arXiv:hep-th/0402077 v1 10 Feb 2004

CERN-PH-TH/2004-026 NRCPS-HE-2004-01

Physical Fock Space of Tensionless Strings

Ignatios Antoniadis^{1,a,†1} and George Savvidy^{1,b,†† 2}

1 Department of Physics, CERN Theory Division CH-1211 Geneva 23, Switzerland

2 Demokritos National Research Center, Ag. Paraskevi, GR-15310, Athens

a ignatios.antoniadis@cern.ch,^b georgios.savvidis@cern.ch

Abstract

We study the physical Fock space of the tensionless string theory with perimeter action which has pure massless spectrum. The states are classified by the Wigner’s little group for massless particles. The ground state contains infinite many massless fields of fixed helicity, the excitation levels realize CSR representations. We demonstrate that the first and the second excitation levels are physical null states.

1† On leave of absence from CPHT École Polytechnique, F-91128, Palaiseau Cedex,France. 2††On leave of absence from Demokritos National Research Center^2.

1 Introduction

A string model which is based on the concept of surface perimeter was suggested in [1, 2, 17]. At the classical level the model is tensionless, because for the flat Wilson loop the action is equal to its perimeter [17]. In the recent articles one of the authors has found that it has pure massless spectrum of infinitely many integer spin fields [1, 2]^3.

The solution of the corresponding two-dimensional world-sheet CFT for the canonically conjugate operators X^μ = (X^μ_L + X^μ_R)/2 and Π^μ = (Π^μ_L + Π^μ_R)/2 is [1]:

X^μ_L = x^μ + 1 m π^μζ^+ + i ∑ n≠0 1 n β^μ_n e^{−inζ+} , Π^μ_L = me^μ + k^μζ^+ + i ∑ n≠0 1 n α^μ_ne^{−inζ+} , (1) where k^μ is momentum operator, α_n,β_n are oscillators satisfying the following commutator relations [x^μ, k^ν ] = iη^{μν} , [α^μ_n, β^ν_l ] = n η^{μν} δ_{n+l,0} and ζ^± = τ ± σ. A similar expansion also holds for the right moving modes X^μ_R, Π^μ_R with the oscillators β̃_n, α̃_n. The essential new feature of this theory is the appearance of the additional zero modes [e^μ, π^ν ] = iη^{μν} , which means that the space-time wave function is a function of two continuous variables k^μ and e^μ: Ψ_{P hys} = Ψ(k, e). It was suggested in [1] that e^μ should be interpreted as a polarization vector. Its conjugate operator is defined as: π^μ = i∂/∂e_μ.

Our aim is to study spectral properties of the model on higher levels of physical Fock space in analogy with the standard string theory [10, 11, 12, 13, 14, 15]. This is quite possible using the mode expansion of the world-sheet fields and exploring corresponding new gauge symmetries. The tensionless string theory is invariant with respect to the standard conformal group with generators

L_n = ∑ l : α_{n−l} · β_l : n = 0, ±1, ±2 and with respect to the infinite-dimensional Abelian transformations generated by the operator Θ = Π^2_μ − 1 with the following components: k^2, k · e, k · α_n, k · α̃_n, Θ_{nl} n, l = 0, ±1, ±2..., corresponding to the coefficients of τ^2, τ , τ with exponentials and Fourier modes, respectively. Therefore in covariant quantization scheme the space-time equations, which define physical Fock space, have the following form [1, 2]:

k^2 k · e k · α_n k · α̃_n Θ_{nl} L_n L̃_n

Ψ_{P hys} = 0, n, l = 0, 1, 2, .... (2)

3This model differs from the tensionless string models based on Schild’s work on ”null” string [3, 4, 5, 6] with its most likely continuous spectrum [7, 8, 9].

As one can clearly see from the first equation in (2), the spectrum of the model is purely massless: k^2 = 0.

The zero mode conformal operator is given by the expression^4

L_0 = (k · π) + Ξ̂,

where Ξ̂ = ∑ n≠0 α−nβn is the number operator with eigenvalues Ξ = 0, 1, 2.... This

operator allows to represent the whole Fock space F as a sum of relativistically invariant subspaces F = ∞∑ Ξ=0 ⊕F_Ξ and to study each subspace F_Ξ separately. A natural question that arises is whether the physical Hilbert space on each subspace F_Ξ is positive-definite, i.e. ghost-free in analogy with the well known No-ghost theorem [10, 11, 12, 13, 14, 15] in the standard string theory.

As it was demonstrated in [2], the first two levels Ξ = 0, 1 corresponding to the ground state and the first excitation state, are well defined and have no negative norm waves. The vacuum state F_0 is infinitely degenerate and contains massless particles of increasing tensor structure A^{μ1,...,μs} (k) for s = 1, 2, ..., while the first level F_1 happens to be a physical null state.

