arXiv:hep-th/0402046 v1 5 Feb 2004

LPT Orsay–04/15 SU-ITP-04/02 NYU-TH/04/02/9 KUL-TF-04/02 hep-th/0402046

Fayet–Iliopoulos Terms in Supergravity and Cosmology

Pierre Binétruy^1, Gia Dvali^2, Renata Kallosh^3 and Antoine Van Proeyen^4

1 Laboratoire de Physique Théorique, Université Paris-Sud, F-91405 Orsay, France and APC, Université Paris 7, France

2 Center for Cosmology and Particle Physics, Department of Physics, New York University, New York, NY 10003

3 Department of Physics, Stanford University, Stanford, CA 94305-4060, USA.

4 Instituut voor Theoretische Fysica, Katholieke Universiteit Leuven, Celestijnenlaan 200D B-3001 Leuven, Belgium.

Abstract We clarify the structure of N = 1 supergravity in 1+3 dimensions with constant Fayet–Iliopoulos (FI) terms. The FI terms gξ induce non-vanishing R-charges for the fermions and the superpotential. Therefore the D-term inflation model in supergravity with constant FI terms has to be revisited. We present all corrections of order gξ/M^2_P to the classical supergravity action required by local supersymmetry and provide a gauge-anomaly-free version of the model.

We also investigate the case of the so-called anomalous U(1) when a chiral superfield is shifted under U(1). In such a case, in the context of string theory, the FI terms originate from the derivative of the Kähler potential and they are inevitably field-dependent. This raises an issue of stabilization of the relevant field in applications to cosmology.

The recently suggested equivalence between the D-term strings and D-branes of type II theory shows that brane-anti-brane systems produce FI terms in the effective 4d theory, with the Ramond- Ramond axion shifting under the U(1) symmetry. This connection gives the possibility to interpret many unknown properties of D−D̄ systems in the more familiar language of 4d supergravity Dterms, and vice versa. For instance, the shift of the axion field in both cases restricts the possible forms of the moduli-stabilizing superpotential. We provide some additional consistency checks of the correspondence of D-term-strings to D-branes and show that instabilities of the two are closely related. Surviving cosmic D-strings of type II theory may be potentially observed in the form of D-term strings of 4d supergravity. We study such string solutions of supergravity with constant FI terms with one half supersymmetry unbroken and explain some of the puzzling properties of the zero modes around cosmic strings, such as the difference between the numbers of fermionic and bosonic modes.

e-mails: pierre.binetruy@th.u-psud.fr, gd23@feynman.acf.nyu.edu, kallosh@stanford.edu, antoine.vanproeyen@fys.kuleuven.ac.be

Contents

1 Introduction 1

2 Short overview of the local superconformal action 6

3 From superconformal theory to supergravity with FI 8 3.1 Supergravity and a rigid limit . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2 Simplified action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Summary on R-symmetry, FI term and superpotential . . . . . . . . . . . . 15 3.4 Supersymmetrically removing chiral multiplets . . . . . . . . . . . . . . . . . 17

4 D-term inflation revisited 19

5 D-term strings 21 5.1 The string configuration . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 5.2 Zero modes on D-strings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

6 Discussion of FI term from pseudo-anomalous U(1). 25

7 Cosmological applications: Stability of the D-term strings 29 7.1 D-term string stability in supergravity . . . . . . . . . . . . . . . . . . . . . 30 7.2 D-string instability as D-term string instability. . . . . . . . . . . . . . . . . 30

8 FI D-terms from D-branes, and moduli stabilization 31

9 Conclusion 34

A Residual superalgebra of the D-term string 37

B Relating bosonic and fermionic modes 38

1 Introduction

Current cosmological observations suggest that it may be important to study the effective four-dimensional gravitational theory derivable from a fundamental theory, like M/string theory. If the effective theory has local supersymmetry, it is described by d = 4, N = 1 supergravity. For cosmological applications one is interested particularly in any possibility to find a de Sitter type configuration (dS) with broken supersymmetry to describe the currently accelerating universe as well as a slow-roll stage of the early universe inflation.

The potential in N = 1 supergravity^1 is well known: there is an F-term potential, constructed in a standard way from the Kähler potential and superpotential, in some cases

1We will limit ourselves to gravitational, vector and chiral multiplets.

there is also a non-trivial D-term potential, derivable in the standard fashion [1, 2, 3]. It is extremely important in the context of cosmological applications that the D-term potential is always positive, whereas the F-term in general has both positive and negative contributions.

Since the D-term potential is positive definite it may lead to de Sitter type solutions, particularly in presence of a constant FI term.

At present there is no known way to derive the effective d = 4, N = 1 supergravity with constant FI terms from M/string theory. Only field-dependent D-terms have been identified so far (one should keep in mind that FI terms studied in the context of open string theory are not immediately relevant for gravity and cosmology). There is no strict no-go theorem about the absence of constant FI terms in string theory, however, for all practical purposes, the situation is close to the existence of such theorem.^2

Since constant FI terms in effective supergravity in 1+3 dimensions lead to dS spaces, the possibility to get such terms from M/string theory may require new developments in the understanding of string theory. It is worth reminding here that the second string revolution has allowed to treat M-theory and 11-dimensional supergravity as leading to effective theories with 1+3 dimensional chiral fermions. Before the compactifications on orbifolds and orientifolds were studied, it was believed that it is impossible to get d = 4 chiral fermions from 11-dimensional supergravity. At present we may only hope that some new possibility will realize in M/string theory that will allow to derive constant FI terms and dS and near dS spaces.

The purpose and the results of this paper can be summarized as follows:

• Firstly, we will study the general case when local N = 1 supersymmetry in 1+3 dimensions admits constant FI terms and provide the supersymmetry rules in such theories.^3 As an application of these rules we will revisit the D-term inflation model and correct the supergravity version of it to comply with the restrictions on the superpotential required when constant FI terms are present. We will also study D-term strings and their properties in supergravity with constant FI terms.

• Secondly, we will study the so-called anomaly generated FI terms originating from string theory and explain that a procedure of stabilization of certain moduli is required for these models to be used in the cosmological context in 1+3 dimensions.

• The recently suggested [4] equivalence between the 4d supergravity D-term strings and D-branes of type II theory shows that brane-anti-brane systems in an effective 4d theory can be described as gauge theories with non-zero FI term. The axion shifting under the U(1)-symmetry is dual to the Ramond-Ramond form. This connection gives the possibility to establish a useful dictionary between the two descriptions and interpret many important properties of D−D̄ systems in a simpler language of 4d

2We are grateful to S. Kachru and J. Maldacena for numerous discussions of this issue. 3In globally supersymmetric theories the constant FI terms can be added without any constraints on the theory. However, in the local case this is not true anymore.

supergravity gauge theories with non-zero D-terms, and vice versa. In particular, we can use our knowledge of the stability of supergravity vacua with non-zero D-terms for understanding the stability of the string vacua with brane-anti-brane systems and their various cosmological applications, such as D-brane inflation. For instance, the shift of the axion in both cases restricts the possible forms of the moduli-stabilizing superpotential.

We provide some additional consistency checks of the correspondence between D-term-strings and D-branes and show that, not surprisingly, the instabilities of the two are closely related. Thus, not only the cosmic D-term-strings, formed after D-term inflation, do not cause any cosmological trouble, but in fact they may be potentially detected. Hence, the D-brane strings of type II theory, could in principle be observed in the sky in the form of the supergravity D-term strings!

A standard expectation is that any Kähler potential and any holomorphic superpotential may define a version of N = 1 supergravity in 1+3 dimensions. We will clarify here the situation with constant FI terms, when this expectation is not valid and certain restrictions on the choice of the superpotential are required.

The very first version of supergravity with locally supersymmetric extension of the FI term of the Abelian vector multiplet was constructed in [5]. It has positive cosmological constant, Λ > 0. It was also shown there that local supersymmetry requires the axial gauging of gravitino and gaugino (local R-symmetry). This theory involves only the gravitational supermultiplet and the vector supermultiplet and has one-loop axial anomalies [6]. More general classes of models with constant FI terms and scalar supermultiplets were constructed in [7, 8, 9, 10]. More recently there were few important developments in studies of some anomaly-free models with gauged R-symmetry and constant FI terms in supergravity [11,12]. At that time the main focus of such investigations was towards particle physics with vanishing cosmological constant.

On the other hand, in the cosmology community, the role of D-terms has become extremely important as a possible origin of de Sitter configurations and inflation in supergravity [13,14]. It remains, however, not well known that the presence of constant FI terms poses specific restrictions on supergravity theories (see however [15, 16]).

The existing versions of supergravities with FI terms are mostly incomplete for our purposes. The D-term inflation model has an important property that in the unstable de Sitter vacuum as well as in the absolute Minkowski vacuum the superpotential vanishes, W_{min} = 0. However, outside the minimum, the superpotential does not vanish, W ≠ 0. Thus formulations of supergravity [1, 9], where the Lagrangian depends not on two functions, the Kähler potential K(z, z^∗) and the superpotential W (z), but only on one combination G(z, z^∗) = −K(z, z^∗) − ln |M^{−3}_P W |^2 are not suitable^4 since they are not well defined at W = 0.

4In [9] there is a short “Note added” how to treat the case with vanishing superpotential.

The superspace approach with a non-singular dependence on the superpotential W presented in [8, 2] has all terms depending on constant FI. However, the holomorphic kinetic function f_{αβ}(z) for the vector multiplets is the simplest one, equal to 1. On the other hand, in [3] where there is an arbitrary scalar dependent f_{αβ}(z), the constant FI terms are not introduced. The significance of a generic, scalar dependent f_{αβ} (z) has to do with axial coupling aF F^∗ which sometimes plays an important role in the mechanism of anomaly cancellation.

In section 2 we give a summary of the ingredients of the construction of the supergravity action with superconformal symmetry. For our purpose it is most useful to study the formulation of supergravity with the superconformal origin which was recently constructed in [10]. It has all 3 generic functions, the Kähler potential K(z, z^∗), the superpotential W (z), and the kinetic function f_{αβ}(z) for the vector multiplets and the theory is regular at W = 0. One furthermore has to define the symmetry transformations. This includes for any U(1) factor the possible occurrence of a FI constant ξ_{αi}.

In the superconformal approach, one constructs in a first step the action with full superconformal symmetry. It contains an extra chiral multiplet, which was often called ‘compensating multiplet’, but was baptized ‘conformon’ in [10] to reflect its significance. In the next step, the gauge symmetries that are not present in Poincaré supergravity, such as local dilations, local chiral U(1)-symmetry^5 and local S-supersymmetry, are gauge fixed. This is discussed in the beginning of section 3.

The formulation of the theory in [10] has several advantages. For example, it simultaneously incorporates two different formulations of phenomenological supergravity depending on the gauge fixing of the local chiral U(1)-symmetry. The first formulation, in a Kählercovariant gauge, which is more standard, corresponds to [1]. The other one, in a new gauge where the conformon is real, is closer to [2, 3], and has a non-singular dependence on the superpotential W .

The new formulation [10] allowed to give a detailed explanation of the superconformal origin of FI-terms by including gauge transformations of the conformon field as first suggested in [9]. The conformon field Y is one of the extra superfields of the superconformal version of the theory, which gets fixed to remove the local dilatation and local chiral U(1)-symmetry. However, at the superconformal level before the gauge fixing such a field may participate in gauge transformations, which turn out to provide the FI terms:

δ_αY = i gξ_α 3M^2_P

Y , δ_αz_i = η_{αi}(z) , (1.1)

where g is the gauge coupling constant. When ξ_α are some real constant terms in some of the

5In the context of superconformal SU (2, 2|1) symmetry one often calls the superconformal chiral U (1) symmetry “R-symmetry”, since it rotates the supercharges (transforms the gravitinos). However, in the Poincaré supergravity, after the superconformal U (1) symmetry is fixed, there are sometimes other U (1) symmetries which are combinations of the superconformal U (1) symmetry and some additional U (1) gauge symmetries which were present in the superconformal theory. These U (1) symmetries one also calls Rsymmetries. In what follows, we will use the term “local R-symmetries” in the context of Poincaré supergravity only.

U(1)’s, they turned out to be constant FI terms ξ_α in the related U(1) in the supergravity theory. All corrections to the supergravity action in such a case can be deduced from the original superconformal action.

The scaling of fields that allows a suitable rigid limit is discussed in section 3.1. It allows us to present the action and transformation rules of supergravity with chiral and vector multiplets in a simple form in section 3.2. The different contributions to R-symmetry and D-terms and the implications for the superpotential are collected in section 3.3. There the difference between field-dependent and constant FI terms is clearly exhibited, but also it is shown how terms can be reinterpreted by performing Kähler transformations. The final part of section 3 shows how effective constant FI terms may result from field-dependent FI terms by replacing a chiral multiplet by its constant value without breaking local supersymmetry. This procedure is obvious in rigid supersymmetry, but cannot be done in supergravity in general. We treat in section 3.4 a case with a Kähler potential that splits in two parts.

Section 4 shows how the D-term inflation is modified by this connection to R-symmetry. We present here corrections to the action proportional to gξ/M^2_P , which are required for consistency of the most general N = 1 supergravity with FI terms. We give an explicit example of such corrections for the supergravity theory describing D-term inflation [13, 14]. We also show that such corrections vanish in the limit of rigid supersymmetry. Such corrections to the D-term inflation model have not been exposed so far. Therefore, we will revisit this model and present a corrected form of it as an example of the general supergravity with constant FI terms.

The supergravity theory with constant FI terms has recently been shown to have D-term string solutions with unbroken supersymmetry in [4]. A short summary of the D-term string solution is presented in section 5.1. In section 5.2 we study these solutions and their zero modes in an extended model in which the D-term string is coupled to an arbitrary number of chiral superfields. We present the fermionic zero modes coming from these superfields and verify explicitly, as well as deduce from the superalgebra that the bosonic ones are absent, despite the unbroken supersymmetry.

