arXiv:hep-th/0402202 v1 25 Feb 2004

MIFP-04-03 hep-th/0402202 February 2004

Rotating Strings in Massive Type IIA Supergravity

Z.-W. Chong , H. Lü and C.N. Pope

George P. and Cynthia W. Mitchell Institute for Fundamental Physics, Texas A& M University, College Station, TX 77843-4242, USA

ABSTRACT

Massive type IIA supergravity admits a warped AdS_6 × S^4 vacuum solution, which is expected to be dual to an N = 2, D = 5 super-conformal Yang-Mills theory. We study solutions for strings rotating or spinning in this background. The warp factor plays no essential role when the string spins in the AdS_6, implying a commonality in the leading Regge trajectories between the D = 4 and D = 5 super-conformal field theories. The warp factor does, however, become important when the string rotates in the S^4, in particular for long strings, which have the the relation E −^3_2 J = c_1 + c_2/J^5 + · · ·, where the angular momentum J is large. This relation is qualitatively different from that for long strings in the AdS_5 × S^5 background. We also study Penrose limits of the AdS_6 × S^4 solution, one of which gives rise to a free massive string theory with time-dependent masses.

Research supported in part by DOE grant DE-FG03-95ER40917.

1 Introduction

Spinning extended object solutions, such as spherical membranes, were first constructed in supergravity some time ago [1–3]. The spin is necessary in order to prevent the membrane from collapsing. Inspired by the AdS/CFT correspondence, spinning string solutions were obtained in the AdS_5 × S^5 background. These solutions correspond to string states on the leading Regge trajectory, with large angular momentum [4,5]. Subsequently, there has been a considerable interest in the subject [6-18]. (See a recent review [19].)

The majority of the focus has been on the AdS_5 × S^5 and AdS_5 × T^{1,1} backgrounds of the type IIB theory. One nice feature of these solutions is that they are supported only by a Ramond-Ramond 5-form field strength, and so the bosonic sector of the sigma model action for the background is rather simple, with no Wess-Zumino term.

In this paper, we consider the warped AdS_6 × S^4 background of the massive type IIA supergravity [20]. It is expected to be dual [21, 22] to an N = 2, D = 5 superconformal Yang-Mills theory [23, 24]. This solution is also supported just by Ramond-Ramond field strengths, but now in addition with a non-constant dilaton. The AdS_6×S^4 metric is warped, rather than a direct product, with a warp factor that becomes singular on the equator of S^4, and so the geometry really corresponds to a hemisphere instead of the full S^4. The string coupling diverges at the equator; the metric is singular in the Einstein frame, but regular in the string frame.^1 The warp factor implies that the equator of the S^4 corresponds to an AdS_5 × S^3 boundary [22].

We shall study spinning and rotating strings in this AdS_6 ×S^4 background. We consider two types of such solution. First, we study strings rotating in the S^4, for which the warp factor can be important. As one might expect, for a short string the warp factor plays little role, but its effect becomes pronounced for long strings with large R-charge J. The energy E and angular momentum J are now related by

E −^3_2 J ∼ c_1 + c_2 J^5

+ · · · (1)

where c_1 and c_2 are certain constants. This behaviour is qualitatively different from the analogous relation for strings spinning in an AdS_5 × S^5 background.

In the AdS_5 × S^5 background, one can consider a string rotating in an S^3 inside the S^5 [9]. The S^3 lies within a great circle (or, more precisely, a “great 4-sphere”) in the S^5. Were it not for the warp factor, an analogous solution would also be possible in AdS_6 × S^4,

1For brevity, we shall generally refer to the solution as AdS6 × S^4 , with the understanding that the 4-sphere is cut at the equator.

with the S^3 inside the S^4. However, the only “great 3-sphere” in the northern hemisphere of S^4 is the equator itself, which is precisely where the warp factor diverges, and for this reason the analogous solution does not arise.

We also study situations where the string spins purely in the AdS_6 spacetime. In this case, the warp factor plays no essential role, since the gravitional repulsion from the boundary at the equator implies that the string can only be located at the north pole. We obtain results that are identical to those for a string spinning in AdS_5 in the type IIB theory, implying a commonality of the leading Regge trajectories for the D = 5 and D = 4 theories.

We then study two different Penrose limits of the AdS_6 × S^4 solution. In the first of these, we arrive at a pp-wave which gives rise to a massive string theory with time-dependent masses. The singularity of the warp factor on the great 3-sphere in S^4 is reached in a finite string worldsheet time x^+ = x^+_0 . The dilaton also depends on the worldsheet time, and in fact the string coupling becomes infinite at this limiting time x^+_0 . This may signal a breakdown of the validity of the background. We also consider a second Penrose limit, which gives rise to an interacting string theory. Had there not been a warp factor in the AdS_6 × S^4 solution, these two Penrose limits would have been equivalent.

