arXiv:hep-th/0403183 v1 18 Mar 2004

Università degli Studi di Trento Facoltà di Scienze Matematiche, Fisiche e Naturali

Tesi di Dottorato di Ricerca in Fisica

Two Dimensional Conformal Symmetry and the Microscopic Interpretation of Black Hole Entropy

Alex Giacomini

Dottorato di Ricerca in Fisica XVI Ciclo

2

Acknowledgements

I want to thank my advisor Prof. Luciano Vanzo, who already at the time of my graduation thesis introduced me to black hole physics and gave me a lot of suggestions for my research work in the last years.

I want also thank Prof. Sergio Zerbini and Dr. Valter Moretti for all the useful discussions during those research years.

A warm thank goes also to Nicola Pinamonti with whose cooperation a lot of my research work was done.

Last but not least I want to thank Marcello Ortaggio, Marco Caldarelli and Enrico Degiuli for their encouragement and for having made my working place, with interesting discussions, stimulating and interesting.

ii ACKNOWLEDGEMENTS

Contents

Acknowledgements i

1 Introduction 1

2 Black holes and classicalconformal symmetry 7 2.1 Black holes and thermodynamics . . . . . . . . . . . . . . . . 7 2.2 2-D conformal symmetry . . . . . . . . . . . . . . . . . . . . . 10 2.3 Liouville theory . . . . . . . . . . . . . . . . . . . . . . . . . . 14 2.4 Central charge and black holes . . . . . . . . . . . . . . . . . . 17

3 Boundary terms 23 3.1 Bifurcation term . . . . . . . . . . . . . . . . . . . . . . . . . 23 3.2 Hamiltonians . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.3 Fall off conditions . . . . . . . . . . . . . . . . . . . . . . . . . 32

4 Black holes and Liouville Theory 35 4.1 Dimensional reduction . . . . . . . . . . . . . . . . . . . . . . 35 4.2 Near horizon approximation . . . . . . . . . . . . . . . . . . . 38 4.3 Virasoro algebra . . . . . . . . . . . . . . . . . . . . . . . . . . 40 4.4 Generalization to arbitrary dimension . . . . . . . . . . . . . . 45

5 Free Field 49 5.1 Integration of the equations of motion . . . . . . . . . . . . . 49 5.2 Constant potential case . . . . . . . . . . . . . . . . . . . . . . 52 5.3 Coupling to the gravitational field . . . . . . . . . . . . . . . . 53 5.4 Cancellation of the ghosts contributions . . . . . . . . . . . . . 57

Conclusions 63 iv CONTENTS A Weyl invariance of the Liouville action 65 B Variation of R coupled to Liouville field in D = 2 67 C ADM decomposition of the metric 69 D Hamiltonian constraints 73

Chapter 1

Introduction

In this thesis the research work, done by the author in the three years of his Ph.D. study, will be exposed. During this time the author worked on the role of two dimensional conformal field theories in the microscopic interpretation of black hole entropy.

The discovery of the thermodynamic properties of black holes happened with the article of Bardeen Carter and Hawking [1], where for the first time the “4 laws of black hole mechanics” were found and the formal analogy with the 4 laws of thermodynamics was noticed. Of course at this stage the analogy with thermodynamics was purely formal, because a classical black hole per definition is a region of space-time , where “nothing can escape to infinity”. Therefore classically speaking a black hole is “black” , i.e. it has no thermal radiation and therefore it has zero temperature.

The things changed dramatically when Hawking in 1975 [2] discovered that due to quantum effects a black hole emits a thermal radiation proportional to it’s surface gravity. This effect is very small, in fact a black hole of 10 solar masses has a temperature of about 10^{−8}K. But so the 4 laws of black hole mechanics are not only an analogy to the laws of thermodynamics, but are really the laws of thermodynamics applied to black holes. One can therefore associate also an entropy to a black hole, proportional to it’s horizon area, given by the Bekenstein-Hawking formula [3], [4] S =^A_4 . Now in thermodynamics the entropy has always a statistical interpretation in terms of microstates given the Boltzmann formula S = k_B log N . Therefore arises the question which are the the microstates responsible for the black hole entropy. One possibility would be, if we consider a black hole as a collapsed star, to take the degrees of freedom of matter as responsible for the entropy. But if we compare the entropy of a non collapsed star of one solar mass , which is about 10^{58}k_B , with the entropy of a black hole of the same mass , which is about 10^{77}k_B, we notice that there are 19 magnitudes missing. Therefore one can conclude that the relevant role for the black hole entropy is played by the gravitational degrees of freedom. The problem is now that no complete quantum theory of gravity exists at the moment. There exist of course some specific models for quantum gravity like superstrings [5], loop quantum gravity [6] or Sakharov induced gravity [7], which can successfully compute the entropy of some classes of black holes. The fact is that one is able already at classical level to see the thermodynamic properties of black holes. The 4 laws of black hole thermodynamics are in fact theorems of differential geometry and therefore completely classic. Also the hawking radiation is found by means of a semiclassical computation, being the the spacetime geometry considered as a fixed background. On the other side all the different approaches to quantum theory of gravity give always the Bekestein-Hawking entropy as result. There seems to be a sort of “universality principle” regulating the black hole entropy.

One can therefore argue that, as the laws of thermodynamics of black holes are set already at classical level, also the behavior of the microstates of a black hole is set already at classical level. The question is then, what classical principle can be enough strong to force the behavior of gravitational microstates, whose nature is intrinsically quantum mechanical. An idea would be to use a classical symmetry principle. In fact such a principle would also be inherited, perhaps with quantum corrections, in a possible quantum theory of gravity in the sense that it’s fields would transform under a representation of this symmetry group. A case of symmetry group that is enough powerful to determine the behavior of the density of states is the two dimensional conformal group. In the quantum case the generators of 2-D conformal transformations form , with respect to the commutator, a Virasoro algebra [8] with a central charge. The asymptotic density of states of the system is then completely determined by the value of the central charge and by the L_0 generator by means of the Cardy formula [9].

As described here, the arising of a central extension in the generator algebra is a quantum effect due to the normal ordering of the creation and annihilation operators. But a central extension of the conformal algebra may already happen at classical level, e.g. in the canonical representation of the algebra. This fact has already been noticed by Arnold [11].

Therefore if one finds, using e.g. a dimensional reduction or choosing a suitable 2-D submanifold , a two dimensional classical conformal field theory, that describes the black hole and that admits a classical central charge, one would be able to count the microstates via Cardy formula but using a completely classical Virasoro algebra. This approach is then completely independent from specific approach of quantum theory of gravity, because it uses only classical properties of black holes,therefore it is a sort of “quantum gravity without quantum gravity”. On the other side this approach gives an important hint on the form of a possible quantum theory of gravity. The first approach , that is performed in this thesis, is to compute the Poisson brackets of canonical diffeomorphisms generators that preserve certain fall off condition of the metric near the event horizon. the history of this idea is based on an article of Brown & Henneaux [12] , where the Poisson algebra of the diffeomorphisms generators that preserve the asymptotic structure of AdS_3 has a computable central charge. Using this result, Strominger [14] computed the entropy of the BT Z black hole [15] via Cardy formula. The problem of this approach is that it is limited to the BT Z model being embedded in an AdS_3 spacetime. The other problem of this approach is, that using symmetries at infinity it is not able to distinguish a black hole from a star.

Therefore it seems more natural to use symmetries that preserve certain falloff conditions near the event horizon. One can notice that all the relevant geometry of the black hole is in the r − t plane, so one can consider only the deformations of the r − t plane. Considering only 2-D submanifold this approach becomes valid for any dimension. Carlip [16], [17] used at first this idea and later also Ghosh et al. [18]. This approaches are very interesting but seem to have some technical difficulties [19], [20] especially for the Schwarzschild black hole case .

In the first part of this thesis therefore we will try to use this approach for Schwarzschild black holes starting directly with the Schwarzschild geometry and not from the Kerr like in the articles cited before. We will first carefully discuss the nature of the boundary terms of the generators, which are necessary to make them differentiable. Those boundary terms are responsible for the possible central charge. This subject is strictly related to the boundary conditions that one puts on the black hole bifurcation e.g. fixing its geometry or surface gravity. We will see that it will be more suitable to fix the surface gravity as boundary condition. Unfortunately it will turn out that in both cases the central charge is zero. This is in accordance with the results in [21], [22]. Therefore in this approach it is not possible to compute the black hole entropy via Cardy formula. On the other hand in this approach, also if the central charge was not zero it would be difficult to understand which should be the underlying conformal field theory which gives the correct entropy. In the second part of the thesis therefore we will make another approach, based on an article written by A.Giacomini & N.Pinamonti [23]. Instead of restricting us to the r − t plane in 4-D spacetime we will try to find an effective 2-D theory which describes the black hole. We are always interested in the Schwarzschild black hole that in the cited papers was the most problematic case, although it is the geometrically most simple black hole. In order to describe a Schwarzschild black hole we make the Ansatz of spherical symmetry of the metric and perform so the dimensional reduction of the Einstein-Hilbert action. We obtain 2-D theory with two fields: the metric of the r − t plane and the dilaton field. Now in two dimensions the metric can always be written in conformally flat form. Using this fact, all the geometry of the r − t plane metric is encoded in one field i.e. the conformal factor. Using then a near horizon approximation it is possible to rule out the dilaton field and the equation of motion of the conformal factor becomes a Liouville equation. The Liouville theory is a 2-D conformal field theory. It is known [24] that the Liouville theory possesses a classical central charge in the Poisson algebra of the generators. The origin the central charge in the Liouville theory is in the nonscalar transformation property of it’s field. Due to a normalization problem in our case we have to introduce a cutoff parameter l. The central charge goes then as 1/l and tends so to zero in accordance to the results in the first part of the thesis. But now the L_0 generator goes as l and therefore for every finite l we can use the Cardy formula. In the Cardy formula the central charge and the L_0 generator enter as product cL_0 and therefore the result does not depend on l. We can so safely take the limit for the cutoff that tends to infinity. Therefore also if the central charge tends to zero we can compute the Entropy of the black hole obtaining the Bekenstein-Hawking result.

Using this approach we have not only computed the entropy using only classical symmetry properties but we have also found that the gravitational degrees of freedom alone, without the help of other fields, are responsible for the entropy. The advantage of this technique, compared to the canonical diffeomorphism generator approach, is that we concretely find the conformal field responsible for the entropy, namely the conformal field of the metric. In the last part of the thesis we are going therefore to study more in detail the dynamics of this field. We will see, that, returning to the original coupled equations of motion of the conformal field and the dilaton, using the constraints it is possible to integrate the equations of motion in terms of a free field. Now again using a near horizon approximation we find that this field is proportional to the Liouville field.

We argue therefore that for a possible quantum approach to the Schwarzschild black hole it may be enough to quantize the free field. We will therefore discuss the coupling of this free field with the scalar curvature and study the improved stress-energy tensor of this coupled theory. The free field coupled to the gravitational field does not transform as a scalar. As in the Liouville case therefore the Poisson algebra of the charges acquires a classical central charge. We have gauge fixed the metric in our classical theory, but in the quantum case the path integral should be independent from the gauge choice. This is true if the trace of the stress energy tensor is zero also in the quantum case. A possible trace anomaly is proportional to the total central charge. We can therefore fix the constant of the field-curvature coupling in such a way that the classical central charge of the theory plus the quantum contribution plus the contribution of the ghosts, introduced in order to gauge fix the path integral eventually cancel. In this way we can obtain a consistent quantum theory describing the black hole microstates.

6 CHAPTER 1. INTRODUCTION

Chapter 2

Black holes and classical conformal symmetry

2.1 Black holes and thermodynamics

A black hole is a region of spacetime from which nothing can “escape to infinity”. Mathematically a black hole B in a spacetime (M, g) is therefore defined as

B = M − J^−(I^+) , (2.1)

where the quantity J^−(I^+) is the chronological past of the future null infinity. The boundary of B is called event horizon H.

H = ∂J^−(I^+) (2.2)

Now for the black holes 4 theorems of differential geometry called the “4 laws of black hole mechanics” [1]. Let us consider the the surface gravity κ defined on the event horizon. The zeroth law states that this quantity is constant on the horizon

κ = const on H . (2.3)

It is then well known that a black hole is completely characterized by 3 parameters i.e. it’s mass M it’s angular momentum J and it’s electric charge e. The first law relates the infinitesimal variation of the black hole mass with

8CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

the other parameters δM = κ 8π δA + ΩδJ + Φδe , (2.4)

where A is the area of the spatial section of the event horizon. The second law states that the area A in every physical process always increases or at least remains equal.

δA =≥ 0 in every phys. process . (2.5)

This means e.g. that if two black holes collide, then the area of the merging black hole is greater or at least equal to the sum of the areas of the single black holes. It is interesting to notice that an extremal black hole i.e. with κ = 0 would be unstable in the sense that a small perturbation would turn it in naked singularity, violating then the cosmic censorship conjecture. The third law therefore states that such a black hole state is not achievable in finite number of physical steps

κ = 0 BH not realizable (2.6)

Now there is a strong analogy between this laws and the laws of thermodynamics. In fact if we look at (2.5) this is formally identical to the second law of thermodynamics. For the black holes so the horizon area should play the role of an entropy. Following this analogy to the laws of thermodynamics the surface gravity κ has then the role of a temperature and the law (2.3) is then analogous to the zeroth law of thermodynamics. The laws (2.4) and (2.6) are then equivalent respectively to the first and third law of thermodynamics. This analogy is purely formal at classical level. In fact, using the definition (2.1), a black hole cannot have a thermal radiation as “nothing can go out” of it. A black hole should therefore have zero temperature preventing so to speak of black hole thermodynamics. The things change dramatically as one considers the evolution of quantum matter fields near near the horizon, considering the metric as a fixed background. Using this semiclassical approach Hawking discovered [2] that a black hole emits a thermal radiation proportional to κ T = κ 2π . (2.7)

So the 4 laws of black hole mechanics are not only a formal analogy to the laws of thermodynamics but are really the laws of thermodynamics applied

2.1. BLACK HOLES AND THERMODYNAMICS 9

to black holes. So one can conclude that a black hole possesses an entropy given by the Bekenstein-Hawking formula [3], [4] S = A 4 . (2.8)

It remains the strange fact that the physical origin of the laws of thermodynamics is statistical, whereas the 4 laws of black hole mechanics are theorems of differential geometry and so exact laws. The description of microscopical states at the origin of thermodynamic laws is intrinsically quantum mechanical. In the case of black hole physics it seems therefore that quantum properties can be seen already at classical level. Now in thermodynamics the entropy has a statistical interpretation in terms of microstates given by the Boltzmann formula S = k_B log N . (2.9) So there arises the question which are the microstates of the black hole responsible for the entropy. As noticed in the introduction, if we consider a black hole as a collapsed star, the degrees of freedom of matter that formed the star are absolutely not enough to obtain the Bekenstein-Hawking entropy as this is much larger than the entropy of a star of the same mass. Therefore the relevant degrees of freedom responsible for the black hole entropy are the gravitational degrees of freedom. To describe gravitational microstates one would need a quantum theory of gravity. Now unfortunately for the moment there exists no complete quantum theory of gravity. The existing approaches to quantization of gravity like superstrings or loop quantum gravity allow to compute the entropy of some classes of black holes. This approaches also if very different give always as result the Bekenstein-Hawking entropy and so there seems to be a sort of “universality principle” regulating the black hole entropy. One therefore argues that, as the laws of thermodynamics can be seen already at classical level, also the gravitational microstates responsible for the black hole entropy are regulated by some classical principle. Therefore it should be possible to “count” the microstates of a black hole without any assumption on a quantum theory of gravity. It is important to notice, that if we find at classical level a symmetry principle, then also the possible quantum theory should inherit this structure, perhaps with quantum corrections. Now symmetries determine many properties of a system but usually not the density of states. But there is one case of symmetry where exactly this happens: it is the 2-D conformal symmetry, which will be discussed in the next section.

10CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

2.2 2-D conformal symmetry

Let us now study a symmetry group, which is enough powerful to determinate the density of states. First of all let us define a Weyl transformation as a transformation of the form

g_{μν} → ω(x)g_{μν} (2.10)

or in infinitesimal form

g_{μν} → g_{μν} + δg_{μν} = g_{μν} + ω(x)g_{μν} . (2.11)

An action that is invariant under a Weyl transformation is called Weyl invariant. Let us now check the variation of an action under a Weyl transformation in arbitrary spacetime dimension using (2.11)

δS = ∫ d^nx δS δg_{μν} δg_{μν} = ∫ d^nxT^{μν} ω(x)g_{μν} = ∫ d^nxω(x) T^ν_ν . (2.12)

We can therefore conclude from (2.12), that, in order to have Weyl invariance, the stress energy tensor must be traceless

T^ν_ν = 0 . (2.13)

Now a coordinate transformation x → x^′ that transforms the metric

g_{μν} → g^′_{μν} (x^′) = ∂x^ρ ∂x^{′μ} ∂x^σ ∂x^{′ν} g_{ρσ} (x) (2.14)

in such a way that it is a Weyl transformation (2.10) is called conformal transformation. As a special case let us take the metric g_{μν} to be the Minkowski metric and the scale factor ω(x) to be 1. This would then be the definition of the Lorentz transformation. Therefore the Lorentz transformation is a special case of conformal transformation.

Let us now take as example the action of a free scalar field in arbitrary dimension and see if it is conformally invariant S = ∫ d^nx∂_μϕ∂_ν ϕg^{μν} . (2.15)

Now the stress energy tensor is T_{μν} = δS δg^{μν} = ∂_μϕ∂_μϕ − 1 2 g_{μν} g^{ρσ} ∂_ρϕ∂_σ ϕ (2.16)

and the trace therefore is

T^ν_ν = ∂_ν ϕ∂^ν ϕ − 1 2 d∂_ν ϕ∂^ν ϕ ∼ ( 1 − 1 2 d ) , (2.17)

where d is the spacetime dimension. So we see that only in the case d = 2 the trace of the stress energy tensor is zero. therefore only in two dimensions the free scalar field action is conformally invariant. Generally speaking the conformal group in two dimensions is much more powerful than in any other dimensions. To understand why let us introduce complex coordinates for a Euclidean flat metric

z = x^1 + ix^2 z = x^1 − ix^2 . (2.18)

The flat metric can then be written in the form

ds^2 = dzdz (2.19) and we see that every analytic and antianalytic function

z → f(z) ; z → f(z) (2.20) define a conformal transformation. In fact the metric under (2.20) transforms as ds^2 = ∂f ∂z ∂f ∂z = ρ(zz)dzdz . (2.21) So the conformal group in two dimensions is infinite dimensional and therefore much larger than in any other dimension where it is finite dimensional. The infinitesimal generators of the transformations (2.20) are

G_n = z^{n+1}∂_z (2.22) and they close a close a lie algebra

[G_n, G_m] = (n − m)G_{n+m} . (2.23)

12CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

Let us now write the stress energy tensor in complex coordinates for flat Euclidean metric. It is easy to obtain

T_{zz} = T_{zz} = 1 4 (T_{11} + T_{22}) = 1 4 T^μ_μ (2.24)

T_{zz} = 1 4 (T_{11} − 2iT_{21} − T_{22}) ; T_{zz} = 1 4 (T_{11} + 2iT 21 − T_{22}) . (2.25)

Now the tracelessness condition (2.12) implies that the components T_{zz} and T_{zz} in (2.24) are zero and therefore in 2D the stress energy tensor has only two components T = T_{zz} ; T = T_{zz} . (2.26) Using now the usual conservation law

∂^μT_{μν} = 0 (2.27)

we obtain in complex coordinates two relations

∂_zT_{zz} + ∂_zT_{zz} = 0 ; ∂_zT_{zz} + ∂_zT_{zz} = 0 . (2.28)

Using now again the tracelessness condition T_{zz} = T_{zz} = 0 the previous equation becomes ∂_z T = 0 ; ∂_z T = 0 (2.29) Therefore the two nonzero components of the stress energy tensor are respectively analytic and antianalytic. Condition (2.29) of course does not prevent the components T and T to have singularities. Therefore we should use to be precise the word meromorphic instead of analytic. A meromorphic function can be written as Laurent series. For the component T , for example, we obtain

T (z) = ∞∑ −∞ L_n z^{n+2} . (2.30)

Now if we want to quantize to theory the stress energy tensor becomes an operator. As usual in quantum field theories we have to introduce normal ordering for the creation and annihilation operators in order finite quantities. This is equivalent to subtract an infinite vacuum energy. The result of this procedure is that the stress energy tensor does not more transform as a tensor under a coordinate transformation z → w = f(z) T_{zz} → ( dw dz )_2 T_{ww} + c 12 S[w, z] , (2.31)

Where the quantity S[w, z] is called Schwartzian derivative and is defined in (2.54). The constant c is called the central charge. If the constant c was zero it would have been the usual tensor transformation law, but in general this constant isn’t zero. For a bosonic free field in 2 − D e.g. we have c = 1. This anomaly in the transformation law arises because the renormalization breakes scale invariance. In the quantum case also the L_n become operators and because of (2.31) relatively to the commutator they don’t close the conformal algebra (2.23) but form a Virasoro algebra [8]

[L_n, L_m] = (n − m)L_{n+m} + c 12 (m^3 − m)δ_{m,−n} . (2.32)

This is a central extension of the algebra (2.23). Because on the right side we have an operator the central charge must be seen as an operator which commutes with every element of the algebra.

Let us now see why the 2 − D conformal symmetry should be relevant for the microstate counting of black holes. It is a standard result for quantum CFT in 2-D that the asymptotic density of states for given L_0 is completely determined by the Virasoro algebra by means of the Cardy formula [9] (a deduction of this formula is also given in [10])

ρ(L_0) = exp ( 2π √ cL_0 6 ) . (2.33)

Therefore for given L_0 and knowing the value of the central charge c we know also the state density The entropy can therefore be calculated by using the logarithm of the Cardy formula

S = ln ρ . (2.34)

Now we have found a central extension of the conformal algebra due to a quantum effect, but in general central extensions may already appear at classical level as noticed in [11]. An example of a theory with a classical central charge is the Liouville Theory [24], which will be shown in the next section.

14CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

2.3 Liouville theory

The Liouville theory is the theory of surfaces with constant negative curvature. In order to find the most general action that gives as equation of motion the equation of constant negative curvature surfaces, let us first notice that in 2 dimensions we can always write the metric in conformally flat form

g̃_{ab} = e^{γϕ}γ_{ij} , (2.35)

where γ_{ij} is the Minkowski metric not to be confused with γ in the exponent, which is a parameter. Using this fact, we can more generally parametrize the 2-D metric as

g_{ij} = e^{γϕ}ĝ_{ij} , (2.36)

where ĝ_{ij} is an arbitrary non-dynamic “reference metric”. We can conclude that in 2-D the theory of its metric is equivalent to the theory of the field ϕ, which is related to the metric by means of equation (2.36), in the sense that all the information of the metric is encoded in the conformal factor. Let us now consider the following action [25] I_{Liouv} = 1 8π ∫ d^2x √ ĝ [ ( ^▽ϕ)^2 + QR[ĝ]ϕ + μ γ^2 e^{γϕ} ] . (2.37)

It is easy to proof that this action is only Weyl invariant if the constant Q is set to Q =^2_γ and together with the Weyl transformation

ĝ → e^ωĝ , (2.38)

we have to shift the field ϕ γϕ → γϕ − ω (2.39) The reason that together with the Weyl transformation we have to shift the field ϕ, is that this field is a piece of a metric and therefore transforms in a more complicate way than scalar. In fact the metric (2.36) under a Weyl transformation transforms as

g_{ij} = e^{γϕ}ĝ_{ij} → e^{γϕ+ω}ĝ_{ij} (2.40)

2.3. LIOUVILLE THEORY 15

and therefore we have the shift (2.39) for the field. The variation of (2.37) with respect to ϕ gives the equation of motion

−2 ▽^2 ϕ + QR[ĝ] + μ γ e^{γϕ} = 0 , (2.41)

which can be written as ( −2 ▽^2 ϕ + QR[ĝ] ) e^{−γϕ} = − μ γ . (2.42)

Now being interested in conformal field theories let us set Q =^2_γ and use a standard property of the 2-D scalar curvature i.e. R [ e^{γϕ}ĝ ] = e^{−γϕ} ( R[ĝ] − ^▽^2γϕ ) , (2.43)

The equation (2.42) becomes the equation of surfaces of constant negative curvature R[g] = − μ 2 , (2.44)

where the metric g is defined by equation (2.36). Now choosing the reference metric ĝ to be the flat metric the scalar curvature becomes zero and the equation of motion (2.42) becomes

▽^2ϕ = μ 2γ e^{γϕ} . (2.45)

This is the standard form of the Liouville equation as introduced by Liouville. The stress energy tensor derived from the action (2.37), using the conformal flat gauge after making the functional derivative^{δILiouv}_{δĝ} becomes

T_{ab} = ∂_aϕ∂_bϕ − ĝ_{ab} ( 1 2 ∂_aϕ∂^aϕ + μ 2γ^2 e^{γϕ} ) + Q [ĝ_{ab}□ϕ − ∂_a∂_bϕ] . (2.46)

The last term Q[....] comes from the variation of the √ ĝQRϕ term in the (2.37) action with respect to the metric. It is interesting to notice that this term remains in the stress energy tensor also if we choose then the conformal flat gauge (2.35), where the scalar curvature is of course zero.

16CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

The trace of the stress energy tensor becomes , taking Q =^2_γ as required for conformal invariance,

T^a_a = 2 γ □ϕ − μ γ^2 e^{γϕ} . (2.47)

Now using the equation of motion (2.45) the trace becomes

T^a_a = 0 . (2.48) We obtain therefore on shell zero trace as required for conformal field theories. Let us now write the stress energy tensor in light coordinates, it’s nonvanishing on shell components are T_{±±} = ∂_±ϕ∂_±ϕ − 2 γ ∂^2_±ϕ . (2.49)

Now we can define the charges

Q^±_f = ∫ dx^±f^±(x^±)T_{±±} , (2.50)

where the f^±(x^±) are some smearing functions. We can now define the total charge as Q = Q_+ +Q_− and compute the Poisson brackets of the total charges obtaining {Q_f , Q_g} = Q_{[f,g]} + 1 γ^2

Δ(f, g) , (2.51)

where the square bracket [f, g] is the usual Lie bracket and Δ is defined as

Δ(f, g) = ∫ [ dx^−f^−∂^3_−g^− − g^−∂^3_−f^− ] + ∫ dx^+ [ f^+∂^3_+g^+ − g^+∂^3_+f^+ ] . (2.52) So the Poisson algebra of the charges gives central extension of the conformal algebra already at classical level, with a central charge proportional to Q^2. If we quantize the theory the central charge will then get also a quantum contribution. The origin of this classical nonzero central charge is that the field ϕ behaves not as a tensor under conformal transformations, as we have seen in (2.39). This fact has as consequence that also the stress energy tensor does not transform as a tensor under conformal transformations. Introducing in fact complex coordinates z and z, for every conformal transformation z → w = f(z) , the stress energy tensor transforms in a similar anomalous way as already seen for the quantum case (2.31) T_{zz} → ( dw dz )_2 T_{ww} + 1 γ^2

S[w, z] , (2.53)

where the quantity S[w, z] is called “Schwartzian derivative”, already cited in the previous paragraph, and is defined as S[w, z] = w^{′′′} w^′ − 3 2 ( w^{′′} w^′ )_2

. (2.54)

We have seen therefore that the Liouville theory is a classical conformal field theory that possesses a classical central charge. This makes this theory to an interesting candidate for our search of a CFT, that enables to count the black hole microstates.

2.4 Central charge and black holes

We have now seen that the 2 − D symmetry is exactly the type of symmetry we searched for, namely a symmetry which is enough powerful to determinate the state density of a system. In fact we have seen that for 2 − D quantum CFT the density of states is determined by the Virasoro algebra (2.32) by means of the Cardy formula (2.33).

The Cardy formula is valid for the quantized theory, but on the other side this formula uses only the central charge and the eigenvalues of the L_0 generator. Central charges can already arise at classical level in the Poisson algebra as seen before. In such a situation the Virasoro algebra would be inherited by the quantum theory. The central charge acquires then a quantum correction, but at least at leading order the density of states can be described by the classical Virasoro algebra via Cardy formula. In the previous section we have seen that the classical Liouville theory is an example of 2 − D CFT with a classical central charge. Therefore if we are able to describe a black hole by means of a 2 − D CFT with a classical central charge we can then count the microstates using the Cardy formula without making any assumption on quantum gravity.

18CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

Now physical black holes live in ad 4 − D spacetime. Therefore how can we use a 2−D theory to describe a black hole? To answer this question let us first of all notice that being the entropy of the black hole proportional to the area of it’s horizon, we expect the gravitational degrees of freedom responsible of the entropy to live on or near the horizon. We are therefore interested in the form of the metric near the horizon. For our purpose therefore it is the same if the black hole is embedded in an asymptotically flat De Sitter or Anti De Sitter spacetime. As said already in the introduction in this thesis we are especially interested in Spherically symmetric black holes as in existing symmetry based entropy computations they seem to make the largest problems.

Now for a spherically symmetric black hole near horizon the metric always has the form

ds^2 = −N^2(r)dt^2 + 1 N^2(r) dr^2 + r^2dΩ^2 . (2.55)

The function N is called lapse function and has a simple zero (a double zero in the extreme case) at the horizon, whereas dΩ^2 is the metric of the 2-sphere. From this metric we see that all the relevant geometry is encoded in the r − t plane. In fact this is the part of the metric that contains the singularities. This fact can also be seen by the Euclidean approach to black hole thermodynamics. Therefore there is indeed a natural 2-D submanifold given by the r − t plane.

Having now found a 2-D submanifold describing the black hole in what way can we find a Virasoro algebra? One way is to make a dimensional reduction of the Einstein-Hilbert action integrating away the angular degrees of freedom. One obtains so a 2-D effective theory namely a dilatonic gravity. Using a near horizon approximation we can check if we obtain a Liouville theory. If this happens we can compute the classical central charge and use then the Cardy formula to compute the black hole entropy. This method will be described in the chapter 4.