Then, we turn to field-dependent FI terms in section 6. We revisit the issues of the Dterm inflation model for the case of string theory inspired anomalous FI terms. We discuss the the relation with the anomaly cancellation by the Green-Schwarz mechanism.

We show that the true derivation of such cosmological models from string theory requires to find a stabilization mechanism for the dilaton and/or volume moduli. We describe some preliminary efforts in this direction existing in the literature, which may eventually lead to a stringy version of D-term inflation. Furthermore we discuss the scales of F and D-terms.

The cosmological implications of D-term strings for D-brane systems and D-brane inflation are discussed in section 7. Especially the stability is discussed first in the supergravity formulation (section 7.1). Then the relation of the instabilities of type II D-strings and the D-term strings in supergravity is exhibited in section 7.2.

The connection of the supergravity D-term description to the D-brane-anti-brane configuration is further deepened in section 8 by mapping the the moduli stabilization issues in the two cases.

Appendix A on the residual supersymmetry algebra of the D-term string configuration and appendix B that repeats the the relation between fermionic and bosonic modes are useful for section 5.2.

2 Short overview of the local superconformal action

We start in [10] with the SU(2, 2|1)-invariant action for n + 1 chiral multiplets X_I and (X_I )^∗ ≡ X^I and some number of Yang–Mills vector multiplets λ^α superconformally coupled to supergravity. The supergravity is represented by a Weyl multiplet consisting of a vielbein, a gravitino and a gauge field for U(1) gauge symmetry, gauged R-symmetry. The action consists of three parts, each of them being separately conformally invariant.

L = [N (X, X^∗)]_D + [W(X)]_F + [ f_{αβ}(X)λ̄^α_Lλ^β_L ] F (2.1)

The superconformal action has a number of extra gauge symmetries, by comparison with ordinary supergravity. The function N (X, X^∗) is an homogeneous function of degree one in X and X^∗. Upon gauge-fixing of extra gauge symmetries it will be related to the Kähler potential. The holomorphic function W(X) encodes the superpotential. The holomorphic function f_{αβ}(X) encodes the kinetic terms for the vector multiplet fields.

The extra symmetries include local dilatation, local R-symmetry and S-supersymmetry. In particular, fixing local dilatation removes one of the chiral scalars so that in supergravity there are only n of them. Fixing special supersymmetry removes an extra fermion field. One first performs a change of variables [10] of the n + 1 variables X_I to Y , which will be the conformon scalar, and n physical scalars z_i, which are hermitian coordinates for parametrizing the Kähler manifold in the Poincaré theory. One defines

X_I = Y x_I (z_i) . (2.2)

Here z_i, (z_i)^∗ ≡ z^i are n chiral superfields of ordinary supergravity and Y is the so-called conformon superfield. The Kähler potential and metric in supergravity are related to the original superconformal structures as follows:

K(z, z^∗) = −3 ln [ −^1_3 N /(Y Y^∗) ] , g^i_j ≡ ∂^i∂_j K = −3(∂^iX_I )(∂_j X^J )∂^I ∂_J ln N . (2.3)

In addition to local SU(2, 2|1) symmetry, the action may have some Yang-Mills gauge symmetries when there are Killing symmetries on the scalar manifold:

δ_αX_I = k_{αI} (X) , δ_αX^I = k_α^I (X^∗) . (2.4)

Here the Killing vectors k_{αI} (X) are holomorphic functions and their commutators define the structure constants. There are also corresponding transformations for the vector fields W^α_μ and fermionic fields. These Yang-Mills gauge symmetries commute with local superconformal symmetries. The functions N , W should be invariant and f_{αβ} covariant under the Yang-Mills gauge symmetries, e.g.

N^I k_{αI} + N_I k_α^I = W^I k_{αI} = 0 . (2.5) We use here and below the notation where N_I ≡ ∂N /∂X^I , and similar for N^I and W^I .

These symmetries of the superconformal action become a main focus of our attention in the present study of FI terms in supergravity. One finds that^6 k_{αI} = Y [ r_α(z)x_I (z) + η_{αi}(z)∂^ix_I (z) ] , (2.6) where the Yang-Mills transformations of all chiral superfields in the superconformal action are δ_αY = Y r_α(z) , δ_αz_i = η_{αi}(z) , (2.7) where r_α(z) and η_{αi}(z) are n + 1 holomorphic functions for every symmetry.

The Yang–Mills gauge transformations of the scalars, which may also act on the conformon multiplet when r_α(z) ≠ 0, are the Killing isometries that are gauged.

The invariance of N as written in (2.5) leads to

0 = N^I k_{αI} + N_I k_α^I = N [ r_α(z) + r^∗_α(z^∗) −^1_3 ( η_{αi}∂^iK(z, z^∗) + η_α^i∂_iK(z, z^∗) )] . (2.8)

Thus r_α(z) describes the non-invariance of the Kähler potential: δ_αK = η_{αi}(z)∂^iK(z, z^∗) + η_α^i∂_iK(z, z^∗) = 3(r_α(z) + r^∗_α(z^∗)) . (2.9) Imaginary constants in r_α do not show up here. In the special case that the transformation of the conformon superfield Y is given by imaginary constants (this is consistent with the YM algebra for U(1) factors)

r_α = i gξ_α 3M^2_P

, ∂_iξ_α = 0 , (2.10)

one finds that the Kähler potential is invariant, δ_αK = 0 . (2.11) The vector multiplets have the auxiliary field D^α, whose value is given by D^α = (Re f_{αβ})^{−1} P_β + fermionic terms , P_α(z, z^∗) =^1_2 iM^2_P [( η_{αi}(z)∂^iK(z, z^∗) − η_α^i∂_iK(z, z^∗) ) − 3r_α(z) + 3r^∗_α(z^∗)) ] = i M^2_P ( −η_α^i∂_iK(z, z^∗) + 3r^∗_α(z^∗) ) = i M^2_P ( η_{αi}∂^iK(z, z^∗) − 3r_α(z) ) .(2.12)

6We changed ξ_{αi} in [10] to η_{αi} .

These real functions P_α(z, z^∗), called Killing potentials, encode the Yang-Mills transformations. Indeed, their derivatives determine the Killing vectors: ∂_iP_α(z, z^∗) = i M^2_P η_{αj} g^j_i . (2.13) In the case where r_α = igξ_α/(3M^2_P ),

P_α(z, z^∗) = −i M^2_P η_α^i∂_iK(z, z^∗) + gξ_α = i M^2_P η_{αi}∂^iK(z, z^∗) + gξ_α . (2.14) The properties of W under chiral and dilatational symmetries imply that it is of the form W = Y^3M^{−3}_P W (z) . (2.15) Invariance of W under YM transformations, δ_αW = 0 , (2.16) requires that η_{αi}∂^iW = −3r_αW . (2.17) Thus, one finds that the superpotential W cannot be Yang-Mills invariant (which would correspond to η_{αi}∂^iW = 0) in all models where the conformon multiplet transforms under gauge transformations. In particular, when r_α = igξ_α/(3M^2_P ), which will be shown later to correspond to a constant FI term in supergravity ξ_α, we find η_{αi}∂^iW = −i gξ_α M^2_P

W . (2.18)

3 From superconformal theory to supergravity with FI

The gauge fixing of the local dilatational invariance introduces the mass scale M_P which was absent in the superconformal theory.^7 It also fixes |Y | in terms of a Kähler potential depending only on the physical scalars z, z^∗, Y Y^∗ exp ( −^1_3 K(z, z^∗) ) = M^2_P = −^1_3 N . (3.1) The Kähler invariance has its origin in the non-uniqueness of the splitting (2.2). This creates an invariance under a redefinition Y^′ = Y e^{13 ΛY (z)} , x^′_I = x_I e^{− 13 ΛY (z)} (3.2) for an arbitrary holomorphic function Λ_Y (z). This redefinition changes the Kähler potential to K^′ = K + Λ_Y (z) + Λ^∗_Y (z^∗) . (3.3)

7We use M_P ≡ M_{Planck} / √ 8π ∼ 2 × 10^{18} GeV.

The Kähler transformations act therefore on the superpotential W as W^′ = W e^{−ΛY (z)} , (3.4) leaving W invariant. The U(1) invariance can be fixed in case of an always non-vanishing gravitino mass by choosing Kähler symmetric U(1) − gauge : W = W^∗ . (3.5) This choice of gauge fixing of the chiral U(1) leads to the action of phenomenological N = 1 supergravity as given in [1]. This gauge makes sense only for W ≠ 0, as for W = 0 the condition is empty. An alternative gauge was suggested in [10] for the theories where W = 0 at some points in field space non-singular at W = 0 U(1) − gauge : Y = Y^∗ . (3.6) In this gauge for the U(1) symmetry, the theory is non-invariant under the Kähler transformations (3.2). This implies that the remaining invariance is a combination of chiral U(1) and Kähler transformations. The action in this form will be closer to the action of the phenomenological N=1 supergravity as given in [2, 3], where it was derived by superspace methods.

We will now give the action, including the fermions. First we fix the notation. The gravitinos are usually written as Majorana spinors ψ_μ, but sometimes it is convenient to split them into their complex chiral parts, ψ_{μL} =^1_2 (1 + γ_5)ψ_μ , ψ_{μR} =^1_2 (1 − γ_5)ψ_μ . (3.7) The same notation applies to the gauginos λ^α. The spinors of the chiral multiplets are always denoted by their chiral parts. We use the position of the index i to indicate the chirality, with χ_i =^1_2 (1 + γ_5)χ_i , χ^i =^1_2 (1 − γ_5)χ^i . (3.8) The action can be written as e^{−1}L = −^1_2 M^2_P [ R + ψ̄_μγ^{μρσ}D_ρψ_σ ] − g_i^j [ M^2_P ( ^∂_μz^i)( ^∂^μz_j ) + χ̄_j D̸χ^i + χ̄^i D̸χ_j ] + (Re f_{αβ}) [ −^1_4 F^α_{μν} F^{μν β} −^1_2λ̄^α D̸̂λ^β ] +^1_4 i(Im f_{αβ} ) [ F^α_{μν}F̃^{μν β} − ^∂_μ ( λ̄^αγ_5γ^μλ^β )] − M^{−2}_P e^K [ −3W W^∗ + (D^iW )g^{−1}_i^j (D_j W^∗) ] −^1_2 (Re f)^{−1 αβ}P_αP_β +^1_8 (Re f_{αβ})ψ̄_μγ^{νρ} ( F^α_{νρ} + F̂^α_{νρ} ) γ^μλ^β + { M_P g_j^iψ̄_{μL}(^ ̸∂z^j )γ^μχ_i + ψ̄_R · γ

[_1

2 iλ^α_LP_α + χ_ie^{K/2}M^{−1}_P D^iW ] +^1_2 e^{K/2}W ψ̄_{μR}γ^{μν} ψ_{νR} −^1_4 M^{−1}_P f^i_{αβ}χ̄_iγ^{μν}F̂^{−α}_{μν} λ^β_L −e^{K/2}M^{−2}_P (D^iD^j W )χ̄_iχ_j +^1_2 i(Re f)^{−1 αβ} P_αM^{−1}_P f^i_{βγ}χ̄_iλ^γ − 2M_P gξ_α^ig_i^jλ̄^αχ_j +^1_4 M^{−2}_P e^{K/2}(D^j W )(g^{−1})_j^if_{αβi}λ̄^α_Rλ^β_R + h.c.} + 4-fermion terms , (3.9) where F̂^α_{μν} = F^α_{μν} + ψ̄_{[μ}γ_{ν]}λ^α , F^α_{μν} = 2∂_{[μ}W^α_{ν]} + W^β_μ W^γ_ν f^α_{βγ} , F̃^{μν α} =^1_2 e^{−1}ε^{μνρσ} F^α_{ρσ} , F̂^{−α}_{μν} =^1_2 ( F̂^α_{μν} − ^̃F^α_{μν} ) = F^{−α}_{μν} −^1_4ψ̄_{ρL}γ_{μν} γ^ρλ^α_R +^1_4ψ̄_R · γγ_{μν} λ^α_R , D^iW = ∂^iW + ( ∂^iK ) W , D^iD^j W = ∂^iD^j W + ( ∂^iK ) D^j W − Γ^{ij}_k D^k W , Γ^{ij}_k = (g^{−1})_k^ℓ∂^ig^j_ℓ . (3.10)

We have skipped the 4-fermion terms here, referring the reader to eq. (5.15) in [10]. These terms will not be affected by the presence of constant FI terms. Here g_i^j is the Kähler metric, see (2.3). The covariant derivative of z is ^∂_μz_i = ∂_μz_i − W^α_μ η_{αi} . (3.11)

The covariant derivatives on gaugino and gravitino are D_μλ^α = ( ∂_μ +^1_4 ω_μ^{ab}(e)γ_{ab} +^1_2 iA^B_μ γ_5 ) λ^α − W^γ_μ λ^β f^α_{βγ} , D_{[μ}ψ_{ν]} = ( ∂_{[μ} +^1_4 ω_{[μ}^{ab}(e)γ_{ab} +^1_2 iA^B_{[μ}γ_5 ) ψ_{ν]} . (3.12)

where the U(1) connection A^B_μ in our gauge Y = Y^∗ is given by

A^B_μ = 1 2 i [ (∂_iK)∂_μz^i − (∂^iK)∂_μz_i ] + 1 M^2_P

W^α_μ P_α . (3.13)

In the superconformal theory, this field was the gauge field of the U(1) R-symmetry of the superconformal algebra, but here it is simply an auxiliary field. The covariant derivative on the fermions of the chiral multiplets χ_i is

D_μχ_i = ( ∂_μ +^1_4 ω_μ^{ab}(e)γ_{ab} −^1_2 iA^B_μ γ_5 ) χ_i + Γ^{jk}_i χ_j ^∂_μz_k − W^α_μ ( ∂^j η_{αi} ) χ_j , (3.14) where the Kähler connection (3.10) has been used.