We shall demonstrate below that the second level wave function, Ξ = 2, also represents a physical null state, therefore one can guess that all excitation levels Ξ = 1, 2, 3, ... are physical null states. The general proof of this conjecture is still to be found despite the fact that some pattern already appears in the first two excitation levels, which explains why all excitations are physical zero norm states. The main reason is, that the polarization tensors must fulfill two constraints which follow from the main space-time equations (2): i) they have to be transverse k_{μ1} ξ_{μ1 ,...μs} = 0 and at the same time ii) to be longitudinal e_{μ1} ξ_{μ1 ,...μs} = 0. This leaves no options and the only solution has the form: ξ_{μ1 ,...μs} = ξ(k, e) k_{μ1} ...k_{μs} and has zero norm!

In the next section we shall review the solution of the basic space-time equations (2) in Gupta-Bleuler quantization scheme for the ground state and the first excitation states [1, 2]. Then we shall turn to the study of the second level wave function.

2 Θ-Algebra

The symmetries of the model are governed by the conformal operators L_n and the new operators Θ_{n,l}:

L_n =< e^{inζ+} : P^μ_L ∂_+X^μ_L :>, Θ_{n,l} =< e^{inζ++ilζ−} : Π^μ Π^μ − 1 :> (3)

where P^μ = ∂_τ Π^μ = (P^μ_L + P^μ_R)/2 is the momentum operator defined by the mode expansion (1); thus

L_n = ∑ l : α_{n−l} · β_l : L̃_n = ∑ l : α̃_{n−l} · β̃_l : 4We shall use physical units in which m = 1.

Θ_{0,0} = (e^2 − 1) + ∑ n≠0 1 4n^2

: (α_{−n} α_n + α̃_{−n} α̃_n) :

Θ_{n,0} = i n e · α_n − 1 4 ∑ l≠0,n 1 (n − l)l : α_{n−l} · α_l : n = ±1, ±2, .. Θ_{0,n} = i n e · α̃_n − 1 4 ∑ l≠0,n 1 (n − l)l : α̃_{n−l} · α̃_l : n = ±1, ±2, .. Θ_{n,l} = − 1 2nl : α_n · α̃_l : n, l = ±1, ±2, .... (4) The conformal algebra has here its classical form, but with twice larger central charge

[L_n , L_l] = (n − l)L_{n+l} + D 6 (n^3 − n)δ_{n+l,0} (5)

and with a similar expression for the right movers L̃_n. The reason that the central charge is twice bigger than in the standard bosonic string theory 2 ×^D_{12} =^D_6 is simply because we have two left and two right moving fields^5.

The full extended gauge symmetry algebra of constraints (3) takes the form

[ L_n, Θ_{0,0}] = −2nΘ_{n,0} [L̃_n, Θ_{0,0}] = −2nΘ_{0,n} [ L_n, Θ_{l,0}] = −(n + l)Θ_{n+l,0} [L̃_n, Θ_{l,0}] = −2nΘ_{l,n} [ L_n, Θ_{0,l}] = −2nΘ_{n,l} [L̃_n, Θ_{0,l}] = −(n + l)Θ_{0,n+l} [ L_n, Θ_{m,l}] = −(n + m)Θ_{n+m,l} [L̃_n, Θ_{m,l}] = −(n + l)Θ_{m,n+l} [ L_n, k^2 ] = 0 [ L̃_n, k^2 ] = 0 [ L_n, k · e] = −i k · α_n [ L̃_n, k · e] = −i k · α̃_n [L_n, k · α_l] = −l k · α_{n+l} [L̃_n, k · α̃_l] = −l k · α̃_{n+l}, (6) where we have included commutators with the operators k^2, k · e, k · α_l, k · α̃_l, because they are constituents of the τ dependent part of the operator Θ = Π^2 − 1, as one can see substituting the solution (1) into the definition of the operator Π_μ = (Π^μ_L + Π^μ_R)/2. One should stress that it is an essentially Abelian extension because [Θ_{n,m}, Θ_{l,p}] = 0, n, m, l, p = 0, ±1, ±2, ... (7) The relations (5), (6) and (7) define an Abelian extension of the conformal algebra and the equations (4) realize its oscillator representation.

2.1 Physical Fock space

The spectrum of this theory is pure massless and the subspaces F_N defined by the operator L_0 = (k · π) + N̂ do not correspond to different mass levels, as it was in the standard string theory, where L_0 = k^2 + N̂, but classify the states with respect to the eigenvalues of the operator (k · π) [2]. This operator is equal to the length of the highest Casimir operator W = (k · π)^2 of the Poincaré group and defines fixed helicity states, when W = 0 and continuous spin representations-CSR, when W ≠ 0 [18, 19].