Another possible way inspired by the work of Brown & Henneaux [12] is to construct diffeomorphisms that preserve certain fall off conditions of the r − t plane metric of the black hole and then compute the Poisson brackets of the canonical generators of this diffeomorphisms and check if they form a Virasoro algebra. Brown & Henneaux showed in the article cited before that this happens in AdS_3 for diffeomorphism generators that preserve the form of the metric at infinity.

The Poisson bracket of the canonical generators of diffeomorphisms in fact has the form [12] {H[ξ], H[η]} = H [[ξ, η]_{SD}] + K(ξ, η) , (2.56) where the bracket [ , ]_{SD} is the so called surface deformation algebra given by [ ξ̂, η̂ ]_⊥ SD = ξ̂^a∂_aη̂^⊥ − η̂^a∂_aξ̂^⊥ [ ξ̂, η̂ ]_a SD = ξ̂^b∂_bη̂^a − η̂^b∂_bξ̂^a + h^{ab} ( ξ̂^⊥ ∂_bη̂^⊥ − η̂^bot∂_bξ̂^⊥ ) , (2.57)

where h^{ab} is the metric of the spacelike hypersurface and we have introduced for ξ the components normal and tangent to the foliation ξ̂^⊥ = Nξ^t

ξ̂^a = ξ^a + N^aξ^t (2.58)

The origin of the classical central term K(ξ, η) in the Poisson algebra is different then in the Liouville case. In the Liouville case in fact the origin of a classical central charge was due to the non-tensor character of the field ϕ in (2.39). Whereas in this case the origin of the central extension is due to the existence of arbitrary terms, which do not depend on the canonical variables in the generators. In fact the canonical generators in (2.56) have the form H[ξ] = ∫ Bulk ( ξ̂^⊥H + ξ̂^iH_i ) + J[ξ] + C(ξ) . (2.59)

The terms in the bulk integral H and H_⟩ are constraints. The Boundary terms J[ξ] are needed to make the generators differentiable and so to make the Poisson brackets well defined (see next chapter). The term C(ξ) is an arbitrary function that does not depend on the canonical variables. Now it has been shown [13] that the Poisson bracket of two differentiable generators is also differentiable and therefore has the correct boundary term. What may happen is that the Poisson bracket does not match the arbitrary term C(ξ) and this is then the origin of the central term K.

This approach has been used by Strominger [14] to compute the entropy of the BTZ black hole using it’s asymptotic AdS structure and so the results

20CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

of Brown & Henneaux. The problem is that this approach is limited to the BTZ model and it’s AdS structure at infinity. An extension to black holes embedded in AdS_2 is given in [27] [28].

Using symmetries at infinity one is not able to distinguish a black hole from a star. On the other hand, as explained before one expects the degrees of freedom responsible for the entropy to live on on or near the horizon. One should therefore study the diffeomorphisms preserving the near horizon structure instead of spatial infinity.

This approach has been performed in many articles, but there seem to be some technical difficulties. In e.g. [16], [18] the calculation does not work in the case of non-rotating black holes. In [17], [30], a covariant formalism as developed by Wald et al. [31] [32] [33] [34] is used instead of the original ADM approach. A generalization of this approach to lagrangians of arbitrary curvature dependence is found in [35].

In our work we prefer to use again the canonical ADM formalism because of it’s better transparency and it’s successful use in the work of Brown & Henneaux. A return to the ADM formalism was already tried in [36], but the boundary conditions and so the nature of the boundary terms of the canonical generators is not completely clear (in the sense of what exactly is held fixed on the boundary). The problem is also that in other articles [21], [22] it is shown that the central charge should be zero. Due to this discrepancies we want to analyze again this problem in the next chapters starting this time directly with the non-rotating case, which seems to be more difficult, and paying special attention to the different possible boundary conditions on the horizon and the associated boundary terms of the generators. We will see that in order to have a boundary term in the hamiltonian we need to fix the surface gravity on the horizon rather than the metric. The crucial point in this calculations in fact is that in order to find the central term of (2.56) one uses the fact that the bulk part of the generators is a sum of constraints and therefore zero on shell [37]. On shell therefore the Poisson algebra (2.56) reduces to the Dirac algebra of the boundary terms. {J[ξ], J[η]}_D = J [[ξ, η]_{SD}] + K(ξ, η) . (2.60) As said the role of the boundary terms is to make the generators differentiable, but problem is, that, what boundary terms are needed, depends on the exact boundary conditions of the problem. The different possible boundary conditions for black holes and the associated boundary terms will be discussed in the next chapter.

It is important to notice that in our different approaches of a description of the entropy by means of 2-D CFT in the next chapters we are using only gravitational degrees of freedom, i.e. the metric of the r − t plane. Another approach can be to study a field propagating in a black hole metric and to find in a near horizon approximation a conformal field theory for this field as in [29].

22CHAPTER 2. BLACK HOLES AND CLASSICALCONFORMAL SYMMETRY

Chapter 3 Boundary terms

3.1 Bifurcation term

Let ϕ(x) be an arbitrary field and let I be a functional of the form I[ϕ(x)] = ∫ M L(ϕ(x))dx , (3.1) where M is a region of spacetime and L is a function of phi and of it’s derivatives L = L (ϕ, ∇ϕ, . . . , ∇^nϕ) (3.2) We say that a functional of this form is differentiable if for a variation of I with respect to ϕ(x) if we can write δI = ∫ M χδϕ . (3.3) The quantity χ is called functional derivative and symbolically we can write χ = δS δϕ . (3.4)

In order to have a well defined least action principle, it is necessary to have a differentiable action. This means especially that it’s variation should consist only of a bulk term without boundary terms. Boundary terms in the action arise due to partial integration, where one transforms total divergences in boundary integrals. A variational principle must also be accompanied by boundary conditions. The most usual boundary condition is to keep the variation of the field fixed on the boundary. The variation of the Klein Gordon action for example (2.15) contains a boundary term with δϕ. Using therefore the standard boundary condition of fixed field on the boundary this action is differentiable.

More problematic is the case of the Einstein-Hilbert action I_{EH} = 1 16π ∫ M √ −g R . (3.5) The scalar curvature in fact contains second derivatives of the metric (B.5) and therefore the boundary term contains variations of the normal derivatives of the metric. So the action (3.5) with standard boundary conditions is not differentiable. Therefore in order to have a well defined variation principle we must add to this action a boundary term that cancels the boundary term arising from the variation. The correct action for smooth boundaries is [38] I = 1 16π ∫ M √ −g R + 1 8π ∫ ∂M K √ h , (3.6)

where K is the extrinsic curvature of the boundary and h is the determinant of the boundary metric. When calculating the hamiltonian from the action we have to keep this boundary terms. The consequence is that also the hamiltonian has boundary terms. The boundary terms of the hamiltonian can also be found directly making the variation of the bulk term of it as done for asymptotically flat spaces in [39].

In the canonical formalism we have spacetime regions of the form M = [t_1, t_2] × Σ, where Σ is a spacelike hypersurface. For such a region the boundary has the form ∂M = Σ_1 ∪ Σ_2 ∪ B^3 , (3.7) where Σ_{1,2} are the initial and final hypersurfaces and B^3 is the timelike 3- boundary spatially bounding the system. Using this notation and with this kind of boundary with this kind of boundary the action (3.5) becomes, calling Θ the extrinsic curvature of B^3 and m the determinant of it’s metric

I_0 = 1 16π ∫ M √ −g R − 1 8π ∫_{Σ2}

Σ_1 K √ h + 1 8π ∫ B^3 Θ √ m , (3.8)

where the integral

∫_{Σ2}

Σ_1 means the integral over Σ2 minus the integral over Σ1.

For more notational transparency let us put the the symbols used for the metric and curvature for a spacetime with a boundary of the form (3.7) in a table metric extrinsic curvature normal unit vector spacetime M g_{ij} spacelike hypersurfaces Σ_t h_{ij} K u^a 3-boundary B^3 m_{ij} Θ ξ^a joints B_{1,2} σ_{ij} ξ̃^a and ũ^a

To be precise the action (3.6) is correct for smooth boundaries. With a boundary of the form (3.7) the intersections of B^3 with Σ_{1,2} are nonsmooth. The variation of the action acquires also boundary terms for the joints [40]. Performing in fact the variation of the actions without boundary terms introducing the notations v_{ab} ≡ δg_{ab} ; v ≡ g^{ab}v_{ab} , (3.9) we obtain the formula [58]

δI_{EH} = bulk terms + 1 16π ∇_a ( −∇_bv^{ab} + ∇^av ) ≡ bulk terms + 1 16π ∇_aδZ^a . (3.10) The total divergence comes from the variation g^{ab}δR_{ab}. The total divergence can be converted in a boundary integral and so discarding the bulk terms giving the equations of motion we can write δI_{EH} = 1 16π ∫ δM n_aδZ^a . (3.11)

Focusing for a moment on the final and initial spacelike hypersurfaces Σ_{1,2} we can write δZ^a in terms of K_{ab} and h_{ab} u_cδZ^a = −2δK − g^{ab}δKab + D_aδu^a . (3.12) Considering now the variation of the boundary terms associated to Σ_{1,2} in the action I_0 (3.8) and combine them with the boundary terms of the variation of the bulk action we obtain − 1 16π ∫_{Σ2}

Σ_1 √ hu_cδZ^c − 1 8π δ ∫_{Σ2}

Σ_1 √ hK = ∫_{Σ2}

Σ_1 P^{ab}δh_{ab} − 1 16π ∫_{B2} B_1 ξ̃_aδu^a√σ (3.13) The boundaries B_{1,2} are the intersections of the hypersurfaces Σ_{1,2} with the 3-boundary B^3. The vector ξ̃ is the normal to B_{1,2} as considered embedded in Σ_{1,2}, it is equal to the normal ξ of B^3 only if the boundaries are orthogonal. The procedure for the 3-boundary terms of B^3 is analogous as made before for the initial and final hypersurfaces. Again we have

ξ_aδZ^a = −2δΘ − Θ^{ab}δm_{ab} + D̃_aδξ^a . (3.14)

Again we put together the variation of the boundary terms of I_0 and the boundary terms of the bulk variation − 1 16π ∫ B^3 √ −mξ_cδZ^c − 1 8π δ ∫ B^3 √ −mΘ

= − ∫ B^3 Π^{ab}δm_{ab} − 1 16π ∫_{B2} B_1 ũ_aδξ^a √ σ (3.15)

Here the vector ũ is the normal to B_{1,2} as considered embedded in B^3 and again it is equal to the normal u only when the boundaries are orthogonal. Now we want to put the joint pieces containing ũ_aδu^a and ξ̃_aδu^a together. To do this we notice that the vectors ũ and ξ̃ can be written as

ũ = λ(u − ηξ) ; ξ̃ = λ(ξ + ηu) , (3.16)

where η is the scalar product η ≡ u · ξ normalization factor λ is

λ = (1 + η^2)^{− 12} . (3.17)

In order to put together the terms with ũ_aδu^a and ξ̃_aδu^a we can introduce the boost parameter θ defined as

sinh θ = u · ξ ≡ η . (3.18)

Noticing now that uδu = 0 we can write ξ̃δu = λξδu = λδη = δθ (3.19) we can therefore write ∫_{B2} B_1 ξ̃_aδu^a√σ = ∫_{B2} B_1 δθ √ σ . (3.20)

In the same way we compute the term coming from the 3-boundary ũδξ = λuδξ = λδη = δθ (3.21) and therefore gives the same contribution as the term coming from the spacelike boundary (3.19). We can write ∫_{B2} B_1 ũ_aδξ^a √ σ = ∫_{B2} B_1 δθ √ σ . (3.22)

Putting now together the single pieces of the variation (3.13 , 3.15 ) and using (3.20 , 3.22 ) we obtain eventually for the complete variation of the action the expression

δI_0 = 1 16π ∫ M G_{ij} δg^{μν} + ∫_{Σ2}

Σ_1 P^{ab}δh_{ab} √ h

− ∫ B^3 Π^{ab}δm_{ab} √ −m − 1 8π ∫_{B2} B_1 √ σδθ , (3.23) Let us now analyze the terms on the right side of (3.23). The first term gives the equations of motion the second and third are terms are linear in to the variation of the boundary metric and therefore with our boundary conditions zero. The last term in general is not zero. Therefore in the presence of nonsmooth intersections of boundaries the correct action for fixed boundary metric is

I^′ = 1 16π ∫ M √ −g R− 1 8π ∫_{Σ2}

Σ_1 K √ h+ 1 8π ∫ B^3 Θ √ m+ 1 8π ∫_{B2} B_1 √ σθ . (3.24)

The last term in the action, i.e. the joint term in literature is also called “tilting term” [41]. It is zero in the case, that the hypersurfaces Σ are orthogonal . We have considered up to now nonsmooth boundaries given by the intersection of Σ with B^3. Another case of nonsmooth boundary can be given by two intersecting spacelike hypersurfaces.

