arXiv:hep-th/0402018 v1 3 Feb 2004

hep-th/0402018, INJE-TP-04-01

Noncommutative spacetime effect on the slow-roll period of inflation

Hungsoo Kim, Gil Sang Lee, and Yun Soo Myung^∗ Relativity Research Center and School of Computer Aided Science Inje University, Gimhae 621-749, Korea

Abstract

We study how the noncommutative spacetime affects on inflation. First we obtain the noncommutative power spectrum of the curvature perturbations produced during inflation in the slow-roll approximation. This is the explicit k-dependent power spectrum up to first order in slow-roll parameters ϵ_1, δ_1 including the noncommutative parameter μ. In order to test the role of μ further, we calculate the noncommutative power spectrum using the slow-roll expansion. We find corrections which arise from the change of pivot scale and a noncommutative parameter with μ ≠ constant. It turns out that the noncommutative parameter μ could be considered as a zeroth order slow-roll parameter and the noncommutative spacetime effect suppresses the power spectrum.

∗E-mail address: ysmyung@physics.inje.ac.kr

I. INTRODUCTION

Sting theory as a candidate for the theory of everything can say something about cosmology [1]. Focusing on a universal property of string theory, it is very interesting to study its connection to cosmology. The universal property which we wish to choose here is a new uncertainty relation of △t_p△x_p ≥ l^2_s where l_s is the string length scale [2]. This implies that spacetime is noncommutative. It is compared to a stringy uncertainty relation of △x_p△p ≥ 1 + l^2_s △p^2. The former is considered as a universal property for strings as well as D-branes, whereas the latter is suitable only for strings. Spacetime noncommutativity does not affect the evolution of the homogeneous background. However, this leads to a coupling between the fluctuations generated in inflation and the flat background of Friedmann-Robertson-Walker (FRW) space [3]. Usually the coupling appears to be nonlocal in time.

On the other hand, it is generally accepted that curvature perturbations produced during inflation are considered to be the origin of inhomogeneities necessary for explaining galaxy formation and other large-scale structure. The first year results of WMAP put forward more constraints on cosmological models and confirm the emerging standard model of cosmology, a flat Λ-dominated universe seeded by scale-invariant adiabatic gaussian fluctuations [4]. In other words, these results coincide with predictions of the inflationary scenario with an inflaton. Also WMAP brings about some new intriguing results: a running spectral index of scalar metric perturbations and an anomalously low quadrupole of the CMB power spectrum [5]. If inflation is affected by physics at scale close to string scale l_s, one expects that the spacetime uncertainty must be encoded in the CMB power spectrum and running spectral index. For example, the noncommutative power-law inflation may produce a large running spectral index to fit the data of WMAP [6–8].

Recently the noncommutative power spectrum, spectral index, and running spectral index of the curvature perturbations produced during inflation have been calculated with the slow-roll parameters ϵ_1 and δ_n and noncommutative parameter μ [9].

In this work we examine whether or not the noncommutative parameter μ is considered as a slow-roll parameter. For this purpose, first we use the slow-roll approximation to obtain the explicit k-dependent power spectrum up to first order. Here k is the index for comoving Fourier modes. Then we introduce the slow-roll expansion to find the noncommutative power spectrum up to first order. It turns out that the noncommutative parameter μ is considered as a zeroth order slow-roll parameter.

II. COMMUTATIVE CASE

Our starting point is the effective action during inflation, S = ∫ [ − M^2_{P l} 2 R + 1 2 (∂_μϕ)^2 − V (ϕ) ] √ −g d^4x, (1) where M^2_P is the reduced Planck mass defined by M_P = (8πG)^{1/2}. For simplicity we choose M^2_P = 1. The scalar metric perturbation to the homogeneous, isotropic background is expressed in longitudinal gauge as [10] ds^2_{con−p} = a^2(η) { (1 + 2A)dη^2 − (1 + 2ψ)dx · dx } , (2)

where the conformal time η is given by dη = dt/a. We get a relation of ψ = A because the stress-energy tensor does not have any off-diagonal component. It is convenient to express the density perturbation in terms of the curvature perturbation R_c of comoving hypersurfaces given by [11] R_c = ψ − H ϕ̇ δϕ (3) during inflation, where δϕ is the perturbation in inflaton: ϕ(x, η) = ϕ(η) + δϕ(x, η). The overdot is derivative with respect to a comoving time t defined in the flat FRW line element: ds^2_{F RW} = dt^2 − a(t)^2dx · dx. The power spectrum P_{Rc} (k) of curvature perturbation is defined by ⟨R_c(x, η), R_c(y, η)⟩ = ∫ dk k sin(k|x − y|) k|x − y| P_{Rc} . (4)