2 General equations

The massive type IIA supergravity theory supports a warped AdS_6 × S^4 background, which arises as the near-horizon geometry [22] of a semi-localised D4-D8 system [25]. The solution is given by

ds^2 =^1_2 W (ξ)^2 [ 9(− cosh^2 ρ dt^2 + dρ^2 + sinh^2 ρ dΩ^2_4) + 4(dξ^2 + sin^2 ξ dΩ^2_3) ]

F_{(4)} =^{20} √ 2 3 (cos ξ)^13 sin^3 ξ dξ ∧ Ω_{(3)} , e^ϕ = (cos ξ)^{− 5}6 , (2) where dΩ^2_4 and dΩ^2_3 are the metrics for the unit S^4 and S^3, which we choose to parameterise as follows:

dΩ^2_4 = dθ^2_1 + cos θ^2_1 (dθ^2 + cos^2 θ_2 dϕ^2_1 + sin^2 θ_2 dϕ^2) , dΩ^2_3 = dθ^2 + cos^2 θ dψ^2_1 + sin^2 θ dψ^2 , (3) and Ω_{(3)} is the volume form of dΩ^2_3. The solution preserves half of the maximal supersymmetry, and remarkably, it corresponds to the vacuum of a consistent Kaluza-Klein reduction on the warped S^4 that gives rise [26] to the D = 6, N = 2 gauged supergravity constructed by Romans [27].

The warp factor W (ξ) in the metric (2) is given by W = (cos ξ)^{− 1}6 in the string frame, and W = (cos ξ)^124 in the Einstein frame. The coordinate ξ runs from 0 to^1_2 π, at which the metric in the Einstein frame becomes singular, while in the string frame the metric remains regular there. To be precise, the metric describes a warped product of the AdS_6 with the upper hemisphere of the S^4. Since we will use this solution as background geometry in the string sigma-model action, we should work with the string-frame metric. The equator ξ =^1_2 π can be viewed as an AdS_6 × S^3 boundary.

It is straightforward to write down the bosonic sector of the string σ-model action, since the “cosmological term” and the 4-form F_{(4)} are R-R fields, which enter the action only through fermion bilinears, as does the dilaton. Choosing the conformal gauge, we can make the following consistent ansatz that describes strings spinning in the AdS_6 ×S^4 background: t = κ τ , ψ_1 = ω_1 τ , ψ_2 = ω_2 τ , ϕ_1 = ω_3 τ , ϕ_2 = ω_4 τ ρ = ρ(σ) , ξ = ξ(σ) θ = θ(σ) , θ_1 = θ_1(σ) , θ_2 = θ_2(σ) , (4) where a prime denotes a derivative with respect to the world-sheet coordinate σ. The action becomes I = 1 4π α^′ ∫ dσ L (5) where L = 9W^2 ( −κ^2 cosh^2 ρ − ρ^{′2} + sinh^2 ρ (−θ^{′2}_1 − cos^2 θ_1 θ^{′2}_2 +ω^2_3 cos^2 θ_1 cos^2 θ_2 + ω^2_4 cos^2 θ_1 sin^2 θ_2) )

+4W^2 ( −ξ^{′2} + sin^2 ξ (−θ^{′2} + ω^2_1 cos^2 θ + ω^2 sin^2 θ) ) , (6) together with the conformal gauge constraint 9W^2 ( −κ^2 cosh^2 ρ + ρ^{′2} + sinh^2 ρ (θ^{′2}_1 + cos^2 θ_1 θ^{′2}_2 +ω^2_3 cos^2 θ_1 cos^2 θ_2 + ω^2_4 cos^2 θ_1 sin^2 θ_2) )

+4W^2 ( ξ^{′2} + sin^2 ξ (θ^{′2} + ω^2_1 cos^2 θ + ω^2 sin^2 θ) ) = 0 , (7) where W ≡ (cos ξ)^{−1/6}. The equations of motion for this system are given by (W^2 ρ^′)^′ +^1_2 W^2 sinh 2ρ ( −κ^2 − θ^{′2}_1 + cos^2 θ_1 (−θ^{′2}_2 + ω^2_3 cos^2 θ_2 + ω^2_4 sin^2 θ_2 ) = 0 , (W^2 sinh^2 ρ θ^′_1)^′ −^1_2 W^2 sinh^2 ρ sin(2θ_1) (−θ^{′2}_2 + ω^2_3 cos^2 θ_2 + ω^2_4 sin^2 θ_2) = 0 , (W^2 sinh^2 ρ cos^2 θ_1 θ^′_2)^′ +^1_2 W^2 sinh^2 ρ cos^2 θ_1 sin 2θ_2(ω^2_4 − ω^2_3 ) = 0 , (W^2 ξ^′)^′ +^1_{24} tan ξ L +^1_2 W^2 sin 2ξ (−θ^{′2} + ω^2_1 cos θ^2 + ω^2 sin^2 θ) = 0 , (W^2 sin^2 ξ θ^′)^′ +^1_2 W^2 sin^2 ξ sin 2θ (ω^2 − ω^2_1 ) = 0 . (8)