5Such doubling of modes is reminiscent of the bosonic part of the N = 2 superstring [16]. Here the coordinate field X has simply two sets of commuting oscillators and the conjugate oscillators are described by a separate field Π_μ.

2.2 Ground state, Ξ = 0

Let us first describe the ground state, Ξ = 0. The wave function Ψ_0(k, e) ≡ |k, e, 0 > is defined by α_n |0, k, e > = β_n|0, k, e > = 0, n = 1, 2, .. and the system (2) reduces to the following four equations [1]:

k^2 Ψ_0 = 0, e · k Ψ_0 = 0, (e^2 − 1) Ψ_0 = 0, (k · π) Ψ_0 = 0. (8)

It follows from the third equation that Ψ_0 is a function defined on a unit sphere e^2 = 1 with signature η^{μν} = (− + ...+) and can be expanded in the corresponding basis:

Ψ_0 = |0, k, e > = A(k) + A^{μ1} (k) e_{μ1} + A^{μ1 ,μ2} (k) e_{μ1} e_{μ2} + ...|0, k > .

The fields A^{μ1 ,...,μs} (k) describe massless particles of increasing tensor structure and the vacuum state in infinitely degenerate. They are symmetric traceless tensor fields because they are harmonic functions on a sphere e^2 = 1, and it follows from the last equation in (8), that k_{μ1} A^{μ1,...μs} (k) = 0. Thus the fields A^{μ1,...μs} are: 1) symmetric traceless tensors of increasing rank s = 0, 1, 2, ..., 2) divergent free k_{μ1} A^{μ1 ,...μs} = 0 and 3) satisfying massless wave equations k^2 A^{μ1,...μs} = 0. All the above conditions are sufficient to describe integer spin fields [20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32]. Thus the ground state is infinitely degenerate and contains gauge particles of arbitrary large fixed helicity, W = (k · π)^2 = 0. Every tensor gauge field A^{μ1,...μs} , s = 0, 1, 2, .. appears only once in the spectrum.

2.3 The First Excitation states, Ξ = 1

These states correspond to the continuous spin representations of massless little group, because for them W = (k · π)^2 = 1. The wave function of the first excited state depends on four polarization tensors. The restriction on these tensors which follows from the space-time equations (2) gives the solution in the form [2]

Ψ_1 = [ ξ_{μν} α^μ_{−1}α̃^ν_{−1} + ω_{μν} (α^μ_{−1}β̃^ν_{−1} − β^μ_{−1}α̃^ν_{−1}) ]|0, k, e >, (9)

where k^μω_{μν} = ω_{μν} k^ν = 0, e^μω_{μν} = ω_{μν} e^ν = 0. Assuming that the second equation is valid for any vector e^μ the unique solution of the last equations is: ω^{μν} = ω(k, e) k_μk_ν . The tensor ξ_{μν} (k, e) remains arbitrary. The norm of this state is < Ψ_1|Ψ_1 >= −ω^∗_{μν} ω^{μν} = −|ω|^2 (k^2)^2 and therefore is equal to zero! It is also normal to the ground state < Ψ_0|Ψ_1 >= 0. Thus the first excitation is a physical null state. This consideration allows to make a conjecture that all excitations are physical null states and therefore define gauge parameters of the large gauge group.

3 The Second Excitation State, Ξ = 2

Let us consider the next level. The L_0|Ψ_2 >= 0 equation will take the form

(k · π)|Ψ_2 >= −2 |Ψ_2 > . (10)

The Ξ = 2 level contains twenty five tensors because we have now five relevant operators in the left sector α^μ_{−1}α^ν_{−1}, α^μ_{−1}β^ν_{−1}, β^μ_{−1}β^ν_{−1}, α^μ_{−2}, β^μ_{−2} and the same amount in the right sector. They form three ”families” of operators with tensor coefficients χ, η, ξ

|Ψ_2 > = χ^{(1)}_{μν} α^μ_{−2}α̃^ν_{−2} + χ^{(2)}_{μν} α^μ_{−2}β̃^ν_{−2} + χ^{(3)}_{μν} β^μ_{−2}α̃^ν_{−2} + χ^{(4)}_{μν} β^μ_{−2}β̃^ν_{−2} +

η^{(1)}_{μνλ}α^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + η^{(2)}_{μνλ}α^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} + η^{(4)}_{μνλ}α^μ_{−2}β̃^ν_{−1}β̃^λ_{−1} +

η^{(5)}_{μνλ}β^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + η^{(6)}_{μνλ}β^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} + η^{(8)}_{μνλ}β^μ_{−2}β̃^ν_{−1}β̃^λ_{−1} +