Defining z ≡ aϕ̇ H and φ ≡ a ( δϕ − ϕ̇ H ψ ) = −zR_c, (5) the bilinear action for curvature perturbation is [12] S = ∫ 1 2 ( ∂φ ∂η )_2

− (∇φ)^2 + ( 1 z d^2z dη^2 ) φ^2 dη d^3x. (6) At this stage we wish to note that z encodes information about inflation. Because the background is spatially flat, we can expand all perturbed fields in terms of Fourier modes as f(x, η) =

∫_d3_k

(2π)^{3/2} fk(η)e ik·x. In second quantization1, these modes are given by f

k(η) = b(k)f_k(η)+b^†(−k)f^∗_k (η). This quantum-to-classical behavior is a great success for the theory. If it had failed, prediction for the power spectrum would have had nothing to do with reality. Using the Fourier transform of φ and second quantization, each mode of curvature perturbation satisfies the Schrödinger-type equation

d^2φ_k(η) dη^2 + ( k^2 − 1 z d^2z dη^2 ) φ_k(η) = 0, k = |k|, (7)

where φ_k depends on the norm of k only because we work in an isotropic background. In general its asymptotic solutions are obtained as

1For example, the orthogonal eigenmodes expansion of φ(x, η) is given by φ(x, η) = ∫_{d3 k}

(2π)^{3/2} ( b(k)u_k(η)e^{ik·x} + b^†(k)u^∗_k(η)e^{−ik·x} ) . Here the annihilation and creation operators b(k), b^†(k) satisfy the usual operator algebra : [ b(k), b^†(q) ] = δ^{(3)}(k − q).

φ_k −→ {_{1√} 2k e^{−ikη} as −kη → ∞ A_kz as −kη → 0. (8) The first solution corresponds to the flat space vacuum on scales much smaller than the Hubble distance (sub-horizon scale), and the second is the growing mode on scales much larger than the Hubble distance (super-horizon scale). Using other definition of the power spectrum : P_{Rc} (k)δ^{(3)}(k − q) =^{k3}_{2π2} < R_{ck}(η)R^†_{cq}(η) >, one finds

P_{Rc} (k) = ( k^3 2π^2 ) lim −kη→0 | | | | φ_k z | | | | 2 = k^3 2π^2

|A_k|^2. (9)

Now let us introduce slow-roll parameters

ϵ_1 = − Ḣ H^2 = 1 2 ( ϕ̇ H )_2 , δ_n ≡ 1 H^nϕ̇ d^{n+1}ϕ dt^{n+1} , (10)

which we assume to satisfy ϵ_1 < ξ and |δ_n| < ξ^n for a small perturbation parameter ξ. The subscript denotes the order in the slow-roll expansion. Then one finds relations up to first order 1 z d^2z dη^2 ≃ 2(aH)^2 ( 1 + ϵ_1 + 3 2 δ_1 ) , aH ≃ − 1 η (1 + ϵ_1). (11)

Ignoring the slow-roll corrections, equation (7) is given by

d^2φ_k dη^2 + ( k^2 − 2 η^2 ) φ_k = 0. (12)

Eigenmode solution to this equation is given by φ_k =^{1√}_{2k} ( 1−^i_{kη} ) e^{−ikη} . The power spectrum to zeroth order in the slow-roll expansion is then given by [13]

P^{0th}_{Rc} (k) = ( H 2π )_2 (H ϕ̇ )_2| | | | |_{k=k∗} , (13)

where we use the relation < φ_k a φ^†_q a >= 2π^2 k^3 ( H 2π )_2

δ^{(3)}(k − q). (14)