It is unlikely that one can obtain the most general solutions to these equations explicitly, especially since the warp factor W introduces fractional powers of cos ξ. We shall consider restricted cases in which analytical solutions can be obtained.

3 Rotation in the warped S^4

We first consider rotations in the warped S^4. The angular momentum in this case can be related to the R-charges of operators in the corresponding D = 5 conformal field theory. There exist a maximum of two communting U(1) isometries in S^4. Here, we shall consider just one angular momentum, by setting the parameters associated with these two charges equal. To turn off the contribution from the AdS_6 directions, we can either set ρ = 0, or set ρ to be a constant and take κ = ω_3 = ω_4; both yield the same result. In the S^4 direction, we set ω_2 = ω_1 ≡ ω, which implies

θ^′ = c W^2 sin^2 ξ

. (9)

Substituting this into the the constraint equation, we have

ξ^{′2} =^9_4 κ^2 − ω^2 sin^2 ξ − c^2 W^4 sin^2 ξ

. (10)

When c ≠ 0, ξ has two turning points, 0 < ξ_1 < ξ_2, but when c = 0 there is only one turning point ξ_2, and the coordinate ξ oscillates between −ξ_2 and ξ_2.^2 There does not seem to exist an analytical solution with c ≠ 0, and so we shall specialise to the case c = 0. The parameters κ and ω then satisfy the constraint 4 ∫_{ξ0} 0 dξ √_9 4 κ^2 − ω^2 sin^2 ξ = ∫ dσ = 2π . (11)

Defining η = 2ω/(3κ), then for η ≥ 1 there exists a turning point ξ_0 given by sin ξ_0 = 1/η. Note that ξ is a compact coordinate, running from 0 to^1_2 π. Clearly, if η >> 0 then ξ_0 is close to 0, and we have a short string. On the other hand, if η ∼ 1^+ we have ξ_0 close to π/2, and the string is “long”. In terms of η, the constraint (11) reads

η^{− 1}2_2F_1 [^1_2 ,^1_2 , 1; η^{−1}] =^3_2 κ (12)

2The hemisphere of S^4 is normally specified by 0 ≤ ξ ≤^1_2 π. When the oscillating solution passes into the region with ξ < 0, this should really be re-interpreted via a coordinate transformation under which ξ −→ −ξ together with an antipodal mapping on the S^3 foliating surfaces. This is analogous to re-interpreting motion into the region θ < 0 along a polar great circle on S^2 with standard spherical polar coordinates (θ, ϕ) via the coordinate transformation (θ, ϕ) −→ (−θ, ϕ + π).

The energy and the angular momentum are given by E = ∫ dσ 2π P_t = 12 π ∫_{ξ0} 0 (cos ξ)^{−1/3} (1 − η sin^2 ξ)^{−1/2} = 6 √ η^2

F_1 [^2_3 ,^1_2 , 1; η^{−1}] , J = ∫ dσ 2π P_ϕ = 2 √ η π ∫_{ξ0} 0 dξ (cos ξ)^{−1/3} sin^2 ξ (1 − η sin^2 ξ)^{−1/2} = 2 η^2

F_1 [^2_3 ,^3_2 , 2; η^{−1}] (13)

We can easily determine the form of the relation between energy and spin in each of the short and the “long” string limits.

