arXiv:hep-th/0403236 v3 7 Oct 2004

hep-th/0403236

Trans-Planckian corrections to the primordial spectrum in the infra-red and the ultra-violet

S. Shankaranarayanan^∗ HEP Group, The Abdus Salam International Centre for Theoretical Physics, Strada costiera 11, 34100 Trieste, Italy.

L. Sriramkumar^† Harish-Chandra Research Institute, Chhatnag Road, Jhunsi, Allahabad 211 019, India.

(Dated: October 7, 2004)

Due to the tremendous red-shift that occurs during the inflationary epoch in the early universe, it has been realized that trans-Planckian physics may manifest itself at energies much lower than the Planck energy. The presence of a fundamental scale suggests that local Lorentz invariance may be violated at sufficiently high energies. Motivated by this possibility, recently, different models that violate Lorentz invariance locally have been used to evaluate the trans-Planckian corrections to the inflationary density perturbation spectrum. However, certain astrophysical observations seem to indicate that local Lorentz invariance may be preserved to extremely high energies. In such a situation, to study the trans-Planckian effects, it becomes imperative to consider models that preserve local Lorentz invariance even as they contain a fundamental scale. In this work, we construct one such model and evaluate the resulting spectrum of density perturbations in the power-law inflationary scenario. While our model reproduces the standard spectrum on small scales, it naturally predicts a suppression of power on large scales. In fact, the spectrum we obtain has some features which are similar to the one that has recently been obtained from non-commutative inflation. However, we find that the amount of suppression predicted by our model is far less than that is required to fit the observations. We comment on the fact that, with a suitable choice of initial conditions, our approach can lead to corrections at the infra-red as well as at the ultra-violet ends of the spectrum.

PACS numbers: 98.80.Cq, 04.62.+v

I. INTRODUCTION AND MOTIVATION

Inflation, a period of accelerated expansion in the high-energy phase of the universe, is currently considered to be the best paradigm for describing the early stages of the universe [1, 2]. The success of the inflationary paradigm rests on its ability to explain not only the homogeneity of the background, but also the characteristics of the inhomogeneities superimposed upon it. The inflationary epoch magnifies the tiny fluctuations in the quantum fields present at the beginning of the epoch into classical perturbations that leave an imprint as anisotropies in the cosmic microwave background (CMB). These anisotropies in turn act as seeds for the formation of the large-scale structure that we observe at the present time as galaxies and clusters of galaxies. With anisotropies in the CMB being measured with higher and higher precision, we are currently able to test the predictions of inflation better and better.

During the last couple of years or so, considerable amount of attention has been devoted to examining the possibility that Planck scale physics may leave a measurable imprint on the CMB [3]–[14]. There are three rea-

∗E-mail:shanki@ictp.trieste.it
†E-mail:sriram@mri.ernet.in

sons that have led to such an enormous interest in the literature. Firstly, there is no unique model of inflation [2]. In many versions of inflation, most notably in chaotic inflation, the period of inflation lasts sufficiently long so that the comoving length scales that are of cosmological interest today would have emerged from sub-Planckian length scales at the beginning of inflation. Hence, in principle, quantum gravitational effects should have left their signatures on the primordial spectrum of perturbations. Secondly, in the simplest models of inflation, the scale of the vacuum energy during the period of exponential expansion is assumed to be ∼ 10^{16} GeV, while the rate of the exponential expansion, viz. H, is considered to be ∼ 10^{14} GeV. These enormous energies suggest that during the inflationary epoch, various (as yet, unknown?) high-energy processes could have been activated which would have left their signatures on the primordial perturbation spectrum. These signatures on the perturbation spectrum in turn will leave their imprints on the CMB. Recent measurements of the CMB anisotropies by, say, WMAP [15], strongly indicate a primordial spectrum that is nearly scale-invariant, just as the inflationary scenario predicts. Therefore, further precise and accurate measurements of the CMB anisotropies by experiments such as PLANCK [16] can, in principle, provide us with the form of the corrections to the scale-invariant primordial perturbation spectrum. Lastly and, more importantly, the first results of the temperature-temperature correlation spectrum of the WMAP data show that the power in the quadrupole and (to a lesser extent) the octopole moment of the CMB are lower than as expected in the best fitting cold dark matter models [15]. The deficit of power in the quadrapole moment of the CMB power spectrum can not be explained within the context of the standard inflationary models (unless these models are fine-tuned [17]) and suggests a possible signature of the Planck scale physics [18].

Several groups have pointed out to these possibilities and, broadly, there have been two approaches in the literature in order to study these effects. In the first approach, which is now commonly referred to as the minimal trans-Planckian approach, the specific nature of trans-Planckian physics is not assumed, but is rather described by the boundary conditions imposed on the mode at the cut-off scale [10, 11]. In the second approach, one incorporates quantum gravitational effects by introducing the fundamental length scale into the standard field theory in a particular fashion and, it should be emphasized here that, the resulting modified theory may not even preserve local Lorentz invariance. Indeed, most of the attempts in this direction have involved models which break local Lorentz invariance. Such models include those which introduce non-linear dispersion relations [3–7] as well as the approaches which utilize the generalized uncertainty principle [8] and non-commutative geometry [9, 18]. (For a recent review on these various approaches, see Ref. [14].)

However, theoretically, there exists no apriori reason to believe that Lorentz invariance may be broken at the scales of inflation. More importantly, recent observations of photons inferred to arise from synchrotron emission off electrons in the Crab nebula have placed bounds on dispersive corrections involving additional powers of the particle momentum to be at or above the Planck scale [19]. In such a situation, in order to study the trans-Planckian effects on the primordial perturbation spectrum, it becomes important that we also consider models which preserve Lorentz invariance even as they contain a fundamental scale. In this work, we consider one such model and evaluate the resulting spectrum of density perturbations during inflation in this model.