In commutative spacetime, the power spectrum is usually evaluated at horizon crossing which is the moment of the time when k_∗ = aH. The scale k_∗ is called the pivot scale. The standard slow-roll approximation (Bessel approximation) is valid only when slow-roll parameters are considered to be small and nearly constant [14]. This gives us the power spectrum to first order in the slow-roll expansion. Using 1 z d^2z dη^2 ≃ (2 + 6ϵ_1 + 3δ_1)

η^2 = ν^2 −^1_4 η^2

, (15)

with ν =^3_2 + 2ϵ_1 + δ_1, we can calculate the power spectrum to first order

P^{1st}_{Rc} (k) =

H^4 (2π)^2ϕ̇^2

{1 − 2ϵ_1 + 2α(2ϵ_1 + δ_1)} (16)

where α = 2 − ln 2 − γ = 0.729637 with γ = 0.577216 (Euler-Mascheroni constant). Here all quantities are evaluated at k = k_∗ = aH. The slow-roll approximation cannot be pushed beyond the first order. In order to calculate the power spectrum up to second order, one should use the other method called slow-roll expansion based on Green functions perturbative calculation [15]. In this approach an important point is that the slow-roll parameters satisfy the relations:

ϵ̇_1 = 2H(ϵ^2_1 + ϵ_1δ_1), δ̇_1 = H(ϵ_1δ_1 − δ^2_1 + δ_2), δ̇_2 = H(2ϵ_1δ_2 − δ_1δ_2 + δ_3) (17)

which means that the derivative of slow-roll parameters with respect to time increases their order by one in the slow-roll expansion. In other words, all parameters of ϵ_1, δ_n are not constant but slowly varying because H is nearly constant and ϵ_1 < ξ, |δ_n| < ξ^n for a small parameter ξ < 1 during inflation. Using Eq.(9), the power spectrum up to the second order is given by

P^{2nd}_{Rc} (k) =

H^4 (2π)^2ϕ̇^2 { 1 − 2ϵ_1 + 2α(2ϵ_1 + δ_1) + ( 4α^2 − 23 +

7π^2 3 ) ϵ^2_1 (18) + ( 3α^2 + 2α − 22 +

29π^2 12 ) ϵ_1δ_1 + ( 3α^2 − 4 +

5π^2 12 ) δ^2_1 + ( −α^2 + π^2 12 ) δ_2 } , where all quantities are evaluated at horizon crossing of k = k_∗. Comparing Eq.(16) with Eq.(18) leads to the same power spectrum up to first order.

III. NONCOMMUTATIVE CASE

For convenience we introduce another time coordinate τ to represent the noncommutative spacetime. Then the perturbed metric in Eq.(2) can be rewritten as

ds^2_{non−p} = a^{−2}(τ )(1 + 2A)dτ^2 − a^2(τ )(1 + 2ψ)dx · dx. (19)

The spacetime uncertainty relation of △t_p△x_p ≥ l^2_s becomes

△τ △x ≥ l^2_s (20)

for a cosmological purpose. We propose the transition to noncommutative spacetime obeying Eq.(20) by taking the operator appearing in the bilinear action in Eq.(6) and replacing all multiplications by ∗-products [3]. Using the Fourier transform of φ̃, the equation of motion becomes

d^2φ̃_k dη̃^2 + ( k^2 − 1 z_k d^2z_k dη̃^2 ) φ̃_k = 0. (21)

Here z_k is some smeared version of z or a over a range of time of characteristic scale △τ = l^2_s k defined by z^2_k (η̃) = z^2y^2_k(η̃), y^2_k = √ β^+_k β^−_k , dη̃ dτ = β^−_k β^+_k

, (22)

where

β^±_k = 1 2 [ a^{±2}(τ + l^2_s k) + a^{±2}(τ − l^2_s k) ] . (23)

Here we define a modified conformal time η̃. This representation has the advantage of preserving both spatial translational and rotational symmetry of the flat FRW metric, in compared to constructions based on the conventional noncommutative relations: [x^μ, x^ν ] = iθ^{μν} [16]. Actually spacetime noncommutativity does not affect the evolution of the homogeneous background. However, this leads to a coupling between the fluctuations generated in inflation and the flat background of FRW space. Usually the coupling appears to be nonlocal in time as is shown in Eq.(22). If one does not require the uncertainty relation in Eq.(20), one finds easily commutative relations that y_k → 1, z_k → z, η̃ → η.