When η >> 1, implying a short string, both E and J approach zero. They obey the relation E = 3 √ 2J (1 +^1_{24} J +^1_{1152} J^2 −^7_{82944}J^3 + · · ·) . (14)

If, on the other hand, η^{−1} = 1 − ϵ with ϵ approaching zero from above, the string is long. In this case, both E and J approach infinity with power-law dependences on ϵ^{−1}, and E and J are related by

E −^3_2 J =

6Γ(^5_6 ) √ π Γ(^4_3 ) − 3072Γ(^1_6)^6 5π^3 Γ(^2_3 )^6 J^5 + 2^13 82944 Γ(^1_6)^6 π^5 Γ(^2_3 )^3 J^6

+ · · · . (15)

An alternative expression for the above relation is E − 3 2 sin ξ_0

J = E −^3_2 √ η J = 3 √ η^2

F_1[^2_3 ,^1_2 , 2; η^{−1}] = 6Γ(^5_6 ) √ π Γ(^4_3 )

(1 +^3_2 ϵ +^{57}_{56} ϵ^2 + · · ·) + 3Γ(−^5_6 ) √ π Γ(^2_3 ) ϵ^56 (1 +^{13}_{22} ϵ +^{677}_{1496}ϵ^2 + · · ·) . (16)

Comparison with AdS_5 × S^5:

Having obtained the results for strings rotating in the S^4, it is instructive to compare them with the previously-obtained results for strings rotating in the S^5 in an AdS_5 × S^5 background, where there is no warp factor [4,5]. The metric of the S^5 can be parameterised as dΩ^2_5 = dξ^2 + sin^2 ξ ( dθ^2_1 + cos θ^2_1 (dθ^2 + cos^2 θ dϕ^2_1 + sin^2 θ dϕ^2) ) . (17)

To make a direct comparison with our warped S^4 result, we consider the string spinning in an S^4 section (θ_1 = 0) of the S^5. The solution is given by t = κ τ, ϕ_1 = ω τ = ϕ_2, θ = const., where ξ = ξ(σ) satisfies the contraint equation

ξ^{′2} = κ^2 − ω^2 sin^2 ξ . (18)

This implies that κ and ω are related by κ = 1 √ η^2

F_1 [^1_2 ,^1_2 , 1; η^{−1}] = 2 π √ η K(η^{−1}) , (19)

where K is the complete elliptic integral of the first kind. The energy and the angular momentum can be easily obtained, given by

E = κ = 1 √ η^2

F_1[^1_2 ,^1_2 , 1; η^{−1}] = 2 π √ η K(η^{−1}) , J = 1 2η^2

F_1 [^1_2 ,^3_2 , 2; η^{−1}] , (20)

For short strings, where η >> 1, the energy and spin both approach to zero, and they obey the relation E = √ 2J (1 +^1_8 J +^3_{128} J^2 +^1_{1024} J^3 + · · ·) . (21) For a “long” string where η^{−1} ∼ 1 − ϵ, E and J both diverge logarithmically as log ϵ, while the difference E − J approaches a constant: E − J = 2 π − 8 π e^{−π J−2} + · · · (22) Thus we see that for short strings, located near the north pole where the efffect of any warp factor is negligible, the energy-angular momentum relations are qualitatively the same for the warped AdS_6 × S^4 and the AdS_5 × S^5 backgrounds. In fact, (21) is the same as (14), in the first three leading terms, after sending J → J/3 and E → E/(3 √ 3). For long strings, on the other hand, although at the leading order E − ~Δ J approaches a constant for both the AdS_6 × S^4 and the AdS_5 × S^5 backgrounds, the next-to-leading order is quite different in the two cases. Note that ~Δ is the conformal dimension for the R-charge operators.

In the AdS_5 ×S^5 background, solutions describing a string rotating in an S^3 submanifold of S^5 were also obtained [9]. In our AdS_6 × S^4 case, since the S^4 can be viewed as a foliation by S^3 surfaces, one might expect such a solution also to exist. However, owing to a repulsion from the equatorial boundary implied by the warp factor, any solution with constant lattitude coordinate ξ necessarily lies at the north pole of the S^4, which renders a rotation only in the S^3 impossible. Thus we see that the warp factor implies that the energy/R-charge relation obtained in the D = 4 Yang-mills theory corresponding to the AdS_5 × S^5 background is significantly different from the one for the D = 5 Yang-Mills theory from AdS_6 × S^4.

4 Penrose limit of AdS_6 × S^4

In the case of the AdS_5 × S^5 background, long strings rotating in S^5 correspond to states with large RR-charge, which are closely related to pp-waves via the Penrose limit. The situation is more complicated if we look for a direct analogue in the warped AdS_6 × S^4 background, owing to the presence of the warp factor. We shall first consider the Penrose limit using the method outlined in [28].