The action (3.9) is invariant under the local Poincaré group and Q-supersymmetry, which are standard local symmetries of supergravity. In addition, there are also some gauge symmetries with gauge fields W^α_μ . We concentrate further on U(1) factors. Under these symmetries the gravitino, gaugino and chiral fermions are charged when the constant FI terms ξ_α are present in P_α.

Thus there are quite a few places where FI terms appear. They obviously appear in the potential and in covariant derivatives. Less obviously, they also appear via η_{iα} since a particular combination of Killing vectors must satisfy the condition (2.18) that the superpotential W transforms under U(1)’s.

In the usual context of Kähler geometry, Killing potentials are determined up to constants (see e.g. [2], appendix D), since only the differential equation of the type shown in (2.13) is available. The superconformal approach and that of [2] have a different starting point. In [2] the arbitrary constants in the solution of the differential equation (2.13) are the cause of the FI terms. In [10], as first recognized in [9], the gauge transformations of the conformon multiplet, encoded in r_α(z), are responsible for the FI terms. These gauge transformations then induce constants in P_α.

First observe that r_α ≠ 0 signals the mixture of chiral transformations and gauge transformations with index α. Indeed, after fixing the modulus of Y by some gauge choice, the remaining invariance is the linear combination of gauge transformations that leaves Y invariant, and this depends on r_α. Another way to see this is that the gravitino field couples to A^B_μ .

A short summary of the R-symmetry charges in supergravity with constant FI terms is the following. For gravitino and gaugino we have the axial coupling with some vector fields W^α_μ , and the couplings are proportional to G_α ≡ ξ_α/(2M^2_P ):

D_μλ^α = ( ∂_μ + igG_βW^β_μ γ_5 + · · · ) λ^α , D_{[μ}ψ_{ν]} = ( ∂_{[μ} + igG_βW^β_{[μ}γ_5 + · · · ) ψ_{ν]} , (3.15)

D_μχ_i = ( ∂_μ − igG_βW^β_μ + · · · ) χ_i −W^α_μ η_{αk}Γ^{jk}_i χ_j − W^α_μ ( ∂^jη_{αi} ) χ_j , (3.16)

For the scalars in the chiral multiplet and for the superpotential we have

^∂_μz_i = ∂_μz_i − W^α_μ η_{αi} ,

η_{αi}∂^iW = −2igG_αW . (3.17)

3.1 Supergravity and a rigid limit

The limit from a supergravity theory to a supersymmetry theory is not always obvious. In many versions of supergravity a notation M_P = 1 was used which does not make such limit easy. The purpose of this subsection is to show how to parametrize the scalar fields in a way that the rigid limit can be taken easily. For N = 1, the following procedure has been proposed in [10] for the simplest situation in which all scalar fields appear in the rigid limit.

A convenient choice is to expand around the point z = z^0 and take the special coordinates

z_i = z^0_i + M^{−1}_P ϕ_i , (3.18)

with in (2.2) x_0 = 1 , x_i = M^{−1}_P ϕ_i (3.19)

and the Kähler potential in a form

K = M^{−2}_P K(ϕ, ϕ^∗, M^{−1}_P ) , (3.20) where K(ϕ, ϕ^∗, M^{−1}_P ) is regular at M^{−1}_P = 0. Note that the Kähler metric is

g^i_j = ∂ ∂z_i ∂ ∂z^j K = ∂ ∂ϕ_i ∂ ∂ϕ^j K , (3.21)

i.e., it does not change under the reparametrizations. Therefore the kinetic term for the scalars in (3.9) will loose its dependence on M_P by the reparametrization as chosen in (3.18) which was the motivation for the proportionality factor M^{−1}_P in (3.18). It follows that the fields ϕ_i have again the same dimension as the conformal fields X_I . One finds that Y = M_P exp[K/(6M^2_P )] and X_0 = Y = M_P + O(M^{−1}_P ) , X_i = Y x_i = Y M^{−1}_P ϕ_i = ϕ_i exp[K/(6M^2_P )] = ϕ_i + O(M^{−2}_P ) . (3.22) So the fields ϕ_i are in lowest order of M^{−1}_P equal to the conformal fields that we started from. The same happens with the conformal fermions.

From now on, we will thus use the fields ϕ_i and complex conjugates ϕ^i rather than the z_i and z^i to indicate the scalar fields. Therefore, derivatives ∂^i will stand for derivatives w.r.t. ϕ_i rather than w.r.t. z_i. The difference is thus a factor M_P . E.g., from now on, f^i_{αβ} = ∂f_{αβ}/∂ϕ_i = M^{−1}_P ∂f_{αβ}/∂z_i. Thus to use the equations of the previous section we have to replace ∂^i → M_P ∂^i , f^i_{αβ} → M_P f^i_{αβ} , D^i → M_P D^i . (3.23) One checks also that η_{αi} = δ_αz_i = M^{−1}_P δ_αϕ_i , ∂ ∂z_i K = M^{−1}_P ∂ ∂ϕ_i K . (3.24)

One can also check that P_α in (2.12) has a finite rigid limit P_α = i(M_P η_{αi})∂^iK − 3i(M^2_P r_α) , (3.25) under the condition that r_α(z) = M^{−2}_P r̃_α(ϕ, M^{−1}_P ) , (3.26) where r̃_α(ϕ, M^{−1}_P ) is regular at M^{−1}_P = 0.

In the limit of rigid symmetries when M_P → ∞ and the FI terms ξ_α stay fixed, the axial coupling G_α = ξ_α/(2M^2_P ) vanishes. The only ξ_α-dependent term which survives this limit is the term in the potential^1_2 g^2ξ^2_α. Thus the case of supersymmetric gauge theories, which allows any number of U(1) groups with FI terms, is obtained in the proper limit from supergravity.

Consider a simple example with (3.19), a trivial Kähler metric and a single U(1) group (α takes only one value, and we write therefore ξ for ξ_α), under which the scalars have a charge q_i: K = ϕ_iϕ^i , f_{αβ} = δ_{αβ} δ_αϕ_i = igq_iϕ_i , i.e. η_{αi} = igM^{−1}_P q_iϕ_i ,

r_α =^1_3 igξM^{−2}_P =^2_3 ig G , G ≡^1_2 ξM^{−2}_P . (3.27)

Then the superpotential W has to be gauge-invariant, and with (2.15), δW = i n∑ i=1 gq_iϕ_i∂^iW (ϕ) = −i gξ M^2_P

W (ϕ) = −2igGW (ϕ) . (3.28)

If this is the case, the action is invariant and we find P = g ( ξ − n∑ i=1 q_iϕ_iϕ^i ) . (3.29)

The potential gets a contribution^1_2 P^2, which yields the Fayet–Iliopoulos cosmological constant^1_2 g^2ξ^2.

An important constraint on the combination of charges which appears in a superpotential of the form W = λϕ_1 · · · ϕ_n is_{i=n} ∑ i=1 q_i = − ξ M^2_P

= −2G . (3.30)

This property is in agreement with potentials in gauge theory being invariant under gauge transformations since in the limit M_P → ∞ the sum of charges vanishes. However, in supergravity the sum of charges cannot vanish, which will lead to a particular correction in the supergravity potential for D-term inflation.

3.2 Simplified action

In this section we are trying to present the rules for the most general case of N = 1 supergravity with constant FI terms and make this section completely self-contained. For all practical purposes, if one is not interested in the reasons behind the rules, one should find here all information for the generic case.

The supergravity action is defined by W (ϕ), K(ϕ, ϕ^∗) and f_{αβ}(ϕ) as usual. Some of the U(1) gauge groups may contain constant FI terms ξ_α. In this section we are considering a simple case when in the superconformal theory r̃_α(ϕ) = igξ_α/3. The bosonic part of the action is

e^{−1}L_{bos} = −^1_2 M^2_P R − g_i^j ( ^∂_μϕ^i)( ^∂^μϕ_j ) − V

−^1_4 (Re f_{αβ})F^α_{μν} F^{μν β} +^1_4 i(Im f_{αβ})F^α_{μν}F̃^{μν β} . (3.31)

The potential consists of an F -term and a D-term:

V = V_F + V_D , V_F = e^{(K/M 2P )} [ (D^iW )(g^{−1})_i^j (D_j W^∗) − 3M^{−2}_P W W^∗ ] , V_D =^1_2 (Re f_{αβ})D^αD^β | | bos =^1_2 (Re f)^{−1 αβ}P_αP_β , (3.32) where D^iW = ∂^iW + M^{−2}_P (∂^iK)W , P_α(ϕ, ϕ^∗, M^{−1}_P ) = i [ M_P η_{αi}∂^iK(ϕ, ϕ^∗, M^{−1}_P ) − 3r̃_α(ϕ, M^{−1}_P ) ] = i [ −M_P η_α^i∂_iK(ϕ, ϕ^∗, M^{−1}_P ) + 3r̃^∗_α(ϕ^∗, M^{−1}_P ) ] , (3.33)

where M_P η_{αi} = δ_αϕ_i and M_P η_α^i = δ_αϕ^i.

Under U(1) gauge transformations in the directions in which there are FI terms ξ_α, the superpotential must transform as δ_αW = −i gξ_α M^2_P

W (ϕ) . (3.34)

The part of the action quadratic in fermions reads

e^{−1}L_{fer} = −^1_2 M^2_P ψ̄_μγ^{μρσ} D_ρψ_σ +^1_2 m ψ̄_{μR}γ^{μν} ψ_{νR} +^1_2 m^∗ψ̄_{μL}γ^{μν} ψ_{νL} − g_i^j [ χ̄_j D̸χ^i + χ̄^i D̸χ_j ] − m^{ij}χ̄_iχ_j − m_{ij}χ̄^iχ^j + e^{−1}L_{mix} − 2m_{iα}χ̄^iλ^α − 2m^i_αχ̄_iλ^α − m_{R,αβ}λ̄^α_Rλ^β_R − m_{L,αβ}λ̄^α_Lλ^β_L + (Re f_{αβ}) [ −^1_2λ̄^α D̸λ^β ] +^1_4 i(Im f_{αβ}) [ − ^∂_μ ( λ̄^αγ_5γ^μλ^β )] +^1_4 { (Re f_{αβ})ψ̄_μγ^{νρ}F^α_{νρ}γ^μλ^β − [ f^i_{αβ}χ̄_iγ^{μν} F^{−α}_{μν} λ^β_L + h.c. ]} , (3.35) where m = e^{K/2}W , (3.36) which is related to the (real) gravitino mass, m_{3/2} = |m|M^{−2}_P . Also the following notation are used

m^i ≡ D^im = e^{K/2}D^iW = ∂^im +^1_2 (∂^iK)m , D_im = ∂_im −^1_2 (∂_iK)m = 0 , m_i ≡ D_im^∗ = e^{K/2}D_iW^∗ = ∂_im^∗ +^1_2 (∂_iK)m^∗ , D^im^∗ = ∂^im^∗ −^1_2 (∂^iK)m^∗ = 0 , (3.37) and m^{ij} = D^iD^j m = ( ∂^i +^1_2 (∂^iK) ) m^j − Γ^{ij}_k m^k , m_{iα} = −i [ ∂_iP_α −^1_4 (Re f)^{−1 βγ} P_βf_{γα i} ] , m_{R,αβ} = −^1_4 f_{αβi}(g^{−1})^i_j m^j . (3.38) L_{mix} can be written in different ways: e^{−1}L_{mix} = g_j^iψ̄_{μL}(^ ̸∂ϕ^j )γ^μχ_i + ψ̄_R · γυ^1_L + h.c.,

= 2g_j^iψ̄_{μR}γ^{νμ}χ^j ^∂_ν ϕ_i + ψ̄_R · γυ_L + h.c. , (3.39) where υ_L = υ^1_L + υ^2_L , υ^1_L =^1_2 iP_αλ^α_L + m^iχ_i , υ^2_L = ( ̸^∂ϕ_i)χ^j g_j^i . (3.40) The covariant derivatives on the scalar fields still contain gauge connection, while the one on the fermions χ_i contain also Lorentz, gauge and Kähler connections:

D_μχ_i = ( ∂_μ +^1_4 ω_μ^{ab}(e)γ_{ab} ) χ_i − W^α_μ χ_j ∂^j η_{αi} − i 2M^2_P W^α_μ P_αχ_i +^1_4 [ (∂_j K)∂_μϕ^j − (∂^j K)∂_μϕ_j ] χ_i + Γ^{jk}_i χ_j ^∂_μϕ_k , (3.41) where ∂^j η_{αi} = ∂ ∂z_j δ_αz_i = ∂ ∂ϕ_j δ_αϕ_i . (3.42)

The parts of the supersymmetry transformation laws of the fermions where they transform to bosons, and boson transformations linear in fermions, are: δe^a_μ =^1_2ϵ̄γ^aψ_μ , δϕ_i = ϵ̄_Lχ_i , δW^α_μ = −^1_2ϵ̄γ_μλ^α , δψ_{μL} = ( ∂_μ +^1_4 ω_μ^{ab}(e)γ_{ab} +^1_2 iA^B_μ ) ϵ_L +^1_2 M^{−2}_P mγ_μϵ_R , δχ_i =^1_2 ̸^∂ϕ_iϵ_R −^1_2 (g^{−1})^j_i m_j ϵ_L , δλ^α =^1_4 γ^{μν} F^α_{μν} ϵ +^1_2 iγ_5(Re f)^{−1 αβ}P_βϵ . (3.43)

Here A^B_μ = 1 2M^2_P i [ (∂_iK)∂_μϕ^i − (∂^iK)∂_μϕ_i ] + 1 M^2_P

W^α_μ P_α . (3.44)

It is instructive to rewrite this expression for the composite gauge field A^B_μ in a slightly different form, where we split the P_α-term in two parts, as shown in (3.33). The first part turns the derivatives of the fields ϕ^i and ϕ_i into covariant derivatives, the second part contains the FI terms so that in the simple case that r̃_α(ϕ) = igξ_α/3 we find

A^B_μ = 1 2M^2_P i [ (∂_iK) ^∂_μϕ^i − (∂^iK) ^∂_μϕ_i ] + g M^2_P

W^α_μ ξ_α , (3.45)

where ^∂_μϕ^i = ∂_μϕ^i − M_P η_α^i W^α_μ .