Now let us consider a static black hole. It’s timelike killing vector is null on the horizon, this means that in the standard foliation t = const all the spacelike hypersurfaces intersect in a 2-D sphere called the bifurcation. Therefore in this situation the action describing a spacetime containing a black hole has a nonsmooth boundary in the bifurcation given by two intersecting spacelike hypersurfaces Σ_{1,2}. This kind of joint in literature is also called “bolt” [42]. In the case of a “bolt” all the computation done before leading to (3.23) can be repeated. Using in fact again (3.12) we obtain now as contribution from the two spacelike hypersurfaces, converting the total divergences in an integral on the joint, the joint contribution Δ = 1 16π ∫ B √ σ ( ξ̃_2 · δu_1 − ξ̃_1 · δu_2 ) . (3.25)

The vector ξ̃_2 is the normal to the bolt as considered embedded in Σ^1 and the vector ξ̃_1 is the normal to the bolt as considered embedded in Σ_2. Now again as in (3.16 ,3.17) we can write the vectors ξ̃_1 and ξ̃_2 as linear combination of u_1 and u_2 with the only change that now scalar product is η ≡ u_1 · u_2. The boost parameter θ this time is defined as

cosh θ = −u_1 · u_2 . (3.26)

This is because in the bolt case, being the intersecting hypersurfaces both spacelike, their normals cannot be orthogonal. Following now the same procedure as in (3.19 , 3.21) it is immediate to proof that

ξ̃_2 · u_1 − ξ̃_1 · u_2 = −2δθ . (3.27)

The total bolt contribution from the bulk variation is therefore

Δ = − 1 8π ∫ B √ σδθ (3.28)

Therefore if we treat the event horizon as a boundary and using the standard foliation the correct action by fixed bolt metric is

I = I_0 + 1 8π ∫ bolt √ σθ . (3.29)

Let us now notice that for a Kerr black hole the killing vector ∂_t on the horizon goes to zero only in two points, namely the “north pole” and the “south pole”. Having only two points in which the t = const hypersurfaces intersect there is no boundary term for this intersection. The action therefore acquires no extra term at least in the standard foliation. Having in this case only 2 points as intersection also the hamiltonian won’t have boundary terms associated to the horizon. Therefore the technique to find a central extension of the boundary terms Dirac algebra (2.60) like in [12] seems to work only for the nonrotating case, at least in the standard foliation. Now we have seem that the boundary term of the action associated to the bifurcation (3.29) works with boundary condition of fixed boundary metric. This is the most usual boundary condition but surely not the only possible. One for example can also fix the normal derivative of the boundary metric. In the case of the bifurcation this means to fix the surface gravity. Let us now analyze what boundary term we have to associate to the bifurcation in the case that we keep the surface gravity fixed instead of the metric. In order to do this let us write the parameter θ of (3.18 for the case of a nonrotating black hole. In this case we have metric of the form

ds^2 = −N^2dt^2 + N^{−2}dr^2 + r^2dΩ^2 . (3.30)

In the bifurcation all the constant t hypersurfaces intersect and so the normal to the hypersurfaces there is not well defined. to compute the scalar product in (3.26) we can parallel transport the normal of one hypersurface, say Σ_{t1} to another say Σ_{t2} along an r = const curve. Using (3.30) the only nontrivial parallel transport equations become

u̇^t + Γ^t_rṫu^r = 0 ; u̇^r + Γ^r_{tt}ṫu^t + Γ^r_{tr}ṫu^r = 0 (3.31)

with Γ^t_r = 1 2 N^{−2}(N^2)^′ ; Γ^r_{tt} = 1 2 N^2(N^2)^′ ; Γ^r_{tr} = 0 . (3.32)

The solution therefore is

u^t = N^{−1} cosh(κt) ; u^r = −N sinh κt . (3.33)

The scalar product of the normals of Σ_1 and Σ_2 is then

u_1 · u_2 = − cosh(κΔt) . (3.34)

the boost parameter θ is then

θ = κΔt (3.35)

this means that the bifurcation term of the action can be written as 1 8π ∫ Bolt κdAdt . (3.36) Now let us remember that the origin of the bolt term is to cancel the term linear in δθ in (3.23). Now being θ proportional to the surface gravity in the case we keep the surface gravity fixed in the variation the δθ term is then zero. We can therefore conclude that in the case we keep the surface gravity fixed there is no bifurcation term in the action.

3.2 Hamiltonians

Now in order to find the boundary terms of the canonical generators let us write the action without tilting term (3.8) in canonical form expressing everything in function of the canonical momenta and the hypersurface 3- metric h_{ab}. The result is [41]

I_0 = ∫ M ( P^{ab}ḣ_{ab} − NH − N^iH_i ) d^4x − 2 ∫ dt ∫ B_t h^{−1/2}P^{ab}N_aξ̃_b √ σd^2x

− 1 8π ∫ M ∇_aZ^a √ −gd^4x − 1 8π ∫_{Σ2}

Σ_1 K √ hd^3x + 1 8π ∫ B_3 Θ √ −mdtd^2x . (3.37) The functions H and H_i are the hamiltonian constraints (see the appendix). The boundary B_t is the foliation of B_3 in the form

B_t = B_3 ∩ Σ_t (3.38)

The term Z^a is given by

Z^a = ∇_uu^a − u^a∇_bu^b (3.39)

and so we have that Z^au_a = K (3.40)

Now as next we must convert to a boundary integral the ∇_aZ^a term. Notice that due to (3.40) the integral

∫_{Σ2}

Σ_1 is therefore canceled. It survives only the

boundary integral over B_3. Now in order to be able to read out the hamiltonian from (3.37) we have to factorize out a ∫ dt term from the boundary integrals. To do this let us notice that B_3 is foliated by B_t and therefore we can write √ −m = Nλ √ σ , (3.41)

where σ_{ab} is the metric induced on each B_t by m_{ab} and h_{ab} and λ is defined as λ = cosh θ. The surviving boundary terms can therefore be factorized with ∫ dt 1 8π ∫ B^3 Θ √ −mdtd^2x − 1 8π ∫ B^3 ξ_aZ^a √ −mdtd^2x = 1 8π ∫ dt ∫ B_t NΘ̃ √ σd^2x − 1 8π ∫ dt ∫ B_t Nλũ^a∂_a(θ) √ σd^2x , (3.42)

3.2. HAMILTONIANS 31

where Θ̃ is the trace of the extrinsic curvature of B_t as embedded in Σ_t and ũ is the normal to B_t as considered embedded in B^3. If we choose the time flow τ to be tangent to B^3 we can write

τ^a = Nλũ^a (3.43)

and therefore Nλũ^a∂_aθ = θ̇ . (3.44)

Therefore the last term in (3.42) becomes − 1 8π ∫ Bolt θ √ σd^2x + 1 8π ∫ dt ∫ B_t θ˙ √ σd^2x . (3.45)

The first term cancels the tilting term in (3.24) whereas the second term in the case that the joint is a bifurcation is zero because it is static per definition.

The hamiltonian resulting from (3.37) is using (3.42 , 3.45) H = ∫ Σ_t

d^3x √ h ( NH + N^iH_i ) − 1 8π ∫ B_t ( NΘ̃ − 16πh^{−1/2}P^{ab}N_aξ̃_b ) √ σ (3.46) We see so that there is no contribution from the bifurcation to the hamiltonian boundary terms. The action (3.24) was the correct one in the case that the boundary metric was kept fixed. If we now take the case of a black hole bifurcation as joint with the surface gravity held fixed instead of the bolt metric we have seen that there is no tilting term contribution to the action. Therefore there is then a tilting term in the hamiltonian that comes from (3.45) that is now not canceled from the action. The hamiltonian for fixed surface gravity H^′ is therefore

H^′ = H − 1 8π ∫ Bolt θ √ σd^2x (3.47)

In this case there is a boundary term contribution from the bifurcation to the hamiltonian. We have in the case of the bifurcation therefore the situation, that fixing the metric there is a tilting term in the action but not in the hamiltonian. Whereas fixing the surface gravity there is a no tilting term in the action but there is one in the hamiltonian. Therefore if we want to have a on shell a Dirac algebra for the black hole we necessarily must fix the surface gravity. This is physically reasonable because the surface gravity gives the temperature of the black hole and our calculations attempt precisely to describe the black hole thermodynamics.

By fixed surface gravity therefore using (3.36) the bolt term associated to the canonical generator of the vector field ξ is J[ξ] = − 1 8π ∫ Bolt n^cD_cξ^⊥ (3.48)

3.3 Fall off conditions

Now we want to study the deformations of the r − t plane that preserve the surface gravity of the horizon. In order to do this we must find the falloff condition of the vector fields generating the diffeomorphisms. Let us now find the most general expression for a near horizon metric. As explained before we must start from the nonrotating case in order to have a bifurcation in the standard foliation. Making the Ansatz of spherical symmetry we have

ds^2 = −N^2(r, t) + A^2(r)dr^2 + r^2dΩ^2 (3.49)

We have to impose some conditions on the functions N and A. First of all we notice that the existence of a bifurcation implies the vanishing of the lapse function N on the horizon

N^2(r_+, t) = 0 . (3.50)

We are dealing with a system of fixed surface gravity, where the surface gravity is defined as lim_{r→r+} ∂_rN A = κ (3.51)

We must also impose the topology of the black hole in order to distinguish it from flat spacetime. In the Euclidean case the black hole has the topology R^2 × S^2 and therefore the Euler characteristic is χ = χ(disk) × χ(sphere) [43] and being the Euler characteristic of the sphere 2, the Euler characteristic of the black hole is χ = 2 , (3.52)

whereas the flat spacetime has χ = 0. Calculating χ we obtain

χ = 2 ( 1 − A^{−1}(r_+ ) . (3.53)

3.3. FALL OFF CONDITIONS 33

We obtain so the condition on A A^{−1}(r_+) = 0 (3.54) If we impose the hamiltonian constraints we obtain the form forA^2

A^2 = ( 1 − r_+ r )_{−1} (3.55)

Using this conditions we obtain the explicit form for the lapse N^2 = 4κ^2r_+(r − r_+) + a(t)(r − r_+)^2 (3.56) Now on shell we have r_+ =^1_{2κ} therefore putting all together our diffeomorphisms must preserve the following conditions N^2 = g_{tt} = 2κ(r − r_+) + O(r − r_+)^2 (3.57) and for g^{rr} we have then g^{rr} = N^2 + O(N^3) (3.58) We must now search for vector fields which preserve the two conditions (3.57 ) and (3.58). Satisfying this conditions the diffeomorphisms automatically preserve the surface gravity. It may seem a contradiction, that we want to fix also the form of the near horizon metric and not only the surface gravity, but we must consider, that in order to have a bifurcation and therefore a boundary term associated to it, we must also preserve the existence of the bifurcation. For a vector field ξ in the r − t plane the variation of g_{tt} is given by δ_ξg_{tt} = L_ξg_{tt} = ∂_rg_{tt}ξ^r + 2g_{tt}∂_tξ^t = O(N^3) (3.59) and therefore ξ^r = −

N^2 κ ∂_tξ^t + O(N^3) (3.60) The variation of the g^{rr} component is now δ_ξg^{rr} = ∂_rg^{rr}ξ^r + 2g^{rr} ∂_rξ^r = O(N^3) (3.61) The boundary term of the generator (3.48) implies only the ξ^t component and therefore let us use (3.60) in the last variation in order to find the form of ξ^t = −2N^2ξ̇^t − 4N^2ξ̇^t −

2N^4 κ (ξ̇^t)^′ = O(N^3) (3.62)

This means that ξ̇t = O(N) ; ξ^r = O(N^3) . (3.63)

This means that we have for the killing vector

ξ^t = O(1) ; ξ^⊥ = O(N) . (3.64)

Therefore with our boundary conditions we have a bondary term in the generators and therefore there is the possibility of the existence of a nontrivial central charge. We must therefore compute the Poisson brackets for two generators. The tedious calculation with our boundary condition can be done using the results in [44] where the variation of the hamiltonian under a quasilocal boost is done. The boundary terms coming from this variation can be computed going on shell obtaining eventually for our boundary conditions {H[ξ], H[η]}_{P B} = H[ξ, η]_{SD} , (3.65) where H is the generator with the correct boundary term. We conclude therefore that there is no central extension of the algebra in this case also if the boundary terms are nonzero.

We have until now analyzed two cases: the case of fixed bolt metric and the case of fixed surface gravity. In the first case there were no boundary terms and so becoming the generator algebra the constraint algebra it does not admit a central extension. In the second case there were nozero boundary terms associated to the bifurcation, but the computation of the Poisson brackets shows that there is no central extension in the generator algebra. The calculation of Strominger [14] seems therefore limited to the BT Z black hole. The BT Z black hole is in fact embedded in an AdS spacetime. The fact that one finds a nonzero central charge for the generators, that preserve the AdS structure at infinity becomes a particular case of the AdS/CF T correspondence [45]. In this case the relevant CFT at spatial infinity is the Liouville theory [46]. The quantum version of this Liouville theory living on the Ads boundary is described in [51], where again the BTZ entropy is obtained. There is also a dS/CF T correspondence [47], [48], [49], [50] but we want to describe a black hole independently of its embedding. Also if up to now we found a negative result in the next chapter we will see how to count the black hole microstates by means of the Cardy formula using a classical central charge. What changes then is the origin of the central charge, which will not arise from a Dirac algebra of boundary terms but from the non-scalar transformation property of a Liouville field.

Chapter 4

Black holes and Liouville Theory

4.1 Dimensional reduction

We have up to now seen that it is not possible to obtain a central charge from the Dirac algebra of the boundary terms of the canonical generators, because there are no boundary terms associated to the bifurcation when the surface gravity is fixed. This does not mean that it is not possible to find a Virasoro algebra that describes the black hole with some other approach. Instead of studying the deformations of the r − t plane in a 4-D spacetime let us use instead an effective 2-D theory that describes the black hole. In order to do this let us again take a spherically symmetric metric

ds^2 = g^{(2)}_{ij} dx^idx^j + Φ^2(x_1, x_2) ( dθ^2 + sin^2 θdϕ^2 ) , (4.1)

where g^{(2)} is the metric of a 2-D manifold and Φ is a radial coordinate. As we have already seen this 2-D metric describes the geometry of the black hole. Now in order to obtain an effective two dimensional theory let us take the 4-D Einstein Hilbert action I = 1 16π ∫ √ −gRd^4x . (4.2) We can write the action in terms of the 2-D scalar curvature R^{(2)} and Φ and then integrate over the angular variables obtaining [52] I = 1 4 ∫ d^2x √ −g^{(2)} ( 2(∇Φ)^2 + Φ^2R^{(2)} + 2 ) . (4.3)

This is a 2-D gravity coupled to a dilaton field. This effective action describing the metric of the form 4.1 contains two fields, namely the dilaton Φ which describes the radius of the horizon and the metric g^2 which describes the geometry of the r − t plane. In literature this action has already been used in order to obtain a conformal field theory [53] [54] describing a black hole, focusing on the dynamics of the dilaton field. There exists also a generalization to Gauss-Bonnet gravity with this approach [55]. Such approaches therefore interpreted the degrees of freedom responsible for the black hole entropy as fluctuations of the horizon radius. Our approach is different. Considering in fact that the geometry of the black hole is described by the metric g^2 we argue that this field should be relevant for the entropy of the black hole rather than the dilaton field. The idea is therefore to use a near horizon approximation which enables us to rule out the Φ field leaving us with a theory of the 2-D metric alone and check if this theory is a conformal field theory and with a classical central charge. In order to do this let us first of all write the action in more useful form. we redefine our two fields as

Φ^2 = η ; g^{(2)}_{ab} = 1 √ η g̃_{ab} (4.4)

obtaining so the action of a dilatonic two dimensional theory in the usual form I = 1 2 ∫ √ −g̃ [η 2 R[g̃] + V (η) ] , (4.5)

where the dilatonic potential V (η) in our case is

V (η) = 1 √ η . (4.6)

Let us study the equations of motion of the action (4.5). We obtain for the variation of the action with respect to η

R[g̃] + 2∂_ηV (η) = 0 (4.7)

and for the variation with respect to g̃

∇_a∂_bη − g̃_{ab}□_{g̃}η + g̃_{ab}V (η) = 0 . (4.8)

4.1. DIMENSIONAL REDUCTION 37

We have already noticed that in two dimensions the metric can always be put in conformally flat form. Let us therefore write the field g̃ as

g̃_{ab} = e^{−2ρ}γ_{ab} , (4.9) where γij is as usual the Minkowski metric. We see therefore that the geometry of the r − t plane is completely described by the Liouville field ρ. Using (4.9) the action (4.5) becomes I = 1 2 ∫ d^2x ( −∂_aη∂^aρ + V (η)e^{−2ρ} ) . (4.10)

This is a theory of two fields propagating in flat spacetime. From this action we obtain two coupled equations of motion

□ρ + ∂_ηV (η)e^{−2ρ} = 0 (4.11)

□η − 2V (η)e^{−2ρ} = 0 . (4.12) Having now gauge fixed the metric to the form (4.9) the equations of motion (4.11) and (4.12) must be implemented by the constraint δI δg^{ab} = T_{ab} = 0 . (4.13)