We begin by expressing the metric (2) (after a constant scaling) as

ds^2 =^1_2 λ^2 (cos ξ)^{− 1}3 [ 9(−dτ^2 + sin^2 τ dΩ^2_H 5 ) + 4 (dξ^2 + sin^2 ξ dΩ^2_3) ] , (23)

where dΩ^2_{H 5} is a unit hyperbolic 5-plane. Making the coordinate transformation u = ξ +^3_2 τ and v = λ^2 (ξ −^3_2 τ), and then sending λ → ∞, we obtain a pp-wave in the form

ds^2 = 2(du dv +^9_4 sin^2(^1_3 u) dỹ^idỹ^i + sin^2(^1_2 u) dz̃^idz̃^i) , (24)

where the metrics λ^2 dΩ^2_{H 5} and λ^2 dΩ^2_3, which become flat in the limit λ −→ ∞, are written as dỹ^idỹ^i and dz̃^mdz̃^m respectively. After the further coordinate transformations (see [28])

x̄^+ =^1_2 u , x̄^− = v −^1_4 (^3_2ỹ^2_i sin^2_3 u + z̃^2_m sin u) , ȳ^i =^3√_2 ỹ^i sin^1_3 u , z̄^m = √ 2 z̃^m sin^1_2 u , (25)

the pp-wave metric takes the form

ds^2 = (cos x̄^+)^{− 1}3 [4dx̄^+ dx̄^− − (^4_9ȳ^2_i + z̄^2_i ) (dx̄^+)^2 + dȳ^2_i + dz̄^2_m] . (26)

where there are five coordinates ȳ^i and three coordinates z̄^m. We can now perform the coordinate transformation

W^2 dx̄^+ = dx^+ , x̄^− = x^− + W^′ 4W (y^i y^i + z^m z^m) ,

ȳ_i = y_i W , z̄^m = z^m W , (27)

where W = (cos x̃^+)^{− 1}6 , and a prime denotes a derivative with respect to x^+. The metric becomes

ds^2 = 4dx^+ dx^− − [ ( 4 9W^4 − W^{′′} W ) y^i y^i + ( 1 W^4 − W^{′′} W ) z^m z^m ] + dy^i dy^i + dz^m dz^m . (28)

Thus we see that string theory on this pp-wave background becomes a massive free string, but with time-dependent masses m_1 and m_2 in the y^i and z^m directions respectively, given by m^2_1 =

8 cos^2 x^+ − 7 36 cos^2 x^+

+^4_9 (cos x^+)^23 , m^2 =

8 cos^2 x^+ − 7 36 cos^2 x^+

+ (cos x^+)^23 . (29)

The coordinates x̄^+ and x^+ are related by

x^+ = −^3_2 (cos x̃^+)^23_2F_1 [^1_3 ,^1_2 ,^4_3 ; cos^2 x̄^+] . (30)

The coordinate x̄^+ runs from 0 to^1_2 π, at which point the string coupling constant g_s = e^ϕ = (cos x̄^+)^{−5/6} becomes infinite. The coordinate x^+ runs from −^3_2 √ π Γ(^4_3 )/Γ(^5_6 ) to 0.

Some aspects of massive string theory with time dependent masses were discussed in [29] It is also of interest to examine the Penrose limit described in [30], since this makes a direct analogy with the rotating strings we obtained earlier. In this procedure, one magnifies the null geodesics along a great cirlce of the internal space. This is rather problematic in our case, since the great 3-sphere is the equator of S^4, on which the solution becomes singular. In order to obtain a regular solution, it is necesary to scale the fields appropriately using global symmetries of the theory. We begin by making the coordinate transformations

t → x^+ + x^− 9λ^2

, ψ_1 →^3_2 x^+ − x^− 6λ^2 , ρ → ρ 3λ , θ → θ 2λ , ξ →^1_2 π − ξ 2λ . (31)

The solution (2), after a scaling of fields in which the metric is multiplied by 2 for convenience, becomes

ds̃^2 = 2^{− 2}3 λ^{− 5}3 ds^2 , ~F_{(4)} = 2^{− 1}3 λ^{− 10}3 F_{(4)} , e^{ϕ̃} = (2λ)^56 e^ϕ , (32)

where

ds^2 = ξ^{− 1}3 [ −4dx^+dx^− − [ρ^2 +^9_4 (ξ^2 + θ^2)] (dx^+)^2 + dρ^2 + ρ^2 dΩ^2_4 + dξ^2 + dθ^2 + θ^2 dψ^2 ] , F_{(4)} = 5ξ^13 dξ ∧ θ dθ ∧ dψ_2 ∧ dx^+ , e^ϕ = ξ^{− 5}6 . (33)