The model we shall consider is as follows: We shall assume that, due to the Planck-scale effects, the standard k−space propagator for a massless scalar field in the Minkowski vacuum is modified in a particular manner. We shall introduce the high-energy scale k_c into the k−space propagator in a Lorentz invariant manner and, as we shall point out later, the modification we consider can be said to be minimal in nature. We find that the resulting modified Wightman function can be expressed as the difference of the Wightman functions of the massless field and a massive field of mass k_c. We shall further assume that the form of the modified Wightman function in the x−space remains the same in an inflationary background as well, i.e. it is the difference of the massless and the massive Wightman functions. We then use this modified Wightman function to evaluate the corrections to the spectrum of density perturbations for the power-law inflationary scenario. We show that our model naturally predicts a suppression of power at the large scales. We find that the modified spectrum we obtain has some resemblance to the spectrum that has been obtained in the non-commutative inflationary scenario [18]. However, the amount of suppression predicted by our model turns out to be far less than that seems to be required to fit the WMAP data.

The rest of the paper is organized as follows. In Section (II), we outline the model we shall consider, present the motivations behind the model and also point out its attractive features. In Section (III), we shall briefly review the spectrum of fluctuations in the standard powerlaw inflationary scenario. In Section (IV), we shall evaluate the corrections to the spectrum of fluctuations using our model for the power-law inflation. Finally, in Section (V), we shall summarize the results of our analysis and also discuss its implications.

Before we proceed, a few comments on the notations we shall use are in order. The metric signature we shall adopt is (+, −, −, −), we shall set ℏ = c = 1 and we shall denote the set of four coordinates x^μ simply as x̃. Also, the quantum field Ψ we shall consider will be a minimally coupled scalar field.

II. THE MODEL

In the inflationary scenario, the primordial perturbation spectrum is given by the Fourier transform of the Wightman function of a quantized, massless scalar field in the inflating background [1, 2]. Therefore, in order to understand the effects of Planck-scale physics on the perturbation spectrum, we need to understand as to how quantum gravitational effects will modify the propagator of a scalar field in an inflationary background. However, due to the lack of a clear understanding of the Planckscale effects, often, one is forced to consider models constructed by hand—models which are supposed to be effective theories obtained by integrating out the gravitational degrees of freedom.

For reasons we had outlined in the introductory section, in this work, we would like to consider a model that is locally Lorentz invariant and also contains the highenergy scale. Recall that, in the Minkowski vacuum in flat space-time, the propagator for a massless scalar field in k−space is given by

G^+_0 (k) = ( 1 k̄2 ) , (1)

where k̄^2 ≡ (k^μk_μ). Planck-scale effects are expected to modify the propagator even in flat space-time (see, for e.g., Refs. [20] and references therein). If we require that the effective theory describing the modified propagator be Lorentz invariant, then, in flat space-time, the modified propagator can only be a function of k̄. We shall assume that the standard propagator (1) for the massless field is modified to

G^+_M(k) = ( 1 k̄2 [1 − α2(k̄/k_c)2] ) , (2)

where α^2 is an arbitrary positive constant fixed by the complete theory and k_c denotes the cut-off scale which we shall assume to be, say, three to five orders of magnitude above the Hubble scale during inflation. Such a modification can be considered to be minimal as it contains only terms of order k̄^4 and does not contain any higher order terms. (We introduce the k̄^4 term rather than the immediately higher order k̄^3 term, as it makes the calculation of the resulting perturbation spectrum far more tractable.) Note that the modified propagator G^+_M(k) can be expressed as

G^+_M(k) = ( 1 k̄2 ) − ( 1 k̄2 − k2_c ) , (3)

where we have absorbed α into k_c. Then, in x−space, the Wightman function corresponding to the above k−space propagator is given by

G^+_M (x̃, x̃^′) = G^+_0 (x̃, x̃^′) − G^+_{kc} (x̃, x̃^′) , (4)

where G^+_0 (x̃, x̃^′) and G^+_{kc} (x̃, x̃^′) denote the the Wightman functions of the massless field and a massive field of mass k_c. In order to evaluate the resulting modification to the primordial perturbation spectrum, we shall assume that the above modified Wightman function retains the same form (i.e. it is the difference of the Wightman functions of massless and massive fields) in the inflationary background as well.

Apart from the fact that we required a minimal (and tractable) Lorentz invariant model, the other motivation for the above model is as follows: The divergence structure of quantum field theory is expected to vastly improve when the quantum gravitational effects have been taken into account. In particular, propagators are expected to be finite in the limit when the two space-time points coincide [20]. Though, the modified Wightman function G^+_M(x̃, x̃^′) we have constructed will not actually be finite as x̃ → x̃^′, it certainly turns out to be far less divergent than the original Wightman function. (In this sense, our approach can be said to be motivated by the Pauli- Villars regularization procedure.) For instance, in the Minkowski vacuum, while the original Wightman function will diverge as 0^{−2} in the coincident limit, the modified function (4) will diverge as ln 0 (see, for instance, Ref. [21]). Moreover, we should add that a similar approach has been considered earlier to study the effects of trans-Planckian physics on Hawking radiation from black holes [22].

At this stage of our discussion, it is important that we compare our model with the models that introduce nonlinear dispersion relations to study the trans-Planckian effects on the primordial perturbation spectrum [3–7].

In these models, there has been the growing issue of the choice of the vacuum state and the back-reaction of the trans-Planckian modes on the inflationary background. It has been shown that the back-reaction effects during inflation become important for those dispersion relations which induce large corrections to the scale-invariant spectrum [6]. This feature essentially arises due to the fact that adiabatic evolution can occur only if the dispersion relations either grow or, at least, reach a plateau for large values of the wavenumber [4, 5]. In contrast, in our model, the modified propagator and the resulting modification to the perturbation spectrum involve modes of massless and massive fields which always evolve adiabatically.

