arXiv:hep-th/0403114 v3 1 Jul 2004

KL–TH04/02

LIFTING A CONFORMAL FIELD THEORY FROM D-DIMENSIONAL FLAT SPACE TO (D+1)- DIMENSIONAL ADS SPACE

W. Rühl

Department of Physics, Kaiserslautern University of Technology, P.O.Box 3049, 67653 Kaiserslautern, Germany

Abstract

A quantum field theory on Anti-de-Sitter space can be constructed from a conformal field theory on its boundary Minkowski space by an inversion of the holographic mapping. The resulting theory is defined by its Green functions and is conformally covariant. The structure of operator product expansions is carried over to AdS space. We show that this method yields a higher spin field theory HS(4) from the minimal conformal O(N) sigma model in three dimensions.

June 2004

1 Introduction

AdS/CFT correspondence has so far remained a hypothesis and is connected with two classes of models. In the first class [1, 2, 3] an AdS(d+1) field theory is derived from superstring theory. It possesses a large supersymmetry and the corresponding holographic image on R(d) is a superconformal field theory. In Maldacena’s standard case starting from type IIB superstrings a compactification to AdS(5)× S(5) is performed and the fields are expanded on S(5) in harmonics (Kaluza-Klein expansion). Supergravity on AdS(5) with S(5) towers of harmonics is mapped hypothetically on super-Yang-Mills theory SYM(4) with supersymmetry N = 4 and gauge group SU(N). Perturbative expansions of AdS(5) supergravity in the Newton coupling constant G_N go into^1_{N 2} expansions of SYM(4) at large ’tHooft coupling λ, and only gauge invariant fields of SYM(4) appear. The harmonics on S(5) map onto representations of the R-symmetry group SU(4) (SO(6)). The checks performed of the AdS/CFT correspondence are almost all based on supersymmetry.

In the second class we have models such as higher spin models HS(d+1) on AdS(d+1) with conformal field theories on R(d) as proposed holographic images [4, 5]. Supersymmetry may be present or not. The holographic map is assumed to map small-coupling expansion on small-coupling expansion. A proof of the correspondence can be performed only by an analysis of graphs.

In this class an HS(4) theory with the minimal conformal O(N) sigma model as (hypothetical) holographic image on R(3) is a standard case. The sigma model possesses only the single parameter N and is perturbative in^1_N and renormalizable. It simplifies considerably at d = 3 [6]. The n-point function of the scalar “auxiliary” field α(x) can be given explicitly at order O(^1_N ) for all n. The corresponding model HS(4) is based on a scalar field σ(z) and symmetric tensor fields h^{(l)}(z) for all l ∈ 2N. In the sigma model the corresponding currents J^{(l)} are conserved for l = 2 and almost conserved (with divergence of order^1_N for l ≥ 4. The anomalous conformal dimensions of α and J^{(l)} (l ≥4) are renormalization effects and known [7], and can at present not be reproduced as “anomalous masses” of σ and h^{(l)} in HS(4). On the other hand the n-point functions of σ can be reproduced in HS(4) (see Section 6) by a perturbative approach.

Whereas in the sigma model the internal lines of α and the O(N)-vector Lorentzscalar field ⃗φ appear, a (still tentative) perturbative expansion of HS(4) [8, 9] allows internal lines only of σ and all h^{(l)}. Since the currents J^{(l)} are composites of ⃗φ (bilinear at leading order), the question arises whether to any perturbative order the exchange of such composites can simulate the exchange of ⃗φ itself. Exchanging all J^{(l)} and appropriately summing over all l with coupling constants adjusted, can be shown to lead to an exchange of a bilocal biscalar O(N)-scalar field 1 √ N ⃗φ(x_1)⃗φ(x_2) (1.1)

Since at O(^1_N ) the n-point functions can be described at d = 3 by the exchange of this bilocal field, it is conceivable that n-point functions on AdS space of the field σ can be described by the exchange of all h^{(l)} in a simple fashion with coupling constants adjusted as in the sigma model.

In this work we describe a formalism to generate field theories on AdS(d+1) spaces starting from conformal field theories on flat spaces R(d). The AdS theories are defined by Green functions whose boundary limits are identical with the CFT Green functions. Our formalism consists of two essential steps: (1) an integral transform (”lifting”) applied to all Green functions of the CFT; (2) a representation theoretical reduction part. The reduction applies to all external lines (technically simple) and internal lines. In the latter case we can perform a conformal partial wave expansion and reject all unwanted representations. Instead we can also use a “sewing procedure” of graphs producing one internal line from two external lines belonging to a dual pair of representations by integration over the AdS space boundary. We hope that this construction enables us one day to formulate perturbative AdS field theories which are renormalizable and complete to all orders in an autonomous fashion.

2 The lifting program

In his seminal paper “Intertwining operator realization of the AdS/CFT correspondence” V.K. Dobrev [10] described the representation theoretic relation between a CFT on flat d-dimensional space and its partner field theory on AdS_{d+1}. Here we want to focus on the aspect of lifting a CQFT_d to a (conformal) quantum field theory on AdS_{d+1}. This lifting is based on a technical procedure which we want to describe first. Consider an n-point function

G^{(n)}(x_1, ..., x_n) = ⟨φ_1(x_1)φ_2(x_2)...φ_n(x_n)⟩_{CFT} (2.1) x_i ∈ R_d Let the field φ_k(x_k) be scalar, and convolute it with the dual boundary-to-bulk propagator

K_{d−Δk} (z_k; x_k) = ( z_{k0} z^2_{k0} + (⃗z_k − ⃗x_k)^2 )_{d−Δk} (2.2)

Δ_k : conf. dimension of φ_k

by integration over R_d. It results an expression possessing a boundary asymptotic behaviour at z_{k0} = 0 that is not unique but splits into a sum of several, in simple cases (e.g. propagators) just two analytic functions behaving as (for propagators)

z^{Δk}_{k0} resp z^{d−Δk}_{k,0}

Δ_k = d 2 + ( d^2 4 + m^2_k

) 1_2 (2.3)

We drop the second analytic function in this case, and eventually all other functions belonging to unwanted representations.