Normally, when one takes a Penrose limit of AdS_5 × S^5, AdS_4 × S^7 or AdS_7 × S^4, one just uses the homogeneous global scaling symmetry of the supergravity equations of motion in order to absorb the singular λ scaling factors in the limiting forms analogous to (32). In the present case, in which the dilaton is excited and also has a λ scaling, it is necessary also to make use of the dilaton shift symmetry of the type IIA theory, in conjunction with the homogeneous scaling symmetry. These two symmetries take the form

g̃_{μν} = κ^2 Λ^2 g_{μν} , e^{ϕ̃} = Λ^3 e^ϕ , ~F_{(3)} = κ^2 Λ^2 F_{(3)} , ~F_{(4)} = κ^3 F_{(4)} , ~F_{(2)} = κ Λ^{−2} F_{(2)} , ~m = κ^{−1} Λ^{−4} m , (34)

where κ and Λ are the associated global parameters. To absorb the λ dependences in (32) we therefore choose these parameters to be

κ = 2^{− 1}9 λ^{− 10}3 , Λ = (2λ)^518 . (35)

The rescaled pp-wave solution is then given simply by (33). The canonical momenta p^± in this case can be related to the rotating string solutions via

p^− =^i_2 (∂_t +^3_2 ∂_{ψ1} ) =^1_2 (E −^3_2 J) , p^+ = i 18λ^2

(∂_t −^3_2 ∂_{ψ1} ) = 1 18λ^2

(E +^3_2 J) (36)

5 String spinning in AdS_6

Here we consider a string spinning purely in the AdS_6 spacetime, in which case ξ is a constant. In fact the equations of motion require that ξ = 0, since there is effectively a gravitational repulsion because of the warp factor, which forces the string to be at the north pole. Since there are only two commuting U(1) isometries in the AdS_6, there can at most be two commuting angular momenta. For simplicity, we shall consider only solutions with one angular momentum parameter, by setting the two angular momenta equal. Furthermore, we shall focus on the solution where θ_1 = 0, and where we set ω_3 = ω_4 ≡ ω. This leads to

θ^′_2 = c sinh^2 ρ

, (37)

where c is a constant. Substituting this into the conformal constraint, we obtain

ρ^{′2} = κ^2 cosh^2 ρ − ω^2 sinh^2 ρ − c^2 sinh^2 ρ

. (38)

Periodicity in σ implies that we must have n ∫_{ρ2} ρ_1 dρ √ κ^2 cosh^2 ρ − ω^2 sinh^2 ρ − c^2/ sinh^2 ρ = ∫ dσ = 2π , (39)

where ρ_1 and ρ_2 are the turning points of the oscillatory solution. If c ≠ 0, these two turning points both occur at positive values of ρ, and we take n = 2, since a complete period of the oscillation runs from ρ_1 to ρ_2 and then back to ρ_1. If instead c = 0, the motion runs from the turning point at ρ = ρ_2, passes through zero, and turns again at ρ = −ρ_2. Thus in this case we can take ρ_1 = 0 (where it is now the mid-point, rather than a turning point, of the oscillatory motion) and set n = 4, since a complete period consists of four segments between ρ = 0 and ρ = ρ_2. (See footnote 2.) By making appropriate coordinate transformations, the above integral can be expressed as a hypergeometric function. To see this, let us define t = − cosh^2 ρ/(y_+ − y_−), where

y_± =

2ω^2 − κ^2 ± √ κ^4 + 4c^2 (κ^2 − ω^2) 2(ω^2 − κ^2)

. (40)

For ω^2 > κ^2, we have y_+ > y_− > 1, ensuring that the corresponding ρ is real. When c = 0 we have y_− = 1, corresponding ρ = 0, which is no longer a turning point, and then as discussed above we then take n = 4 instead of n = 2. In terms of the new coordinate t we have

2π = n 2 √ y_+ (ω^2 − κ^2)

∫_1 0 dt t^12 (1 − t)^12 (1 − λ t)^12 = n π 2 √ y_+ (ω^2 − κ^2)^2

F_1[^1_2 ,^1_2 , 1; λ] , (41)

where λ = (y_+ − y_−)/y_+ . (42) It is straightforward to obtain the energy and angular momentum for this system, given by E = 9n κ 2π ∫ cosh^2 ρ dρ √ κ^2 cosh^2 ρ − ω^2 sinh^2 ρ − c^2/ sinh^2 ρ ,

S = 9n ω 2π ∫ sinh^2 ρ dρ √ κ^2 cosh^2 ρ − ω^2 sinh^2 ρ − c^2/ sinh^2 ρ (43)

Thus E and J can also be expressed as hypergeometric functions, given by E = 9n κ π √ y_+ 2 √ ω^2 − κ^{2 2}

F_1[^1_2 , −^1_2 , 1; λ] , E κ − S ω =_2F_1 [^1_2 ,^1_2 , 1; λ] . (44)

Not surprisingly, the result is the same as that for a string rotating in the AdS_5 × S^5 background. This is because we have considered a solution in which θ_1 = 0, which is an AdS_5 slice of AdS_6. From the AdS/CFT point of view, the N = 1 D = 4 Yang-Mills can be obtained from a Kaluza-Klein truncation of the N = 2 conformal field theory in D = 5. In order to probe the non-trivial properties of the D = 5 conformal field theory, it would be necessary to look for solutions with θ_1 ≠ 0. However, what we have illustrated implies that there are common features in the leading Regge trajectories for the two theories, whilst in their large R-charge expansions the two theories diverge more significantly.