Before proceeding to the technical aspects, it is necessary that we clarify certain conceptual issues related to our model. In the conventional models of quantum field theory (and also in the other models that incorporate quantum gravitational corrections such as the dispersive field theory models), the Lagrangian is a function of the fields and their first derivatives in time. However, our model contains second order time derivatives in the Lagrangian. It can be easily shown that, in flat space-time, the Feynman propagator corresponding to the modified Wightman function (4) satisfies the equation (see, for e.g., Ref. [21]; in this context, also see, Refs. [22, 23]) [ □ + ( 1 k^2_c ) □^2 ] G^F_M(x̃, x̃^′) = − δ^{(4)} (x̃ − x̃^′) (5)

which in turn can be obtained from the following action

S[Ψ] = ∫ d^4x [( 1 2 ) ∂_μΨ ∂^μΨ − ( 1 2 k^2_c ) (□Ψ)^2 ] , (6)

where Ψ denotes a scalar field and k_c the cut-off scale.

Theories described by higher derivative Lagrangians are well-known to have unsatisfactory properties [23, 24]. They are known to contain additional degrees of freedom, the energy is not bounded from below and, also, the solutions to the equations of motion are not uniquely determined by the initial values of the fields and their first time derivatives. Clearly, these features can be considered to be unwelcome when we are dealing with Lagrangians that are expected to parameterize small deviations from a well-understood theory.

In such a situation, we shall adopt the following pointof-view concerning our model. As mentioned earlier, we consider our model to be an effective theory of the inflaton field obtained by integrating out the Planck scale effects. Non-locality often arises in such effective theories. Effective theories in which the non-locality can be regulated by a small parameter are known to have perturbation expansions with higher derivatives [24]. We believe that our model is the leading term in the perturbation expansion in the small parameter (1/k_c) of a non-local effective theory. Moreover, we expect that, in the complete theory, we may not encounter the difficulties that we mentioned in the previous paragraph.

III. SPECTRUM OF PERTURBATIONS FROM INFLATION—THE STANDARD RESULT

In this section, we shall briefly rederive the standard spectrum of perturbations in the power-law inflationary scenario.

Consider a flat Friedmann universe described by the line-elements

ds^2 = ( dt^2 − a^2(t) dx^2 ) = a^2(η) ( dη^2 − dx^2 ) , (7)

where t is the cosmic time, a(t) is the scale factor and η = ∫ [dt/a(t)] denotes the conformal time. Power-law inflation corresponds to the situation where the scale factor a(t) is given by

a(t) = (a_0 t^p) , (8)

where p > 1. In terms of the conformal time η, this scale factor can be written as

a(η) = (−H η)^{(β+1)} , (9)

where β and H are given by β = − ( 2p − 1 p − 1 ) and H = [ (p − 1) a^{1/p}_0 ] . (10)

Note that β ≤ −2 and H denotes the characteristic energy scale associated with inflation. Also, the case of exponential expansion corresponds to β = −2 with H actually being equal to the Hubble scale.

Metric fluctuations (both scalar as well as the tensor perturbations) during the inflationary epoch can be modeled by a massless, minimally coupled scalar field, say, Ψ [1, 25]. The field Ψ propagating in a background described by the line-elements (7) satisfies the following Klein-Gordon equation: □Ψ ≡ ( ∂^2Ψ ∂η^2 ) + ( 2 a ) ( da dη ) ( ∂Ψ ∂η ) − ∇^2Ψ = 0. (11)

The symmetry of the Friedmann metric allows us to decompose the normal modes of the scalar field as

ψ_k(x̃) = ( 1 (2π)^{3/2} ) ( μ_k(η) a(η) ) e^{ik·x}, (12)

where k is the comoving wave vector and the function μ_k satisfies the differential equation μ^{′′}_k + [ k^2 − ( a^{′′} a )] μ_k = 0 (13)

with the primes denoting differentiation with respect to η and k = |k|.

On quantization, the scalar field can be expressed in terms of the normal modes ψ_k(x̃) as follows:

Ψ̂ (η, x) = ∫ d^3k [ â_k ψ_k(x̃) + â^†_k ψ^∗_k(x̃) ] , (14) where the creation and the annihilation operators â_k and â^†_k obey the usual commutation relations. As the perturbations are assumed to be induced by the fluctuations in the free quantum field Ψ̂, the power spectrum as well as the statistical properties of the perturbations are entirely characterized by the Wightman functions of the quantum field. Therefore, the power spectrum of the perturbations per logarithmic interval, viz. [ k^3 P_Ψ(k) ] , is given by [1, 2] ∞∫ 0 ( dk k ) [ k^3 P_Ψ(k) ] = ⟨0|Ψ̂^2(η, x)|0⟩ = G^+_0 (x̃, x̃) ,

(15) where |0⟩ is the vacuum state (defined as â_k|0⟩ = 0 ∀ k), G^+_0 (x̃, x̃^′) denotes the Wightman function of the massless quantum field Ψ̂ and the spectrum is to be evaluated when the modes leave the Hubble radius. Using the decomposition (14), the perturbation spectrum per logarithmic interval can then be written in terms of the modes μ_k as [ k^3 P_Ψ(k) ] = ( k^3 2π^2 ) ( |μ_k| a )_2

(16)

and the expression on the right hand side is to be evaluated when the physical wavelength (k/a)^{−1} of the mode corresponding to the wavenumber k equals the Hubble radius H^{−1}, where H = (a^′/a^2). In the remainder of this section, we shall evaluate the spectrum of perturbations in power-law inflation^1.

For the case of power-law inflation, the exact solution to the differential equation (13) is well-known. Nevertheless, due to its utility in the next section (where we need to evaluate the modes of a massive field in the WKB approximation), we shall rewrite the differential equation (13) in terms of a new set of independent and dependent variables (x, u_k) which are related to the old set (η, μ_k) by the relations [26, 27]

x = ln ( β + 1 kη ) (17) and μ_k = e^{−(x/2)} u_k. (18)

In terms of the new variables, the differential equation (13) can be written as ( d^2u_k dx^2 ) + [ (β + 1)^2 e^{−(2x)} − ( β + 1 2 )_2]

u_k = 0 (19)

1 In this work, we do not distinguish between the scalar and the tensor perturbations since, in power-law inflation, the power spectrum of these perturbations are related by a constant factor [1, 3, 14].

and the general solution to this differential equation is given by (see, for e.g., Ref. [28], p. 362)

u_k(x) = ( A(k) H^{(2)}_−(_{β+ 12} ) [ (β + 1) e^{−x} ]

+ B(k) H^{(1)}_−(_{β+ 12} ) [ (β + 1) e^{−x} ] ) . (20)

The quantities H^{(1)}_ν and H^{(2)}_ν in the above solution are the Hankel functions of the first and the second kind (of order ν), respectively, and the k-dependent constants A(k) and B(k) are to be fixed by choosing suitable initial conditions for the modes at the beginning of inflation.