Our task is to solve Eq. (21). Relevant parameters are ϵ_1, δ_n as well as a small noncommutative parameter μ(k, t)^2 defined as μ = ( kH aM^2_s )_2

(24)

which satisfies

μ̇ = −4Hμϵ_1. (25)

Here M_s = 1/l_s. At the first time it seems that difference exists between ϵ_1, δ_n and μ. By definition, slow-roll parameters (ϵ_1, δ_n << 1) do not involve a which is rapidly increasing during inflation. We note that H is nearly constant during inflation. μ does not contains any derivative with respect to time but it contains a, in contrast to ϵ_1, δ_n. Even though μ has a different property, we insist from Eq.(25) that μ can play the role of a small parameter. This is because assuming that μ is zeroth order, derivative of μ becomes first order in the slow-roll expansion. Hence we take μ as a zeroth order of slow-roll parameter which describes the noncommutative spacetime at the period of inflation.

A. Slow-roll approximation

In this section we use the slow-roll approximation which means that we take ϵ_1, δ_1, μ to be constant in calculation of the noncommutative power spectrum. For this purpose, we obtain relations up to first order [9]

2If one considers μ(t), then one finds μ̇ = −2Hμ(1+ϵ_1) which is similar to Ẋ = −2HX(1−ϵ_1) with X = (aH)^{−2} in Ref. [17]. This leads to a wrong interpretation for the noncommutative parameter μ as a zeroth order slow-roll parameter because μ̇(t) has two terms : one is a zeroth-order and the other is a first order in the slow-roll expansion. We thank Q. Huang for pointing out it.

1 z_k d^2z_k dη̃^2 ≃ 2(aH)^2 ( 1 + ϵ_1 + 3 2 δ_1 − 2μ ) (26) and aH ≃ − 1 η̃ (1 + ϵ_1 + μ). (27)

Then Eq.(21) takes the form

d^2φ̃_k dη̃^2 + ( k^2 −

(ν^2 −^1_4 )

η̃^2 ) φ̃_k = 0 (28)

with ν =^3_2 + 2ϵ_1 + δ_1. We note here that this equation takes the same form as in Eq.(7) with Eq.(15) except replacing η, φ_k by η̃, φ̃_k. The asymptotic solution to Eq.(21) in the limit of −kη̃ → ∞ takes the form

φ̃_k = 1 √ 2k e^{−ikη̃}. (29) In the limit of −kη̃ → 0, one finds asymptotic form of the Hankel function H^{(1)}_ν (−kη̃) [14]

φ̃_k ≃ e^{i(ν− 12 )}2^{ν− 32}

Γ(ν) Γ(^3_2 ) 1 √ 2k (−kη̃)^{12 −ν} . (30)

Furthermore from Eqs.(22) and (23), we have an expression

y_k ≃ 1 + μ. (31)

The Fourier transform of curvature perturbation is given by R̃_k = −φ̃_k(η̃)/z_k. Then the noncommutative power spectrum is defined by ~P_{Rc} (k) = ( k^3 2π^2 ) lim −kη→0 | | | | φ̃_k z_k | | | | 2 . (32)

Substituting equations (27), (30) and (31) into Eq.(32), one finds ~P_{Rc} (k) = H^4 (2π)^2ϕ̇^2 [ 2^{ν− 32}

Γ(ν) Γ(^3_2 ) ]_2( k aH )_{−2(2ϵ1+δ1)} 1

(1 + ϵ_1 + μ)^{2(1+2ϵ1+δ1)}(1 + μ)^2

. (33)

Making use of the Taylor expansions up to first order as

2^{ν− 32}

Γ(ν) Γ(^3_2 )