3.3 Summary on R-symmetry, FI term and superpotential

In summary, there are 4 types of contributions to the local R-symmetry connection

1. In the superconformal algebra there is a U(1) that acts as R-symmetry. Its gauge vector is an auxiliary field, i.e. it becomes a composite once the field equations are used. Even when there are no other gauge vectors present, this U(1) couples to the gravitino. This gives rise to the first terms in (3.13) or (3.44).

2. When we gauge further symmetries by vector multiplets, new terms contribute to the R-symmetry gauge field. These are the covariantizations of the terms in (1). They contribute to P_α as the first two terms of the second line in (2.12). These will be important for section 6. Their vacuum expectation value will be different from zero only if a field ’shifts’ under the symmetry, i.e. the vacuum expectation value (vev) of the transformation law is non-zero.

3. If the symmetries gauged by vector multiplets do not leave the Kähler potential invariant, but give rise to a Kähler transformation as in (2.9) depending on the real part of a holomorphic function r_α(z), then the latter contribute to the connection A^B_μ via additions to P_α. This is the part that does not appear in the ‘simplified’ case in section 3.2.

4. Finally, as the previous part defines r_α(z) only up to an imaginary constant, one may add a constant, that has been called ξ_α, again contributing to P_α and hence to A^B_μ . This term is shown explicitly^8 in (3.45). It plays a crucial role in establishing an unbroken supersymmetry of D-term strings, as shown in [4].

These four types of terms contribute to the R-symmetry U(1) connection, but as the first type of terms do not contribute to P_α, only the terms of the types 2–4 contribute to the FI term, which is the vev of P^2_α.

Furthermore, the terms of type 2 do not contribute to r_α(z), while the requirement on the superpotential, (2.17), only depends on r_α(z). Thus, in case that we have only terms of type 2, the superpotential has to be invariant. A generalization is that both the Kähler potential and superpotential are not invariant, but transform under a simultaneous Kähler transformation. That is case 3.

If the Kähler potential is invariant (‘simplified case’), the requirement on the superpotential only depends on ξ_α (terms of type 4) as shown in (3.28).

The final gauged U(1) symmetries are the linear combinations of the U(1) of the superconformal group and the U(1) of vector multiplets that preserve the gauge choice (3.6). Thus, if r_α(z) = 0 the symmetry is preserved without corrections of the superconformal U(1). If, on the other hand, Y transforms under a U(1), i.e. r_α(z) ≠ 0, then the gauge symmetry in the Poincaré theory is a mixing of the gauge symmetry with the superconformal U(1) and hence the gravitino transforms under this symmetry. Thus, this mixing appears through terms of type 3 and 4.

Note also that the distinction between the different terms is dependent on the Kähler gauge choice. This is easily understood in the conformal framework. Remember that the significance of the value of r_α is the transformation of the conformon field Y , see (1.1). On the other hand, Kähler transformations are redefinitions of the conformon field by holomorphic functions of the scalars as shown in (3.2). Consider as an example a field Φ with δ_αΦ = i. We

8There is a typo in an analogous equation in [2] where the constant FI term is omitted in the gravitino supersymmetry transformations.

can then consider a Kähler transformation Y^′ = Y exp(cΦ) for a constant c, which changes the Kähler potential to K^′ = K + 3c(Φ + Φ^∗). Then the new conformon transforms under the U(1) as δ_αY^′ = icY^′, or r_α = ic. The change in Kähler potential changes the contributions to P_α of type 2, but this is exactly compensated by the fact that the new r_α means an explicit FI term (type 4) with gξM^{−2}_P = 3c. We thus see that the distinction between the terms depends on the Kähler gauge, but this gauge choice then has repercussions on the superpotential.

Briefly summarizing, there are two cases to be distinguished for the superpotential. First is the case with constant FI term, where the superpotential transforms as (2.17). The second case is when an effective FI term is produced as the vev of a field that shifts under U(1). In this case, the superpotential is invariant (case 2 above), unless the symmetry only preserves the Kähler potential up to a Kähler transformation, in which case the superpotential should also have a homogeneous Kähler transformation (case 3). The fact that the shift of a field is promoted into an invariance group of the superpotential, implies important constraints on its form, as discussed in different parts of our paper. The question we wish to briefly address now is the interpolation between the two regimes. In a theory with several chiral fields, one would expect that if we “freeze” the vev of one of the shifting fields, the resulting structure of the remaining theory must be such as in the situation with a constant FI term. For instance, we should be able to define an effective superpotential which starts transforming non-trivially. In the following section, we shall discuss this connection in an explicit example.

3.4 Supersymmetrically removing chiral multiplets

Some chiral multiplets may be massive, and it can be interesting to consider the theory for fixed values of their complex scalars (and zero fermions).^9

We consider here the case that the Kähler potential splits between the heavy fields (denoted by ρ) and the light fields (denoted by S)

K(ρ, S, ρ^∗, S^∗) = K_{(ρ)}(ρ, ρ^∗) + K_{(S)}(S, S^∗) . (3.46)

We may have several fields of each kind. We continue here with one light field S and one heavy ρ, but the generalization is straightforward. The superpotential should satisfy (2.17), or explicitly, after the rescaling (3.23),

δ_αW = M_P η_{αρ}∂^ρW + M_P η_{αS} ∂^S W = −3r_αW . (3.47)

The Killing potentials are

P_α = iM_P η_{αρ}∂^ρK + iM_P η_{αS} ∂^S K − 3iM^2_P r_α , (3.48)

9Freezing the vev’s of the scalars that shift under the U (1) symmetry, and integrating them out is a rather delicate thing. We are interested in the situation when the scalar vev that sets the FI term is stabilized in such a way that the effect of the FI term on the remaining fields is non-vanishing. Such a situation can be achieved only for certain ranges of parameters as we discuss in section 6.

Now we want to remove S in a supersymmetric way. Considering (3.43), this implies that the stabilized value of ρ, which we indicate as ρ_0 should be such that^{10}

m^ρ|_{ρ=ρ0} = D^ρW |_{ρ=ρ0} = 0 , → ∂^ρW W | | | | |_{ρ=ρ0} = − M −2 P ∂^ρK_{(ρ)} | | |_{ρ=ρ0} . (3.49)

Note that the right-hand side does not depend on S. This is the case for superpotentials of the form W (ρ, S) = w_{(ρ)}(ρ)w_{(S)}(S) . (3.50) (if the condition 3.49 would be valid for all ρ, then the potential should be of this form). For these superpotentials, the invariance condition (3.47) is δ_αw_{(ρ)} w_{(ρ)} (ρ) + δ_αw_{(S)} w_{(S)} (S) = −3r_α(ρ, S) . (3.51)

The condition (3.49) implies that the terms with ρ-derivatives in both (3.47) and (3.48) can be omitted if we use instead of r_α

r^′_α(S) = r_α + M_P η_{αρ} ∂^ρW 3W | | | |_{ρ=ρ0} = r^α − M −1 P η_{αρ}∂^ρK_{(ρ)} | | |_{ρ=ρ0} . (3.52)

In the case of (3.50) we thus obtain

r^′_α(S) = r_α(ρ_0, S) + δ_αw_{(ρ)} 3w_{(ρ)}

(ρ_0) = − δ_αw_{(S)} 3w_{(S)}

(S) . (3.53)

E.g. if the original Kähler potential and superpotential were invariant, r_α = 0 in (3.51), but the two terms of that equation are opposite constants, then the final r^′_α is a constant. In the case that the separate Kähler potentials are invariant, this is an imaginary constant, the FI-term. Thus here we see how the field-dependent first term of (3.48) gives rise to a constant FI term, gξ = −iM^2_P δ_αw_{(ρ)} 3w_{(ρ)}

(ρ_0) , (3.54)

in the effective model at constant value of ρ.

We obtain the same potential if we use the new superpotential

W^′(S) = W e^{K(ρ)/(2M 2P )} | | |_{ρ=ρ0} , (3.55)

which for (3.50) is proportional to w_{(S)}(S).

We may also compare with the situation in N = 2 supergravity. Then arbitrary FI terms are constant values of the triholomorphic moment maps. Such constant terms are only allowed when there are no physical hypermultiplets. In presence of hypermultiplets, the triholomorphic moment maps are functions of the hyperscalars. Fixing the hypermultiplets to a constant value is then consistent with a constant FI term for the effective special Kähler model of only vector multiplets.

10It is here that we use that the metric is diagonal between the left and right fields.

4 D-term inflation revisited

We first discuss the standard D-term inflation model with constant FI terms taking into account the fact that the superpotential transforms as in (3.34). We thus consider the simplest model :

K = |ϕ_0|^2 + |ϕ_+|^2 + |ϕ_−|^2 , W = λ ϕ_0ϕ_+ϕ_− , (4.1) f_{αβ} = δ_{αβ} , where the fields ϕ_0, ϕ_+, ϕ_− in the globally supersymmetric theory have charges (Q_± = ±1, Q_0 = 0). To promote this model to local supersymmetry, i. e. to supergravity with constant FI term, we have to change the charge assignments for the chiral superfields, so that the superpotential transforms under local R-symmetry. We choose

q_i = Q_i − ρ_i ξ M^2_P , ∑ i=±,0 ρ_i = 1 . (4.2)

The last equation follows from (3.30).

The complete scalar potential reads, following (3.32),

V = V_F + V_D , V_F = e^{(|ϕ0|2+|ϕ+ |2+|ϕ−|2)/M 2P} { λ^2|ϕ_+|^2|ϕ_−|^2 ( 1 + |ϕ_0|^4 M^4_P ) + λ^2|ϕ_0|^2|ϕ_−|^2 ( 1 + |ϕ_+|^4 M^4_P )

+λ^2|ϕ_0|^2|ϕ_+|^2 ( 1 + |ϕ_−|^4 M^4_P ) + 6λ^2

|ϕ_0ϕ_+ϕ_−|^2

M^2_P } , (4.3)

V_D = g^2 2 [ q_0|ϕ_0|^2 + q_+|ϕ_+|^2 + q_−|ϕ_−|^2 − ξ

]_2

. (4.4)

For fixed ϕ_0, we have V = g^2 2 [ q_0|ϕ_0|^2 − ξ

]_2 + ∑ i=± |ϕ_i|^2 [ (λ^2e^{|ϕ0|2/M 2P} + g^2q_iq_0)|ϕ_0|^2 − g^2ξq_i ] + O(ϕ^4_±) . (4.5)

Hence for |ϕ_0|^2 > g^2ξq_±/(λ^2e^{|ϕ0|2/M 2P} + g^2q_0q_±), the minimum is found for ϕ_± = 0, direction along which V (ϕ_0, ϕ_± = 0) = g^2 2 [ q_0|ϕ_0|^2 − ξ

]_2

. (4.6)

Since q_0 = −ρ_0ξ/M^2_P , we conclude that for ρ_0 ≠ 0, the mass of the neutral scalar is given by m^2_{ϕ0} ∼ g^2ξ^2/M^2_P ∼ H^2. To recover the properties that motivated D-term inflation we must require ρ_0 = 0, i.e.

q_0 = 0 , (4.7) in which case the potential has a plateau at V_0 = g^2ξ^2/2.

We now turn to the evaluation of the one-loop potential along this flat direction. The corresponding scalar and fermion masses are

m^2_{ϕ±} = λ^2e^{|ϕ0|2/M 2P} |ϕ_0|^2 − g^2ξq_± , m^2_{χ±} = λ^2|ϕ_0|^2e^{|ϕ0|2/M 2P} . (4.8)

In fact, the quantities in (3.38) are all zero at ϕ_± = q_0 = 0 except for

m^{+−} = m^{−+} = λϕ_0e^{|ϕ0|2/(2M 2P )} . (4.9)

The contribution to the effective potential is proportional to STrM^4 ln(M^2/Λ^2). We neglect the ξq_± term in the ln factor, and the e^{|ϕ0|2/M 2P} factor that went with λ^2. Hence

STrM^4 ln

M^2 Λ^2 = [ −2g^2ξλ^2|ϕ_0|^2(q_+ + q_−) + g^4ξ^2(q^2_+ + q^2_−) ] ( ln λ^2|ϕ_0|^2 Λ^2 + |ϕ_0|^2 M^2_P ) , (4.10)

where, following (4.2) and (4.7), q_+ + q_− = −ξ/M^2_P and q^2_+ + q^2_− ∼ 2. Thus

V (ϕ_0, ϕ_± = 0) = V_0 + 1 64π^2

STrM^4 ln

M^2 Λ^2 = g^2 2 ξ^2 [ 1 + 1 16π^2 ( 1 + λ^2

|ϕ_0|^2 M^2_P ) ln λ^2|ϕ_0|^2 Λ^2 ] . (4.11)

Next let us discuss the problem of anomalies. The charge of the fermion χ_i is the strength of the coupling to W_μ in the covariant derivative (3.16). This can be written as

D_μχ_i = ( ∂_μ +^1_4 ω_μ^{ab}(e)γ_{ab} +^1_4 M^{−2}_P (ϕ_j ∂_μϕ^j − ϕ^j ∂_μϕ_j ) − igq̃_iW_μγ_5 ) χ_i . (4.12)

Hence the charge is q̃_i = q_i + G = q_i + 1 2 ξ M^2_P

. (4.13)

Similarly, (3.15) yields q̃_λ = −G for the gaugino and q̃_ψ = −G for the gravitino.

Then the U(1)^3 anomaly coefficient C reads C = ∑ i=0,± (q_i + G)^3 + (−G)^3 + 3(−G)^3 , (4.14)

where the last two terms are respectively the gaugino and gravitino contributions. Using ρ_+ + ρ_− = 1, we have q_+ + G = 1 + (1 − 2ρ_+)G = 1 − (1 − 2ρ_−)G = −(q_− + G) and the anomaly coefficient reduces to the gravitino contribution: C = −3G^3.