η^{(9)}_{μνλ}α^μ_{−1}α^ν_{−1}α̃^λ_{−2} + η^{(10)}_{μνλ} α^μ_{−1}β^ν_{−1}α̃^λ_{−2} + η^{(12)}_{μνλ} β^μ_{−1}β^ν_{−1}α̃^λ_{−2} +

η^{(13)}_{μνλ} α^μ_{−1}α^ν_{−1}β̃^λ_{−2} + η^{(14)}_{μνλ} α^μ_{−1}β^ν_{−1}β̃^λ_{−2} + η^{(16)}_{μνλ} β^μ_{−1}β^ν_{−1}β̃^λ_{−2} +

ξ^{(1)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(2)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(4)}_{μνλρ}α^μ_{−1}α^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} +

ξ^{(5)}_{μνλρ}α^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(6)}_{μνλρ}α^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(8)}_{μνλρ}α^μ_{−1}β^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} +

ξ^{(13)}_{μνλρ}β^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(14)}_{μνλρ}β^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(16)}_{μνλρ}β^μ_{−1}β^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} + |k, e, 0 >, where we have taken into account that the operators involved commute [α^μ_{−1}, α^ν_{−1}] = [β^μ_{−1}, β^ν_{−1}] = [α^μ_{−1}, β^ν_{−1}] = 0. The corresponding tensors χ, η, ξ are subject to the constraints

k^2 k · e k · α_1 k · α̃_1 k · α_2 k · α̃_2 Θ_{00} Θ_{10} Θ_{20} Θ_{01} Θ_{02} Θ_{12} Θ_{21} Θ_{11} Θ_{22} L_1 L̃_1 L_2 L̃_2

|Ψ_2 >= k^2 k · e k · α_1 k · α̃_1 k · α_2 k · α̃_2 (e^2 − 1) +^1_2 (α_{−1}α_1 + α̃_{−1}α̃_1) +^1_8 (α_{−2}α_2 + α̃_{−2}α̃_2) i e · α_1 +^1_8 α_{−1}α_2 i 2 e · α_2 −^1_4 α_1α_1 i e · α̃_1 +^1_8α̃_{−1}α̃_2 i 2 e · α̃_2 −^1_4α̃_1α̃_1 −^1_4 α_1α̃_2 −^1_4 α_2α̃_1 −^1_2 α_1α̃_1 −^1_8 α_2α̃_2 kβ_1 + πα_1 + α_{−1}β_2 + β_{−1}α_2 kβ̃_1 + πα̃_1 + α̃_{−1}β̃_2 + β̃_{−1}α̃_2 kβ_2 + πα_2 + α_1β_1 kβ̃_2 + πα̃_2 + α̃_1β̃_1

|Ψ_2 >= 0.(11)

It is a rather complicated system of space-time equations and our aim is to solve it. We shall start analyzing the equation Θ_{00}|Ψ_1 >= 0, because it is the most restrictive on the wave function

Θ_{00}|Ψ_1 >= 1 4 χ^{(2)}_{μν} α^μ_{−2}α̃^ν_{−2} + 1 4 χ^{(3)}_{μν} α^μ_{−2}α̃^ν_{−2} + 1 4 χ^{(4)}_{μν} α^μ_{−2}β̃^ν_{−2} + 1 4 χ^{(4)}_{μν} β^μ_{−2}α̃^ν_{−2}+

plus the part which is cubic in the operators 1 2 η^{(2)}_{μνλ}α^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + 1 2 η^{(4)}_{μνλ}α^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} + 1 2 η^{(4)}_{μνλ}α^μ_{−2}β̃^ν_{−1}α̃^λ_{−1} +

1 4 η^{(5)}_{μνλ}α^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + 1 4 η^{(6)}_{μνλ}α^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} + 1 4 η^{(8)}_{μνλ}α^μ_{−2}β̃^ν_{−1}β̃^λ_{−1} + 1 2 η^{(6)}_{μνλ}β^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + 1 2 η^{(8)}_{μνλ}β^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} + 1 2 η^{(8)}_{μνλ}β^μ_{−2}β̃^ν_{−1}α̃^λ_{−1} + 1 2 η^{(10)}_{μνλ} α^μ_{−1}α^ν_{−1}α̃^λ_{−2} + 1 2 η^{(12)}_{μνλ} α^μ_{−1}β^ν_{−1}α̃^λ_{−2} + 1 2 η^{(12)}_{μνλ} β^μ_{−1}α^ν_{−1}α̃^λ_{−2} + 1 4 η^{(13)}_{μνλ} α^μ_{−1}α^ν_{−1}α̃^λ_{−2} + 1 4 η^{(14)}_{μνλ} α^μ_{−1}β^ν_{−1}α̃^λ_{−2} + 1 4 η^{(16)}_{μνλ} β^μ_{−1}β^ν_{−1}α̃^λ_{−2} + 1 2 η^{(14)}_{μνλ} α^μ_{−1}α^ν_{−1}β̃^λ_{−2} + 1 2 η^{(16)}_{μνλ} α^μ_{−1}β^ν_{−1}β̃^λ_{−2} + 1 2 η^{(16)}_{μνλ} β^μ_{−1}α^ν_{−1}β̃^λ_{−2} +