The stress tensor of (4.5) using the gauge (4.9) becomes

2T_{ab} = −∂_aη∂_aρ + 1 2 ∂_cη∂^cρ γ_{ab} − V (η) 2 e^{−2ρ} γ_{ab} − ∂_a∂_bη 2 + γ_{ab}□η 2 . (4.14)

The equations of motion and the constraints get a very simple form introducing light coordinates x^± = x^1 ± x^2, i.e. for the equations of motion ∂_+∂_−ρ − ∂_ηV (η) 4 e^{−2ρ} = 0 (4.15)

∂_+∂_−η + V (η) 2 e^{−2ρ} = 0 (4.16)

and for the two constraints T_{±±} = T_{11} + T_{22} ± T_{12} = 0

T_{±±} = ∂_±∂_±η + 2∂_±ρ∂_±η = 0 . (4.17)

Therefore in light coordinates the constraints do not depend on the dilatonic potential. It is interesting to notice that the two equations of motion (4.15) and (4.16 are not independent. In fact differentiating (4.16) with respect to ∂_− we obtain

∂_+ (∂_−∂_−η) + 1 2 ∂_ηV (η)∂_−ηe^{−2ρ} + V (η) 2 ( −2∂_−ρe^{−2ρ} ) = 0 . (4.18)

Using the constraint T_{−−} = 0 we get

∂_+ [−2∂_−ρ∂_−η] + 1 2 ∂_ηV (η)∂_−ηe^{−2ρ} − V (η)∂_−ρe^{−2ρ}

= −2∂_−∂_+ρ∂_−η−2∂_−ρ∂_+∂_−η+ 1 2 ∂_ηV (η)∂_−ηe^{−2ρ} −V (η)∂_−ρe^{−2ρ} = 0 , (4.19)

obtaining eventually −2∂_−ρ [ ∂_+∂_−η + 1 2 V (η)e^{−2ρ} ] − 2∂_−η [ ∂_+∂_−ρ − 1 4 ∂_ηV (η)e^{−2ρ} ] = 0 . (4.20)

The first term in the last equation is simply eq. (4.16) which is proportional to eq. (4.16) and therefore zero. The second term in is proportional to eq.(4.15). We can therefore conclude that eq. (4.16) plus the constraints imply eq. (4.15) This suggests that the solution of the equations of motion, which involve two fields actually may be written in terms of a single field.

4.2 Near horizon approximation

Up to now we have only made the Ansatz of spherical symmetry. In this section we want to analyze the effects of the presence of a black hole on the equations of motion. We are, as in the previous chapters, in the near horizon behavior of our fields. As seen before the metric of the r − t plane of a spacetime containing a black hole near horizon can be approximated by

ds^2 = −N^2(r)dt^2 + 1 N^2(r) dr^2 , (4.21)

where the lapse function N near horizon at the first order has the form

N^2(r) = 2κ(r − r_0) . (4.22)

4.2. NEAR HORIZON APPROXIMATION 39 We want to find a near horizon solution for the conformal factor ρ in order to do this let us introduce the coordinate r = r_0 + κy^2 2 (4.23) so that the metric (4.21) becomes ds^2 = −κ^2y^2dt^2 + dy^2 . (4.24) Now introducing tortoise coordinates x^± = κt ± log y (4.25) we eventually obtain a conformally flat metric ds^2 = −dx^+dx^− exp ( x^+ − x^− ) . (4.26) Comparing this expression with the definition of the conformal factor ρ (4.9) we can write the form of the conformal factor near the horizon as −2ρ = x^+ − x^− . (4.27) Let us now notice that the constraints (4.17) can be written as ∂_± (∂_±η) ∂_±η = −2∂_±ρ (4.28)

∂_± ln (∂_±η) = −2∂_±ρ . (4.29) It is therefore easy now to integrate the constraints ln ∂_± (η) = −2ρ + C_∓(x^∓) (4.30) obtaining eventually ∂_±η = exp (−2ρ + C_∓(x_∓) , (4.31) Where the function C_∓ is an arbitrary function of the coordinate x^±. If we take now the limit of approaching the horizon i.e. taking x^± → ∓∞, which because of eq. (4.27) means ρ → ∞ the integrated constraint reduces to ∂_±η = 0 ⇒ η = const . (4.32)

This means that in the near horizon limit the dilaton field can be considered as fixed at it’s value on the horizon η_0. In that case it is immediate to check that the constraints (4.17) and the equation of motion (4.16) are identically satisfied. As equation of motion survives therefore only eq. (4.15), which now takes the form ∂_+∂_−ρ + 1 8η^{3/2}_0 e^{−2ρ} = 0 . (4.33)

This is the already seen Liouville equation (2.45).

We have started with a metric with spherical symmetry and found that the dynamic of this metric is regulated by two coupled field equations (4.15), (4.16). Using a near horizon approximation we have found that the equation for the conformal factor field decouples becoming a Liouville equation and the dilaton field is ruled out. Therefore as already argued all the dynamics of the black hole is regulated only by the conformal factor ρ which describes the r − t plane geometry. We have already seen that the Liouville Theory possesses a classical central charge. It is not a surprise that this is true also for the theory of the conformal factor ρ, in fact this field is a part of a metric and therefore transforms not as a scalar. This was also the origin of the anomaly in the Liouville theory. In the next section we want to construct explicitly the Virasoro algebra and compute it’s central charge.

4.3 Virasoro algebra

Having now found that near horizon we have a Liouville theory let us consider the the most general action for the field ρ that gives the Liouville equation. It’s form is given by (2.37) I = C ∫ √ ĝ ( 1 2 ∂_μρ∂^μρ + μ β^2 e^{−βρ} − 2 β ρR[ĝ] ) . (4.34)

In our case β = 2 and μ = −2V^′(η_0) =^1_{η30 /2} . The constant C for the moment is not determinated. In fact we have not derived this action from dimensional reduction but we taken it as the action that leads to the equation (4.33). In our case we have chosen the reference metric ĝ to be the Minkowski metric γ therefore the scalar curvature R vanishes. But as seen in the section on Liouville theory the scalar curvature gives a contribution to the stress energy tensor also if we take the conformal flat gauge. Now in order to define

Virasoro generators we must again consider the stress tensor of the Liouville action (2.49). In our case it becomes

T_{±±} = C (∂_±ρ∂_±ρ + ∂_±∂_±ρ) . (4.35)

The term with the second derivatives in (4.35) comes again from the Rρ coupling and is therefore analogous to the (B.9) term in standard coordinates. The total central charge associated to this theory is given by (2.51)

c = 12C 4 β^2

. (4.36)

The central charge and the stress tensor depend therefore from the constant C but neither from the dilaton value η_0 nor from μ. In order to continue we must now fix the constant C in the action. We fix the constant in such a way that the energy of the system equals the energy of the black hole i.e. it’s ADM mass.In fact it sounds natural that an effective theory describing that black hole should have the same energy. In order to compute the energy of the system we use the near horizon solution for ρ (4.27) ∫_{l/}^√_2 −l √ 2 T_{11}dx^2 = 1 4 ∫_{l/2} −l/2 (T_{++} + T_{−−})dx^+

+ 1 4 ∫_{l/2} −l/2 (T_{++} + T_{−−})dx^− = M_B = κA 8π (4.37)

We have introduced the cutoff parameter l in order to obtain finite results. Eventually we have to take the limit l → ∞. from the condition (4.37) and from (4.27) we obtain for C C = κA 2πl . (4.38)

We are now ready to define the Virasoro generators by integrating the stress tensor T_{±±} with some smearing functions ξ_n

L^±_n = ∫ dx^±ξ^±_n T_{±±} , (4.39)

this generators in literature are also called charges. A general charge is composed of two parts L_n = L^+_n + L^−_n . Let us now specify the smearing fields

ξ^±_n = l 2π exp ( −in2πx^± l ) . (4.40)

The parameter l is the cutoff already introduced before the factor in front of the exponential is needed to let the fields close with respect to the Lie bracket obtaining [ξ_n, ξ_m] = (n − m)ξ_{n+m} (4.41) The vector fields ξ therefore close the conformal algebra. We want now understand if the variation of the conformal factor induced by those vector fields preserve the thermodynamic characteristics of a black hole i.e. it’s temperature and entropy.The entropy is proportional to the horizon area of the black hole and the horizon is located where the lapse functionN goes to zero. Therefore if the variation of the lapse N is zero on the horizon also the variation of the spatial area of the horizon is zero. Let us therefore compute the Lie derivative L_ξ±_n N(r_0) = 0 (4.42) This variation is zero on the horizon. Let us now see what happens with the variation of the surface gravity L_ξ±_n ∂_yN σ (r_0) = κξ^±_n [( in 2π l + 1 )_2 − ( in 2π l + 1 )] . (4.43)

This expression is not zero for arbitrary l, but we have seen that the physically meaningful situation is the one in which l → ∞ i.e. we push the walls of the box to infinity. In this limit also the variation of the surface gravity tends to zero. and therefore the fields ξ represent the deformations of the conformal factor which preserve temperature and entropy of the black hole. Let us now notice what happens when we rescale our coordinates by a factor 1/a i.e. x̃ = x a . (4.44)

Considering the near horizon solution (4.27) we notice that energy of the system does not change under such a rescaling we have in fact ~∂_±ρ̃(x̃) = ∂_±ρ(x) , (4.45)

whereas for the square derivative term in the stress tensor we have ~∂_± ~∂_±ρ̃(x̃) = a∂_±∂_±ρ(x) . (4.46)

Moreover the vectors ξ transform as ξ̃±(x̃) a ~∂_± = ξ^±∂_± . (4.47)

In this rescaling the new charges become, discarding for notational simplicity the tildes.

L^±_n = Aκ 2πl ∫_{l/2a} −l/2a (adx^±) l 2aπ exp ( −i 2aπ l nx^± ) ( ∂_±ρ∂_±ρ + 1 a ∂_±∂_±ρ ) . (4.48) This rescaling may seem arbitrary. This arbitrariness can be avoided if we impose as condition the matching with Euclidean periodicity and set so

a = κ . (4.49)

getting so the background metric ds^2 = κ^2dx^+dx^−. The Euclidean Rindler time τ = −i(x^+ + x^−)/2 has periodicity^{2π}_κ .

Notice that the formulas for the Poisson brackets in (2.51) are valid if the constant in front of the stress tensor C is equal to one. In our case due to the normalization (4.37) c is not unity and therefore for dimensional reasons we have to rescale the Poisson bracket by a factor −^1_C namely {. . . } → 2πl Aκ {. . . } . (4.50) Now we are eventually able to find the Virasoro algebra in fact using (2.51) and (4.48) we can compute L_0 which becomes

L^+_0 ± = Al 16π^2

(4.51)

and the Poisson algebra { L^±_n , L^±_m } = i(n − m)L^±_{m+n} + i c^± 12 n^3δ_{m+n} (4.52)

This algebra can be brought in the standard form by a simple shift of the L_0 generator. The central charge in this case is

c^+ = 3A 2l . (4.53)

We have used only one copy of the Virasoro algebra namely the one associated to the future horizon , because the event horizon of the physical black hole is given by the future horizon.

We remember again that eventually we have to make the limit with the cutoff l that tends to infinity. In this case the generator L_0 diverges and the central charge goes to zero. The final result of zero central charge is therefore in accordance with results in the previous chapters. We notice that the product c^+L_0 does not depend on the cutoff l. We can therefore use the Cardy formula for each finite value of l and then take safely the limit l → ∞ . The entropy of the black hole is now given by

2π √ c^+L^+_0 6 = A 4 . (4.54)

We obtain therefore the correct Bekenstein-Hawking entropy. Let us notice that the fact that L_0 diverges is quite welcome in the use of the Cardy formula because this formula is an asymptotic formula valid for large L_0 values. We have studied the conformal factor of a dimensional reduced theory in the presence of a black hole with a bifurcate Killing horizon. In this case we have shown that near the horizon, it is described by a Liouville theory, which does not modify the thermodynamic properties of the black hole. This has a classical central charge and, in fact, we have shown that it can be used to compute the entropy of the black hole in question. If the black hole is extremal it does not posses a bifurcate Killing horizon and in this case the geometry of the (r, t)-plane is not that of a Rindler space but it is an AdS_2 space. In this case our approximation does not hold because the exponential term in the equation (4.33) is positive, and so it is not a Liouville equation. On the other hand, the temperature of an extremal black hole is zero We stress the fact that we have made no assumptions on a specific quantum gravity model but used only the classical near-horizon structure of the black hole. That approach differs from the already studied models because the central role is played by the conformal field ρ and not by the dilaton η. The effective conformal theory found above describes the micro-canonical theory responsible for the entropy of the black hole, indeed we have fixed the value of ∫ T_{tt}dr as its mass M_B. We have found the correct thermodynamic entropy even if the central charge is zero if computed on the global space, and even if the fundamental mode L^+_0 diverges as the cutoff parameter l tends to infinity. The charges, if computed on the whole space time, correspond to conformal transformations that do not change the thermodynamic properties of the black hole. On the other hand we have made no assumptions on the boundary condition we have to impose to the conformal factor. Perhaps some other correction should be searched in that direction.

4.4 Generalization to arbitrary dimension

Up to now we analyzed the dimensional reduction of 4-dimensional spacetime. Today there is quite a big interest also for black holes in higher dimension. Let us therefore see what happens if we want to generalize the computation performed in this chapter in arbitrary dimension d.

We start again with the Einstein-Hilbert action this time in d dimensions

I_d = 1 16π ∫ d^dx √ −g^{(d)}R^{(d)} , (4.55)

where now g^{(d)} and R^{(d)} are now the d-dimensional metric and scalar curvature. Again we make the Ansatz of spherical symmetry

ds^2 = g_{ij} dx^idx^j + Φ^2dΩ^2_{d−2} , (4.56)

where g_{ij} is the 2-D metric of the r−t plane (for simplicity of notation we will omit the (2) superscripts on the metric and scalar curvature) and Ω_{d−2} is the unit d − 2 sphere. Now writing the action in function of the 2-D quantities and integrating away the angular degrees of freedom we obtain I = S_{d−2} 16π ∫ √ g ( Φ^{d−2}R + (d − 3)(d − 2)Φ^{d−4}(∇Φ)^2 + (d − 3)(d − 2)Φ^{d−4} ) , (4.57) where S_{d−2} is the area of the d − 2 sphere. Let us now redefine the dilaton field Φ as Ψ = CΦ^{d−2} ; C = S_{d−2} 2π ( d − 3 d − 2 ) . (4.58)

The action (4.57) in terms of Ψ becomes now I = ∫ √ g ( 1 2 (∇Ψ)^2 + 1 4 ( d − 2 2(d − 3)

)Ψ^2R + 1 8 (d − 2)^2C^{2d−2} Ψ^{2( d−4d−2 )} ) (4.59)

This is now in a form similar to the action (4.3) in the 4-D case. For simplicity of notation we will define ( d − 2 2(d − 3) ) ≡ const ; 1 8 (d − 2)^2C^{2d−2} ≡ konst (4.60)

As in the 4-D case we redefine the dilaton Ψ and the metric g as

Ψ^2 = η ; g = β √ η g̃ (4.61)

The constant β is chosen so that we can eliminate the kinetic term of the dilaton in the action. Therefore β becomes β = 1 const

. (4.62)

The action becomes now I = ∫ √ g̃ ( const η 4 R + konst const η^{d−62(d−2)} ) , (4.63)

or to put it in a form equal to (4.5) for 4-D I = 1 2 const ∫ √ g̃ (η 2 R + V (η) ) (4.64)

Where the dilatonic potential is given by

V (η) =

2 konst (const)^2 η^{d−62(d−2)} . (4.65)

Notice that for d = 2 the potential becomes

V (η) = 1 √ η (4.66)

and therefore the action becomes exactly the (4.5). We have therefore found the generalization of the dimensionally reduced action (4.5) in the case of arbitrary dimension.