≃ 1 + 2α(2ϵ_1 + δ_1), e^{−2(2ϵ1+δ1) ln} (_k k∗ ) ≃ 1 − 2(2ϵ_1 + δ_1) ln ( k k_∗ ) , (34)

we have

P̃^{1st}_{Rc} (k) = H^4 (2π)^2ϕ̇^2 { 1 − 2ϵ_1 − 4μ + 2 ( α − ln ( k k_∗ ) ) (2ϵ_1 + δ_1) } (35) with k_∗ = aH. In the limit of μ → 0, ~P^{1st}_{Rc} (k) reduces to the commutative power spectrum [18,19]. In the noncommutative spacetime approach the horizon crossing occurs at k^2 = 1 z_k d^2 z_k dη̃^2 [3]. Hence from Eq.(26) we use the other pivot scale knhc ≃ √ 2k_∗. As a result, we obtain the noncommutative power spectrum up to first order as

P̃^{1st}_{Rc} (k) = H^4 (2π)^2ϕ̇^2

{1 − 2ϵ_1 − 4μ + 2α_∗(2ϵ_1 + δ_1)} (36)

with α_∗ = α −^{ln 2}_2 . Here the right hand side is evaluated at k = k_{nhc}. Comparing it with Eq.(16) when μ = 0, the change of pivot scale from k = k_∗ to k = k_{nhc} amounts to replacing α by α_∗ in the first-order calculation [19].

B. Slow-roll expansion

The slow-roll approximation could not be considered as a general approach to calculate the power spectrum. In order to calculate the power spectrum even for up to first order correctly, one should use the slow-roll expansion based on Green’s function technique. The key step is to introduce a variable nature of the noncommutative parameter, which means that μ satisfies Eq.(25). However this expansion is useful for deriving the power spectrum at k = k_∗ but not k = k_{nhc} and thus it works well for commutative case and higher order case. We use the slow-roll expansion at k = k_∗ to calculate the noncommutative power spectrum up to first order. Then, accepting the rule that the change of pivot scale from k = k_∗ to k = k_{nhc} amounts to replacing α by α_∗, our calculation provides the correct result that will be derived from the slow-roll expansion at k = k_{nhc} .

Using notations of y = √ 2k φ̃_k and x̃ = −kη̃, we can express Eq.(21) as

d^2y dx̃^2 + ( 1 − 1 z_k d^2z_k dx̃^2 ) y = 0. (37)

In general its asymptotic solutions are given by

y −→ e^{ix̃} as x̃ → ∞ √ 2k Ã_kz_k as x̃ → 0.

(38)

We solve Eq. (37) with the boundary condition Eq. (38) to eventually calculate Ã_k. Now we can choose the ansatz that z_k takes the form

z_k = 1 x̃ ~f(ln x̃). (39)

Then we have 1 z_k d^2z_k dx̃^2 = 2 x̃^2 + 1 x̃^2

~g(ln x̃), (40)

where

~g = −3 ~f^′ + ~f^{′′} ~f , (41)

and the equation of motion is

d^2y dx̃^2 + ( 1 − 2 x̃^2 ) y = 1 x̃^2 ~g(ln x̃)y. (42) The homogeneous solution with correct asymptotic behavior at x̃ → ∞ is

y_0(x̃) = ( 1 + i x̃ ) e^{ix̃}. (43)

Using Green’s function technique, Eq.(42) with the boundary condition Eq.(38) can be written as the integral equation

y(x̃) = y_0(x̃) + i 2 ∫_∞ x̃ du 1 u^2

~g(ln u) y(u) [y^∗_0(u)y_0(x̃) − y^∗_0(x̃)y_0(u)] . (44)

We are now in a position to solve Eq. (44) perturbatively using the slow-roll expansion. Introducing

x̃z_k = ~f(ln x̃) = ∞∑ n=0 ~f_n n! (ln x̃)^n, (45)

~f_n/ ~f_0 is of order n in the slow-roll expansion. This expansion is useful for exp(−1/ξ) ≪ x̃ ≪ exp(1/ξ) and for extracting information at x̃ = 1.