In explicit cases this split and rejection was done by using hypergeometric function identities. In abstract each analytic function belongs to a different representation so that the splitting can be defined by a Hilbert transform over the Plancherel measure of the conformal group. The two representations in (2.3) are dual to each other. Two elementary representations are dual to each other if their tensor type is equal and their conformal dimensions add up to the space dimension d.

We proceed in this way on all n legs of G^{(n)} and call the result

Γ^{(n)}(z_1, z_2, ...z_n) (2.4)

the “AdS-lifted” n-point function.

However, in AdS field theories one likes to introduce AdS-local interactions implying Witten graphs whose vertices are integrated over all AdS space. Before we can combine such construction of AdS Green functions with our lifting and reduction technique, we must study simple Green functions in detail.

It is known that customary CFTs are built on a finite number of fundamental fields so that all other conformal fields are composite fields of these in a perturbative sense. Such theory contains 1PR graphs with fundamental fields at internal lines. On the other hand we can project a Green function on a conformal partial wave corresponding to a composite field as a unique representation. The 1PR graph for the exchange of the fundamental field contains instead a pair of dual representations: that of the fundamental field and its dual (or “shadow representation”) as described above. A composite field is exchanged in a 1PR graph if it appears in a partial wave decomposition and necessarily is not accompanied by the dual representation. The holographic image of an AdS field theory never contains the shadow representations. Thus we would conclude: A consistent lifting of a CFT_d to an AdS_{d+1}field theory is possible only if the CFT_d possesses solely composite fields as conformal fields. This implies that the CFT_d is a reduced field theory of a bigger one including fundamental fields. We shall see, however, that the minimal O(N) sigma model contains the auxiliary field α as an elementary field and can nevertheless be lifted. The dual field of α is eliminated by a typical dynamical property of the sigma model.

Let us make a further remark. Consider the case of tensor fields φ_i(x_i), i.e. traceless SO(d) tensors of Young symmetry Y_i. They can be contracted (operation “C”) to a scalar multilocal field in some way C n∏ i=1 φ_i(x_i) (2.5)

Then the integral ∫ d⃗xC n∏ i=1 φ(x_i − x) (2.6)

is a conformally invariant multilocal field if and only if the dimensions satisfy n∑ i=1 Δ_i = d (2.7)

This is the background for contracting φ_i(x_i) in G^{(n)} of dimension Δ_i with K_{d−Δi} (z_i, x_i) belonging to the dual representation. On the other hand K_{d−Δ} intertwines a tensor Y_i of SO(d) with a tensor Ỹ_i of SO(d+1) and Ỹ_i is not unique. The requirement is only that in restricting SO(d+1) to SO(d) the tensor Y_i must occur. But there is a “canonical” procedure to fix this ambiguity, namely we let the Young tableaus of Y_i and Ỹ_i be the same and both tensors traceless.

3 The lifting of propagators

Using the lifting technique we produce AdS propagators for arbitrary symmetric traceless fields [11, 12]. Let

u = ζ − 1 (3.1) u = (z_1 − z_2)^2 2z_{10}z_{20} , ζ = z^2_{10} + z^2_0 + (⃗z_1 − ⃗z_2)^2 2z_{10}z_{20}

(3.2)

be the “chordal” distance squared between the point z_1, z_2 in Poincare coordinates. The (canonical) bulk-to-boundary propagators for a symmetric traceless tensor field of rank l

[10] is K^{(l)}_Δ (a,⃗b; z, ⃗x) = z^{Δ−l}_0 (z^2_0 + (⃗z − ⃗x)^l)^Δ × (_{d+1} ∑ α=1 d∑ i=1 a_αr(z − ⃗x)_{αi}b_i )_l − traces

(3.3)

r(z)_{αi} = 2 z_αz_i z^2

− δ_{αi}, z^2 = z^2_0 + ⃗z^2 (3.4) ∑ α r(z)_{αj} r(z)_{αi} = δ_{ij} (3.5)

a and ⃗b are arbitrary fixed vectors used for symmetrization. Using (3.5) the subtraction of traces in (3.3) can be achieved by using Gegenbauer polynomials C^λ_n , λ =^1_2 (d + 1) − 1. Contracting and integrating ∫ d⃗xK^{(l)}_Δ (a_1, ⃗∇_b; z_1, ⃗x)K^{(l)}_{d−Δ} (c,⃗b; z_2, ⃗x) (3.6)

and performing the Hilbert-transform split we can dispose of the dual term and get a propagator which involves Legendre functions of the second kind

Λ_s(ζ) = (μ)_s (d − Δ)_s

(2ζ)^{−(Δ+s)}_2F_1( 1 2 (Δ + s), 1 2 (Δ + s + 1); Δ − μ + 1; ζ^{−2}) (3.7)

(μ = 1 2 d, ζ = ζ(z_1, z_2))

Moreover this propagator is a bilocal tensor at z_1, z_2 and can be spanned by the algebraic basis L_1 = (⃗a,⃗c) z_{10}z_{20}

, L_2 = a_0c_0 z_{10}z_{20}

(3.8)

L_3 = a^2c^2_0 + a^2_0c^2

z^2_{10}z^2_0

, L_4 = a^2c^2 z^2_{10}z^2_0

(3.9)

Then the final propagator is κ_l(μ, Δ) l∑ k=0 Q^{(l)}_k (ζ) ∑ r_1r_2r_3 r_4

R^{(l,k)}_{r1r2 r3r4} (μ)L^{r1}_1 L^{r2}_2 L_3 (3.10)

where κ_l is a normalization

Q^{(l)}_k (ζ) = l−k∑ s=0 (−l + k)_s(k + 1)_s

(μ + k)_ss!

(2ζ)^sΛ_{s+k} (ζ) (3.11)

and R^{(l,k)}(μ) are certain rational functions of μ. The sum over {r_i} is restricted to

r_1 + r_2 + 2r_3 + 2r_4 = l (3.12)

The functions R^{(l,k)}(μ) are computable by a computer algorithm but we have no closed form for them in general.