We can now as before write the metric g̃ in conformally flat form as in (4.9) and we obtain exactly the action (4.10) with the potential given by (4.65). Let us also notice that passing to light coordinates the constraints T_{±±} = 0 as given in (4.17) do not depend on the potential and therefore we can integrate them as in the 4-D case and also the near horizon approximation is independent from the spacetime dimension as it regards only the r−t plane. Near horizon therefore again we obtain that

∂_±η = 0 → η = const . (4.67)

Again the only equation that survives is the Liouville equation which now takes the form ∂_+∂_−ρ − (∂_ηV (η))_{η0} 4 e^{−2ρ} = 0 . (4.68)

Therefore the only thing that changes with varying the spacetime dimension is the value of (∂_ηV (η))_{η0} , whose dependence of the dimension is given by (4.65).

Now in light coordinates the the stress tensor of the Liouville theory does not depend on this constant and therefore also the charges do not. Therefore neither the value of L_0 nor of the central charge change. We obtain therefore, using the Cardy formula, same result in every dimension i.e. the correct Bekenstein-Hawking entropy.

48 CHAPTER 4. BLACK HOLES AND LIOUVILLE THEORY

Chapter 5 Free Field

5.1 Integration of the equations of motion

Let us now return to the equations of motion of the action (4.10 without making any near horizon approximation. We have already integrated the constraints (4.17) obtaining ∂_±η = exp (−2ρ + C_∓(x_∓)) , (5.1) where the function C_∓ is an arbitrary function of x^∓. Let us introduce a function ϕ_±(x^±) of x^± defined as ∂_±ϕ_± ≡ exp (−C_±) . (5.2) So the eq. (5.1) becomes ∂_±η = e^{−2ρ} e^{+C∓} = e^{−2ρ} ( e^{−C∓} )_{−1} = e^{−2ρ} (∂_∓ϕ_∓)^{−1} (5.3) and therefore we can write e^{−2ρ} − ∂_±η∂_∓ϕ_∓ = 0 . (5.4) Inserting this in the second equation of motion(4.16) we obtain ∂_+∂_−η + V (η) 2 ∂_±η∂_∓ϕ_∓ = 0 . (5.5) Let us now introduce a function of the field η F (η) defined as ∂_ηF (η) ≡ V (η) (5.6)

Using then the fact that ϕ_± is function only of x^± we can write (5.5) as

∂_+∂_−η + ∂_∓ ( F (η)∂_±ϕ 2 ) = 0 . (5.7)

Integrating now with respect to x^∓ we obtain ∂_±η + F (η)∂_±ϕ_± 2 = I_± , (5.8)

where I_± is a function of x^± . This function is not completely arbitrary. Let us determinate the form of I_±. In order to do this consider (5.5), and let us write down explicitly the 2 equations it contains 2 V (η) ∂+∂−η = −∂+η∂−ϕ− 2 V (η) ∂+∂−η = −∂−η∂+ϕ+ . (5.9)

We have then ∂_+ϕ_+∂_−η = ∂_−ϕ_−∂_+η . (5.10) Let us now take again (5.8) which contains also 2 equations ∂_+η +^{F (η)}_2 ∂_+ϕ_+ = I_+

∂_−η +^{F (η)}_2 ∂_−ϕ_− = I_−

(5.11)

Let us multiply the first one with ∂_−ϕ_− and the second one with with ∂_+ϕ_+ obtaining ∂_−ϕ_−∂_+η +^{F (η)}_2 ∂_+ϕ_+∂_−ϕ_− = I_+∂_−ϕ_−

∂_+ϕ_+∂_−η +^{F (η)}_2 ∂_−ϕ_−∂_+ϕ_+ = I_−∂_+ϕ_+

(5.12)

Using now (5.10) we obtain the equation I_+∂_−ϕ_− = I_−∂_+ϕ_+ . (5.13) In order to satisfy the last equation the function ϕ must have the form I_± = C_1∂_±ϕ_± , (5.14)

5.1. INTEGRATION OF THE EQUATIONS OF MOTION 51 where C_1 is a arbitrary constant. We have so eventually determined the form of I_±. Using the definition of F (η) (5.6), we notice that F (η) is defined up to an additive constant. We can therefore redefine F (η) as F_{C1} = F (η) − 2C_1 , (5.15) where the constant C_1 is the one introduced in (5.14). Using the redefinition (5.15) and (5.14) we can eliminate the function I_± in (5.8) which becomes ∂_+η = −^{FC1}_2 ∂_+ϕ_+ ∂_−η = −^{FC1}_2 ∂_−ϕ_−

(5.16)

which can be integrated 2 ∫_{∂+η} F_{C1} (η) dx + = −ϕ_+ 2 ∫_{∂−η} F_{C1} (η) dx − = −ϕ_− . (5.17)

Let us now define the field ϕ as ϕ ≡ ϕ_+ + ϕ_− . (5.18) Using the fact that dη(x^+, x^−) = ∂_+ηdx^+ + ∂_−ηdx^− (5.19) equations (5.17) can be written as −ϕ = 2 ∫ dη F_{C1} (η)

+ C_2 ≡ 2G_{C1 ,C2} , (5.20) where C_2 is an integration constant. The function ϕ as defined in (5.18) satisfies obviously the free field equation □ϕ = 0 . (5.21) We have expressed the dilaton field η in function of a free field We can also express the Liouville field ρ in function of ϕ. Using in fact (5.4) and (5.16) we obtain e^{−2ρ} = ∂_±ϕ∂_∓η = − F_{C1} (η) 2 ∂_±ϕ∂_∓ϕ (5.22)

Using (5.10) we see that we need to keep only one of the two equations e.g. e^{−2ρ} = − F_{C1} (η) 2 ∂_+ϕ∂_−ϕ . (5.23)

We started from the equations of motion and the constraints derived from the action (4.10) without any near horizon approximation, which involved 2 fields namely η and ρ. We have shown that this two fields can be expressed by means of one free field. Summarizing we obtained □ϕ = 0 −ϕ = 2G_{C1 ,C2} (η) e^{−2ρ} = −^{FC1 (η)}_2 ∂_+ϕ∂_−ϕ

(5.24)

5.2 Constant potential case

In this chapter we have made up to now no near horizon approximation. We have used only the Ansatz of spherical symmetry. In the previous chapter we have seen that one consequence of the near horizon approximation was, that in this case the dilaton is almost constant near the horizon and therefore also the dilatonic potential can be considered constant i.e. V (η) = V (η_0). We want now to see in the constant potential case what form the free field must have in order to obtain from (5.24) for the Liouville field ρ the Rindler form (4.27), which describes the near horizon geometry. Taking V (η) = λ = const . (5.25) Therefore from (5.6) we get F (η) = λη . (5.26) Using (5.24) G(η) = 1 λ log(λη) . (5.27) Let us now take a free field solution for ϕ. A possible choice is e.g. ϕ = ax^+ − bx^− , (5.28) with constant a and b. Using this choice from the second equation of (5.24) we get 2 λ log(λη) = −ϕ = −(ax^+ − bx^−) (5.29)

and so we get for η η = 1 λ exp ( − λ 2 [ax^+ − bx^−] ) . (5.30)

Taking now the third equation of (5.24) we obtain

exp(−2ρ) = λ η 2 ab = ab 2 exp ( λ 2 [ax^+ − bx^−] ) , (5.31)

Taking now for example a = b = √ 2 we have

exp(−2ρ) = exp ( λ √ 2 2 [x^+ − x^−] ) (5.32)

Comparing the exponents in the last equation we see that, with this choice of the free field ϕ, the Liouville field ρ has the Rindler form (4.27). Moreover the fields ρ and ϕ are proportional and being linear in the coordinates they are related by a scale transformation. Being a free scalar field theory in two dimensions conformally invariant the two fields ρ and ϕ are to be considered physically equivalent. Therefore we argue that the near horizon physics of a black hole can be described completely by a free field.

In order to have a complete description of the black hole microstates we must eventually quantize theory describing them. Having a free field describing the microstates the discussion of some quantum issues of black hole will be possible. The fact that 2 − D quantum gravity may be described by a free field was noticed also in a different context [56].

5.3 Coupling to the gravitational field

We have seen up to now that the equations of motion of the dimensional reduced, action in the case of spherical symmetry can be integrated in terms of a free field ϕ. In the near horizon approximation the form of this free field, that gives the near horizon solution (4.27) for the conformal factor ρ, is up to a rescaling of the coordinates equal to the near horizon solution for ρ. Due to conformal invariance the two fields are therefore equivalent. Let us therefore have a look at the free field theory. The action for the free field ϕ, which propagates in flat spacetime is of the form I_{f ree} = C ∫ d^2xγ^{μν} ∂_μϕ∂_ν ϕ (5.33)

The constant C is arbitrary because the integration of the eq. of motion in (5.24) require only that □ϕ = 0. We have already mentioned that in two dimensions and only there the scalar free field action is conformally invariant. Using the action (5.33) we are therefore supposing that our field ϕ transforms like a scalar. The stress tensor derived form this action is 1 C T_{μν} = ∂_μϕ∂_ν ϕ − 1 2 γ_{μν} ∂^αϕ∂_αϕ , (5.34)

which has zero trace.

Notice now that the the background geometry is flat. If we want to couple the free field to a non-flat background we can use the action

I_c = C ∫ d^2xg^{μν} ∇_μϕ∇_ν ϕ + αR[g]ϕ . (5.35) The background metric g is here taken arbitrary. Taking now as choice for the background metric the flat metric g = γ, the scalar curvature of course is zero. In the flat background therefore the two actions (5.33) and (5.35) give the same equation of motion. The difference in the two actions is in the stress tensor. The stress tensor of (5.35) must in fact be computed before choosing the form of g. Using the formula for the variation of the Rϕ term in the appendix we obtain the improved stress energy tensor 1 C T_{μν} = ∂_μϕ∂_ν ϕ − 1 2 γ_{μν} ∂^αϕ∂_αϕ + α (γ_{μν} □ϕ − ∂_μ∂_ν ) (5.36)

The term proportional to α comes from the Rϕ coupling and remains also when we take the flat background. Let us check the trace of the improved stress energy tensor with general background g T^μ_μ = ∇_μϕ∇^μϕ − 2 2 ∇_μϕ∇^ν ϕ + 2α□ϕ − α□ϕ = α□ϕ (5.37)

The equation of motion for ϕ from the action (5.35) in arbitrary background is □ϕ = αR[g] (5.38)

inserting it in the trace formula we have

T^μ_μ = α^2R[g] . (5.39)

There is therefore formally a trace anomaly in the improved stress energy tensor proportional to α^2. Taking g = γ the trace becomes zero. Therefore in the flat background for the stress energy tensor of action (5.33) is identically zero, whereas the trace of the improved stress energy tensor is zero on shell. Let us now notice that the action (5.35) is not Weyl invariant if ϕ transforms like a scalar. Using the calculations in (A) we see that the action (5.35) is Weyl invariant if the field ϕ transforms not like a scalar but like the Liouville field i.e. under a Weyl transformation parametrized as

g_{μν} → e^ωg_{μν} (5.40)

the field ϕ shifts as ϕ → ϕ + βω (5.41)

We want to determinate the constant β for which we have Weyl invariance of the action (5.35). Using the Ansatz (5.40) and (5.41) and using the calculations of (A) the action (5.35) becomes

I^′_c = C ∫ √ g [ (∇ϕ)^2 + αϕR[g] − 2β∇ϕ∇ω − αϕ∇^2ω

+ (∇βω)^2 − αβωR[g] + αβω∇^2ω ] . (5.42)

The last three terms do not contain the field ϕ and therefore don’t affect the equation of motion and can therefore be discarded. The first two terms are the originary action. The only dangerous terms are therefore −2β∇ϕ∇ω^{partial int.}→ +2βϕ∇^2ω (5.43)

−αϕ∇^2ω . (5.44)

In order to have Weyl invariance the two terms must cancel and therefore we obtain ϕ∇^2ω (2β − α) = 0 → β = α 2 (5.45)

and therefore the transformation law for ϕ is ϕ → ϕ − α 2 ω . (5.46)

Therefore the action (5.35) is Weyl invariant for every value of the coupling constant λ if the field transforms according to (5.46).

This is different from the Liouville case where in the action we have also the exponential term e^{γϕ}. In this case in order to have Weyl invariance the coupling constant Q of the rϕ coupling in (2.37) must take the value Q =^2_γ . We have therefore seen up to now that the two actions (5.33) and (5.35) in the flat gauge give the same equation of motion but different stress tensors and different transformation laws for the field ϕ. The question is now which of the two actions for ϕ is the correct one for the description of black hole dynamics. We have already said that in order to have a complete theory of the black hole microstates we must eventually quantize our theory. Our field ϕ moves in a flat background, but in the quantum theory there will be also fluctuations of the background metric and therefore it seems natural to include a ϕR coupling.

On the other side we have seen that metric of the r −t plane of the black hole and therefore all the relevant part of it’s geometry is described by means of the conformal factor field ρ which behaves not like a scalar. In the last section we have seen that in the near horizon limit the field ϕ is physically equivalent to ρ differing from it only by a rescaling. We can therefore conclude that also ϕ should not transform like a scalar but like (5.46). It seems therefore reasonable to choose the action (5.35) for the field ϕ.

Let us now write the improved stress tensor in light coordinates we obtain T_{±±} = C ( (∂_±ϕ)^2 + α∂^2_±ϕ ) . (5.47)

This is identical to the Liouville stress tensor. We know therefore that in the Poisson algebra we has then a central extension in the form of (2.51) {Q_f , Q_g} = Q_{[f,g]} + α^2 4 Δ(f, g) (5.48) and therefore with a central charge proportional to α^2 which is not a surprise because of the transformation law (5.46) for ϕ. Using the action (5.33) the stress tensor in light coordinates has the form

T_{±±} = C(∂_±ϕ)^2 (5.49)

and therefore there is no central charge. In this case in fact the field ϕ is a real scalar field.

The fact that the coupling α is completely arbitrary can be used to set the central charge in such a way to cancel the ghost contribution, which will be done in the next section.