Considering a relation up to first order in the slow-roll expansion and in μ as x̃ = −kη̃ = −k ∫ dτ ( β^−_k β^+_k )_{1/2} ≃ k aH {1 + ϵ_1 + μ(1 − 2ϵ_1)} , (46)

we can express the expansion coefficients f̃_n in terms of ϵ_1, δ_n, and μ evaluated at k = aH. In deriving the above expression, we use Eq.(25). From Eq.(45) we obtain

f̃_1 ≃ − k ϕ̇ H^2

{2ϵ_1 + δ_1 + 2μ(−2ϵ_1 + δ_1)} | | | | |_{k=aH} , (47)

f̃_0 ≃ k ϕ̇ H^2

{1 + ϵ_1 + μ(2 + ϵ_1 + δ_1)} | | | | |_{k=aH} , (48) 1 f̃_0 ≃

H^2 kϕ̇ {1 − ϵ_1 − μ(2 − 3ϵ_1 + δ_1)} | | | |_{k=aH} , (49)

f̃_1 f̃_0 ≃ (−2ϵ^1 − δ^1 + 8μϵ^1)|^{k=aH} . (50)

Further Eqs.(41) and (45) give

g̃(ln x̃) = ∞∑ n=0 g̃_{n+1} n! (ln x̃)^n, (51) where g̃_n is of order n in the slow-roll expansion and, up to first order

g̃_1 ≃ −3 f̃_1 f̃_0 . (52)

Expanding y as

y(x̃) = ∞∑ n=0 y_n (x̃) , (53)

where y_0(x̃) is the homogeneous solution in Eq.(43), and y_n(x̃) is of order n in the slow-roll expansion. Following the procedure in commutative case [15], we solve Eq. (44) perturbatively by substituting Eqs.(51) and (53) and equating terms of the same order. We obtain the asymptotic form for y up to first-order corrections y(x̃) → i { 1 + g̃_1 3 [ α + iπ 2 ]} x̃^{−1} − i 3 g̃_1x̃^{−1} ln x̃. (54)

The exact asymptotic form for y in the limit x̃ → 0 is given by Eq. (38). Expanding this perturbatively as in Eq. (45) for small ξ ln(1/x̃), i.e. for x̃ in the range 1 ≫ x̃ ≫ exp(−1/ξ), gives the asymptotic form for y up to first-order corrections y(x̃) → √ 2k Ã_kf̃_0 x̃^{−1} + √ 2k Ã_kf̃_1 x̃^{−1} ln x̃. (55)

Comparing this with Eq. (54), the coefficient of x̃^{−1} is the desired result because it will give Ã_k up to first-order corrections. The coefficient of x̃−1 ln x̃ simply give the consistent asymptotic behavior, that is, proportional to z_k. Substituting Eq.(52) into Eq. (54), matching the coefficient of x̃^{−1} with that in Eq.(55), the noncommutative power spectrum up to first order is P̃^{1st}_{Rc} (k) = k^3 2π^2

|Ã_k|^2 = k^2 (2π)^2 1 f̃ 2_0 [ 1 − 2α f̃_1 f̃_0 ] . (56)

Substituting Eqs.(49)-(50) into Eq.(56) leads to

P̃^{1st}_{Rc} (k) = P^{1st}_{Rc} (k) − μH^4 (2π)^2ϕ̇^2

{4 + (32α − 10)ϵ_1 + (8α + 2)δ_1} (57)

where the commutative contribution appears in Eq.(16) and the right hand side should be evaluated at k = aH. Comparing with the result Eq.(36) from the slow-roll approximation, we find additional terms depending μ. We identify these with an effect of choosing Eq.(25). Using^{dμ}_{d ln k} = −4ϵ_1μ,^{dϵ1}_{d ln k} = 2(ϵ^2_1 + ϵ_1δ_1),^{dδ1}_{d ln k} = ϵ_1δ_1 − δ^2_1 + δ_2, the spectral index defined by ñ_s(k) = 1 + d ln P̃^{1st}_{Rc} d ln k (58) can be easily calculated up to second order

ñ_s(k) = n_s(k) + 16μϵ_1 (59) +μ { (32α + 12)ϵ^2_1 − (32α − 10)ϵ_1δ_1 + 2δ^2_1 − 2δ_2 } . where the right hand side should be evaluated at k = aH. The last line is additional contribution which comes from the slow-roll expansion. The commutative contribution up to second order is given by

n_s(k) = 1 − 4ϵ_1 − 2δ_1 + (8α − 8)ϵ^2_1 + (10α − 6)ϵ_1δ_1 − 2αδ^2_1 + 2αδ_2. (60)