4 The lifting of three-point functions

We want to consider for simplicity scalar fields only, their dimensions are Δ_i. In CFT_d such three-point function is f_{123}(x^2_{12})^{−h12} (x^2_3)^{−h23} (x^2_{31})^{−h31} (4.1)

with the “coupling constant” f_{123} and h_{ij} = 1 2 (Δ_i + Δ_j − Δ_k) (cycl.) (4.2)

In AdS_{d+1} we obtain for the “star graph”

Γ^{(3)}(x_1, x_2, x_3) = π^{−μ} ∫ du_0d⃗u u^{d+1}_0 3∏ i=1 ( u_0 u^2_0 + (⃗u − ⃗x_i)^2 )_{Δi} (4.3)

the same function (4.1) as in CFT with exception of the normalization. This is an important result: Any CFT three-point function can be reproduced by a local interaction integral (3-star graph) in AdS field theory.

By lifting leg “3” we obtain in (3.3) a bulk-to-bulk propagator

Γ^{(3)}(x_1, x_2, x_3) = π^{−μ} ∫ du_0d⃗u u^{d+1}_0 2∏ i=1 ( u_0 u^2_0 + (⃗u − ⃗x_i)^2 )_{Δi}

× ∞∑ M =0

C_M (Δ_3) ( 2u_0z_0 u^2_0 + z^2_0 + (⃗u − ⃗z)^2

)_{Δ3+2M} (4.4)

with C_M (Δ) =

(^1_2 Δ)_M (^1_2 (Δ + 1))_M M!(Δ − μ + 1)_M

(4.5)

With standard methods the following result for Γ^{(3)} can be derived

2^{2Δ3 −1} Γ(Δ_3) ∞∑ M =0 1 M! Γ(τ_{123} − μ + M)Γ(τ_{123} − Δ_1 + M)Γ(τ_{123} − Δ_2 + M) (Δ_3 − μ + 1)_M Γ(τ_{123} + M)

(4.6)

×_2F_1(τ_{123} − Δ_1 + M, Δ_2; τ_{123} + M; η) with

τ_{123} = 1 2 (Δ_1 + Δ_2 + Δ_3) (4.7)

η = 1 −

(x_1 − z)^2(x_2 − z)^2 x^2_{12}z^2_0

(4.8)

Now we use the hypergeometric identity (“Kummer relation” [22] 9.132.1) to replace 2F_1(η) by two different Gaussian series_2F_1 ((1 − η)^{−1}) which we call the “A-term” and the “B-term”.

After a few manipulations the A-term gives

2^{2Δ3 −1}

(_3 ∏ i=1 Γ(τ_{123} − Δ_i) Γ(Δ_i) ) Γ(τ_{123} − μ)

×(x^2_{12})^{τ123−Δ1 −Δ2} ( z_0 (x_1 − z)^2

)_{τ123−Δ2} ( z_0 (x_2 − z)^2

)_{τ123−Δ1}

×_2F_1(τ_{123} − Δ_1, τ_{123} − Δ_2; Δ_3 − μ + 1, (1 − η)^{−1}) (4.9)

In the boundary limit we get

lim_{z0→0} z^{−Δ3}_0 (A-term)|_{⃗z=⃗x3} = (3.2)

with a certain f_{123}.

The B-term is instead

− 2^{2Δ3−1}

Γ(Δ_3 − μ + 1) (τ_{123} − μ)(τ_{123} − Δ_3)Γ(Δ_3) ( z_0 (x_1 − z)^2

)_{Δ1} ( z_0 (x_2 − z)^2

)_{Δ2}

×_3F_2(1, Δ_1, Δ_2; τ_{123} − Δ_3 + 1, τ_{123} − μ + 1; (1 − η)^{−1}) (4.10) If Δ_1 + Δ_2 < Δ_3 (4.11) the B-term dominates the A-term on the AdS boundary, and it results

lim_{z0 →0} z^{−(Δ1 +Δ2 )}

0 (B-term)|_{⃗z=⃗x3}

= const (⃗x^2_{13})^{−Δ1} (⃗x^2_3)^{−Δ2} (4.12)

i.e. the 3-point function of φ_1(⃗x_1), φ_2(⃗x_2) and φ_1φ_2(⃗x_3) in CFT_d.

Thus the B-term couples the representations [Δ_1, 0] and [Δ_2, 0] to an infinite number of representations which are symmetric traceless tensors of rank l and conformal dimension

Δ = Δ_1 + Δ_2 + l + 2t(t ∈ N_0) (4.13)

These are unwanted and we eliminate them by just rejecting the whole B-term.

It is of course desirable to extend this result to 3-point functions of (symmetric traceless rank l_i) tensor fields with dimensions

Δ_i = Δ_{i0} + l_i (4.14)

In this case the ranks l_i must satisfy obviously (for arbitrary i, j, k in cyclic order)

|l_i − l_j | ≤ l_k ≤ l_i + l_j , (4.15)

to enable a contraction of the tensors. If (4.15) is satisfied, a unique AdS local interaction is possible. Then the B-term contains composite fields in the product representation of [Δ_1, l_1] and [Δ_2, l_2]. Also these B-terms are discarded.

5 Operator product expansions for AdS_{d+1} field theories lifted from a CFT_d

An AdS_{d+1} field theory obtained by lifting from a conformal field theory in flat ddimensional space satisfying all the constraints found, inherits the algebraic structure of OPEs. Since the bulk-to-boundary propagators are intertwiners for conformal groups, it is a conformally covariant field theory. We shall formulate it here in a non-group theoretical fashion.

We can express the OPE structure of a conformal field theory by 3- and 4-point functions. Namely, given a CFT_d based on certain finitely many fundamental fields which transform as “elementary” representations of the conformal group (in short: are “conformal”), then each pair of fundamental fields expands as

φ_i(x_i)φ_j (x_j ) = ∑ k ∫ K_{ijk} (x_i, x_j , x)ϕ_k(x)d^dx (5.1) where ϕ_k are conformal fields (fundamental or composite) and K are 1-leg amputated 3-point functions. This expansion is “weakly convergent” and can be extended to all conformal fields (not only fundamental fields to start with).