Adding 3 neutral (q = 0, hence q̃ = G) chiral multiplets can cancel these anomalies. These extra fields should not occur in the superpotential W . This gives a generalization of the D-term inflation model taking into account the terms in supergravity that provide an exact local supersymmetry of the classical action.

In the theories where the gauge anomaly is not cancelled (anomalous U(1)) it is possible to introduce a coupling to the axion a of the type aF F^∗. The shift of the axion field under U(1) may remove the anomaly. However, this requires to introduce a coupling of the form (Re f(z))F^2 + (Im f(z))F F^∗ and stabilize the additional field z. We will discuss this case in section 6. But here, since we have a cancellation of all F F^∗, the D-term inflation model with constant FI term, supplemented by 3 neutral chiral multiplets, is valid in the original version with constant kinetic function for the vector multiplet.

For the gravitational anomaly we find:

C_g = ∑ i=0,± (q_i + G) + (−G) − 21(−G) + 3G = 24G . (4.15)

The 3 extra chiral multiplets introduced to cancel the gauge anomalies cannot cancel the gravitational ones. The relevant terms of the form RR^∗ are higher-derivative terms which are not present in the classical supergravity action. One can think that the anomaly terms of this kind should be taken care in the context of other higher-derivative terms in the action and most likely in the context of the full M/string theory.

Our observation about neutral chiral multiplets cancelling the gauge anomaly of gaugino and gravitino can be applied to the Freedman model [5]. When it is supplemented by 4 neutral chiral multiplets, they cancel the F F^∗ anomaly.

5 D-term strings

In theories with FI D-term inflation, the U(1) symmetry gets spontaneously broken. This breaking in general can result into the formation of the cosmic strings, as explained in [4], where these were referred to as D-term strings. It was shown that the D-term strings are (the only) BPS-saturated strings in N = 1, 4d supergravity, and therefore are the natural candidates for the low energy description of D-brane strings. We shall postpone exploration of this connection to sections 7-8, and here we will study some unusual properties of these objects within 4d supergravity.

5.1 The string configuration

The string configuration can be obtained from one vector multiplet with minimal kinetic term, and one chiral multiplet, charged under the U(1) of the former with charge q = 1 and with minimal Kähler potential K = ϕϕ^∗. The solution that we consider is purely bosonic. The scalar of the chiral multiplet depends only on two coordinates of the 3 + 1 dimensional space, which are parametrized by a distance r from the string, and an azimuthal angle θ, and has the form ϕ(r, θ) = f(r) e^{inθ} . (5.1) f(r) is a real function that outside the string core approaches the vacuum value f^2 = ξ. The gauge potential takes the form

gW_μ dx^μ = nα(r) dθ → F =^1_2 F_{μν} dx^μ dx^ν = nα^′(r) g dr dθ = nα^′(r) gC(r) e^1e^2 , (5.2)

where we already used vierbein forms

e^1 = dr , e^2 = C(r)dθ . (5.3)

They live in a space which can be described by a metric

ds^2 = −dt^2 + dz^2 + dr^2 + C^2(r)dθ^2 , (5.4)

which leads to the spin connections

ω_r^{12} = 0 , ω_θ^{12} = −C^′(r) . (5.5)

This defines a BPS configuration if the following differential equations are satisfied: C(r)f^′(r) = |n|f(r) [1 − α(r)] , α^′(r) gC(r) = g |n| [ ξ − f^2(r) ] , 1 − C^′(r) = ±A^B_θ = |n| M^2_P [ ξα(r) − C(r) 2g^2 ( α^′ C(r) )_′] , (5.6)

where ± = n/|n|. Then there is a residual supersymmetry

ϵ = e^{∓iθγ5 /2 1}_2 ( ± iγ_5γ^{12} ) ϵ_0 (5.7)

where ϵ_0 is a constant spinor, of which the previous factor, Π_± in the terminology of (A.6), selects 2 independent real components. In rigid supersymmetry this preservation of 1/2 of supersymmetry was found in [17, 18]. In supergravity the BPS condition on the gravitino is also satisfied due to a conspiracy of the spin connection (5.5) and the R-symmetry connection (3.45) similar to the mechanisms in 2 + 1 dimensions [19, 20].

We thus find that the D-term strings with elementary flux are BPS-saturated states, and preserve half of the supersymmetry.

5.2 Zero modes on D-strings

We have shown that D-strings are BPS saturated objects and preserve one half of the original supersymmetry. In view of this fact, the zero modes on the string exhibit a somewhat puzzling behaviour. To see this, let us complicate the model a bit in the following way. We shall couple the Higgs field ϕ, that forms a D-string, to some number of chiral superfields Φ_i in the superpotential W = a_i 2 ϕ Φ^2_i , (5.8)

where a_i are coupling constants. We shall denote the fermionic components of these superfields by χ_i, and the scalar component by Φ_i. For simplicity, let us consider a single species of such fermions, the generalization to an arbitrary number of species being trivial. Also, the puzzle that we wish to discuss already appears in the limit of rigid supersymmetry, and switching on supergravity does not change it much. So for the beginning let us discuss the issue in this limit. In the case of rigid supersymmetry, the U(1) is not an R-symmetry and the charges of the scalar Φ and fermion χ are equal. This charge (call it q_χ) must be exactly −^1_2 of the ϕ charge (which we normalize to one), and thus contributes to P with the same sign as the FI term (taking ξ > 0). This implies that the expectation value of the scalar Φ is identically zero everywhere in the string background, and our D-string solution is unaffected. Indeed, the mass-square of the Φ-scalar is

m^2_Φ = |aϕ|^2 +^1_2 g^2 [ −|ϕ|^2 + ξ ] . (5.9)

This quantity is positive definite everywhere (for |a|^2 ≥^1_2 g^2), including the string core, and hence the lowest energy configuration implies Φ = 0. Hence, even in the presence of the Φ_i-fields, the string background preserves half of the supersymmetry.

We shall now discuss the zero modes in the string background. Notice that the phase of the mass of the fermion χ changes by 2π around the strings and therefore according to standard index theorems [21, 22] there must be a normalizable fermionic zero mode trapped in the core of the string. Let us find this mode explicitly. We put Φ = 0 and take the configuration (5.1) with n = 1.

The Dirac equation for χ in the string background is

D̸χ_L = − af(r)e^{−iθ} χ_R . (5.10)

After standard separation of variables by transverse and longitudinal functions, χ = α(t, z) χ̃(r, θ) , (5.11) we arrive to the following Dirac equation for the spinor χ̃ [ γ^1 ∂_r + γ^2 C(r) ( ∂_θ −^1_2 γ_{12}C^′(r) − i ( gq_χ W_θ +^1_2 A^B_θ )) ] χ̃_L = −af(r)e^{−iθ} χ̃_R , (5.12)

where the term −^1_2 γ_{12}C^′ had to be added to the θ-derivative as spin-connection term in the curved basis (r, θ). We then look for a solution^{11}

χ̃(r, θ) = e^{γ12θ/2}χ_0(r) , (5.13)

11The χ_0 spinor is in fact the spinor in a flat basis.

such that (5.12) reduces to

γ^1 [ ∂_r + 1 C(r) ( −^1_2 +^1_2 C^′ − iγ^{12} ( gq_χ W_θ +^1_2 A^B_θ )) ] e^{γ12θ/2}χ_{0L}(r)

= −af(r)e^{−iθ} e^{γ12 θ/2}χ_{0R}(r) . (5.14)

Using projected spinors (see appendix A)

γ_{12}χ^±_L = ∓iχ^±_L , γ_{12}χ^±_R = ±iχ^±_R , (5.15)

and the third of (5.6) we find

γ^1 [ ∂_r + 1 C(r) ( −^1_2 A^B_θ − iγ^{12} ( gq_χ W_θ +^1_2 A^B_θ )) ] ( e^{−iθ/2}χ^+_{0L}(r) + e^{iθ/2}χ^−_{0L}(r) )

= −af(r) ( e^{−iθ/2}χ^+_{0R}(r) + e^{−3iθ/2}χ^−_{0R}(r) ) . (5.16)

Therefore only the + modes exist, for which we get the relation

γ^1 [ ∂_r − 1 C(r) ( gq_χ W_θ + A^B_θ ) ] χ^+_0 (r) = −af(r)χ^+_0 (r) . (5.17)

The solution is thus given by two modes, decomposing the + mode using further projections ( ± γ_1)

χ^+_0 (r) = e ∫_r 0 [(gqχ Wθ+A^B_θ )(r^′)/C(r^′)−af (r^′)]dr^′ ( + γ_1)χ+_0 + + e ∫_r 0 [(gqχ Wθ+A^B_θ )(r^′)/C(r^′)+af (r^′)]dr^′ ( − γ_1)χ+_0 . (5.18)

The constants ( ± γ_1)χ^+_0 are two real modes of fermions.

Since W_θ (r) goes to a constant, C(r) is linear in r in the rigid limit and f(r) approaches the constant √ ξ at infinity, one of the zero modes is normalizable. Hence, for the string with unit winding number, there is one normalizable fermionic zero mode in the spectrum of string excitations. For n windings the number of zero mode solutions is n according to the index theorem. This result can be trivially generalized to an arbitrary number of Φ_i superfields. In the background of the string with winding number n, each χ_i fermion deposits n normalizable zero modes. Hence, we can arbitrarily increase the number of the fermionic zero modes, either by increasing the winding number or the number of chiral fermions species coupled to the Higgs field.

Taking into the account the fact that the D-string leaves half of the supersymmetry unbroken, we might have expected to find an equal number of bosonic zero modes, coming from the Φ_i fields. However, we find none! In the Φ_i spectrum, the localized scalar excitations only exist if a ∼ g or larger (whereas localized fermionic zero modes exist for any a ≠ 0), and even in this case the masses of the lowest scalar excitations are ∼ ξ. Thus, the number of bosonic and fermionic zero modes is clearly unbalanced.

The resolution of the puzzle is that the unbroken supersymmetry acts on the fermionic zero modes trivially, and therefore there are no bosonic partners. In other words, whereas in the usual case we would obtain the bosonic partner by super-shifting the fermion, here the shift of the zero mode fermion vanishes

Φ_i(ϵ) = ϵ̄_LΔχ_i = 0 , (5.19)

(referring to the notations in appendix B). Indeed, the transformation parameters of unbroken supersymmetry and the zero modes are both + spinors under the projections (A.6), and the property (A.8) then kills the bosonic mode (5.19).

This can be understood from the algebra of the remaining supersymmetry. In fact, using the same type of projections, the non-zero part of the algebra is only non-zero between two supersymmetries of opposite type, see (A.10). Therefore the preserved supersymmetry is nilpotent. An equal number of bosonic and fermionic modes is only expected when the supersymmetry squares to an invertible operator (e.g. the translations).

We would like to note that in [19] (realizing an observation by Witten [23]) a 2 + 1- dimensional BPS vortex solution without Fermi-Bose degeneracy was found. Our effect, however, is of the different origin, since, unlike in [19], in our case the Fermi-Bose nondegeneracy persists even in the globally-supersymmetric limit.

6 Discussion of FI term from pseudo-anomalous U(1).

We now turn to the case of field-dependent FI terms. As is well-known, such field-dependent FI-terms emerge whenever there is a chiral superfield, which we denote Φ, shifting under U(1). In particular, this is mandatory whenever the U(1) symmetry exhibits a chiral anomaly that is cancelled by the Green-Schwarz mechanism [24]. In such a case, the imaginary part of the Φ-scalar plays the role of an axion, and cancels the chiral anomaly by shifting under the U(1) symmetry. Such a U(1) is sometimes referred to as “anomalous” or more appropriately “pseudo-anomalous” since the total anomaly is of course zero. The FI term in such a case depends on the real part of Φ.

The supersymmetric set up for anomalous FI terms was developed in 1987 in [25] in the context of the heterotic string theory. It was used since then in the cosmology literature under the assumption that the dilaton field Φ is somehow stabilized and therefore that the dilatondependent D-term produces a constant FI term. Now that we are trying to understand the D-term potentials in supergravity and string theory at the fundamental level, we have to revisit this approach.

For the purpose of illustration, we consider a “dilaton field” Φ, adding to the Kähler potential a part K_{(Φ)}(Φ + Φ̄). This field transforms under the U(1) as

δΦ = iα , or η_Φ = iM^{−1}_P . (6.1)

The Kähler potential is invariant, implying that the real part of r is zero, and we do not add an imaginary constant to r, which would imply the presence of the constant FI term.

However, (6.1) gives an extra contribution to P:

P_{(Φ)} = −K^′_{(Φ)}(Φ + Φ̄) . (6.2)

If this has a non-zero constant, it acts as a FI term.

Actually in [25] a “stringy” Kähler potential is considered, with appropriate vector kinetic term K = − ln(Φ + Φ̄) , f = Φ , Φ ≡ ϕ^{−2} + ib . (6.3)

The gauge coupling thus depends on the dilaton, (Re f)^{−1} = ϕ^2. The theory also has an axion coupling proportional to b F F^∗. With the shift transformation of the axion field under U(1) as in (6.1), this term serves to remove the anomaly proportional to F F^∗.

This gives P_{(Φ)} = −K^′_{(Φ)}(Φ + Φ̄) = 1 Φ + Φ̄ = 1 2 ϕ^2 . (6.4)

The D-term potential is_1 2 (Re f)^{−1}P^2 =^1_8 ϕ^6 . (6.5)

Note that if this would be the only dependence on ϕ^2, the potential would tend to make ϕ^2 → 0 and the FI term would disappear.