In the standard inflationary cosmology, the initial conditions are imposed on sub-Hubble scales, i.e. when the physical wavelengths (k/a)^{−1} of the modes are much smaller than the Hubble radius H^{−1}. In this limit, the modes do not feel the curvature of the space-time and, hence, in terms of η, reduce to e^{±ikη}. The assumption that the quantum field is in the vacuum state then requires that μ_k(η) is a positive frequency mode at sub- Hubble scales, i.e. it has the asymptotic form (see, for instance, Ref. [27]) lim (k/aH)→∞ μ_k(η) → ( 1 √ 2k ) e^{−ikη}. (21) In terms of the variable x, sub-Hubble scales (i.e. (k/a) ≫ H) correspond to the limit x → −∞, super- Hubble scales (i.e. (k/a) ≪ H) correspond to x → ∞ and Hubble exit of the modes occur at x = 0. Therefore, in terms of x and u_k, the condition (21) reduces to lim x→−∞ u_k(x) → ( 1 √ 2k ) e^{(x/2)} exp −i[(β + 1) e^{−x}].

(22) This can be achieved by setting B(k) to zero and choosing A(k) to be A(k) = ( π (β + 1) 4k )_{1/2} e^{iπβ/2} (23)

in Eq. (20), so that we have^2

u_k(x) = ( π (β + 1) 4k )_{1/2} e^{i(πβ/2)} H^{(2)}_−(_{β+ 12} ) [ (β + 1) e^{−x} ] (25) and it should be mentioned here that the vacuum state associated with this mode is often referred to in the literature as the Bunch-Davies vacuum [29]. The spectrum

2 Using the asymptotic behavior of the Hankel function, viz.

(cf. Ref. [28], p. 364) lim z→∞ H^{(2)}_ν (z) −→ ( 2 πz )_{1/2} e^{−i[z−(πν/2)−(π/4)]}, (24) it is straightforward to check that the function u_k (x) in Eq. (25) has indeed the required limit (22).

of perturbations can now be obtained by substituting the mode (25) in the expression (16) [with (η, μ_k) related to (x, u_k) by Eqs. (17) and (18)] and finally setting x = 0. We obtain the power spectrum, at Hubble exit, to be [30] [ k^3 P_Ψ(k) ] = C ( H^2 2π^2 ) ( k H )_{2(β+2)}

, (26)

where C is given by C = (π 4 ) (1 + β)^{−2(β+1)} | | |H^{(2)}_−(_{β+}^1_2 )(β + 1) | | | 2 . (27)

Note that, in obtaining the above expression, we have evaluated the power spectrum when the modes leave the Hubble radius. In the literature (see, for instance, Ref. [30]), the spectrum of perturbations is evaluated at the super-Hubble scales. These two power spectra typically differ in their amplitude by a numerical factor of order unity.

IV. CORRECTIONS TO THE STANDARD PERTURBATION SPECTRUM

As we had discussed in Section (II), in our model, the modified Wightman function of a massless field G_M (x̃, x̃^′) can be expressed as the difference of the Wightman functions of the massless field and a massive field of mass k_c, viz. G^+_0 (x̃, x̃^′) and G^+_{kc} (x̃, x̃^′) [cf. Eq. (4)]. Therefore, following Eq. (15), we can define the resulting modified perturbation spectrum per logarithmic interval, viz. [ k^3 P_Ψ(k) ] M, as follows: ∞∫ 0 ( dk k ) [ k^3 P_Ψ(k) ] M = G^+_M (x̃, x̃)

= G^+_0 (x̃, x̃) − G^+_{kc} (x̃, x̃) . (28)

The massive field can be decomposed and quantized in terms of the normal modes along the same lines as we had done in Eqs. (12) and (14) for the case of the massless field. If we now assume that the massive field is also in the Bunch-Davies vacuum, then the modified perturbation spectrum can be written as [ k^3 P_Ψ(k) ] M = ( k^3 2π^2 ) [( |μ_k| a )_2 − ( |μ̄_k| a )_2] , (29)

where, as before, μ_k denotes the modes of the massless field and μ̄_k denotes the modes of the scalar field with mass k_c which satisfies the differential equation

μ̄^{′′}_k + [ k^2 + (k_c a)^2 − ( a^{′′} a )] μ̄_k = 0. (30)

Moreover, as in the standard case, the expression on the right hand side of Eq. (29) is to be evaluated at the time when the modes of the massless and the massive fields leave the Hubble radius. On comparing the form of the original perturbation spectrum (16) with the modified spectrum (29), it is clear that the corrections to the standard spectrum arise as a result of the contribution due to the massive modes.

Before we proceed further with the evaluation of the corrections, we would like to stress the following point: In the standard inflationary scenario, it is well-known that the amplitude of the spectrum corresponding to the massive modes decays at the super-Hubble scales. (This can be easily shown for the case of exponential expansion, wherein the solutions to the massive modes are exactly known—in this context, see, for e.g., Ref. [31]). As we had pointed out in the previous paragraph, in our model, the trans-Planckian corrections to the standard adiabatic primordial spectrum arise due to the massive modes. Hence, within the standard inflationary picture, the amplitude of these corrections would be expected to decay at the super-Hubble scales. However, as the massive modes we have considered are supposed to represent the trans-Planckian corrections to the standard, massless modes, we shall assume that the mechanism that ‘freezes’ the amplitude of the standard adiabatic spectrum at super Hubble scales will also ‘freeze’ the amplitude of the trans-Planckian corrections at their value at Hubble exit. Hence, in what follows, we shall evaluate the corrections to the standard power spectrum when the massive modes leave the Hubble radius.