Instead we can consider 4-point functions

⟨φ_1(x_1)φ_2(x_2)φ_3(x_3)φ_4(x_4)⟩ = ∑ k ∫ d^dxd^dy K_{12k}(x_1, x_2; x)G^{(2)}_k (x, y)K_{34k}(x_3, x_4; y) (5.2)

where G^{(2)}_k (x, y) is the two-point function of the field ϕ_k. Thus we decompose the 4-point function (in a convergent fashion) into a sum of exchange amplitudes (= “ conformal partial waves”), corresponding to graphs

k 1

2

3

4 (5.3)

the 3-point function subgraphs being nonlocal in general. The identification of each exchange amplitude with a “conformal partial wave” i.e. an irreducible elementary representation of the conformal group is nontrivial. The exchange amplitudes are easy to calculate and known explicitly for all exchanges of tensor fields between four scalar fields [7].

We would like to use exchange amplitudes for the operator product expansions in the AdS_{d+1} field theories as well. Thus we study these in a systematic way, allowing us to impose the requirements of “irreducibility” of the exchanged object. Here we want to concentrate on the case of a scalar field exchange. Tensor fields can be treated analogously. The well-known work by Liu [13] cannot be used since the integrations involved contain a systematic error.

We start from the singly lifted 3-point function of Section 3 and join the two boundaryto-bulk propagators for the fields ϕ_4, ϕ_5

3 1

2

4

5 ϕ_5 ϕ_4

ϕ_2 ϕ_1

ϕ_3 (5.4)

We decompose the ϕ_1ϕ_2ϕ_3 3-point function into A- and B-term. Then we expand the 2F_1 resp_3F_2 functions into power series. Each power leads by integration over the vertex “3” to an AdS four-star function which is well-known [13, 14, 15]. It can be decomposed into two Gausssian hypergeometric series. So we obtain four expressions A → A_1 + A_2 B → B_1 + B_2 But we can show that A_2 + B_2 can be summed to one expression C_1. These functions have the properties:

A_1: describes the exchange of the field ϕ_3 in an irreducible fashion; B_1: describes the exchange of all conformal composite fields of ϕ_1 and ϕ_2 of dimensions Δ_1 + Δ_2 + l_{12} + 2t_{12}; (l_{12}, t_{12} ∈ N_0) (5.5) C_1: describes the exchange of all conformal composite fields of ϕ_4 and ϕ_5 of dimensions Δ_4 + Δ_5 + l_{45} + 2t_{45}; (l_{45}, t_{45} ∈ N_0) (5.6) and is obtained from B_1 by reflection 1 ↔ 4 2 ↔ 5 Here l_{ij} is the rank of a symmetric traceless tensor and l_{ij} +2t_{ij} is the number of derivations applied to bulk fields, of which t_{ij} pairs are contracted. l and t fix the conformal composite field uniquely.

The A_1 amplitude is the AdS-conformal partial wave and differs from the corresponding CFT partial wave by the normalization. The B_1 and C_1 amplitudes are typical AdS field theory artefacts.

The explicit forms of these A_1,B_1,C_1 amplitudes are given by hypergeometric 2-variable series with the variables u and 1 − v u = x^2_{12}x^2_{45} x^2_{14}x^2_5 , v = x^2_{15}x^2_4 x^2_{14}x^2_5

(5.7)

We integrate the x_3 vertex by π^{−μ} ∫ dx_{30}d⃗x_3 x^{d+1}_{30}

(5.8) and obtain after some summations

Γ^A_{ϕ1 ϕ2→ϕ3 →ϕ4ϕ5} = N(A)(x^2_{14})^{− 12 (Δ3+Δ4 −Δ5 )}(x^2_{15})^{− 12 (Δ1+Δ5 −Δ2 −Δ4 )} × (x^2_5)^{− 12 (Δ3 −Δ1 +Δ2 )}(x^2_{45})^{− 12 (−Δ3 +Δ4 +Δ5 )}(x^2_{12})^{− 12 (Δ1+Δ2 −Δ3 )} × ∞∑ n,m=0 a_{nm} u^n(1 − v)^m n!m! (5.9)

where a_{nm} = (^1_2 (Δ_3 + Δ_1 − Δ_2))_n(^1_2 (Δ_3 − Delta_4 + Δ_5))_n(^1_2 (Δ_3 − Δ_1 + Δ_2))_{n+m} (Δ_3)_{2n+m}(Δ_3 − μ + 1)_n × ( 1 2 (Δ_3 + Δ_4 − Δ_5))_{n+m} (5.10) and N(A) = 2^{2Δ3−1}Γ(τ_{123} − μ)Γ(τ_{345} − μ) ( ∏_5

i=1 Γ(Δ_i))Γ(Δ_3)Γ(Δ_3 − μ + 1) × 3∏ i=1 Γ(τ_{123} − Δ_i) 5∏ j=3 Γ(τ_{345} − Δ_j) (5.11)

We use the shorthand

τ_{123} = 1 2 (Δ_1 + Δ_2 + Δ_3) (5.12)

τ_{345} = 1 2 (Δ_3 + Δ_4 + Δ_5) (5.13)

In a similar way we obtain the B_1 amplitude

Γ^B_{ϕ1ϕ2 →ϕ3→ϕ4 ϕ5} = N(B)(x^2_{14})^{− 12 (Δ3 +Δ4 −Δ5 )}(x^2_{15})^{− 12 (Δ1 +Δ5 −Δ2 −Δ4 )} × (x^2_5)^{− 12 (Δ3 −Δ1 +Δ2 )}(x^2_{45})^{− 12 (−Δ3+Δ4 +Δ5 )}(x^2_{12})^{− 12 (Δ1 +Δ2 −Δ3 )}u^{τ123−Δ3} × ∞∑ n,m=0 u^n(1 − v)^m n!m! b_{nm} (5.14)

where b_{nm} = (Δ_1)_n(τ − Δ_4)_n(Δ_2)_{n+m}(τ − Δ_5)_{n+m} (Δ_1 + Δ_2)_{2n+m}(τ_{123} − τ_{345} + 1)_n ×_3F_2(τ − μ, −n, 1; τ_{123} − Δ_3 + 1, τ_{123} − μ + 1; 1) (5.15) and τ = 1 2 (Δ_1 + Δ_2 + Δ_4 + Δ_5) (5.16) and N(B) = − 2^{2Δ3 −2} Γ(Δ_1 + Δ_2)Γ(Δ_3)^2 ∏ i∈{4,5} Γ(τ − Δ_i) Γ(Δ_i) × Γ(τ − μ)Γ(Δ_3 − μ + 1) (τ_{123} − μ)(τ_{123} − Δ_3)