The stabilization of the dilaton was assumed in [25] and therefore it was considered that the dilaton-dependent D-term can be qualified as a constant FI term. Its value was computed in the context of the weakly-coupled heterotic string for a constant string coupling g_s (constant dilaton, g_s = ϕ^2) and found to be [26]: ξ_{GS} = g^2_s TrQ 192π^2

M^2_P . (6.6)

The potential energy is given by V_D =^1_2 g^2_s ξ^2_{GS} ∼ g^6_s . Clearly, without an assumption that ϕ is constant, this potential would behave, as we have just seen, as ϕ^6 and tends to zero at small ϕ.

Based on this specific analysis, two criticisms were made to the D-term inflation scenario. First (see for example [27]), the inflation scale provided by (6.6) is too close to the Planck scale to be consistent with the COBE normalization. Secondly, the necessary stabilization of the dilaton field requires some non-vanishing F -terms which, in the context of the simple model described by (6.3), drown any D-term [16]. We will discuss this latter question at the end of this section and first address the former criticism.

Quite generally, the role of the field Φ may be played by any modulus, whether it is the dilaton or any volume modulus. The situation with the stabilization of dilaton and volume in heterotic string theory is quite complicated. A few recent studies [28, 29, 30] have shown that stabilization of moduli in heterotic string theory requires significant deviations from the weakly coupled regime of the heterotic theory, such as strong coupling, presence of M5-branes etc. Therefore the actual numbers for FI terms, used in the cosmological context on the basis of weakly coupled heterotic string theory, have to be revised. One more important phenomenological ingredient for the D-term inflation model was the choice of the gauge coupling: it was assumed to be of the same magnitude as the coupling of the standard model U(1). One may, however, expect few more U(1) in string theories, some of which may have different scales of gauge coupling and therefore give different values for the D-term inflation model.

In other string theories, the D-term may depend on some other moduli, like in type IIB theory where it is the volume of the compactified directions [31]. The gauge coupling for the vector field on the D7 brane has a dependence on the volume of the compactification modulus: Re f ∼ (ρ + ρ̄). The Kähler potential is K = −3 ln(ρ + ρ̄). As a result, the field-dependent D-term related to the non-self-dual fluxes on D7 brane is given by 1 2 (Re f)^{−1}P^2 = C (ρ + ρ̄)^3

. (6.7)

In both cases the D-term potential has a runaway behaviour. Thus, using these potentials we cannot rely on any assumption of stabilization. To find models for cosmology from string theory, one has to consider the total potential where the dilaton and/or the volume have to be stabilized. Only when this is done, one will be able to keep the version of D-term inflation based on anomalous stringy U(1) valid.

In short, the stringy FI term required for GS mechanism of anomaly cancellation, is a field-dependent D-term. Before one stabilizes it, it cannot be used in the cosmological context. As we already explained in the Introduction, it is not known how to derive constant FI terms from string theory, despite the fact that they are allowed under certain conditions in N = 1, d = 4 supergravity.

Let us finally discuss some generic issues that arise when one tries to stabilize FI terms in the field-dependent case.

A naive approach would be to assume that the vev of Φ is stabilized at some arbitrarily high scale M_{st}, by some superpotential, in such a way that below the scale M_{st} we can integrate out Φ in order to be left at low energies with a supersymmetric theory with a constant FI term. This is, however, not possible as can be seen from the two following arguments.

First, if we manage to give a large supersymmetry-preserving mass to the real part of Φ, then by supersymmetry this must also be the mass of its imaginary part. However, this imaginary part is the axion that shifts under U(1), and thus gets a mass through the Higgs effect by becoming the longitudinal component of the U(1)-gauge field. Hence, if supersymmetry is preserved, Φ simply becomes a part of a massive vector supermultiplet with mass M_{st}. Hence, Φ cannot be integrated out in a supersymmetric way, unless we integrate out the whole massive vector supermultiplet. This fact immediately implies that if we integrate out Φ below scale M_{st} we cannot be left with a non-zero FI term. Presence of a non-zero FI term in an effective supersymmetric theory at any scale requires an existence of a corresponding vector superfield, unless supersymmetry is broken.

Hence, Φ cannot be stabilized at scales bigger than the effective low energy value of the

FI term in a susy-preserving way, without jeopardizing the very existence of FI in the lowenergy theory. Thus, in general, stabilization of Φ requires some additional supersymmetry breaking, e.g. via some non-zero F -terms. We will see below that these F -terms can be parametrically (depending on the parameters in the Kähler potential) smaller than the FIterms.

The fact that Φ cannot be stabilized without the additional supersymmetry breaking is also clear from the following argument based on the form of the superpotential. Because Φ shifts under the gauged U(1) symmetry, the superpotential must be invariant under this shift (up to an arbitrary Kähler transformation, and assuming now that there is no explicit FI term ξ). Hence it can only depend on Φ through invariants of the form (or functions of them) W = e^{Φc}w_0 (6.8)

where c is some constant, and w_0 is a holomorphic function of other chiral superfields such that it carries an overall charge Q = −c under the U(1) symmetry. w_0 may in particular be a composite operator, generated by some strong dynamics, such as e.g., gaugino condensation in a strongly coupled SU(N) group. In each particular case w_0 will be subject to the U(1)- selection rules resulting from charge assignment dictated by GS anomaly cancellation.

Thus, at the minimum of the Φ-potential, the F -term of Φ is generically non-zero. Indeed, it is impossible to satisfy the equations D_ΦW = 0, at the true minimum of the potential, because the D-term has no minimum, only a runaway. So to stabilize Φ, the F -terms should become non-zero. On the other hand, the F -terms have to be smaller than the D-terms if we want to have the D-term inflation. This can result from a suitable Kähler function.^{12} This Kähler function can only stabilize Φ if there are some non-zero F -terms. As said above, such terms are expected due to the form of the stabilizing superpotential, and due to the tendency of the FI term to push Φ to the runaway branch. To have the D-term inflation we require that F ≪ D , (6.9)

and also we need to satisfy the following inequality:

H^2 = g^2ξ^2/M^2_P ≪ m^2_Φ ≪ gξ , (6.10)

where m^2_Φ is the stabilizing mass of Φ. The above implies that we need the Φ mass to be bigger than the Hubble parameter during inflation, which is also of the same order as the contribution from the D-terms into the mass of Φ. In other words, we need F and D-terms to split their roles in the following way, that D-terms drive inflation, but F -terms stabilize Φ. This puts a requirement on the Kähler function.

If a stabilization of the dilaton and volume would be established in some models, then one would have a mechanism for deriving D-term inflation from string theory. Recently a proposal for stabilization of the dilaton and volume modulus was suggested in [32] in the context of the F -term potential. Some versions of brane inflation [33] were studied in [34]

12Its origin is of course a separate issue, not to be discussed here.

where particular difficulties with realization of the brane inflation with dilaton and volume stabilization were pointed out. More recently, some proposals were made [35, 36] towards improvement of this situation due to a particular shift symmetry of the potential associated with the BPS states of branes. These proposals are supported by the supergravity analysis of type IIB compactifications in presence of fluxes and branes in [37, 38]. There is a hope that these efforts may lead to a satisfactory derivation of inflation from string theory.

7 Cosmological applications: Stability of the D-term strings

We wish now to briefly discuss some aspects of the cosmological implications of the D-term strings. It is sometimes assumed that D-term strings are necessarily formed at the end of the D-term inflation, and their tension may be in conflict with the observed spectrum of density perturbations. However, this expectation is too naive and in reality the issue is much more subtle. In brief, we will see that there is no reason to think that the D-term cosmic strings cause any observable problems: in many models D-strings may not be topologically stable.

More importantly perhaps, it has been conjectured recently [4] that there is a correspondence between the D-strings of type II string theory, and D-term strings. This idea was further explored in [39]. According to this conjecture, BPS D_{1+q} branes wrapped on a qcycle, are seen from the point of view of 4d supergravity as D-term strings. This conjecture has some immediate implications for the D-term and D-brane cosmology. For instance, since according to current understanding [40], D_{1+q}-branes can be thought of as the tachyonic vortices formed in the annihilation of (D_{3+q} −D̄_{3+q})-branes, it then immediately follows from the conjecture in [4] that the (D_{3+q} − D̄_{3+q})-system corresponds to a non-zero D-term.^{13} Moreover, if the compactification volume is somewhat larger than the string scale, the D-string tension can be easily lowered in order to accommodate the current observational bounds. Hence, in type II theories the cosmic D-strings do not cause any cosmological problems and in fact may be potentially observable in the form of supergravity D-term strings.

Recently, the suppression of the cosmological production of cosmic D-strings in type II theories was studied in [41]. Some of the interesting potential instabilities of these objects were pointed out in [42]. D-brane–D-term-string correspondence then allows to look for the counterparts of all these effects in the supergravity D-term strings. A number of such connections were demonstrated in [4]. Below we wish to provide additional links. We shall first discuss instabilities of D-term strings in 4d supergravity, and then relate these instabilities to the ones of D-strings in type II theory discussed in [42].

13We learned from J. Maldacena that M. Douglas also noticed that brane-anti-branes are D-terms.

7.1 D-term string stability in supergravity

We first discuss the case of supergravity. As shown in [4], in the simplest models, in which the constant FI D-term gets compensated by a single complex scalar at the end of the Dterm inflation, there are topologically stable D-strings. These strings are topologically stable because of the non-trivial homotopy π_1 of the vacuum of the broken U(1) symmetry. This manifold is S_1 and hence it contains uncontractible loops that can be labeled by an integer n. This fact guarantees the stability of the cylindrically symmetric Higgs configurations when the phase of the Higgs field winds by 2πn around some axis ϕ = √ ξ e^{inθ}.

However, this is only true as long as ϕ is not transforming under any other non-abelian symmetry group. A priori, there is nothing that forbids such a transformation, and in fact in view of the conjectured D-brane connection [4], such a situation is very likely. So let us see what will happen with the topological stability of the D-term strings in the case where ϕ is in a representation of a larger symmetry group. For simplicity, let us assume that ϕ transforms as a doublet of some gauge SU(2) symmetry. This symmetry combined together with our D-term U(1) promotes the full gauge group into SU(2) × U(1). When ϕ condenses, compensating the D-term, the group is broken down to U(1)^′, with the vacuum manifold now being SU(2) × U(1)/U(1). This manifold is a three sphere, and ϕ can take an expectation value at any point on it. However, unlike S_1, any closed loop on S_3 can be continuously contracted into a point. Hence strings are no more stable, and unwind without any topological obstruction. In such a scenario no cosmic strings would form in the phase transition after inflation.

Interestingly, to destabilize the D-term strings, the existence of a non-abelian gauge group is strictly speaking unnecessary. All we need is that there is at least one more complex field ϕ^′ that carries exactly the same charge under the D-term U(1) as ϕ does, and that the value of this field is not fixed by the couplings in the superpotential. In such a case, the global structure of the vacuum manifold is again S_3, although the gauge structure is S_1. That is, there is an accidental global U(2) symmetry. When the gauge group breaks down to nothing by the vev of ϕ, the global group breaks down to U(1). What matters for the topological stability is precisely the global structure of the vacuum. The D-term string now can unwind without any cost of potential energy. In other words, in this situation the D-term strings become semi-local strings [43].^{14} We must stress however, that it may still cost a finite gradient energy to unwind such a string, and hence they may still play some interesting role in cosmology. This issue is beyond the scope of the present work.

7.2 D-string instability as D-term string instability.

We wish now to show that according to the conjecture of [4], the above discussed topological instability of the D-term strings can be viewed as the corresponding instabilities of D-brane strings of string theory [42]. It is known that D_1 strings become topologically unstable in

14Before we submitted this paper, [44] appeared which also uses this point.

the presence of D_3-branes. That is, if the D_1 is placed on top of a D_3 it can “dissolve” in the D_3 brane. If the D_1 is placed at some distance apart, there is a tunneling process by which it can break with two ends attached to the D_3 brane. These attached ends look like monopoles on the D_3-brane. To connect this instability with the one of the D-term strings, it is convenient to view it in the following way. Think of the D_1 − D_3 system as being formed from the system of two D_3 and one D̄_3 branes, after one of the D_3-branes got annihilated by the D̄_3. This annihilation proceeds via tachyon condensation, which cancels the energy of D_3 − D̄_3 pair. This energy breaks all the supersymmetries, and according to [4] it is in form of the D-term. Consider first a situation when all the parent branes are on top of each other. The gauge symmetry of the original system is then U(2) × U(1), and the tachyon transforms as (2, −1) under it. This is identical to our example with SU(2) × U(1) symmetry , in which the role of the D-term-compensating field is assumed by the tachyon.^{15} The instability of the string is clear in this language. The tachyonic vacuum is topologically trivial, and so is the vacuum with the canceled D-term. So D-term strings are topologically unstable and can unwind, spreading flux out. In the string language the same process is seen as dissolving D_1 string on the D_3-brane, with its flux spreading out.

Now let us displace one of the original D_3-branes in the perpendicular direction. This Higgses the original symmetry to U(1) × U(1) × U(1) and there are monopoles in this system. In the language of four-dimensional supergravity this is equivalent to giving a vev to the SU(2)-adjoint Higgs. After the tachyon condenses and compensates the D-term, the symmetry is broken to U(1) × U(1), and strings can be formed. However, these strings are not really stable but can break into monopole anti-monopole pairs.

We see that there is a complete correspondence with the D-term case.

8 FI D-terms from D-branes, and moduli stabilization

The connection suggested in [4] between the D-term strings and BPS D-brane strings (D_{1+q}- branes of type II string theory, wrapped on q-cycles) allowed us to view many properties of non-BPS brane-anti-brane systems from the point of view of FI D-term supersymmetry breaking. Let us briefly review some of our conclusions. Consider a pair of D_{3+q} − D̄_{3+q} branes wrapped on a q-cycle of radius R. We shall assume that 6 − q remaining additional dimensions are also compactified on a cycle of radius R_⊥. The D_{3+q} − D̄_{3+q} system breaks all the supersymmetries. The low-energy gauge group consists of two U(1)-symmetries. Their field strengths couple with opposite sign to the Ramond-Ramond (2+q)-form C_{(2+q)}. Hence, we can choose two orthogonal combinations of these U(1)-s according to their RR couplings. We shall be interested in the diagonal U(1) (from now on we shall call it simply U(1)) that has a non-zero RR charge. We shall denote the corresponding two-form field strength by F_{(2)}. Since the net RR charge of D_{3+q} − D̄_{3+q} is zero, the system is unstable towards annihilation.