plus the part which is quartic in the operators with overall coefficient 1/2

ξ^{(2)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(4)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(4)}_{μνλρ}α^μ_{−1}α^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} + ξ^{(5)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(6)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(6)}_{μνλρ}α^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(8)}_{μνλρ}α^μ_{−1}α^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} + ξ^{(8)}_{μνλρ}α^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(8)}_{μνλρ}α^μ_{−1}β^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} + ξ^{(13)}_{μνλρ}α^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(13)}_{μνλρ}β^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(14)}_{μνλρ}α^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(14)}_{μνλρ}β^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(14)}_{μνλρ}β^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(16)}_{μνλρ}α^μ_{−1}β^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} + ξ^{(16)}_{μνλρ}β^μ_{−1}α^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} + ξ^{(16)}_{μνλρ}β^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(16)}_{μνλρ}β^μ_{−1}β^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} |k, e, 0 >= 0. The sum of the coefficients in front of the identical operators should be equal to zero. Taking into account the symmetries of individual tensors in |Ψ_2 > one can get the following equations:

χ^{(4)} = 0, χ^{(2)} + χ^{(3)} = 0,

η^{(8)} = 0, η^{(6)} = 0,^1_2 η^{(2)} +^1_4 η^{(5)} = 0, η^{(4)} +^1_4 η^{(6)} = 0, η^{(16)} = 0, η^{(14)} = 0,^1_2 η^{(10)} +^1_4 η^{(13)} = 0, η^{(12)} +^1_4 η^{(14)} = 0,

ξ^{(2)} + ξ^{(5)} = 0, 2ξ^{(4)} + ξ^{(6)} = 0, ξ^{(6)} + 2ξ^{(13)} = 0, ξ^{(8)} = 0, ξ^{(14)} = 0, 2ξ^{(8)} + ξ^{(14)} = 0 ξ^{(16)} = 0.

This system of linear equations can be easily solved. As one can see, those tensors which are connected with the structures having three and four β operators, in the product, are equal to zero. This phenomenon already appeared when we analyzed the first level wave function: the tensor which is in front of the two β operators was equal to zero[2]. The solution can be expressed in the form

η^{(4)} = η^{(6)} = η^{(8)} = η^{(12)} = η^{(14)} = η^{(16)} = 0,

η^{(5)} = −2η^{(2)}, η^{(13)} = −2η^{(10)}, ξ^{(8)} = ξ^{(14)} = ξ^{(16)} = 0, ξ^{(5)} = −ξ^{(2)}, ξ^{(6)} = −2ξ^{(4)} = −2ξ^{(13)}.

Therefore, after imposing the Θ_{00} constraint, the wave function has three sets of terms:

|Ψ_2 > = χ^{(1)}_{μν} α^μ_{−2}α̃^ν_{−2} + χ^{(2)}_{μν} (α^μ_{−2}β̃^ν_{−2} − β^μ_{−2}α̃^ν_{−2}) +

η^{(1)}_{μνλ} α^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + η^{(2)}_{μνλ} α^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} + η^{(5)}_{μνλ} β^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + η^{(9)}_{μνλ} α^μ_{−1}α^ν_{−1}α̃^λ_{−2} + η^{(10)}_{μνλ} α^μ_{−1}β^ν_{−1}α̃^λ_{−2} + η^{(13)}_{μνλ} α^μ_{−1}α^ν_{−1}β̃^λ_{−2} + ξ^{(1)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(2)}_{μνλρ} α^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + ξ^{(5)}_{μνλρ} α^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} +

ξ^{(4)}_{μνλρ} (α^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + β^μ_{−1}α^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} − α^μ_{−1}α^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} − β^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1}) + |k, e, 0 >, where still we have the conditions η^{(5)} = −2η^{(2)}, η^{(13)} = −2η^{(10)} and ξ^{(2)} + ξ^{(5)} = 0. Resolving these last equations we get nine independent tensors:

|Ψ_2 > = χ^{(1)}_{μν} α^μ_{−2}α̃^ν_{−2} + χ_{μν} (α^μ_{−2}β̃^ν_{−2} − β^μ_{−2}α̃^ν_{−2}) + (12) η^{(1)}_{μνλ} α^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + η_{μνλ} (α^μ_{−2}α̃^ν_{−1}β̃^λ_{−1} − 2 β^μ_{−2}α̃^ν_{−1}α̃^λ_{−1}) + ζ^{(1)}_{μνλ} α^μ_{−1}α^ν_{−1}α̃^λ_{−2} + ζ_{μνλ} (β^μ_{−1}α^ν_{−1}α̃^λ_{−2} − 2 α^μ_{−1}α^ν_{−1}β̃^λ_{−2}) +