We can now introduce a new set of variables (x, ū_k) which are related to the old set (η, μ̄_k) exactly as in the massless case through the relations (17) and (18). In terms of the new variables, the differential equation (30) can be written as ( d^2ū_k dx^2 ) + ω^2(x) ū_k(x) = 0, (31)

where ω^2(x) is given by

ω^2(x) = [ (β + 1)^2 e^{−2x} − ( β + 1 2 )_2

+ ( k_c H )_2 ( H(β + 1) k )_{2(β+2)} e^{−2(β+2)x} ] . (32)

Unlike the massless case, the exact solution to the differential equation (31) for power-law inflation is not known. (The solution is known only for the special case of β = −2 which corresponds to exponential expansion.) Hence, we shall obtain the solution in the WKB approximation. As we shall show, for a massive field such that k_c ≫ H, the WKB approximation turns out to be valid for all x over a range of values of β and k of our interest. For our discussion below, we shall assume that 10^{−5} ≲ (H/k_c) ≲ 10^{−3}.

To begin with, note that, for β ≤ 2 and k_c ≫ H, ω^2(x) remains positive for all values of x. Therefore, the WKB solutions to the differential equation (31) are given by (see, for e.g., Ref. [27])

ū^{WKB}_k (x) = ( 1 √ ω(x) ) exp ± i ∫_x dx^′ ω(x^′), (33)

where ū^{WKB}_k satisfies the differential equation ( d^2ū^{WKB}_k dx^2 ) + [ ω^2(x) − Q(x) ] ū^{WKB}_k = 0 (34)

with the quantity Q(x) defined as

Q(x) = [( 3 4ω^2 ) ( dω dx )_2 − ( 1 2ω ) ( d^2ω dx^2 )] . (35)

It is then clear from Eq. (34) that the WKB solution (33) will be a good approximation to mode function ū(x), only if the following condition is satisfied [27]: | | | | ( Q ω^2 )| | | ≪ 1. (36)

For ω^2 given by Eq. (32), we find that the quantity (Q/ω^2) can be written as

( Q ω^2 ) = {( 5 4 ω^6 ) [ (β + 1)^2 e^{−2x} + (β + 2) ( k^2_c H^2 ) ( H (β + 1) e^{−x} k )_{2(β+2)}]2

− ( 1 ω^4 ) [ (β + 1)^2 e^{−2x} + (β + 2)^2 ( k^2_c H^2 ) ( H (β + 1) e^{−x} k )_{2(β+2)}]} . (37)

Our task now is to examine whether this (Q/ω^2) indeed satisfies the condition (36) in all the three regimes, viz.

on the sub-Hubble and the super-Hubble scales as well as at Hubble exit. Let us first consider the case of exponential expansion, i.e. when β = −2. In such a case, ω^2 and (Q/ω^2) simplify to

ω^2 = [ e^{−2x} + (k_c/H)^2 − (9/4) ] (38) and ( Q ω^2 ) = [( 5 4 ω^6 ) e^{−4x} − ( 1 ω^4 ) e^{−2x} ] . (39)

We find that this expression reduces to lim x→−∞ | | | | ( Q ω^2 )| | | ≃ ( e^{2x}/4 ) → 0 (40)

on the sub-Hubble scales, to lim_{x→∞} | | | ( Q ω^2 )| | ≃ (H/k_c)^4 e^{−2x} → 0 (41)

on the super-Hubble scales and to

lim_{x→0} | | | | ( Q ω^2 )| | | ≃ ( H k_c )_4 (42)

at Hubble exit. Since (H/k_c) ≪ 1, clearly, (Q/ω^2) ≪ 1 at Hubble exit and, therefore, the WKB approximation for the massive modes is valid for all x and k.

Let us now consider the case of power-law inflation, i.e. when β < −2. We find that, the expression (37) for (Q/ω^2) reduces to lim x→−∞ | | | | ( Q ω^2 )| | | ≃ [ e^{2x} 4 (β + 1)^2 ] → 0 (43)

on the sub-Hubble scales, to lim_{x→∞} | | | | ( Q ω^2 )| | | ≃ ( H^2 4 k^2_c ) ( k H (β + 1)

)_{2(β+2)}

× (β + 2)^2 e^{2(β+2)x} → 0 (44)

on the super-Hubble scales and to

lim_{x→0} | | | | ( Q ω^2 )| | | ≃ ( H^2 4 k^2_c ) ( k H (β + 1)

)_{2(β+2)} (β + 2)^2

(45) at Hubble exit. Evidently, the WKB approximation is valid at the sub-Hubble and the super-Hubble scales. However, at Hubble exit, the validity of the approximation depends on the values of β and k and, for a given value of β, the approximation breaks down at a sufficiently small value of k. Fig. 1 contains contour plots for |(Q/ω^2)| = 10^{−2} at Hubble exit plotted as a function of β and k. It is clear from the figure that the WKB approximation will be valid for smaller and smaller values of k, provided we choose correspondingly smaller and smaller values of −(β + 2). In the limit of exponential

−(β + 2) log_{10}(k/H)

FIG. 1: Contour plots for |(Q/ω^2 )| = 10^{−2} at Hubble exit plotted as a function of β and k. The black contour corresponds to (H/kc) = 10^{−3} and the grey one to (H/kc) = 10^{−5}. The WKB approximation is valid for values of β and k that lie below these contours. In plotting these contours we have assumed that H = 10^{14} GeV = 10^{52} Mpc^{−1}.

expansion, i.e. as β → −2, the WKB approximation, as we had shown earlier, turns out to be valid for all k.