Finally the running spectral index up to third order is given by dñ_s d ln k = dn_s d ln k − 32μϵ_1(ϵ_1 − δ_1) (61) −μ { 32ϵ^3_1 − (160α + 70)ϵ^2_1δ_1 + (32α − 6)ϵ_1δ^2_1 + (32α − 14)ϵ_1δ_2 +4δ^3_1 − 6δ_1δ_2 + 2δ_3 } . The last two lines come from the slow-roll expansion. Also the commutative contribution up to third order d d ln k n_s = −8ϵ^2_1 − 10ϵ_1δ_1 + 2δ^2_1 − 2δ_2 + (32α − 40)ϵ^3_1 (62) +(62α − 60)ϵ^2_1δ_1 + (6α − 4)ϵ_1δ^2_1 + (14α − 8)ϵ_1δ_2 + 4αδ^3_1 − 6αδ_1δ_2 + 2αδ_3.

Up to now our calculation was done at the pivot scale of k = k_∗. In order to obtain the correct expressions for noncommutative spacetime inflation, we have to change the pivot scale: k_∗ → k_{nhc} . Up to first-order corrections, k_∗ → k_{nhc} corresponds to α → α_∗ in the above expressions [19]. As an example, we choose the power-law inflation like a(t) ∼ t^p whose potential is given by

V (ϕ) = V_0 exp ( − √ 2 p ϕ ) . (63)

Thus slow-roll parameters are determined by

ϵ_1 = 1 p , δ_1 = − 1 p , δ_2 = 2δ^2_1 = 2 p^2

, δ_3 = 6δ^3_1 = − 6 p^3

. (64)

Then the noncommutative power spectrum takes the form P̃^{P I,1st} R_c (k) = P P I,1st R_c (k) − μH^4 (2π)^2ϕ̇^2 { 4 + 12(2α_∗ − 1) p } , (65)

where P^{P I,1st} R_c (k) =

H^4 (2π)^2ϕ̇^2 { 1 + 2(α_∗ − 1) 1 p } . (66)

The noncommutative spectral index can be easily calculated up to second order

ñ^{P I}_s (k) = n^{P I}_s (k) + μ { 16 p + 64α_∗ p^2 } , (67)

where

n^{P I}_s (k) = 1 − 2 p − 2 p^2

. (68)

Finally the running spectral index is found to be dñ^{P I}_s d ln k ≃ dn^{P I}_s d ln k − μ { 64 p^2 + 8(32α_∗ + 8) p^3 } , (69)

where the commutative contribution is zero up to 1/p^3, dn^{P I}_s d ln k = 0. (70)

Comparing the above expressions with those of a constant μ in Ref. [9], we find additional corrections in equations (65), (67), and (69). These are replacement of α → α_∗ from the change of pivot scale and additional contributions from a noncommutative parameter with μ ≠ constant.

IV. DISCUSSION

We study the role of the noncommutative parameter in inflation. First of all we could consider it as a zeroth order slow-roll parameter. In the case of the power-law inflation with ϵ_1=constant [9], one has μ = (k/k_c)^{−4/p} = e^{− 4p ln(k/kc)}. Considering that p is large, one has an undetermined series with respect to p in compared with slow-roll parameters in Eq. (64). Also, from the last term in Eq.(22), we have η̃ = (1 + μ)η. This means that μ is a dimensionless parameter, which expands the conformal time scale in noncommutative spacetime slightly. Further, introducing k ∼ aH at horizon crossing, we have a relation of μ ∼ H^4. Hence it is no doubt that μ is regarded as a zeroth order slow-roll parameter^3.