(5.17)

In the case of an exchange of a tensorial conformal field of dimension Δ_3, the A-term can be obtained as follows. We evaluate the AdS-3-point functions of two scalar fields 1,2 with the tensor field of dimension Δ_3 and the two scalar fields 4,5 with the same tensor field but dimension d − Δ_3 (for this integration, see [7, 16]). Both tensorial legs are drawn to the boundary point x_3, contracted, and integrated over x_3. If necessary the dual representation term is discarded. On the one hand we obtain by the arguments of Section 3 that the two vertices have been connected this way by a bulk-to-bulk propagator of the tensor field. On the other hand AdS 3-point functions with all legs on the boundary are equal to flat CFT 3-point functions, the integration leads to the CFT exchange amplitude [7, 16], and the exchanged object is irreducible, namely only the tensor field representation. Thus the B_1 and C_1-part of the exchange amplitude have dropped out automatically.

This sewing of two AdS three-point functions to an exchange graph four-point function can be generalized to any pair of AdS graphs. Essential is that in one graph an external line belonging to a representation [Δ, l] corresponds to an external line of the other graph with dual representation [d − Δ, l], that both external lines are extended to a common point x on the AdS boundary, and that this point is integrated over. It results one graph with an internal line carrying a dual pair of representations. One of these has to be discarded if the line corresponds to a propagator of a composite field.

We conclude that for AdS 4-point functions with all external lines on the boundary operator product expansions are identical with those of flat CFT. Only proportionality factors (“coupling constants”) must be adjusted.

6 Lifting the minimal conformal O(N) sigma model in d=3 to the higher spin field theory HS(4) on AdS_4

In a conformal O(N) sigma model the O(N)-vector Lorentz-scalar field ⃗φ(x) can be contracted to a bilocal O(N) singlet field b(x, y) = 1 √ N ⃗φ(x)⃗φ(y) (6.1) so that

⟨b(x_1, x_2)b(x_3, x_4)⟩_{CFT} = (x^2_{13}x^2_4)^{−δ} + (x^2_{14}x^2_3)^{−δ} +O ( 1 N ) corrections (6.2)

⃗φ(x) has the conformal dimension

δ = μ − 1 + O( 1 N ), μ = 1 2 d (6.3)

We shall first consider the case of a free field ⃗φ(x).

The operator product expansion of b(x_1, x_2) in the free case involves the currents

J^{(l)}(y; a) = 1 √ N [l/2]∑

r=0 l−2r∑

n=0 A^{(l)}_{rn}(a^2)^r(⃗a · ⃗∂)^n(⃗∂)^r_⊗φ_i(y) (⃗a · ⃗∂)^{l−n−2r} (⃗∂)^r_⊗φ^i(y) (6.4) A^{(l)}_{rn} =

(−1)^nl! 2^r r!n!(l − n − 2r)! (δ)_{l−r} (δ)_{r+n}(δ)_{l−n−r} (6.5)

which are conserved traceless and have dimension

Δ^{(l)} = d − 2 + l (6.6)

If we decompose J^{(l)} into J^{(l)} = J^{(l)}_0 + J^{(l)}_{trace} (6.7) where J^{(l)}_0 contains all terms in (6.4) with r = 0, then we can show that

b(x_1, x_2) = ∞∑ M =0 M∑ l=0 B_{M,l}(a∂_y)^{M −l}J^{(l)}_0 (y; a)

(M, l even) (6.8) is a reordered Taylor expansion with

a = x_1 − y = y − x_2 (6.9)

The coefficients B_{M,l} can be calculated from the linear system of equations

A_{M k} = M∑ l=k B_{M l}M_{lk} (6.10)

with M_{lk} = ( l k ) (2δ + l − 1)_k (δ)_k 1 (6.11)

A_{M k} =

2^k M! ( M k ) (6.12)

Since M is triangular and M_{ll} = 2^{2l−1} (6.13) the B_{M l} are uniquely defined.

However, (6.8) is not yet an operator product expansion since J^{(l)}_0 is not an irreducible representation of the conformal group. Taking this into account we can write (6.8) as

b(x_1, x_2) = ∞∑ M =0 M∑ l=0 [B_{M,l}(a∂_y)^{M −l}J^{(l)}(y; a)) + ∞∑ t=1 B_{M lt}(a^2)^t(a∂_y)^{M −l}J^{(l,t)}(y; a)] (6.14)

where the “twist currents” J^{(l,t)} are traceless symmetric tensors of rank l and dimension

Δ^{(l,t)} = 2μ − 2 + l + 2t (6.15)

The simplest one is the scalar density J^{(0,1)}

J^{(0,1)} = N^{−1/2} ( ⃗∂ ⃗φ(x) )_2 (6.16)

which is the Lagrangian density and conformal. It appears in (6.14) with the coefficient

B_{001} = 1 2(2δ + 1)

(6.17)

By conformal invariance we have

⟨J^{(l)}(y_1; a)J^{(l)}(y_2; b)⟩_{CFT} = N_l(y^2_{12})^{−(d−2+l)} {[ 2 (a · y_{12})(b · y_{12}) y^2_{12} − (a · b) ]_l − traces } (6.18)

1We define the Pochhammer symbol (O)_0 to be one. Then M_{00} = 1 for d = 3. Instead (6.13) gives M_{00} =^1_2 . But l = 0 is not relevant.

and ⟨J^{(l,t)}(y_1; a)J^{(l,t)}(y_2; b)⟩_{CFT} = N_{l,t}(y^2_{12})^{−(d−2+l+2t)} {[ 2 (a · y_{12})(b · y_{12})

y^2_{12} − (a · b) ]_l − traces } (6.19)