A few clarifying remarks concerning the above WKB approximation for the massive modes are in order at this stage of our discussion. Even in the case of the standard massless and minimally coupled scalar field, it is wellknown that, while the WKB approximation is valid at the sub-Hubble and at the super-Hubble scales, it breaks down at Hubble exit (for a detailed discussion on this point and the evaluation of the standard spectrum in the WKB approximation, see Ref. [27]). In fact, the WKB approximation will break down at Hubble exit even for a massive field if the mass of the field is smaller than (or of the order of) the Hubble scale H. This is evident from Eq. (42) for the case of exponential expansion. However, in our model, we have assumed that the mass (viz. k_c) of the field to be very large compared to H. It is due to this reason that we find the WKB approximation to be valid at Hubble exit for all values of k in the case of exponential inflation and up to a certain minimum value of k, which depends on the values of β and (H/k_c), in the case of power law inflation.

The general WKB solution to the equation (31) can be written as ū_k(x) ≃ [(¯ A(k) √ ω(x) ) exp i ∫_x dx^′ ω(x^′)

+ ( B̄(k) √ ω(x) ) exp −i ∫_x dx^′ ω(x^′) ] , (46)

where Ā(k) and B̄(k) are k-dependent constants that are to be fixed by the initial conditions. As mentioned earlier, we shall assume that the massive field is in the Bunch- Davies vacuum on the sub-Hubble scales. (Note that, in obtaining the standard spectrum, the massless field is assumed to be in the Bunch-Davies vacuum. Any possible excitations of the field by the evolving background are expected to be suppressed exponentially by the mass (see, for e.g., Ref. [32]). Therefore, it is natural to assume that the massive field—in particular, a field with a mass (viz. k_c) much greater than the Hubble scale—is in the Bunch-Davies vacuum as well.) Hence, the modes ū_k are required to have the limiting form (22) which leads to the conditions that B̄(k) = 0 and Ā(k) = [(β + 1)/2k]^{1/2}. Therefore, the mode ū_k(x) is given by ū_k(x) ≃ ( β + 1 2k ω(x) )_{1/2} exp i ∫_x dx^′ ω(x^′) (47)

and, using these modes, it is straightforward to evaluate the modified perturbation spectrum (29). We find that the resulting spectrum can be written as [ k^3 P_Ψ(k) ] M ≃ C ( H^2 2π^2 ) ( k H )_{2(β+2)}

× [ 1 − C̄ ( H k_c ) ( k H )_{(β+2)}]

, (48)

where C̄ is given by

C̄ = [ 2 C (β + 1)^{3(β+1)} ]_{−1} . (49)

The modified spectrum (48) has some similarities to the power spectrum that has been obtained recently from non-commutative inflation [18] and the spectrum exhibits a suppression of power at the large scales. In order to illustrate this feature, we have plotted the modified spectrum (48) as well as the standard spectrum, normalized to H^2, in Fig. 2 below. (Note that, in plotting the modified spectrum, we have chosen the values of (H/k_c) and β so that the WKB approximation is valid for the massive modes over the range of k of interest.) It is evident from the figure that the modified spectrum exhibits a suppression of power around log_{10}(k/H) ∼ −56 which corresponds to k ∼ 10^{−4} Mpc^{−1} or l = 2, 4—a feature that seems to be necessary to explain lower power in the quadrupole (l = 2) and the octopole moments (l = 4) in the CMB (see, for e.g., Ref. [33]). Though the modified spectrum we have obtained (by using the standard inflationary parameters) shows a suppression of power around the expected values of k, the extent of the suppression proves to be far less than that is required by the WMAP data. In order to fit the WMAP data, one seems to require a spectrum of the following form (see Ref. [17]; in this context, also see Ref. [34]): [ k^3 P_Ψ(k) ] M = A_s k^{(ns−1)} [ 1 − exp − (k/k_∗)^γ ] , (50)

[ k^3 PΨ(k) ] /H^2 log_{10}(k/H)

FIG. 2: Plots of the standard power spectrum [ k^3 PΨ(k) ] (black curve) and the modified power spectrum [ k^3 PΨ(k) ] M (grey curve), normalized to H^2. The grey curve corresponds to (H/kc) = 10^{−3} and β = −2.04—values that have been chosen so that the WKB approximation is valid around k ∼ 10^{−4} Mpc^{−1}. In plotting these spectra we have assumed that H = 10^{14} GeV = 10^{52} Mpc^{−1}.

where A_s and n_s are the amplitude and index of the standard spectrum, k_∗ ≃ 5 × 10^{−4} Mpc^{−1} and γ ≃ 3.35. To illustrate the fact that our model predicts far less suppression than is required by the observations, it is useful to consider the following ratio of the modified spectrum and the standard spectrum:

R(k) = ([ k^3 P_Ψ(k) ] M [k^3 P_Ψ(k)] ) . (51)

In Fig. 3 below, we have plotted the ratio R(k) for the cases of the modified spectrum predicted by our model [viz. (48)] and the modified spectrum (50) that seems to be required to fit the observations. [Note that the ratio R(k) for these spectra is given by the expressions within the square brackets in Eqs. (48) and (50).] It is evident from the figure that, in power law inflation, the suppression of power predicted by our model for the scalar power spectrum is far less than that is required to fit the WMAP data.

We would like to stress here the following points regarding the modified spectrum we have obtained. Firstly, one would tend to assume that the high energy effects will leave their imprints only at the ultra-violet end of the primordial perturbation spectrum. In contrast, we find that, what are supposedly trans-Planckian effects, result in a modification of the spectrum at the infra-red end. This essentially arises due to the fact that the longer wavelength modes leave the Hubble radius at earlier epochs

R(k) log_{10}(k/H)

FIG. 3: The ratio R(k) of the modified to the standard spectrum plotted for the modified spectrum predicted by our model [viz. (48)] and the spectrum (50) that seems to be required to fit the WMAP data. The black curve corresponds to the modified spectrum (48) for (H/kc) = 10^{−3} and β = −2.04—values that have been chosen so that the WKB approximation holds good around k ∼ 10^{−4} Mpc^{−1} . The grey curves corresponds to the spectrum (50) for k∗ = 5 × 10^{−4} Mpc^{−1} and γ = 3.35. Note that, in plotting these curves we have assumed that H = 10^{14} GeV = 10^{52} Mpc^{−1}.