15On a compact space, there should be something else that absorbs RR and gravitational fluxes of the remaining D_3-brane, in order to keep the tachyonic vacuum, without the D-term, flat. This does not affect our discussion.

Annihilation can be described as condensation of the open string tachyon ϕ, which Higgses the diagonal U(1)-symmetry. The tachyonic vacuum is a closed string vacuum with no D_{3+q} branes.

In our D-term description, the above stringy picture translates as follows. The supersymmetry breaking by the D_{3+q} − D̄_{3+q}-system is seen in effective 4d, N = 1 supergravity as breaking by the FI D-term. In the limit R_⊥ → ∞, the world-volume 4d supergravity approaches the rigid limit, and the FI term is related to the brane tension and the radius of a q-cycle in the following way

2(2πR)^q T_{3+q} = 2R^q g_s(2π)^3α^{′ q+42} = g^2 2 ξ^2 , (8.1)

where g_s and g are the string and the world-volume gauge couplings, respectively.

Notice that the above form is valid in the limit in which gravity is decoupled (M_P = ∞). In this limit, the FI term cannot drive any 4d D-term inflation. After taking the finite compactification volume and bringing the 4d action to the Einstein form by Weyl rescaling, the effective four-dimensional source will, of course, become dependent on the volume modulus, in accordance to [31], and in order to get inflation one has to address the issue of the volume stabilization. However, at the moment we shall work in the infinitevolume limit, in which the low-energy world-volume theory reduces to a gauge theory with the above FI term.

After annihilation of branes, this D-term is compensated by the vev of the tachyon ϕ, which corresponds to a scalar component of a chiral superfield. The tachyonic vacuum is a supersymmetric vacuum with vanishing D-term. When branes are far apart, the mass^2 of the tachyon becomes positive, and the D-term is non-zero. As suggested in [4], the tachyon superpotential is W = ϕ_0ϕϕ̄ , (8.2)

where ϕ̄ is the supersymmetric tachyonic partner, a chiral superfield with opposite U(1)- charge. ϕ_0 is a U(1)-neutral superfield that corresponds to the inter-brane separation (r)

ϕ_0 = M^2_s r , (8.3)

where M_s is the string scale. Although there are other fields with masses comparable to tachyon, we have only focused our attention to the superfields whose chiral fermionic components become massless at zero brane separation. These are fermionic partners of ϕ_0, Φ, ϕ̄ as well as gaugino and 4d gravitino. The latter is decoupled in the infinite compactification volume limit. There are also massless fermionic modes corresponding to the center of mass motion, which are not of our interest. All other fermions are massive. Note also that fermionic partners of ϕ, ϕ̄ are massless only at the zero separation point (ϕ_0 = 0).

Hence, we see that in the rigid limit, the low-energy dynamics of (D_{3+q} − D̄_{3+q})-system is described by the globally supersymmetric limit of the D-term inflation model discussed in section 4. We now wish to consider the case of finite M_P (that is finite R_⊥). A useful guideline for understanding what may happen in the finite-volume case is the cancellation of the U(1)-gauge anomaly. First let us observe that in the rigid limit, there is no U(1)-anomaly, since the gaugino and the fermionic partner of ϕ_0 are neutral, the 4d-gravitino is decoupled (M_P = ∞) and the anomalies of the chiral fermionic partners of ϕ and ϕ̄ exactly cancel. Now, for finite M_P , the situation may change and the charges of the chiral fermions may shift. One supergravity example of such a situation when going to finite M_P re-arranges charges of the chiral fermions was discussed in section 4. In that example, the charges of chiral fermions shift as described in (4.13), and the gaugino and gravitino acquire charges equal to G. However, with shifted fermionic charges the chiral gauge anomaly is non-vanishing anymore, and is equal to the gravitino contribution according to (4.14). Due to this fact, the analogous charge-shift in the present case may create a seeming puzzle. Starting from anomaly-free high-dimensional theory, we cannot create an anomaly by simply changing the compactification radius! So consistency of the compactification requires that if there is such an anomalous shift in fermionic charges, there must be an axion whose shift exactly cancels the anomaly by the GS mechanism. The axion that is charged under U(1) indeed exist in the theory in form of the RR axion, as we shall now demonstrate.

The U(1) field strength has the following world-volume coupling to the RR (2 + q)-form

g_s(2πα^′)T_{(3+q)} ∫ 3+1+q

F_{(2)} ∧ C_{(2+q)} . (8.4)

The 4d dual of the 4d-zero mode of C_{(2+q)} is precisely the axion that shifts under U(1). To see this, let us concentrate on the components of C_{(2+q)} that take only two indices in the four non-compact dimensions, and the rest on a q-cycle. These components effectively define a two form, which we can call C_{(2)}. We shall only be interested in a 4d zero mode of this two-form (higher KK-modes are irrelevant for the anomaly cancellation). We can now go into the dual description of the C_{(2)}-form in terms of an axion

dC_{(2)} → ∗ da , (8.5)

where star denotes a 4d Hodge-dual. Under this duality transformation we have to replace

(dC_{(2)})^2 → (da − gQ_aW )^2 , (8.6)

Under the U(1), the axion shifts as a → a + gQ_aα(x) . (8.7) Q_a can be found from (8.4) by integrating over the extra coordinates and using the relation (8.1) between ξ and the brane tension, as well as the relation g^2 = 8πg_sα^{′q/2}/R^q . The result^{16} is Q_a = ξ/M^2_P . Hence, we see that in the 4d theory there is always the axion with right transformation properties, which could potentially cancel the anomaly appearing from the chiral fermion sector, provided there is a coupling a F ∧ F . (8.8) 16As shown in [4], this is also the right value that correctly reproduces the long range RR field of the D-term string formed by the tachyon.

Existence of such a coupling is in general compactification dependent^{17} and hence so must be the resulting fermionic charge assignment. In case that it is absent, the anomaly of the chiral fermions must be separately zero. When such coupling is present, the chiral fermion set must be anomalous, and exactly compensate the anomaly resulting from the shift of the axion via the GS mechanism. Hence, in such case the effective 4d description of D−D̄ systems will be in terms of the “anomalous” U(1) symmetry.

Let us finally tress that the existence of the axion that shifts under the U(1) gauge symmetry has important consequences for the issue of moduli-stabilization.

In the 4d theory, the axion becomes a lowest component of a chiral supermultiplet Φ = σ + ia, where the role of σ is model dependent. For instance, in type II B theories, σ can either be some combination of the dilaton and the volume modulus, or an NS-NS two form. The fact that the axion shifts under U(1), implies that (in 4d Einstein frame) the FI term is Φ-dependent. This of course raises the issue of the stabilization of the real part of Φ. Stabilization could in principle happen via some non-perturbatively generated superpotential. However, because of the U(1)-symmetry, the superpotential must transform homogeneously under the shift of Φ, that is, be invariant up to the Kähler transformation. Hence, up to an arbitrary Kähler transformation the Φ-dependence of the superpotential can only be through the invariant(s) of the form

e^{cQa Φ}w_0 , (8.9)

where c is a constant and w_0 is some holomorphic function of the chiral superfields (in our case ϕ_0, ϕ, ϕ̄) that carries the overall charge Q = −c with respect to U(1). We see that holomorphy and U(1) invariance can potentially severely constrain the form of the stabilizing potential for Φ.

9 Conclusion

In this paper we have clarified the status of constant FI terms ξ in N = 1, d = 4 supergravity in general and in examples. Their presence shows up in covariant derivatives of all fermions and in the supersymmetry transformation laws, since the relevant local U(1) symmetry is a gauged R-symmetry. These new couplings proportional to gξ/M^2_P lead to gauge and gravitational anomalies. Under certain conditions it is possible to cancel the gauge anomalies.

One of the important restrictions on supergravity with constant FI terms is the following: the superpotential W has to transform under U(1) gauge symmetry, δW = −i^{gξ}_{M 2P} W , otherwise the constant FI term ξ has to vanish. This requirement is consistent with the fact that in the gauge theory at M_P → ∞ the potential is U(1) invariant. However, we consider local supersymmetry of the classical supergravity action, in which terms of the order gξ/M^2_P are all taken into account.

17We thank Juan Maldacena for discussions on this and other issues.

In the example of a D-term inflation [13], it is possible to generalize the original model with rigid supersymmetry to exact local supersymmetry. A gauge theory potential of the D-term model W = ϕ_0ϕ_+ϕ_− is neutral under U(1) symmetry in gauge theory with constant FI terms. In this paper we have found how to promote this model to the supergravity level with constant FI terms: we required that the total charge of ϕ_+ and ϕ_− fields does not vanish but is equal to −ξ/M^2_P . The gauge theory anomaly from gravitino, gaugino, original chiral multiplets ϕ_0, ϕ_+ and ϕ_− and additional 3 chiral multiplets can be cancelled.

In string theory there are no known examples of constant FI terms ξ. Only modulidependent D-terms are available [25, 31]. In absence of constant FI terms, the rules of local supersymmetry require the superpotential to be invariant under the U(1)-gauged symmetry (for invariant Kähler potential). In such theories, where the cancellation of gauge anomaly is due to the Green-Schwarz mechanism with the shift of the axion and the coupling aF F^∗, one has to stabilize the scalar partner of the axion to get the effective supergravity with constant FI terms. Some efforts in this direction have been made recently in [32,34,31,35,36,37,38]. It is possible that a stringy version of the D-brane inflation [33] with improvement with respect to volume and dilaton stabilization will be derived in the future and that the problems with inflation in string theory, pointed out in [34], will be resolved. This kind of string cosmology program requires a better understanding of the structure of 3+1 dimensional N = 1 supergravity with constant FI terms as well as the one with field-dependent D-terms. This paper has clarified the properties of such theories.

In this paper we have investigated another interesting role that FI terms can play in string theory. This role is based on the recently-suggested [4] equivalence between the 4d supergravity D-term strings and D-branes of type II string theory. According to it, braneanti-brane systems in an effective 4d theory can be viewed as gauge theories with non-zero FI term, in which the axion shifting under the U(1)-symmetry comes from the RR sector. The tachyonic instability of the brane-anti-brane system is seen as the instability triggered by the FI-term. Thus, many important properties of D−D̄ systems can be understood in the light of 4d supergravity with FI D-terms. Certain aspects of stability of some string compactifications with branes and anti-branes can be understood in the language of supergravity vacua with non-zero D-terms. For instance, the shift of the axion under the gauge U(1) symmetry gives selection rules for the possible invariants of the stabilizing superpotential.

On the cosmic string front, we have provided some additional consistency checks of the conjectured correspondence [4] between D-term-strings and D-branes, by mapping the instabilities of the two.

Finally, we have studied in non-minimal model the zero mode content on the BPS Dterm cosmic string solutions of N = 1 supergravity with constant FI terms [4]. We have discovered a puzzling property that the numbers of bosonic and fermionic zero modes can be arbitrarily different. We have explained this puzzling behaviour by unusual properties of unbroken supersymmetry.

Acknowledgments

It is a pleasure to thank N. Arkani-Hamed, M. Douglas, D. Freedman, G. Gibbons, S. Kachru, A. Linde, D. Lyth, J. Maldacena, R. Myers, K. Stelle, P. West and B. de Wit for useful discussions. The work of R.K. was supported by NSF grant PHY-0244728. The research of G.D. is supported in part by a David and Lucile Packard Foundation Fellowship for Science and Engineering, and by the NSF grant PHY-0070787. The work of A.V.P. was partially supported by the European Community’s Human Potential Programme under contract HPRN-CT-2000-00131 Quantum Spacetime and in part by the Federal Office for Scientific, Technical and Cultural Affairs, Belgium, through the Inter-university Attraction Pole P5/27. R. K. and P. B. are grateful to the organizers of Santa Barbara string cosmology workshop, and R.K., P.B. and A.V.P. to the organizers of the workshop in Bad Honnef on dark matter and dark energy, where part of this work was performed. P. B., G. D. and A.V.P. thank the Institute of theoretical physics of Stanford for the hospitality.

A Residual superalgebra of the D-term string

The commutator between two supersymmetry transformations is given by [δ(ϵ_1), δ(ϵ_2)] =^1_2 δ_{CGCT} (ξ^μ(ϵ_1, ϵ_2)) , ξ^μ(ϵ_1, ϵ_2) ≡ ϵ̄_2γ^μϵ_1 , (A.1) where the covariant general coordinate transformation (CGCT) is a combination of general coordinate transformations, Lorentz transformations and gauge transformations (at least the bosonic part):

δ_{CGCT}(ξ^μ) = δ_{GCT}(ξ^μ) − δ_{Lor}(ξ^μω^{ab}_μ ) − δ_G(ξ^μW_μ) . (A.2) We have e.g. on the scalars and the vectors δ_{CGCT}(ξ^μ)ϕ = ξ^μ ^∂_μϕ , δ_{CGCT}(ξ^μ)W_μ = ξ^ν F_{νμ} . (A.3) Introducing notations

δ(ϵ) = ϵ̄Q = ϵ^αQ_α , δ_{GCT}(ξ^μ) = ξ^μP_μ , δ_{Lor}(Λ^{ab}) =^1_2 Λ^{ab}L_{ab} , δ_G(α) = αT , (A.4) we can write the supersymmetry algebra as {Q_α, Q_β} =^1_2 (γ^μC^{−1})_{αβ} ( P_μ − ω^{12}_μ L_{12} − W_μT ) . (A.5) The split between the 4 initial supersymmetries that is relevant for the D-term strings occurs through the projectors Π_± =^1_2 ( ± iγ_5γ^{12} ) . (A.6) These projectors satisfy γ^1Π_± = Π_±γ^1 , γ^2Π_± = Π_±γ^2 , (A.7) and Majorana conjugates exchange the projections, e.g. Π_±ϵ = ϵΠ_∓ . (A.8) This implies that ξ^μ(ϵ_1, ϵ_2), for μ = 1, 2, is only nonzero for two spinors of different ±-type. Using notations as ϵ_± = Π_±ϵ, we have ξ^μ(ϵ_1, ϵ_2) = ϵ̄_{2+}γ^μϵ_{1−} + ϵ̄_{2−}γ^μϵ_{1+} for μ = 1, 2 . (A.9) In terms of supersymmetry generators, this implies that the only nonzero anticommutators are {Q_{+α}, Q_{−β}} =^1_2 (Π_+γ^μC^{−1})_{αβ} ( P_μ − ω^{12}_μ L_{12} − W_μT ) . (A.10)

B Relating bosonic and fermionic modes

In this appendix, we will repeat the argument why in supersymmetric theories one can construct a fermionic mode for every bosonic mode and vice versa. This leads to the theorem about the equality of the number of fermions and bosons in a supersymmetric theory. This exposé will clarify that the theorem depends crucially on the algebra, as the fact that the fermion mode constructed out of a bosonic mode and vice versa could be degenerate if the algebra is not suitable.