6 Conclusions

In this paper, we have contructed spinning and rotating string solutions in the massive type IIA warped AdS_6 × S^4 background. String theory on such a background is expected to be dual to an N = 2, D = 5 super-conformal Yang-Mills theory.

In the case of a string spinning purely in the AdS_6, the gravitional repulsion from the equatorial boundary implies that the string can only lie at the north pole of the S^4. Besides this, the warp factor plays no essential role. The resulting E and S relation is the same as that obtained in the AdS_5 × S^5 background, implying the same behaviour of the leading Regge trajectories of the two theories.

In the case of a string rotating in the S^4, the warp factor plays a more significant role. First, it rules out a string rotating only in the S^3 that foliates the S^4, which implies that the analogous energy vs. R-charge relation in the D = 4 Yang-Mills theory associated with AdS_5 × S^5 is absent in the D = 5 Yang-Mills theory. We obtained analytic solutions for the rotating string extending in the latitude coordinate of the S^4. Owing to the presence of the warp factor, the energy and angular momentum relation is qualitatively different for the long string at the sub-leading order, in comparison to the relation in AdS_5 × S^5..

We also studied Penrose limits of the AdS_6 × S^4 background. In one limit, we obtained a massive string theory with masses that depend upon the worldsheet time coordinate x^+ in the light-cone gauge. The range of the time coordinate is restricted, owing to the presence of the warp factor, which diverges at a finite value of x^+. At the same time, the string coupling constant becomes infinite, which may signal a breakdown of the validity of the solution. A second, inequivalent Penrose limit was also constructed, which yields a time-independent interacting string theory. The two Penrose limits arise from schemes that would have given identical results in a situation such as AdS_5 × S^5 where there is no warp factor.

In comparison to the AdS_5 ×S^5 solution of the type IIB theory, the AdS_6 ×S^4 solution of the massive type IIA theory exhibits a number of undesirable features, all of which stem from the warp factor which becomes singular on the equator of the S^4. In particular, the string probe senses this singularity, in any motion that approaches the equator. Interestingly, however, a 4-brane probe is insensitive to the warp factor. In other words, if one makes a Weyl rescaling of the metric to the “4-brane frame,” then it becomes purely a direct product of AdS_6 and S^4. By definition, the rescaling of the metric to the 4-brane frame is such that the dual field strength F_{(6)} ≡ e^12^ϕ ∗F_{(4)} , to which a fundamental 4-brane couples, arises in the massive type IIA supergravity Lagrangian with the same dilaton coupling as for the √ −g R term, namely L = e^{− 2}5^ϕ √ −g (R −^1_{6!} F^2_{(6)} + · · ·) . (45) Thus the 4-brane metric is related to the Einstein metric by ds^2_{4−brane} = e^110^ϕ ds^2_{Ein}. We then see from (2) that in the 4-brane frame, the metric becomes a direct product of AdS_6 × S^4. It would seem that 4-branes might therefore be more natural candidates for probing the geometry of the background. Unfortunately, however, the necessity of wrapping a spinning or rotating 4-brane in all the available U(1) circle isometries of AdS_6 and S^4 appears to exclude the possibility of obtaining simple solutions.

The warped AdS_6 × S^4 background of the massive type IIA supergravity, as a nearhorizon geometry of the D4-D8 system, may provide the simplest arena for studying superconformal field theories beyond D = 4. The preliminary analysis of our paper suggests that there are many common features with the D = 4 Yang-Mills theory. The new features, other than dimensionality, are principally due to the warped nature of the AdS_6 × S^4 product. In particular, this leads to energy vs. R-charge relationships that differ from those in the D = 4 Yang-Mills theory. It would be of interest to study this further from the standpoint of the five-dimensional superconformal field theory.

Acknowledgments

We are grateful to Carlos Nunez and Per Sundell for useful discussions.

References

[1] E. Bergshoeff, M.J. Duff, C.N. Pope and E. Sezgin, Supersymmetric supermembrane vacua and singletons, Phys. Lett. B199, 69 (1987).

[2] E. Bergshoeff, M. J. Duff, C. N. Pope and E. Sezgin, Compactifications of the elevendimensional supermembrane, Phys. Lett. B224, 71 (1989).