thereby carrying the imprints of the high energy effects^3 . Secondly, assuming that the Planck scale effects can be expected to improve the divergence structure of quantum field theory, we had expressed the modified Wightman function (4) as the difference of the massless and the massive Wightman functions. Due to this reason and, also since the correction term to the power spectrum due to the massive modes is positive definite [cf. Eq. (29)], it is clear that the corrections will always suppress the power rather than enhance it. However, evidently, the actual form and the extent of the suppression will depend on the correction term. Though, interestingly enough, we find that the massive modes indeed suppress the power at large scales as required by the observations, the amount of suppression proves to be far less than that is needed to fit the WMAP data. Fourthly, we should point out that our model does not contain any free parameters other than the ratio (H/k_c) and, hence, it can be said to predict the loss of power at large scales naturally. Finally, as we had mentioned earlier, we have evaluated the trans- Planckian corrections to the standard, adiabatic spectrum when the massive modes leave the Hubble radius. In the standard inflationary picture, the amplitude of the spectrum of the massive modes would decay—the correc-

3 We thank Robert Brandenberger for drawing our attention to this point.

tion term in the spectrum (48) would retain its spectral shape, but its amplitude would decay as e^{3(β+1)x}—at the super Hubble scales (i.e. as x → ∞). Since, the massive modes in our model represent trans-Planckian corrections to the standard massless modes, we have assumed that the mechanism that ‘freezes’ the amplitude of the standard spectrum at super Hubble scales will also ‘freeze’ the amplitude of the corrections at their value at Hubble exit.

V. DISCUSSION

In this work, we have studied the trans-Planckian effects on the spectrum of the primordial density perturbations in the power-law inflationary scenario using an approach that preserves local Lorentz invariance. Motivated by the fact that quantum gravitational effects can be expected to improve the divergence structure of standard quantum field theory, we assumed that the trans- Planckian physics modifies the standard massless propagator such that the modified propagator can be expressed as the difference of the original massless propagator and a massive propagator with a mass of the order of the Planck mass.

In the standard inflationary scenario, the primordial perturbation spectrum is determined by the Fourier transform of the massless scalar field propagator. Therefore, modifying the scalar field propagator leads to modifications in the perturbation spectrum. We find that, in our model, the resulting modified spectrum remains scale invariant at the ultra-violet end, but, interestingly, it exhibits a suppression of power at the infra-red end— a feature that seems to be necessary to explain the low quadrupole and octopole moments measured in the CMB [15, 17, 33, 34]. However, at Hubble exit, the amount of suppression predicted by our model in powerlaw inflation turns out to be far less than as expected from WMAP data. Nevertheless, the loss of power at small k suggests that the power spectrum we have obtained may fit the WMAP data better than the standard ΛCDM model. It will be interesting to analyze the implications of the WMAP data for our model in the context of slow-roll inflation [35].

Naively, one would expect that very high energy effects will leave their imprints only at the ultra-violet end of the primordial spectrum. However, we find that the high energy effects lead to a modification of the spectrum at the infra-red end. As we had pointed out in the last section, this can be attributed to the fact that the longer wavelength modes leave the Hubble radius at earlier epochs thereby carrying the signatures of the high energy effects.

Finally, we would like to emphasize a very attractive feature of our approach which can result in corrections at the infra-red and the ultra-violet ends of the perturbation spectrum. Recall that in obtaining the modified spectrum (48) we had assumed that both the massless and the massive fields are in the Bunch-Davies vacuum.

This need not be the case. While it is natural to assume that the massive field is in the Bunch-Davies vacuum (in particular, a very heavy field with a mass of the order of the Planck mass), one can assume the massless field to be in a state such as the minimal uncertainty state [10]. In such a case, the resulting modified spectrum will have corrections at both the ends. While at the infra-red end, we will simply reproduce the corrections we have obtained, in the ultra-violet limit, the corrections will be of the form that has been recently obtained in the literature [11].

Acknowledgments

The authors wish to thank T. Padmanabhan and Robert Brandenberger for their comments on an earlier version of the manuscript. LS wishes to thank Namit Mahajan for discussions. LS would also like to thank the High Energy Physics Group of The Abdus Salam International Centre for Theoretical Physics, Trieste, Italy for hospitality, where this work was completed.

[1] A. D. Linde, Particle Physics and Inflationary Cosmology (Harwood Academic, Chur, Switzerland, 1990); A. R. Liddle and D. H. Lyth, Cosmological Inflation and Large-Scale Structure (Cambridge University Press, Cambridge, England, 1999).

[2] A. D. Linde, Phys. Lett. B 108, 389 (1982); A. Albrecht and P. J. Steinhardt, Phys. Rev. Lett. 48, 1220 (1982); A. D. Linde, Phys. Lett. B 162, 281 (1985); A. Albrecht, R. H. Brandenberger and R. Matzner, Phys. Rev. D 35, 429 (1987); E. Farhi and A. H. Guth, Phys. Lett. B 183, 149 (1987).

[3] J. Martin and R. Brandenberger, Phys. Rev. D 63, 123501 (2001) [arXiv:hep-th/0005209]; R. Brandenberger and J. Martin, Mod. Phys. Lett. A 16, 999 (2001) [arXiv:astro-ph/0005432].

[4] J. C. Niemeyer, Phys. Rev. D 63, 123502 (2001) [arXiv:astro-ph/0005533]; J. C. Niemeyer and R. Parentani, Phys. Rev. D 64, 101301 (2001) [arXiv:astro-ph/0101451].

[5] J. Kowalski-Glikman, Phys. Lett. B 499, 1 (2001);

A. A. Starobinsky, Pisma Zh. Eksp. Teor. Fiz. 73, 415 (2001) [arXiv:astro-ph/0104043].

[6] T. Tanaka, arXiv:astro-ph/0012431; M. Lemoine, M. Lubo, J. Martin and J. P. Uzan, Phys. Rev. D 65, 023510 (2002) [arXiv:hep-th/0109128].