The construction starts from an expansion around a solution of the theory where the bosonic fields ϕ^i have a value ϕ^i_0 and the fermions ψ^a are zero ψ^a_0 = 0. It will use the concept of residual supersymmetry as exposed in [45], and the notations are taken from the final pages of that paper. We consider a supersymmetry transformation of the bosons and fermions, which, using the condensed notation of B. DeWitt [46], can be written as

δ(ϵ)ϕ^i = R^i_α(ϕ, ψ)ϵ^α , δ(ϵ)ψ^a = R^a_α(ϕ, ψ)ϵ^α . (B.1)

The index α represents only the residual supersymmetry at the solution of the theory, which implies R^a_α(ϕ_0, 0) = 0. We also have R^i_α(ϕ_0, 0) = 0, which is already obvious from the fact that this is a fermionic quantity and thus vanishes for zero fermions. We write the fields as

ϕ^i = ϕ^i_0 + Δϕ^i , ψ^a = Δψ^a , (B.2)

and expand the action up to second order in the perturbations Δϕ^i and Δψ^a:

S = S^0 +^1_2 Δϕ^iS^0_{ij} Δϕ^j +^1_2 Δψ^aS^0_{ab}Δψ^b + O(Δ^3) ,

S^0 ≡ S(ϕ^i_0, 0) , S^0_{ij} ≡ δ δϕ^i δ δϕ^i S(ϕ^i_0, 0) , S^0_{ab} ≡ → δ δψ^a ← δ δψ^b S(ϕ^i_0, 0) . (B.3)

First order perturbations are absent because the zero state is a solution of the classical field equations, and mixed terms are absent due to their fermionic nature and ψ^a_0 = 0. As the supersymmetry transformations on the vacuum states are zero, supersymmetry acts only on the perturbations and in first order is

δ(ϵ)Δϕ^i = R^i_{α,a}(ϕ_0, 0)Δψ^aϵ^α + O(Δ^2) , δ(ϵ)Δψ^a = R^a_{α,i}(ϕ_0, 0)Δϕ^iϵ^α + O(Δ^2) , (B.4)

where the notations , i and , a denote derivatives of the transformation laws. Again, other terms are absent due to ψ^a_0 = 0. The statement that the action is supersymmetric is

0 = δ(ϵ)S = [ Δϕ^iS^0_{ij} R^j_{α,a}(ϕ_0, 0)Δψ^a + Δψ^aS^0_{ab}R^b_{α,i}(ϕ_0, 0)Δϕ^i ] ϵ^α + O(Δ^3) . (B.5)

Consider now a solution of the fermionic field equations Δψ^aS^0_{ab} = 0 and consider arbitrary Δϕ^i. Then we find S^0_{ij} R^j_{α,a}(ϕ_0, 0)Δψ^a = 0 , (B.6) which shows that

Δψ^a solution of field eqs. → ϕ^i(ϵ) = R^i_{α,a}(ϕ_0, 0)Δψ^aϵ^α solution of field eqs. (B.7)

for any ϵ that parametrizes a residual supersymmetry. Similarly, for any solution of the bosonic field equations one constructs a solution of the fermionic field equations as

Δϕ^i solution of field eqs. → ψ^a(ϵ) = R^a_{α,i}(ϕ_0, 0)Δϕ^iϵ^α solution of field eqs. (B.8)

For counting the number of bosonic and fermionic modes, one may imagine that these mappings can be either degenerate or not. However, applying the map twice on a bosonic mode Δϕ^i gives that there should be a bosonic solution of the field equations

Δ̃ϕ^i(ϵ_1, ϵ_2) = R^i_{α,a}(ϕ_0, 0)R^a_{β,j} (ϕ_0, 0)Δϕ^j ϵ^β_2 ϵ^α_1 . (B.9)

The involved square of the transformation operators is what appears at first order in the anticommutator of the supersymmetry with parameter ϵ_1 with the one with parameter ϵ_2. Therefore, if this anticommutator is non-degenerate, then this gives an invertible mapping between bosonic states. This is only possible if the intermediate states are non-degenerate and thus there are at least as many fermionic modes as bosonic modes. Starting the argument with the fermions, we arrive at the statement that there are at least as many bosonic modes as fermionic modes. This gives the theorem that the number of bosonic modes and fermionic modes are equal.

This counting depends on the invertibility of the square of supersymmetry. The latter gives in the simple cases just the energy (or time derivative of the fields) such that the theorem applies. In some cases the algebra involves gauge transformations, and the theorem only applies to the gauge-invariant states. In our case the supersymmetries are nilpotent, and the theorem does not apply. In fact the construction (5.19) can be seen to give a vanishing bosonic mode.

References

[1] E. Cremmer, S. Ferrara, L. Girardello and A. Van Proeyen, Yang–Mills theories with local supersymmetry: Lagrangian, transformation laws and superhiggs effect, Nucl. Phys. B212 (1983) 413

[2] J. Wess and J. Bagger, Supersymmetry and supergravity. Princeton Univ. Pr., 1983, (2nd ed. 1992), 259 p

[3] P. Binétruy, G. Girardi and R. Grimm, Supergravity couplings: a geometric formulation, Phys. Rept. 343 (2001) 255–462, hep-th/0005225

[4] G. Dvali, R. Kallosh and A. Van Proeyen, D-term strings, hep-th/0312005, to be published in JHEP

[5] D. Z. Freedman, Supergravity with axial gauge invariance, Phys. Rev. D15 (1977) 1173, A. Das, M. Fischler and M. Rocek, “Superhiggs Effect In A New Class Of Scalar Models And A Model Of Super QED,” Phys. Rev. D 16, 3427 (1977). B. de Wit and P. van Nieuwenhuizen, “The Auxiliary Field Structure In Chirally Extended Supergravity,” Nucl. Phys. B 139, 216 (1978).

[6] D. Freedman and G. Gibbons, private communication,

[7] K. S. Stelle and P. C. West, Relation between vector and scalar multiplets and gauge invariance in supergravity, Nucl. Phys. B145 (1978) 175

[8] R. Barbieri, S. Ferrara, D. V. Nanopoulos and K. S. Stelle, Supergravity, R invariance and spontaneous supersymmetry breaking, Phys. Lett. B113 (1982) 219

[9] S. Ferrara, L. Girardello, T. Kugo and A. Van Proeyen, Relation between different auxiliary field formulations of N = 1 supergravity coupled to matter, Nucl. Phys. B223 (1983) 191

[10] R. Kallosh, L. Kofman, A. D. Linde and A. Van Proeyen, Superconformal symmetry, supergravity and cosmology, Class. Quant. Grav. 17 (2000) 4269–4338,

hep-th/0006179

[11] A. H. Chamseddine and H. K. Dreiner, Anomaly - free gauged U(1)-prime in local supersymmetry and baryon number violation, Nucl. Phys. B447 (1995) 195–210,

hep-ph/9503454

[12] D. J. Castano, D. Z. Freedman and C. Manuel, Consequences of supergravity with gauged U(1)-R symmetry, Nucl. Phys. B461 (1996) 50–70, hep-ph/9507397

[13] P. Binétruy and G. R. Dvali, D-term inflation, Phys. Lett. B388 (1996) 241–246,

hep-ph/9606342

[14] E. Halyo, Hybrid inflation from supergravity D-terms, Phys. Lett. B387 (1996) 43–47,

hep-ph/9606423

[15] R. Barbieri, R. Contino, P. Creminelli, R. Rattazzi and C. A. Scrucca, Anomalies, Fayet-Iliopoulos terms and the consistency of orbifold field theories, Phys. Rev. D66 (2002) 024025, hep-th/0203039

[16] N. Arkani-Hamed, H.-C. Cheng, P. Creminelli and L. Randall, Pseudonatural inflation, JCAP 0307 (2003) 003, hep-th/0302034

[17] G. R. Dvali and M. A. Shifman, Dynamical compactification as a mechanism of spontaneous supersymmetry breaking, Nucl. Phys. B504 (1997) 127–146,

hep-th/9611213

[18] S. C. Davis, A.-C. Davis and M. Trodden, N = 1 supersymmetric cosmic strings, Phys. Lett. B405 (1997) 257–264, hep-ph/9702360

[19] K. Becker, M. Becker and A. Strominger, Three-dimensional supergravity and the cosmological constant, Phys. Rev. D51 (1995) 6603–6607, hep-th/9502107

[20] J. D. Edelstein, C. Núñez and F. A. Schaposnik, Supergravity and a Bogomol’nyi bound in three-dimensions, Nucl. Phys. B458 (1996) 165–188, hep-th/9506147

[21] E. J. Weinberg, Index calculations for the fermion - vortex system, Phys. Rev. D24 (1981) 2669

[22] R. Jackiw and P. Rossi, Zero modes of the vortex - fermion system, Nucl. Phys. B190 (1981) 681

[23] E. Witten, Is supersymmetry really broken?, Int. J. Mod. Phys. A10 (1995) 1247–1248, hep-th/9409111

[24] M. B. Green and J. H. Schwarz, Anomaly cancellation in supersymmetric D = 10 gauge theory and superstring theory, Phys. Lett. B149 (1984) 117–122

[25] M. Dine, N. Seiberg and E. Witten, Fayet-Iliopoulos terms in string theory, Nucl.

Phys. B289 (1987) 589

[26] J. J. Atick, L. J. Dixon and A. Sen, String calculation of Fayet-Iliopoulos D terms in arbitrary supersymmetric compactifications, Nucl. Phys. B292 (1987) 109–149

[27] G. R. Dvali and A. Riotto, Minimalism in inflation model building, Phys. Lett. B417 (1998) 20–26, hep-ph/9706408

[28] K. Becker, M. Becker, P. S. Green, K. Dasgupta and E. Sharpe, Compactifications of heterotic strings on non-Kähler complex manifolds. II, Nucl. Phys. B678 (2004) 19–100, hep-th/0310058

[29] S. Gukov, S. Kachru, X. Liu and L. McAllister, Heterotic moduli stabilization with fractional Chern-Simons invariants, hep-th/0310159

[30] E. I. Buchbinder and B. A. Ovrut, Vacuum stability in heterotic M-theory,

hep-th/0310112

[31] C. P. Burgess, R. Kallosh and F. Quevedo, de Sitter string vacua from supersymmetric D-terms, JHEP 10 (2003) 056, hep-th/0309187

[32] S. Kachru, R. Kallosh, A. Linde and S. P. Trivedi, De Sitter vacua in string theory, Phys. Rev. D68 (2003) 046005, hep-th/0301240

[33] G. R. Dvali and S. H. H. Tye, Brane inflation, Phys. Lett. B450 (1999) 72–82,

hep-ph/9812483

[34] S. Kachru, R. Kallosh, A. Linde, J. Maldacena, L. McAllister and S. P. Trivedi, Towards inflation in string theory, JCAP 0310 (2003) 013, hep-th/0308055

[35] J. P. Hsu, R. Kallosh and S. Prokushkin, On brane inflation with volume stabilization, JCAP 0312 (2003) 009, hep-th/0311077

[36] H. Firouzjahi and S. H. H. Tye, Closer towards inflation in string theory,

hep-th/0312020

[37] C. Angelantonj, R. D’Auria, S. Ferrara and M. Trigiante, K3 ×T^2/Z_2 orientifolds with fluxes, open string moduli and critical points, hep-th/0312019

[38] F. Koyama, Y. Tachikawa and T. Watari, Supergravity analysis of hybrid inflation model from D3-D7 system, hep-th/0311191

[39] E. Halyo, Cosmic D–term Strings as Wrapped D3 Branes, hep-th/0312268

[40] A. Sen, Stable non-BPS bound states of BPS D-branes, JHEP 08 (1998) 010, hep-th/9805019, Non-BPS States and Branes in String Theory, in ‘Progress in string theory and M-theory’, proc. of the Cargèse school 1999, p. 187-234, hep-th/9904207

[41] G. Dvali and A. Vilenkin, Formation and evolution of cosmic D-strings,

hep-th/0312007

[42] E. J. Copeland, R. C. Myers and J. Polchinski, Cosmic F- and D-strings,

hep-th/0312067

[43] T. Vachaspati and A. Achucarro, Semilocal cosmic strings, Phys. Rev. D44 (1991) 3067–3071

[44] J. Urrestilla, A. Achucarro and A. Davis, D-term inflation without cosmic strings,

hep-th/0402032

[45] R. Kallosh, J. Rahmfeld and W. K. Wong, One-loop supergravity corrections to the black hole entropy and residual supersymmetry, Phys. Rev. D57 (1998) 1063–1067,

hep-th/9706048

[46] B. S. DeWitt, Quantum theory of gravity. II. The manifestly covariant theory, Phys.

Rev. 162 (1967) 1195–1239