5.4 Cancellation of the ghosts contributions

If we quantize our theory with described by the action (5.35) the improved energy stress tensor becomes an operator. the central charge can then be computed performing an operator product expansion of T . Using complex coordinates it has the form T (z)T (w) = c 2 1 (z − w)^4 + 2 (z − w)^2

T (w) + 1 z − w ∂_wT (w) (5.50)

The part proportional to c gives the anomaly, i.e. the non-tensor piece in the transformation of T . The central charge takes the value [57], [25]

c = 1 + 3α^2 . (5.51)

The term proportional to α^2 is the classical contribution to the central charge seen before. The other term is a quantum correction to the central charge. Let us notice that the field ϕ propagates in a flat background because we have used the conformal flat gauge. The quantization can be done using the path integral formalism defining the quantity Z = ∫ dϕdg exp(−I_e) (5.52)

where the action I_e is the Euclidean version of (5.35) and the path integral runs over all possible Euclidean metrics g. The fact that we pass to the Euclidean metric is needed for the convergence of the path integral. The definition (5.52 as written so is not completely correct because configurations related by a Diff ×W eyl symmetry are physically equivalent. The sum over configurations is therefore meaned as modulo Diff × W eyl group. This can be done by fixing a gauge of the metric e.g. the flat metric as we have done in the classical case at the price of introducing ghost fields. The path integral can be written as [57]

Z[ĝ] = ∫ dϕdbdc exp(−I_e − I_{gh}) , (5.53) where the action I_{gh} is the action of the ghost fields and ĝ means the gauge fixed metric. Having gauge fixed the metric now it is crucial to check if the path integral is independent of the gauge choice i.e.

Z[ĝ] = Z[g̃] , (5.54)

where the metrics ĝ and g̃ are related by a Weyl transformation. Let us therefore make a Weyl transformation with δg = ωg. We obtain as variation of Z δZ[g] = ∫ d^2x √ gT^{ab}δg_{ab} ∫ dϕdbdc exp(−I_e − I_{gh}) (5.55) Using now the Weyl form form δg_{ab} we obtain δZ[g] = ∫ d^2x √ gωT^a_a ∫ dϕdbdc exp(−I_e − I_{gh}) . (5.56) This expression must be zero if we want gauge independence. We conclude that in order to have a background metric independent path integral the stress tensor must have zero trace, where in the quantum case the stress tensor is of course an operator. The last equation is therefore the operator generalization of the classical Weyl invariance condition

T^a_a = 0 (5.57)

It is a standard result [57] that a possible trace anomaly must be of the form

t^a = c 12 R . (5.58)

Therefore if the total central charge is not zero there will be a trace anomaly and therefore different gauge choices would be inequivalent. Notice that in the classical case the trace of the action was zero on shell also if we had a nonzero central charge because the used the flat background. We have now three contributions to the central charge: a classical proportional to α^2 a quantum correction (see eq. (5.51)) and a contribution from the ghost fields introduced in (5.53

c_{gh} = −26 . (5.59)

As said before in the quantized theory that all the contributions to the central charge must cancel eventually obtaining c_{class} + c_{quant} + c_{gh} = 0 (5.60) We can therefore determinate the value of the parameter α in order to have a consistent theory which becomes

α^2 = 25 3 (5.61)

In this way the path integral based on the action (5.35) will be Weyl invariant. This action seem therefore the suitable starting point for a quantum theory describing the black hole microstates.

60 CHAPTER 5. FREE FIELD

Conclusions

In this thesis we have studied the possibility to count the microstates responsible for the entropy of the black hole, without using details of a specific model of quantum theory of gravity (e.g. superstrings, quantum geometry etc.).

This was done by using a classical symmetry principle, namely two dimensional conformal symmetry. This symmetry in fact is strong enough to fix the asymptotic behavior of the density of the microscopic degrees of freedom by means of the Cardy formula. The Cardy formula uses only the L_0 eigenvalue and the central charge c of the generator algebra.

The Cardy formula usually arises in a quantized two dimensional CFT, where the central extension of the conformal algebra arises as quantum anomaly. We have seen that also at classical level, in the Poisson algebra of the canonical generators, a nontrivial central extension of the conformal algebra may arise (chapter 2).

We have studied two possible origins of such nontrivial classical central extensions. The first possible origin of a classical central extension described in chapter 3, was due to the boundary terms that one has to add to the canonical generators of diffeomorphisms in order to make them differentiable and so to be able to define the Poisson brackets. In fact the boundary terms are defined up to arbitrary functions that do not depend on the canonical variables. This means that the generator, resulting from the Poisson bracket may not match this arbitrary function. The form of the boundary terms depends on the exact boundary condition that one imposes. In the case of a static black hole with standard foliation all the spacelike hypersurfaces intersect in the bifurcation, which becomes so an inner boundary. We have studied two possible boundary conditions on the bifurcation, namely fixed bolt metric and fixed surface gravity on the bolt. In the case of fixed metric on the bolt the action acquires a boundary term associated to it.

Performing the Legendre transformation one sees that the boundary term associated to the bifurcation is canceled and therefore the hamiltonian and the canonical generators do not have a boundary term associated to the bolt. This means that the generator algebra becomes the constraints algebra which does not admit central charges.

In the case of fixed surface gravity we have seen that the action has no boundary term regarding the bolt, but in this case the hamiltonian and the canonical generators acquire a boundary term. We noticed that the diffeomorphisms must also preserve the existence of the bolt and not only the surface gravity. Having a boundary term we can compute on shell the Poisson brackets. One discovers that there is no nontrivial central term in the generator algebra So unfortunately also in the case of fixed surface gravity there is no central charge and so the Cardy formula cannot be used. This does not mean that it is impossible to find a central charge. In fact in chapter 4 we have seen that there can be also a second origin for a classical central charge, namely if we have a field that does not transform like a scalar, like the Liouville field. We performed therefore the dimensional reduction of the Einstein-Hilbert under the Ansatz of spherical symmetry. We also wrote the two dimensional metric of the r − t plane in conformal flat form obtaining an effective theory with two fields, namely the dilaton and the conformal factor. Using the near horizon approximation the dilaton freezes out and the equation of motion for the conformal factor becomes the Liouville equation, which is a conformal field theory. The conformal factor being a piece of a metric has in fact the same anomalous transformation property as the Liouville field. Therefore we obtain a central charge for this theory. Using the Cardy formula we obtained exactly the Bekenstein-Hawking entropy. We can conclude therefore that the we can count the microscopic degrees of freedom of the black hole by means of the Cardy formula because the effective near horizon field theory is described by a Liouville field which has an anomalous transformation law under conformal transformations.

In chapter 5 we have then seen that the effective 2-D theory describing the black hole is equivalent to a free field theory. We have seen that this free field propagating in a flat spacetime can be coupled to the scalar curvature without modifying the equations of motion, being the scalar curvature zero. What changes is the stress energy tensor which gets a nonzero contribution from the scalar curvature also if we use then the flat gauge. The action with the coupling to the scalar curvature is Weyl invariant only if the field transforms not like a scalar but like Liouville field. Having seen, that the Liouville field is near horizon is equivalent to the free field, it is physically meaningful, that also the free field transforms like the Liouville field.

Having this transformation property again the Poisson algebra of this theory acquires a central charge. Now in order to have a complete theory of the black hole microstates we must eventually quantize the theory. We have noticed that the coupling constant for the ϕR coupling is completely arbitrary. This arbitrariness can be used to cancel the ghosts contribution coming from the path integral so that the total central eventually is zero. In this way the path integral is independent from the gauge choice and so we have a consistent theory.

64 CHAPTER 5. FREE FIELD

Appendix A

Weyl invariance of the Liouville action

Let us consider the Liouville action (2.37) I_{Liouv} = 1 8π ∫ d^2x √ ĝ [ ( ^▽ϕ)^2 + QR[ĝ]ϕ + μ γ^2 e^{γϕ} ] . (A.1)

And let us see if it is invariant under Weyl transformations (2.10) which here we parametrize as ĝ → e^ωĝ (A.2) combined with the shift of the ϕ (2.39). We obtain

I^′ = 1 8π ∫ d^2x √ ĝ e^ω [( ^∇ [ ϕ − ω γ ])_2

+ Q ( ϕ − ω γ ) e^{−ω} ( R[ĝ − ^∇^2(ω) ) + μ γ^2 e^{γϕ−ω} ] , (A.3)

where in the last line we have used the transformation property of the 2-D scalar curvature under conformal transformations (2.43). Now in order to continue the computation let us notice that for function f we have ( ^∇f )_2

= ĝ^{μν} ^∇_μf ^∇_ν f (A.4)

and therefore under the Weyl transformation ĝ^{μν} → e^{−ω}ĝ^{μν} we obtain ( ^∇f )_2 → e^{−ω} ( ^∇ϕ ) (A.5)

66 APPENDIX A. WEYL INVARIANCE OF THE LIOUVILLE ACTION

inserting this in eq. (A.3) we get

I^′ = 1 8π ∫ d^x √ ĝ ( ^∇ϕ )_2 − 2 ^∇ϕ ^∇ ( ω γ ) + ^∇ ( ω γ )_2 +QϕR[ĝ]

−Qϕ ^∇^2(ω) − ω γ R[ĝ]Q + ω γ Q ^∇^2(ω) + μ γ^2 e^{γϕ} . (A.6)

The underbraced terms do not depend on the Liouville field ϕ and so don’t change the equation of motion. We can therefore discard them. The action I^′ is to equal to the Liouville action I_{Liouv} only if the two terms depending on the field ρ in I^′ cancel i.e. −2 ^∇ϕ ^∇ ( ω γ ) − Qϕ ^∇^2(ω) = 0 . (A.7)

Integrating now by parts the first term of the last equation and discarding the total divergence eq. (A.7) becomes

2ϕ ^∇^2 ( ω γ ) − Qϕ ^∇^2(ω) = 0 . (A.8)

We can therefore conclude that the Liouville action is Weyl invariant only if Q = 2 γ . (A.9)

Appendix B

Variation of R coupled to Liouville field in D = 2

Let us take for a two dimensional spacetime the action of the form S = ∫ √ g ϕR = ∫ √ g g^{ab}R_{ab}ϕ (B.1) We want to compute the variation of (B.1) with respect to the metric δS = ∫ ( (δ √ g) g^{ab}R_{ab} ) ϕ + ∫ ( √ g ( δg^{ab} ) R_{ab} ) ϕ + ∫ ( √ gg^{ab}δR_{ab} ) ϕ (B.2)

Now the variation of √ g is [58] δ √ g = − 1 2 √ g g_{ab} δg^{ab} Therefore we can write (B.2) as δS = ∫ ϕ [ √ g ( R_{ab} − 1 2 g_{ab} R )] δg^{ab} + ∫ ϕ √ gg^{ab}δR_{ab} (B.3) The first term in the last equation is proportional to the Einstein tensor. It is well known that in D = 2 this is identically zero [59] [60]. therefore survives only δS = ∫ ϕ √ g g^{ab}δR_{ab} (B.4)

68APPENDIX B. VARIATION OF R COUPLED TO LIOUVILLE FIELD IN D = 2

As usual the variation of the scalar curvature is a total divergence [58]

g^{ab} δR_{ab} = ∇^av_a (B.5)

with v_a = ∇^bδg_{ab} − g^{cd}∇_aδg_{cd} (B.6) Now in our case the scalar curvature is coupled to the Liouville field and therefore eq. (B.4) isn’t simply a boundary term. Let us compute therefore = ϕ g^{ab}δ R_{ab} = ϕ ∇^av_a = ϕ ∇^a [ ∇^bδg_{ab} − g^{cd} ∇_aδg_{cd} ] (B.7)

Using the fact that the covariant derivative of the metric is zero we obtain ϕ [ ∇^a∇^bδg_{ab} − g^{cd}∇^a∇_aδg_{cd} ] (B.8)

integrating by parts gives = ( ∇^a [ ϕ∇^bδg_{ab} ] − ∇^aϕ∇^bδg_{ab} − g^{cd}∇^a [ϕ∇_aδ_{cd}] + g^{cd}∇^aϕ∇_aδg_{cd} ) Integrating again by parts gives = ∇^a [ ϕ∇^bδg_{ab} ] − ∇^a∇^b [ϕδg_{ab}] + [ ∇^a∇^bϕ ] δg_{ab} − g^{cd}∇^a [ϕ∇_aδg_{cd}] +g^{cd}∇^a∇_a [ϕδg_{cd}] − g^{cd} □ϕδg_{cd} obtaining eventually = ( ∇^a∇^bϕ − g^{ab}□ϕ ) δg_{ab} = δ ∫ √ g ϕ R = δS (B.9)

Appendix C

ADM decomposition of the metric

The hamiltonian formalism describes the evolution of space quantities in time. Therefore for the hamiltonian description of general relativity we must introduce a foliation of spacetime, i.e. a family of spacelike hypersurfaces Σ_t for which for every point of spacetime x∃!t such that x ∈ Σ_t. The standard case is given by constant time hypersurfaces, which will be used here. On every hypersurface Σ the 4-metric g_{μν} induces a spatial metric [61]

h_{ab} = g_{ab} + u_au_b , (C.1)

where the vector u is the normal to Σ. The metric h_{ab} is also called first fundamental form. Given h_{ab} alone it is not possible to reconstruct the spacetime metric. We must also now the embedding of the spacelike hypersurfaces in spacetime. Let us take two hypersurfaces Σ_{t1} and Σ_{t2} with t_2 = t_1 + dt. The proper time τ elapsed going from Σ_{t1} to Σ_{t2} along the hypersurface normal u will be proportional to dx^0

dτ = N(x^0, x^i)dx^0 . (C.2)

The function N is called lapse function. In general the time flow vector is not orthogonal to Σ_t. Therefore moving from a point p with coordinates (x^i) on Σ_{t1} along the hypersurface normal u we will arrive on Σ_{t2} on a point p^′ with coordinates (x^i)^′ ≠ x^i. There is a shift proportional to dx^0

Δx^i = N^i(x^0, x^i)dx^0 , (C.3)

70 APPENDIX C. ADM DECOMPOSITION OF THE METRIC

where the vector N^i is called shift vector.