From the explicit form (6.4) we obtain

N_l = 2^{l+1}(l!)^2

(2δ + l − 1)_l (δ)_l (6.20)

and from (6.10) - (6.13) for comparison B_{ll} = 2^l l! (δ)_l (2δ + l − 1)_l

(6.21)

We note also that the curly brackets in (6.18), (6.19) can be represented as Gegenbauer polynomials {...} = l! 2^l(δ)_l η^lC^δ_l (ξ) (6.22)

with ξ = 1 |a||b| ( 2 (a · y_{12})(b · y_{12})

y^2_{12} − (a · b) ) (6.23) η = |a||b| (6.24) Now we investigate the corresponding bilocal biscalar field on AdS space. For this purpose we study the interacting case only. From a conformal partial wave expansion of the four-point function ⟨b(x_1, x_3), b(x_2, x_4)⟩_{CFT} we know that the operator product expansion of b(x_1, x_3) contains currents J^{(l)}, J^{(l,t)} and the field α(x)

b(x_1, x_3) = ∞∑ l=2 g_l ∫ dwK^{(l)}(x_1, x_3, w)^{μ1 ...μl} J^{(l)}(w)_{μ1...μl}

+ ∞∑ l=0 ∞∑ t=1 g_{l,t} ∫ dwK^{(l,t)}(x_1, x_3, w)^{μ1...μl} J^{(l,t)}(w)_{μ1...μl} + g_α ∫ dwK_α(x_1, x_3, w)α(w) + O( 1 N ) (6.25)

Note that in contrast to (6.14) the current J^{(0)} has been replaced by the α field. To leading order we have

g_α = z^{12}_1 (6.26) K_α(x_1, x_3, x_5) = (x^2_{15}x^2_{35})^{−δ} (6.27)

For K^{(l)} , K^{(l,t)} we can make an ansatz to leading order

K^{(l)}(x_1, x_3, x_5)^{μ1...μl} = (x^2_{15}x^2_{35})^{12 (l−2)}(x^2_{13})^{1−δ− l2} {_l ⨂ i=1 η^{μi} |η| − traces } (6.28)

with η = x_{15} x^2_{15} − x_{35} x^2_{35}

(6.29)

and for K^{(l,t)} the same way. Since we know that the inverse kernels of K^{(l)} and K^{(l,t)} are differential operators, we expect these kernels themselves to be regularized integral kernels.

The coupling constants g_l can be calculated using the conformal partial wave decomposition of the CFT four-point function quoted above and the free field expressions valid at leading order

⟨J^{(l)}(x_5)_{μ1 ...μl} b(x_2, x_4)⟩_{CFT} = 2^{l+1}(δ)_l(x^2_5x^2_{45})^{−(δ+ l2 )}(x^2_4)^{l2} {_l ⨂ i=1 ξ_{μi} |ξ| − traces } (6.30)

Here ξ is defined by ξ = x_{25} x^2_5 − x_{45} x^2_{45}

(6.31)

Since K^{(l)} is obtained from (6.30) by amputation on x_5, the contraction of these two kernels and their integration over x_5 has been performed in the derivation of the “master equation” in [7], eqns (2.12) - (2.20). The exchanged current J^{(l)} is to leading order conserved, for l = 2 this is the conserved energy-momentum tensor. This necessitates a regularization of the kernels (6.30), (6.28).

On the other hand the Green function of two b-fields can be decomposed in partial waves as (see [7])

⟨b(x_1, x_3), b(x_2, x_4)⟩ = ∞∑ l=2,even γ^2_l (x^2_{12}x^2_{34})^{−δ} ∞∑ n,m=0 u^n(1 − v)^m n!m! a^{(l)}_{nm}

+ ∞∑ l=0 ∞∑ t=1 γ^2_{l,t}(x^2_{12}x^2_{34})^{−δ} u^t ∞∑ n,m=0 u^n(1 − v)^m n!m! a^{(l,t)}_{nm}

+ z^{12}_1 (x^2_{12}x^2_{34})^{−δ} u^{μ−2δ} ∞∑ n,m=0 u^n(1 − v)^m n!m! (n!)^2((n + m)!)^2 (2n + m + 1)!(3 − μ)_n

+ O( 1 N ) (6.32)

The square of the critical coupling constant is z which can be expanded as z = ∞∑ k=1 z_k N^k z_1|_{d=3} = 1 π^4

(6.33) and u and v are as in (5.7) with labels (1,2,4,5) replaced by (1,3,2,4). Here we normalize a^{(l)}_{0,l} and a^{(l,t)}_{0,l} to a^{(l)}_{0,l} = a^{(l,t)}_{0,l} = 1 (6.34) For the conserved currents J^{(l)} the coefficients are easy to calculate

a^{(l)}_{nm} = n∑ s=0 (−1)^s ( n s )( m + n + s l ) (δ + l)_{m−l+n}(δ + l)_{m−l+n+s} (2δ + 2l)_{m−l+n+s} (6.35)

The coupling constants γ^2_l are also known [7, 5]

γ^2_l =

{_{2((δ)l)2}

(2δ+l−1)_l for l > 0, even

0 for all other l

(6.36)

From the normalization of the“master formula” [7, 16] we obtain then the relation

γ^2_l = g_l2π^μl!(δ)_l

Γ(2 − μ + l)Γ(δ + l)^2

Γ(2δ + 2l)

(6.37)

g_l =

Γ(2δ + l − 1)(2δ + 2l − 1) π^μl!Γ(δ)^2Γ(1 − δ)

(6.38)

which at d = 3 reduces to g_l = 2 π^3

(6.39)

The coupling constants g_{l,t} could be calculated in the same fashion (with more effort) if J^{(l,t)} were known as a free-field expression to leading order.