In order to calculate the noncommutative power spectrum correctly, we have to consider two important things. The first is to note that the noncommutative parameter is a variable one which satisfies μ̇ = −4Hϵ_1μ. Then the derivative of μ with respect to time leads to increase one order in the slow-roll expansion. In the cases of μ = 0 and μ = constant, we have gotten the same power spectrum up to first order when using the slow-roll approximation and slow-roll expansion. However, in the case of μ ≠ constant, two results are different even for first-order corrections. The second is to note that the pivot scale k = k_{nhc} of a noncommutative spacetime inflation is different from k = k_∗ of commutative case. There exists a delay of the time when fluctuation modes cross outside the horizon in noncommutative

3For a better notation, we may use μ_0 instead of μ.

spacetime. We can take it into account by making a change of α → α_∗. On the other hand, the slow-roll expansion is suitable for k = k_∗ and higher order calculations. Hence, in order to obtain the noncommutative power spectrum up to first order, we simply replace α by α_∗ in whole commutative expressions at k = k_∗.

As is shown in Eq. (65), choosing the power-law inflation, we confirm that the presence of μ (noncommutative spacetime effect) always suppress the power spectrum. Especially, a case of μ ≠constant suppresses more the power spectrum than that of a μ=constant case.

Acknowledgements

This was supported in part by KOSEF, Project No. R02-2002-000-00028-0.

REFERENCES

[1] R. Brandenberger, ”The promise of string cosmology”, hep-th/0103156. [2] T. Yoneya, in ”Wandering in the Fields”, eds. K. Kawarabayashi and A. Ukawa (World Scientific, 1987), p. 419; M. Li and T. Yoneya, Phys. Rev. Lett. 78 (1977) 1219[hepth/9611072]; T. Yoneya, Prog. Theor. Phys. 103 (2000) 1081[hep-th/0004074]; ;J. Polchinski, ”String Theory”(Cambridge Univ. Press, Cambridge, 1998), vol. II.

[3] R. Brandenberger and P. M. Ho, Phys. Rev. D 66 (2002) 023517[hep-th/0203119]. [4] H. V. Peiris, et al, Astrophys. J. Suppl. 148 (2003) 213 [astro-ph/0302225]; C. L. Bennett, et al, Astrophys. J. Suppl. 148 (2003) 1[astro-ph/0302207]; D. N. Spergel, et al, Astrophys. J. Suppl. 148 (2003) 175[astro-ph/0302209].

[5] P. Mukherjee and Y. Wang, Astrophys. J. 599 (2003) 1 [astro-ph/0303211]; S. L. Bridle, A. M. Lewis, J. Weller and G. Efstathiou, Mon. Not. Roy. Astron. Soc. 342 (2003) L72[astro-ph/0302306].

[6] Q. C. Huang and M. Li, JHEP 0306 (2003) 014[hep-th/0304203]. [7] S. Tsujikawa, R. Maartens, and R. Brandenberger, Phys. Lett. B 574 (2003) 141 [astroph/0308169].

[8] Q. C. Huang and M. Li, JCAP 0311 (2003) 001[astro-ph/0308458]. [9] Q. C. Huang and M. Li, astro-ph/0311378.

[10] J. M. Bardeen, Phys. Rev. D22 (1980) 1882; H. Kodama and M. Sasaki, Prog. Theor.

Phys. Supp. 78 (1984)1.

[11] V. N. Lukash, JETP Lett. 31 (1980) 596; V. N. Lukash, Sov. Phys. JETP 52 (1980) 807.

[12] V. F. Mukhanov, JETP Lett. 41 (1985) 493. [13] A. R. Liddle and D. H. Lyth, Phys. Rep. 321 (1993) 1. [14] E. D. Stewart and D. H. Lyth, Phys. Lett. B302 (1993) 171. [15] E. Stewart and J.-O. Gong, Phys. Lett. B 510 (2001) 1 [astro-ph/0101225]. [16] M. Fukuma, Y. Kono, and A. Miwa, hep-th/0307029. [17] D.-H. Zhang and C.-Y. Sun, astro-ph/0310127.

[18] J. Martin and D. J. Schwarz, Phys. Rev. D62 (2000) 103520[astro-ph/9911225]; J. Martin , A. Liazuelo, and D. J. Schwarz, Astrophys. J. 543 (2000)L99[astro-ph/0006392]; J. Martin and D. J. Schwarz, Phys. Rev. D 67 (2003) 083512 [astro-ph/0210090];

[19] E. Stewart, Phys. Rev. D 65 (2002) 103508 [astro-ph/0110322].