ξ^{(1)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(2)}_{μνλρ} (α^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} − β^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1}) + ξ_{μνλρ} (α^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + β^μ_{−1}α^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} − α^μ_{−1}α^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} − β^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1})|k, e, 0 >, where it was convenient to introduce the tensors ξ^{(4)}_{μνλρ} = ξ_{μνλρ}, η^{(2)}_{μνλ} = η_{μνλ}, η^{(10)}_{μνλ} = ζ_{μνλ}, χ^{(2)}_{μν} = χ_{μν} in order to sum up the similar terms. The tensor ξ_{μνλρ} is symmetric under simultaneous interchange of the indices μ ↔ ν and λ ↔ ρ. One can simply check a posteriori that the wave function (12) fulfills the constrain Θ_{00}|Ψ_1 >= 0.

Our aim is now to impose the rest of the constraints on the wave function (12). The next constraint to be imposed is Θ_{10}|Ψ_2 >= 0:

Θ_{10}|Ψ_2 >= − 1 4 χ_{μν} α^μ_{−1}α̃^ν_{−2} − 1 2 η_{μνλ}α^μ_{−1}α̃^ν_{−1}α̃^λ_{−1} + i(ζ_{μνλ}e^μα^ν_{−1}α̃^λ_{−2} − ξ^{(2)}_{μνλρ}e^μα^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ_{μνλρ}(α^μ_{−1}e^να̃^λ_{−1}β̃^ρ_{−1} + e^μα^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} − e^μβ^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} − β^μ_{−1}e^να̃^λ_{−1}α̃^ρ_{−1}))|k, e, 0 >= 0 and similar expressions that follow for the constraints Θ_{01}|Ψ_2 >= Θ_{11}|Ψ_2 >= 0. All equations which follow from these constraints can be summarized in the following form e^μ ξ_{μνλρ} = e^λ ξ_{μνλρ} = 0, ξ_{μλνλ} = 0, i e^μ ζ_{μνλ} − 1 4 χ_{νλ} = 0, i e^μ ξ^{(2)}_{μνλρ} + 1 2 η_{νλρ} = 0, i e^λ η_{μνλ} + 1 4 χ_{μν} = 0, i e^ρ ξ^{(2)}_{μνλρ} − 1 2 ζ_{μνλ} = 0. (13)

Imposing the equations Θ_{20}|Ψ_2 >= Θ_{02}|Ψ_2 >= Θ_{22}|Ψ_2 >= 0 we get e^μχ_{μν} = χ_{μν} e^ν = 0, ie^μη_{μλρ} − 1 4 ξ_{μμλρ} = 0, ie^λζ_{μνλ} − 1 4 ξ_{μνλλ} = 0, (14) while Θ_{12}|Ψ_2 >= Θ_{21}|Ψ_2 >= 0 does not produce any new equations. Finally, imposing the constraints k · α_1 = k · α̃_1 = k · α_2 = k · α̃_2 = 0 we get k^μ ξ_{μνλρ} = ξ_{νμρλ}k^ρ = 0, k^μχ_{μν} = χ_{μν} k^ν = 0, k^λη_{λμν} = η_{μνλ}k^λ = 0, k^λζ_{λμν} = ζ_{μνλ}k^λ = 0, k^λξ^{(2)}_{λμνρ} = ξ^{(2)}_{μνρλ}k^λ = 0. (15) Thus we have imposed all constraints associated with the Θ operator, corresponding to the equations (13),(14) and (15).

Now we are in a position to consider the Virasoro constraints. The L_2|Ψ_2 >= L̃_2|Ψ_2 >= 0 equations imply that k^μχ^{(1)}_{μν} − π^μχ_{μν} = 0, k^ν χ^{(1)}_{μν} + π^ν χ_{μν} = 0, k^μη^{(1)}_{μνλ} − 2π^μη_{μνλ} = 0, k^λζ^{(1)}_{μνλ} − 2π^λζ_{μνλ} = 0, ξ_{λλμν} = ξ_{μνλλ} = 0. (16) Finally we came to the last constraints, L_1|Ψ_2 >= 0 which imply that k^μζ_{νμλ} = 0, χ_{νλ} = 0 η_{νλρ} = 0, k^μξ^{(2)}_{νμλρ} + π^μξ_{μνλρ} = 0 k^μ(ζ^{(1)}_{μνλ} + ζ^{(1)}_{νμλ}) + π^μζ_{μνλ} + 2χ^{(1)}_{νλ} = 0 k^μ(ξ^{(1)}_{μνλρ} + ξ^{(1)}_{νμλρ}) − π^μξ^{(2)}_{μνλρ} + 2η^{(1)}_{νλρ} = 0 (17) and L̃_1|Ψ_2 >= 0, that gives:

k^μη_{νμλ} = 0, χ_{νλ} = 0 ζ_{νλρ} = 0, k^μξ^{(2)}_{νλμρ} − π^μξ_{νλμρ} = 0 k^μ(η^{(1)}_{νμλ} + η^{(1)}_{νλμ}) + π^μη_{νλμ} + 2χ^{(1)}_{νλ} = 0 k^μ(ξ^{(1)}_{νλρμ} + ξ^{(1)}_{νλμρ}) + π^μξ^{(2)}_{νλρμ} + 2ζ^{(1)}_{νλρ} = 0. (18)

4 Solution of the Constraints

Our system of equations (13),(14), (15) and (16),(17),(18), which define the wave function (12), further reduces to the form:

|Ψ_2 > = χ^{(1)}_{μν} α^μ_{−2}α̃^ν_{−2} + η^{(1)}_{μνλ} α^μ_{−2}α̃^ν_{−1}α̃^λ_{−1} + +ζ^{(1)}_{μνλ} α^μ_{−1}α^ν_{−1}α̃^λ_{−2} ξ^{(1)}_{μνλρ}α^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1} + ξ^{(2)}_{μνλρ} (α^μ_{−1}α^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} − β^μ_{−1}α^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1}) + ξ_{μνλρ} (α^μ_{−1}β^ν_{−1}α̃^λ_{−1}β̃^ρ_{−1} + β^μ_{−1}α^ν_{−1}β̃^λ_{−1}α̃^ρ_{−1} − α^μ_{−1}α^ν_{−1}β̃^λ_{−1}β̃^ρ_{−1} − β^μ_{−1}β^ν_{−1}α̃^λ_{−1}α̃^ρ_{−1})|k, e, 0 >,(19) where we have used equations (17) and (18), χ_{μν} = ζ_{μνλ} = η_{μνλ} = 0. We shall summarize all remaining constraints in the form: e^μ ξ_{μνλρ} = e^λ ξ_{μνλρ} = 0, k^μ ξ_{μνλρ} = ξ_{νμρλ}k^ρ = 0, ξ_{μλνλ} = 0, ξ_{λλμν} = 0, ξ_{μνλλ} = 0, e^μ ξ^{(2)}_{μνλρ} = e^ρ ξ^{(2)}_{μνλρ} = 0, k^λ ξ^{(2)}_{λμνρ} = ξ^{(2)}_{μνρλ}k^λ = 0, k^μξ^{(2)}_{μνλρ} + π^μξ_{μνλρ} = 0, k^μ ξ^{(2)}_{νλμρ} − π^μξ_{νλμρ} = 0 2k^μξ^{(1)}_{μνλρ} − π^μξ^{(2)}_{μνλρ} + 2η^{(1)}_{νλρ} = 0, 2k^μξ^{(1)}_{νλρμ} + π^μξ^{(2)}_{νλρμ} + 2ζ^{(1)}_{νλρ} = 0 k^μη^{(1)}_{μνλ} = 0, k^λζ^{(1)}_{μνλ} = 0 k^μη^{(1)}_{νλμ} + χ^{(1)}_{νλ} = 0, k^μζ^{(1)}_{μνλ} + χ^{(1)}_{νλ} = 0 k^μχ^{(1)}_{μν} = k^ν χ^{(1)}_{μν} = 0 (20) It is appropriate now to compute the norm of the wave function |Ψ_2 >: < Ψ_2|Ψ_2 >= 12ξ^∗_{μνλρ} ξ_{μνλρ}. (21) As one can see only one tensor ξ_{μνλρ}(k, e) contributes into the norm of the second level wave function. The rest of the tensors χ^{(1)}_{μν} , η^{(1)}_{μνλ}, ζ^{(1)}_{μνλ} and ξ^{(1,2)}_{μνλρ} do not contribute to the norm. We have the following equations on this basic tensor ξ_{μνλρ}(k, e) = ξ_{νμρλ}(k, e) k^μξ_{μνλρ} = ξ_{μνλρ}k^λ = 0, e^μξ_{μνλρ} = ξ_{μνλρ}e^λ = 0, ξ_{μλνλ} = 0, ξ_{λλμν} = 0, ξ_{μνλλ} = 0, (22) which generalize the corresponding equations on ω_{μν} for the first excited state Ξ = 1 where k^μω_{μν} = ω_{μν} k^ν = 0, e^μω_{μν} = ω_{μν} e^ν = 0. They tell us again that the tensor ξ should be transverse and longitudinal at the same time. Unique solution of these equations therefore is: ξ_{μνλρ} = ξ(k, e) k^μk^ν k^λk^ρ, (23) from which it follows that the norm of the second level wave function is equal to zero < Ψ_2|Ψ_2 >= 0. (24) One of the authors (G.S.) wishes to thank CERN Theory Division for hospitality and Luis Alvarez-Gaume, Spenta Wadia, Kumar Narain and Kostas Kounnas for stimulating discussions. This work was supported in part by the EEC Grant no. HPRN-CT-1999- 00161.