Now we extend the operator product expansion (6.25) to AdS fields

B(z_1, z_3) = ∞∑ l=2,even g_l ∫ dwV^{(l)}(z_1, z_3, w)^{a1...al} h^{(l)}_{a1...al} (w)

+ ∞∑ l=0,even ∞∑ t=1 g_{l,t} ∫ dwV^{(l,t)}(z_1, z_3, w)^{a1...al} h^{(l,t)}_{a1...al} (w) + z^{12}_1 ∫ dwV_α(z_1, z_3, w)σ(w) + O( 1 N ) (6.40)

where the measure is on AdS dw = d ⃗wdw_0 w^{d+1}_0

(6.41)

The label a_i runs over {0, 1 . . . d} and h^{(l)}, h^{(l,t)} are symmetric traceless parts of tensor fields.

The kernels V^{(l)}, V^{(l,t)}, V_α are obtained by first lifting the corresponding kernels K^{(l)}, K^{(l,t)} and K_α in their first two arguments. Moreover we make the ansatz J^{(l)}(x)_{μ1...μl} = ∫ dzS^{(l)}(x, z)^{a1...al}_{μ1...μl} h^{(l)}(z)_{a1...al} (6.42) An analogous ansatz holds for J^{(l,t)} but for the α field we assume α(x) = ∫ dzS_β (x, z)σ(z) (6.43)

Here β is the conformal dimension of α(x)

β = 2 − 2η(φ) − 2κ (6.44)

η(φ) is the anomalous part of the conformal dimension of the field ⃗φ

δ = μ − 1 + η(ϕ) (6.45) η(φ) = ∞∑ k=1 η_k (φ) N^k (6.46)

η_1(φ) = 4 3π^2 at d = 3 (6.47) κ = ∞∑ k=1 κ_k N^k (6.48)

κ_1 = 4 π^2 at d = 3 (6.49)

The kernels S can be obtained from Dobrev’s boundary-to-bulk propagators [10] by a regularized inversion. For example in the scalar case we make the ansatz S_Δ(⃗x, z) = lim_{ϵ↘0}p_ϵ(Δ, 0)^{−1} z^{d+ϵ−Δ} 0 (z^2_0 + (⃗z − ⃗x)^2)^{d−δ}

(6.50)

The integral ∫ dz z^{d+ϵ−Δ} o (z^2_o + (⃗z − ⃗x_1)^2)^{d−Δ} z^Δ_0 (z^2_0 + (⃗z − ⃗x_2)^2)^Δ

(6.51)

gives for small ϵ π^μ Γ(μ)Γ(Δ − μ)Γ(μ − Δ) Γ(Δ)Γ(d − Δ)

(⃗x^2_{12})^{−μ+ 12 ϵ}(1 + O(ϵ)) (6.52)

Moreover we use 1 Γ(ϵ)

(⃗x^2_{12})^{−μ+ 12 ϵ} = 2π^μ Γ(μ) δ(⃗x_{12}) + O(ϵ) (6.53)

so that with p_ϵ(Δ, 0) = π^{2μ}

Γ(Δ − μ)Γ(μ − Δ) Γ(Δ)Γ(d − Δ)

Γ(ϵ) (6.54)

it is guaranteed that by this regularization in the limit ϵ ↘ 0 ∫ dzS_Δ(⃗x_1, z)K_{d−Δ}(z, ⃗x_2) = δ(⃗x_{12}) (6.55)

The function p_ϵ(Δ, 0) is well known from the inversion of the scalar field propagator in CFT. In the same way we can define a function p_ϵ(Δ, l) from the tensor field propagator.

For symmetric traceless tensors of rank l (with ⃗ξ, ⃗η arbitrary vectors of R_d ) and after contraction of tensor labels of R_{d+1} we have ∫ dz_0d⃗z z^{d+1}_0 S_{[Δ,l]}(⃗x_1, z; ⃗ξ)K_{[Δ,l]}(z, , ⃗x_2; ⃗η) = δ(⃗x_{12})[(⃗ξ · ⃗η)^l − traces] (6.56) with a corresponding regularization.

7 Application to the n-point functions of the scalar field σ in HS(4)

We want to study four-point functions of σ ⟨ 4∏ i=1 σ(z_i)⟩_{AdS} (7.1)

in the interacting (critical conformal) case. At leading order we obtain three disconnected terms_4 ∑ i=2 Λ_0(ζ(z_1, z_i))Λ_0(ζ(z_j , z_k)) (7.2)

where (i, j, k) are cyclic permutations of (2, 3, 4).

At the next order we expect from HS(4) all possible exchanges of the ”gauge fields” h^{(l)} between pairs of σ fields in all three channels. There is no local triple interaction of the σ field with itself. The coupling constants between h^{(l)} and σ are the constants γ^2_l (6.35) and the h^{(l)} exchange graphs with external lines on the AdS boundary equal the corresponding CFT amplitudes for the exchange of the conserved current J^{(l)} between α fields 1 2N W_β(x_1, x_2, x_3, x_4; d − 2 + l, l) = 1 2N γ^2_l (x^2_{12}x^2_{34})^{−2}u^{− 32} ∞∑ n,m=0 a^{(l)}_{nm} u^n(1 − v)^m n!m! (7.3)

Here u, v where defined through x_1, x_2, x_3, x_4 by (5.7) with labels (1,2,4,5) replaced by (1,3,2,4), and the channel is (1, 3) ↔ (2, 4). We remember the reader that the coefficients a^{(l)}nm are independent of the external lines of the exchange graph if these are all equal. Therefore for the external fields α we can use the same coefficients as for the external lines ⃗φ (6.34).

