acknowledgements

The Coordenação de Aperfeiçoamento de Pessoal de Nível Superior (CAPES) and the SR2-UERJ are acknowledged for the financial support.

References

[1] E. Witten, Comm. Math. Phys 92 (1984) 455;

[2] E.Fradkin, F.A.Schaposnik, Phys.Lett. B338 (1994) 253;

[3] N.Bralić, E.Fradkin, F.A.Schaposnik, Nucl.Phys. B446 (1995) 144;

[4] J.C. Le Guillou, C. Nez, F.A. Schaposnik, Annals Phys. 251 (1996) 426;

[5] J. C. Le Guillou, E. F. Moreno, C. Nunez, F.A. Schaposnik,Mod.Phys.Lett.

A12 (1997) 2707;

[6] V.E.R. Lemes, C.A. Linhares, S.P. Sorella, L.C.Q.Vilar, J.Phys. A32 (1999) 2469;

[7] V.E.R.Lemes, S.P.Sorella, A.Tanzini, O.S.Ventura, L.C.Q.Villar, Phys.Lett.

B470 (1999) 112;

[8] E. Guadagnini, The link invariants of the Chern-Simons field theory: new developments in topological quantum field theory, de Gruyter (1993), Berlin, Germany;

[9] G. Giavarini, C.P. Martin, F. Ruiz Ruiz, Phys.Lett. B332 (1994) 345; [10] G. Giavarini, C.P. Martin, F. Ruiz Ruiz, Nucl. Phys. B412 (1994) 731; [11] E. C. Marino, Phys. Lett. B 263 (1991) 63;

E. Fradkin and F.A. Schaposnik, Phys. Lett. B 338 (1994) 253; F. A. Schaposnik, Phys. Lett. B 356 (1995) 39;

C. P. Burgess, C. A. Lütken and F. Quevedo, Phys. Lett. B 336 (1994) 18; D. G. Barci, C.D. Fosco and L. E. Oxman, Phys. Lett. B 375 (1996) 267; R. Banerjee and E.C. Marino, Nucl. Phys. B 507 (1997) 501;

[12] A. Ilha, C. Wotzasek, Phys.Lett. B519 (2001) 169; [13] K.Knecht, H.Verschelde, Phys.Rev. D64 (2001) 085006; [14] D. Dudal, H. Verschelde, S.P. Sorella,Phys.Lett. B555 (2003) 126; [15] D. Dudal, H. Verschelde, V.E.R. Lemes, M.S. Sarandy, R. Sobreiro, S.P. Sorella, M. Picariello, J.A. Gracey, Phys.Lett. B569 (2003) 57;

[16] O. Piguet, S. P. Sorella, Algebraic Renormalization, Monograph series m28, Springer Verlag, 1995;

[17] C.A.G. Sasaki, D.G.G. Sasaki, S.P. Sorella, Mod.Phys.Lett. A14 (1999) 391; [18] W.F. Chen, H.C. Lee, Z.Y. Zhu, Phys.Rev. D55 (1997) 3664.