References

[1] G. K. Savvidy, Phys. Lett. B 552 (2003) 72.

[2] G. K. Savvidy, Int. J. Mod. Phys. A , (2004); hep-th/0310085. [3] A. Schild, “Classical Null Strings, Phys. Rev. D 16, 1722 (1977). [4] H. J. de Vega and N. Sanchez, Phys. Lett. B 197 (1987) 320.

[5] M. Gasperini, N. Sanchez and G. Veneziano, Nucl. Phys. B 364 (1991) 365. [6] C. O. Lousto and N. Sanchez, Phys. Rev. D 54 (1996) 6399 [7] U. Lindstrom, B. Sundborg and G. Theodoridis, Phys. Lett. B 253 (1991) 319. [8] H. J. De Vega and A. Nicolaidis, Phys. Lett. B 295 (1992) 214. [9] F. Lizzi, Mod. Phys. Lett. A 9, 1495 (1994) [10] R. C. Brower and C. B. Thorn, Nucl. Phys. B 31 (1971) 163. [11] E. Del Giudice, P. Di Vecchia and S. Fubini, Annals Phys. 70 (1972) 378. [12] R. C. Brower and P. Goddard, Nucl. Phys. B 40 (1972) 437. [13] R. C. Brower, Phys. Rev. D 6 (1972) 1655.

[14] P. Goddard and C. B. Thorn, Phys. Lett. B 40 (1972) 235. [15] P. Goddard, C. Rebbi and C. B. Thorn, Nuovo Cim. A 12 (1972) 425. [16] M. Ademollo, A. D’Adda, R. D’Auria, E. Napolitano, P. Di Vecchia, F. Gliozzi and S. Sciuto, Nucl.Phys. B77 (1974) 189, Nucl.Phys. B114 (1976) 297; Phys.Lett.62B (1976) 105; L.Brink and J.H.Schwarz,Nucl.Phys.B121 (1977) 285 [17] G. Savvidy and K. Savvidy. Mod.Phys.Lett. A8 (1993) 2963

G. Savvidy and K. Savvidy, Int.J.Mod.Phys. A8 (1993) 3993 R.V.Ambartzumian and et al, Phys.Lett. B275 (1992) 99 G. Savvidy. JHEP 0009 (2000) 044 R. Manvelian and G. Savvidy,Phys.Lett.B533 (2002) 138 [18] E. Wigner, in Theoretical Physics ed. A.Salam (International Atomic Energy, Vienna, 1963) p 59; E. Wigner, Ann. Math. 40 (1939) 149.

[19] L. Brink, A. M. Khan, P. Ramond and X. Xiong, J. Math. Phys. 43 (2002) 6279 [20] M. Fierz and W. Pauli, Proc.Roy.Soc. A173 (1939) 211

W.Rarita and J.Schwinger, Phys.Rev. 60 (1941) 61 J.Schwinger, Particles, Sourses, and Fields (Addison-Wesley, Reading, MA, 1970) [21] L. P. S. Singh and C. R. Hagen, Phys.Rev. D9 (1974) 898, 910 [22] C.Fronsdal, Massless fields with integer spin, Phys.Rev. D18 (1978) 3624 [23] S. Ferrara and C. Fronsdal, Phys. Lett. B 433 (1998) 19 [24] P. Haggi-Mani and B. Sundborg, JHEP 0004 (2000) 031 [25] B. Sundborg, Nucl. Phys. Proc. Suppl. 102 (2001) 113 [26] E. Witten, Talk at the John Schwarz 60-th Birthday Symposium, http://theory.caltech.edu/jhs60/witten/1.html

[27] A. K. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227 (1983) 41. [28] A. K. Bengtsson, I. Bengtsson and L. Brink, Nucl. Phys. B 227 (1983) 31. [29] E. Sezgin and P. Sundell, JHEP 0109 (2001) 036 ; arXiv:hep-th/0305040. [30] A. Dhar, G. Mandal and S. R. Wadia, arXiv:hep-th/0304062. [31] A. Mikhailov, Notes on higher spin symmetries, hep-th/0201019. [32] D. Francia and A. Sagnotti, Phys. Lett. B 543 (2002) 303