The sum over l can then be performed ∑ l even>0 γ^2_l = 4lim_{d→3}(d − 3)^2C_{nm} (7.4)

where C_{nm} was given in [5], eqns. (23), (24). Obviously only the second order poles in d at d = 3 are relevant. For this channel we obtain 1 2N (x^2_{12}x^2_{34})^{−2}{(uv)^{− 32} (1 − u − v) − u^{− 32} (1 + u − v)} (7.5)

For the crossed channels we get instead

(1, 2) ↔ (3, 4) : {. . .} = −u^{− 32} (1 + u − v) − v^{− 32} (1 − u + v) (7.6) (1, 4) ↔ (2, 3) : {. . .} = (uv)^{− 32} (1 − u − v) − v^{− 32} (1 − u + v) (7.7)

Summing all channels we obtain for the O(N^{−1}) contribution to the four-point function 1 N (x^2_{12}x^2_{34})^{−2}{(uv)^{− 32} (1 − u − v) − u^{− 32} (1 + u − v) − v^{− 32} (1 − u + v)} (7.8)

We know [6] that this is the correct expression for the four-point function of α in the minimal O(N) sigma model. A quadruple local self-interaction of σ does therefore not arise in HS(4) at this order. We know also [6] that any n-point function of α for even n in the O(N) σ model at d = 3 can be obtained by insertion of the connected part of the four-point function (7.8) and additional propagators at order O(^1_N ). If n is odd the n-point function is at least O(N^{− 3}2 ). This carries over to HS(4) and the n-point functions of σ. In HS(4) only the A-terms of the exchange amplitudes must be considered. The tensorial form of the local coupling σσh^{(l)} is irrelevant, if only the traceless part of h^{(l)} is taken into account [17].

It is obvious that to the perturbative order O(N^{−1}) a Lagrangian formulation of HS(4) with only local σσh^{(l)} couplings of order N^{− 1}2 is possible. For further reading on HS(d+1) models see [18, 19, 20] and for the relation between HS(4) and the critical O(N) sigma model see [21].

References

[1] J. M. Maldacena, ”The large N limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys. 2 (1998) 231; [arXiv:hep-th/9711200]

[2] S. S. Gubser, I. R. Klebanov, A. M. Polyakov, ”Gauge theory correlators from noncritical string theory”, Phys. Lett. B 428 (1998) 105, [arXiv:hep-th/9802109]

[3] E. Witten, ”Anti-de Sitter space and holography” Adv. Theor. Math. Phys. 2 (1998) 253, [arXiv:hep-th/9802150]

[4] I. R. Klebanov and A. M. Polyakov, “AdS dual of the critical O(N) vector model,” Phys. Lett. B 550 (2002) 213 [arXiv:hep-th/0210114].

[5] T. Leonhardt, A. Meziane and W. Rühl, “On the proposed AdS dual of the critical O(N) sigma model for any dimension 2 < d < 4,” Phys. Lett. B 555 (2003) 271 [arXiv:hep-th/0211092].

[6] T. Leonhardt and W. Rühl, “The minimal conformal O(N) vector sigma model at d = 3,” J. Phys. A 37 (2004) 1403 [arXiv:hep-th/0308111].

[7] K. Lang and W. Rühl, “The critical O(N) σ-model at dimensions 2 < d < 4: Fusion coeffients and anomalous dimensions”, Nucl. Phys. B 400 [FS] (1993) 597

[8] E. S. Fradkin and M. A. Vasiliev, “On the gravitational interaction of massless higher spin fields”, Phys. Letters B 189 (1978) 89; ”Cubic interaction in extended theories of massless higher spin field”, Nucl. Phys. B 291 (1987) 141

[9] M. A. Vasiliev, ”Higher-spin gauge theories in four, three and two dimensions”, Int.

J. Mod. Phys. D 5 (1996) 763 [arXiv:hep-th/9611024]; ”Nonlinear equations for symmetric massless higher spin fields in (A)dS(d)”, Phys. Lett. B567 (2003) 139, [arXiv: hep-th/0304049]

[10] V. K. Dobrev, “Intertwining operator realization of the AdS/CFT correspondence,” Nucl. Phys. B 553 (1999) 559 [arXiv:hep-th/9812194].

[11] T. Leonhardt, R. Manvelyan and W. Rühl, “The group approach to AdS space propagators,” Nucl. Phys. B 667 [PM] (2003) 413 [arXiv:hep-th/0305235].

[12] T. Leonhardt, W. Rühl and R. Manvelyan, “The group approach to AdS space propagators: A fast algorithm,” [arXiv:hep-th/0310063].

[13] E. D’Hoker, D. Z. Freedman, S. D. Mathur, A. Matusis and L. Rastelli, “Graviton exchange and complete 4-point functions in the AdS/CFT correspondence,” Nucl. Phys. B 562 (1999) 353 [arXiv:hep-th/9903196].

[14] E. D’Hoker, D. Z. Freedman and L. Rastelli, “AdS/CFT 4-point functions: How to succeed at z-integrals without really trying,” Nucl. Phys. B 562 (1999) 395 [arXiv:hep-th/9905049].

[15] L. Hoffmann, T. Leonhardt, L. Mesref and W. Rühl, “Composite fields, generalized hypergeometric functions and the U(1)_Y symmetry in the AdS/CFT correspondence,”, in “New Developments in Fundamental Interaction Theories”, 37th Karpacz Winter School of Theoretical Physics, Ed. J. Lukierski, J. Rembielinski, AIP Conference Proceedings Vol. 589, (2001) 367 [arXiv:hep-th/0102162].

[16] K. Lang and W. Rühl, “ The critical O(N) sigma model at dimension 2 < d < 4: a list of quasiprimary fields”, Nucl. Phys. B 402 (1993) 573

[17] T. Leonhardt, R. Manvelyan and W. Rühl, “Coupling of higher spin gauge fields to a scalar field in AdS_{d+1} and their holographic images in the d-dimensional sigma model,” arXiv:hep-th/0401240.

[18] A. Mikhailov, ”Notes on higher spin symmetries”, [arXiv:hep-th/0201019]

[19] A. Y. Segal”Conformal higher spin theory”, Nucl. Phys. B 664 (2003) 59;

[arXiv:hep-th/0207212]

[20] E. Sezgin and P. Sundell, Massless higher spins and holography”,Nucl. Phys. B 644 (2002) 303, [Erratum ibid. B 660 (2003) 403][arXiv:hep-th/0205131]; ”Analysis of higher spin field equations in four dimensions”, JHEP 0207 (2002) 055 [arXiv:hep-th/0205132]

[21] A. C. Petkou, ”Evaluating the AdS dual of the critical O(N) sigma model”, JHEP 0303 (2003) 049 [arXiv:hep-th/0302063]

[22] I. S. Gradshteyn and I. M. Ryzhik, “ Table of Integrals, Series, and Products”, 4th ed., Academic Press, New York 1965