Making now a generic displacement from one hypersurface to the other i.e. from (x^0, x^i) to x^0 + dx^o, x^i + dx^i we can decompose it in a part normal and tangent to Σ. The total tangent displacement shift d^{tot}x^i is composed of a piece due to the spacetime embedding (C.3) and of a piece due to the shift in the chosen direction.

d^{tot}x^i = Δx^i + dx^i = N^idx^0 + dx^i (C.4)

Using now (C.2) the total spacetime interval is given by ds^2 = h_{ik} ( N^idx^0 + dx^i ) ( N^kdx^0 + dx^k ) − ( Ndx^0 )_2 . (C.5)

We have also the relation N^i = h^{ij} N_j (C.6)

Using (C.5) and (C.6) we obtain the decomposition of the metric

ds^2 = h_{ik}dx^idx^k + 2N_idx^idx^0 + ( N^iN_i − N^2 ) (dx^0)^2 (C.7)

or in matrix form g_{μν} = ( (N^iN_i − N^2) N_k N_i h_{ik} ) (C.8)

and the inverse metric is g^{μν} = ( −^1_{N 2}^{N m}_{N 2} N^k N^2 [ h^{km} − (_{N k N m} N^2 )] ) (C.9)

The embedding of the hypersurfaces is described by N and N^i. We want to describe the embedding by means of a tensor defined on Σ. To do this notice that the embedding of Σ can be described by the variation of the normal vector u from point to point on Σ. Going now from a point x on Σ to a point x + δx for the variation of u we make the Ansatz

δu^p = K^p_q δx^q (C.10)

The components of u are

u_0 = N ; u_i = 0 (C.11) or u^0 = 1 N ; u^i = N^i N . (C.12)

Using now the 4- geometry and parallel transporting u from x to x + δx on Σ δu_i = u_{i;k}δx^k = (∂_ku_i − Γ^σ_{ik} u_σ) δx^k = −NΓ^0_{ik} δx^k . (C.13) The semicolon and Γ denote the covariant derivative and Christoffel symbols with respect to the 4-metric. Comparing (C.10) and (C.13) we obtain

K_{ik} = n_{i;k} = −NΓ^0_{ik} , (C.14)

which can be written as K_{ik} = 1 2N ( N_{i/k} + N_{k/i} − ∂_th_{ik} ) . (C.15)

The symbol / denotes spatial covariant derivative. The spatial tensor K_{ij} is called extrinsic curvature which can also be written as K_{ij} = 1 2 L_uh_{ij} (C.16)

72 APPENDIX C. ADM DECOMPOSITION OF THE METRIC

Appendix D

Hamiltonian constraints

Let us consider the the bulk term of the gravitational hamiltonian H = ∫ d^3xNH + ∫ d^3xN^iH_i (D.1)

The functions H and H_i are given by H = 16π √ h [ P_{ab}P^{ab} − 1 2 P^2 ] − √ h 16π R^{(3)} (D.2)

H_i = −2h_{an}D_cP^{cn} (D.3) The canonical momentum P^{ab} is defined as 1 16π √ h(K^{ab} − h^{ab}K) . (D.4) Form (D.2) and (D.3) we see that the bulk hamiltonian H does not depend on the time derivatives of N and N^i and therefore the conjugate momentum of those two quantities is zero. This means that we have δH δN = δH δN^i = 0 . (D.5)

The constraints therefore are given by

H = H_i = 0 (D.6)

We want now to compute the constraint algebra using the fundamental Poisson brackets {P, P } = {h, h} = 0 (D.7)

74 APPENDIX D. HAMILTONIAN CONSTRAINTS

and { h_{nm}(x), P^{ab}(x^′) } = δ^a_nδ^b_mδ(x − x^′) (D.8)

we obtain the constraint algebra in local form

{H_a(x), H_b(x^′)} = H_a(x^′)∂_bδ(x − x^′) + H_b(x)∂_aδ(x − x^′) (D.9)

{H_a(x), H(x^′)} = H(x)∂_aδ(x − x^′) (D.10)

{H(x), H(x^′)} = (H^a(x) + H^a(x^′)) ∂_aδ(x − x^′) (D.11)

Now in the symplectic formalism constraints C^i are defined as functions on the phase space Γ in the form C^i : Γ → R. The constraints as written in (D.3) and D.2) are not functions as they depend on the coordinates of Σ_t. In order to obtain functions on the phase space we must integrate them with some smearing functions.

Now in the symplectic formalism every function on the phase space defines a vector field by means of the symplectic gradient. It is was shown in [62] that those vector fields generate the gauge transformations. In the case of general relativity the gauge group is the diffeomorphism group and therefore the generators of diffeomorphisms associated to a vector field ξ, using the decomposition orthogonal and tangent to Σ_t, are respectively

H_⊥[ξ] = ∫ ξ̂^⊥Hd^3x (D.12)

H_T [ξ] = ∫ ξ̂^aH_ad^3x . (D.13)

Where ξ̂^⊥ and ξ̂^a are the components of ξ normal and tangent to the hypersurface Σ_t.

We want now to compute the algebra of the integrated constraints using (D.7) and (D.8) obtaining for the tangent part {H_T [ξ], H_T [η]} = H_T [ ξ̂^T , η̂^T ] , (D.14)

where the bracket [ ξ̂T , η̂T ] is defined as [ ξ̂^T , η̂^T ]_a = ξ̂^c∂_cη̂^a − η̂^c∂_cξ̂^a (D.15)

For the mixed bracket we obtain

{H_T [ξ], H_⊥[η]} = H_⊥[ξ̂^T · η̂^⊥] (D.16)

with ξ̂^T · η̂^⊥ = ξ̂^a∂_aη̂^⊥ . (D.17)

For the orthogonal bracket we obtain

{H_⊥[ξ], H_⊥[η]} = H_T [ξ̂^⊥ ∗ η̂^⊥] (D.18)

with ( ξ̂^⊥ ∗ η̂^⊥ ) a = ξ̂^⊥∂_aη̂^⊥ − η̂^⊥∂_aξ̂^⊥ (D.19)

In computing this brackets we have ignored the boundary terms. Depending on the form the smearing vector ξ as usual boundary terms must be added to the bulk generators.

putting now all the Poisson brackets together we can now write {H[ξ], H[η]} = H[ξ, η]_{SD} , (D.20) where the surface deformation algebra [, ]_{SD} is defined as [ ξ̂, η̂ ]_⊥ SD = ξ̂^a∂_aη̂^⊥ − η̂^a∂_aξ̂^⊥ [ ξ̂, η̂ ]_a SD = ξ̂^b∂_bη̂^a − η̂^b∂_bξ̂^a + h^{ab} ( ξ̂^⊥∂_bη̂^⊥ − η̂^bot∂_bξ̂^⊥ ) . (D.21)

Therefore the Poisson algebra of diffeomorphism generators does not give as usual a representation of the Lie algebra. The surface deformation algebra contains the metric h_{ab} and therefore it has structure functions instead of structure constants. Such an algebra is called open algebra. On the other side the one can check that for the surface deformation algebra the Jacobi identity is not valid and therefore it is not a Lie algebra.

76 APPENDIX D. HAMILTONIAN CONSTRAINTS

Bibliography

[1] Bardeen , Carter and Hawking, The Four Laws of Black Hole Mechanics.

Comm. Math. Phys. 31; 161 (1973)

[2] Hawking S.W. , Particle Creation by Black Holes. Comm. Math. Phys.

43, 199 (1975)

[3] Bekenstein J. D. , Black Holes and Entropy. Phys. Rev. D7 , 2333, (1973)

[4] Bekenstein J. D., Black holes and the Second Law. Lett. Nouvo Cim. 4, 737 (1972)

[5] Strominger A. and Vafa C., Microscopic Origin of the Bekenstein- Hawking Entropy. Phys. Lett. B379, 99 (1996)

[6] Ashtekar A., Baez J., Corichi A., Krasnov K., Quantum Geometry and Black Hole Entropy. Phys. Rev.Lett. 80, 904 (1998)

[7] Frolov V.P. and Fursaev D.V., Mechanism of Generation of Black Hole Entropy in Sakharov’s Induced Gravity. Phys. Rev D56, 2212 (1997)

[8] Belavin A. A., Polyakov A. M., and Zamolodchikov A. B., Infinite Conformal Symmetry in Two-Dimensional Quantum Field Theory. Nucl. Phys. B-241, 333 (1984)

[9] Cardy J. A. , Operator Content of Two Dimensional Conformally Invariant Theories. Nuc. Phys. D270 , 186 (1986)

[10] Carlip S., What We Don’t Know About BTZ Black Hole Entropy. Class.

Quant. Grav. 15, 3609 (1998)

[11] Arnold V. I. , Mathematical Methods of Classical Mechanics. Berlin, Heidelberg, New York: Springer (1978)

[12] Brown J. D. and Henneaux M. , Central Charges in the Canonical Realisation of Asymptotic Symmetries : An Example from Three Dimensional Gravity . Comm. Math. Phys. 104 , 207 (1986)

[13] Brown J. D. and Henneaux M., On the Poisson Brackets of Differentiable Generators in Classical Field Theory. J. Math. Phys. 27, 489 (1986)

[14] Strominger A., Black Hole Entropy from Near-Horizon Microstates.

JHEP 9802, 009 (1998)

[15] Bañados M., Teitelboim C., Zanelli J., Black Holes in Three-Dimensional Spacetime. Phys. Rew. Lett. 69, 1849 (1992)

[16] Carlip S. , Black Hole Entropy from Conformal Field Theory in Any Dimension . Phys. Rev. Lett. 82 , 2828 (1999)

[17] Carlip S. , Entropy from Conformal Field Theory at Killing Horizons.

Class. Quant. Grav 16 , 3327 (1999)

[18] Dreyer O. , Ghosh A. and Wisniewski J., Balck Hole Entropy Calculations Based on Symmetries. Class. Quant. Grav. 18, 1929 (2001)

[19] Park M. and ho J. , Comments on “ Black Hole Entropy from Conformal field Theory in Any Dimension” . Phys. Rev. Lett. 83 , 5595 (1999)

[20] Soloview V. O. Black Hole Entropy from Poisson Brackets. Phys. Rev.

D61 , 27502 (2000)

[21] Koga J. , Asymptotic Symmetries on Killing Horizons. Phys. Rev. D64 , 124012 (2001)

[22] Hotta M. , Sasaki K. and Sasaki T. , Diffeomorphisms on Horizon as an Asymptotic Isometry of Schwarzschild Black Hole Class. Quant. Grav. 18 , 1823 (2001)

[23] Giacomini A. and Pinamonti N. . Black Hole Entropy from Classical Liouville Theory. JHEP 02 (2003) 014

[24] Jackiw R. , Liouville Field Theory: a Two-Dimensional model for Gravity? In Quantum Theory of Gravity , essays in honour of B. De Witt , edited by S. Christensen (1984)

[25] Ginsparg P. , Moore G. , Lectures on 2D Gravity and on 2D String Theory. Boulder TASI 92 , 277 (1992); hep-th/9304011

[26] Teitelboim C. , Commutators of Constraints Reflect the Spacetime Structure. Ann. Phys. 79, 542 (1973)

[27] Cadoni M., Mignemi S., Asymptotic Symmetries of AdS_2 and Conformal Group in d = 1. Nucl. Phys. B557, 165 (1999)

[28] Cadoni M., Cavaglià M., Two Dimensional Black Holes as Open Strings:

A New Realization of the AdS/CF T Correspondence. Phys. Lett. B499, 315 (2001)

[29] Padmanabhan T., Thermodynamics and /of Horizons: a Comparison of Schwarzschild Rindler and de-Sitter Spacetimes Mod. Phys. Lett. A17, 923 (2002)

[30] Silva S., Black Hole Entropy and Thermodynamics from Symmetries Class. Quant. Grav. 19, 3947 (2002)

[31] Lee J., Wald R. M., Local Symmetries and Constraints. J. Math Phys 31, 725 (1990)

[32] Wald R. M., Black Hole Entropy in the Noether Charge. Phys. Rev.

D48, 3427 (1993)

[33] Iyer V., Wald R. M., Some Properties of Noether Charge and a Proposal for Dynamical Black Hole Entropy. Phys. Rev. D50, 846 (1994)

[34] Iyer V. Wald R. M., A Comparison of Noether Charge and Euclidean Methods for Computing the Entropy of Stationary Black Holes. Phys. Rev. D52 4430 (1995)

[35] Cvitan M., Pallua S., Prester P., Higher Curvature Lagrangians, Conformal Symmetry and Microscopic Entropy of Killing Horizons. Phys. Lett. B571, 271 (2003)

[36] Park M. I. Hamiltonian Dynamics of Bounded Spacetime and Black Hole Entropy: the Canonical Method. Nucl. Phys. B634, 339 (2002)

[37] Arnowitt R. Deser S. Misner C.W., Gravitation an Introduction to modern research. edited by L. Witten (John Wiley, New York) p. 227-265

[38] Gibbons G. W. and Hawking S. W., Action Integrals and Partition Functions in Quantum Gravity. Phys. Rev. D15, 2752 (1977)

[39] Regge T. Teitelboim C., Role of Surface Integrals in the Hamiltonian Formulation of General Relativity. Ann. Phys. 88, 286 (1974)

[40] Hayward G., Gravitational Action for Spacetimes with Nonsmooth Boundaries. Phys. Rev. D47, 3275 (1993)

[41] Hawking S. W. and Hunter C. J., The Gravitational Hamiltonian in the Presence of Non-Orthagonal Boundaries. Class. Quant Grav. 13, 2735 (1996)

[42] Gibbons G. W. and Hawking S. W., Classification of Gravitaional Instanton Symmetries. Comm. Math. Phys. 66, 291 (1979)

[43] Brown J. D., Comer G. L., Martinez E. A., Melmed J., Whiting B. F.

, York J. W. Jr., Thermodynamics Ensembles and Gravitation Class. Quant. Grav. 7, 1433 (1990)

[44] Brown J. D., Lau S. R., York J. W., Action and Energy of the Gravitational Field. gr-qc/0010024

[45] Maldacena J., The Large N Limit of Superconformal Field Theories and Supergravity. Adv. Theor. Math. Phys. 2, 231 (1998)

[46] Coussaert O., Henneaux M. and van Driel P., The Asymptotic Dynamics of Three-Dimensional Einstein Gravity with a Negative Cosmological Constant. Class. Quant. Grav. 12, 2961 (1995)

[47] Strominger A., The dS/CFT Correspondence. JHEP 0110 (2001) 034

[48] Klemm D., Some Aspects of the De Sitter CFT Correspondence. Nucl.

Phys. B625, 295 (2002)

[49] Cacciatori S., Klemm D., The Asymptotic Dynamics of de Sitter Gravity in Three Dimensions. Class. Quant. Grav. 19, 579 (2002)

[50] Klemm D., Vanzo L., De Sitter Gravity and Liouville Theory. JHEP 0204, 030 (2002)

[51] Chen Y., Quantum Liouville Theory and BTZ Black Hole Entropy.

hep-th/0310234 [52] O’ Neill B., Semi Riemanian Geometry with Applications to Relativity.

Academic Press, New York (1983) [53] Solodukhin S. N., Conformal description of Horizon’s States. Phys. Lett.

B454, 213 (1999) [54] Brustein R., Causal Boundary Entropy from Horizon Conformal Field Theory. Phys. Rev. Lett 86, 576 (2001) [55] Cvittan M., Pallua S., Prester P., Horizon Conformal Entropy in Gauss- Bonnet Gravity. Phys. Lett. B546, 119 (2002) [56] Polyakov A. M., Quantum Gravity in Two Dimensions. Mod. Phys. Lett.

A Vol. 2 No. 11 , 893 (1987) [57] Polchinski J., String Theory. Cambridge University Press (1998) [58] Wald R. M. , General Relativity . The University of Chicago Press (1984) [59] Jackiw R. Lower Dimensional Gravity, Nucl. Phys. B252, 343 (1985) [60] Collas P. , General Relativity in Two and Three Dimensional Space- Times. Am. Journ. Phys. 45, 833 (1977) [61] Hawking S. W. and Ellis G. F. R., The Large Scale Structure of Spacetime. Cambridge University Press (1973) [62] Dirac P. A. M., Lectures on Quantum Mechanics. Yeshiva University Press (1964)