[3] M.J. Duff, C.N. Pope and E. Sezgin, A stable supermembrane vacuum with a discrete spectrum, Phys. Lett.B225, 319 (1989).

[4] S.S. Gubser, I.R. Klebanov and A.M. Polyakov, A semi-classical limit of the gauge/ string correspondence, Nucl. Phys. B636, 99 (2002), hep-th/0204051.

[5] S. Frolov and A.A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5 × S^5, JHEP 0206, 007 (2002), hep-th/0204226.

[6] S.A. Hartnoll and C. Nunez, Rotating membranes on G_2 manifolds, logarithmic anomalous dimensions and N = 1 duality, JHEP 0302, 049 (2003), hep-th/0210218.

[7] S. Frolov and A.A. Tseytlin, Multi-spin string solutions in AdS_5 × S^5, Nucl. Phys.

B668, 77 (2003), hep-th/0304255.

[8] N. Beisert, J.A. Minahan, M. Staudacher and K. Zarembo, Stringing spins and spinning strings, JHEP 0309, 010 (2003), hep-th/0306139.

[9] S. Frolov and A.A. Tseytlin, Rotating string solutions: AdS/CFT duality in nonsupersymmetric sectors, Phys. Lett. B570, 96 (2003), hep-th/0306143.

[10] J. Engquist, J.A. Minahan and K. Zarembo, Yang-Mills duals for semiclassical strings on AdS_5 × S^5, JHEP 0311, 063 (2003), hep-th/0310188.

[11] M. Schvellinger, Spinning and rotating strings for N = 1 SYM theory and brane constructions, hep-th/0309161.

[12] L.A. Pando Zayas, J. Sonnenschein and D. Vaman, Regge trajectories revisited in the gauge/string correspondence, hep-th/0311190.

[13] M. Kruczenski, Spin chains and string theory, hep-th/0311203.

[14] N.W. Kim, Multi-spin strings on AdS_5 × T^{1,1} and operators of N = 1 superconformal theory,, hep-th/0312113.

[15] A.L. Larsen and A. Khan, Novel explicit multi spin string solitons in AdS_5, hepth/0312184.

[16] S. Arapoglu, N.S. Deger, A. Kaya, E. Sezgin and P. Sundell, Multi-spin giants, hepth/0312191.

[17] B. Chen, X.J. Wang and Y.S. Wu, Integrable open spin chain in super Yang-Mills and the plane-wave/SYM duality, hep-th/0401016.

[18] M. Alishahiha, A.E. Mosaffa and H. Yavartanoo, Multi-spin string solutions in AdS Black Hole and confining backgrounds, hep-th/0402007.

[19] A.A. Tseytlin, Spinning strings and AdS/CFT duality, hep-th/0311139. [20] L.J. Romans, Massive N=2a supergravity in ten-dimensions, Phys. Lett. B169, 374 (1986).

[21] S. Ferrara, A. Kehagias, H. Partouche and A. Zaffaroni, AdS_6 interpretation of 5D superconformal field theories, Phys. Lett. B431, 57 (1998), hep-th/9804006.

[22] A. Brandhuber and Y. Oz, The D4-D8 brane system and five dimensional fixed points, Phys. Lett. B460, 307 (1999), hep-th/9905148.

[23] N. Seiberg, Five dimensional SUSY field theories, non-trivial fixed points and string dynamics, Phys. Lett. B388, 753 (1996), hep-th/9608111.

[24] K.A. Intriligator, D.R. Morrison and N. Seiberg, Five-dimensional supersymmetric gauge theories and degenerations of Calabi-Yau spaces, Nucl. Phys. B497, 56 (1997), hep-th/9702198].

[25] D. Youm, Localized intersecting BPS branes, hep-th/9902208.

[26] M. Cvetič, H. Lü and C.N. Pope, Gauged six-dimensional supergravity from massive type IIA, Phys. Rev. Lett. 83, 5226 (1999), hep-th/9906221.

[27] L.J. Romans, The F_4 gauged supergravity in six-dimensions, Nucl. Phys. B269, 691 (1986).

[28] M. Blau, J. Figueroa-O’Farrill and G. Papadopoulos, Penrose limits, supergravity and brane dynamics, Class. Quant. Grav. 19, 4753 (2002), hep-th/0202111.

[29] E.G. Gimon, L.A. Pando Zayas and J. Sonnenschein, Penrose limits and RG flows, JHEP 0209, 044 (2002), hep-th/0206033.

[30] D. Berenstein, J.M. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 super Yang Mills, JHEP 0204, 013 (2002), hep-th/0202021.