[7] S. Shankaranarayanan, Class. Quant. Grav. 20, 75 (2003) [arXiv:gr-qc/0203060].

[8] A. Kempf and J. C. Niemeyer, Phys. Rev. D 64, 103501 (2001) [arXiv:astro-ph/0103225]; M. Bastero- Gil, P. H. Frampton and L. Mersini, Phys. Rev. D 65, 106002 (2002) [arXiv:hep-th/0110167]; R. Easther, B. R. Greene, W. H. Kinney and G. Shiu, Phys. Rev. D 67, 063508 (2003) [arXiv:hep-th/0110226]; S. F. Hassan and M. S. Sloth, Nucl. Phys. B 674, 434 (2003) [arXiv:hep-th/0204110].

[9] C. S. Chu, B. R. Greene and G. Shiu, Mod. Phys.

Lett. A 16, 2231 (2001) [arXiv:hep-th/0011241]; F. Lizzi, G. Mangano, G. Miele and M. Peloso, JHEP 0206, 049 (2002) [arXiv:hep-th/0203099].

[10] U. H. Danielsson, Phys. Rev. D 66, 023511 (2002);

JHEP 0212, 025 (2002); U. H. Danielsson, D. Domert and M. Olsson, Phys. Rev. D 68, 083508 (2003); J. C. Niemeyer, R. Parentani and D. Campo, Phys. Rev. D 66, 083510 (2002).

[11] G. L. Alberghi, R. Casadio and A. Tronconi, Phys. Lett.

B 579, 1 (2004) [arXiv:gr-qc/0303035].

[12] N. Kaloper, M. Kleban, A. E. Lawrence and S. Shenker,

Phys. Rev. D 66, 123510 (2002) [arXiv:hep-th/0201158]. [13] C. P. Burgess, J. M. Cline, F. Lemieux and R. Holman, JHEP 0302, 048 (2003) [arXiv:hep-th/0210233]; C. P. Burgess, J. Cline and R. Holman, JCAP 0310, 004 (2003) [arXiv:hep-th/0306079].

[14] J. Martin and R. Brandenberger, Phys. Rev. D 68, 063513 (2003).

[15] C. L. Bennett et. al., Astrophys. J. Suppl. 148, 1 (2003) [arXiv:astro-ph/0302207]; A. Kogut et. al., Astrophys. J. Suppl. 148, 161 (2003) [arXiv:astro-ph/0302213]; D. N. Spergel et. al., Astrophys. J. Suppl. 148, 175 (2003). Also, see http://map.gsfc.nasa.gov/.

[16] http://astro.estec.esa.nl/SA-general/Projects/Planck/ [17] C. R. Contaldi, M. Peloso, L. Kofman and A. Linde, JCAP 0307, 002 (2003) [arXiv:astro-ph/0303636].

[18] R. Brandenberger and P. M. Ho, Phys. Rev. D 66, 023517 (2002) [arXiv:hep-th/0203119]; Q. G. Huang and M. Li, JHEP 0306, 014 (2003) [arXiv:hep-th/0304203]; JCAP 0311, 001 (2003) [astro-ph/0308458]; arXiv:astroph/0311378; S. Tsujikawa, R. Maartens and R. Brandenberger, Phys. Lett. B 574, 141 (2003) [arXiv:astroph/0308169]; R.-G. Cai, arXiv:hep-th/0403134.

[19] T. Jacobson, S. Liberati and D. Mattingly, Nature 424, 1019 (2003); R. C. Myers and M. Pospelov, Phys. Rev. Lett. 90, 211601 (2003).

[20] B. S. DeWitt, Phys. Rev. Lett. 13, 114 (1964); 47, 1647 (1981); T. Padmanabhan, Ann. Phys. (N.Y.) 165, 38 (1985); Class. Quant. Grav. 4, L107 (1987); Phys. Rev. Lett. 78, 1854 (1997); Phys. Rev. D 57, 6206 (1998); A. Smailagic, E. Spallucci and T. Padmanabhan, [arXiv:hep-th/0308122]; H. C. Ohanian, Phys. Rev. D 55, 5140 (1997); Phys. Rev. D 60, 104051 (1999).

[21] N. H. Barth and S. M. Christensen, Phys. Rev. D 28, 1876 (1983), Appendix C.

[22] N. Hambli and C. P. Burgess, Phys. Rev. D 53, 5717 (1996) [arXiv:hep-th/9510159].

[23] S. W. Hawking and T. Hertog, Phys. Rev. D 65, 103515 (2002) [arXiv:hep-th/0107088].

[24] J. Z. Simon, Phys. Rev. D 41, 3720 (1990). [25] M. Sasaki, Prog. Theor. Phys. 76, 1036 (1986);

V. F. Mukhanov, Sov. Phys. JETP 67 (1988) 1297 [Zh. Eksp. Teor. Fiz. 94N7 (1988) 1]; V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215, 203 (1992).

[26] L. M. Wang, V. F. Mukhanov and P. J. Steinhardt, Phys.

Lett. B 414, 18 (1997) [arXiv:astro-ph/9709032]. [27] J. Martin and D. J. Schwarz, Phys. Rev. D 67, 083512

(2003) [arXiv:astro-ph/0210090].

[28] M. Abramowitz and I. A. Stegun, Handbook of Mathematical Functions (Dover Publications, New York, 1964).

[29] T. Bunch and P. C. W. Davies, Proc. Roy. Soc. Lond. A 360, 117 (1978).

[30] L. F. Abbott and M. B. Wise, Nucl. Phys. B 244, 541 (1984); J. Martin and D. J. Schwarz, Phys. Rev. D 57, 3302 (1998) [arXiv:gr-qc/9704049].

[31] D. Langlois and F. Vernizzi, arXiv:astro-ph/0409684. [32] N. D. Birrell and P. C. W. Davies, Quantum Fields in

Curved Space, (Cambridge University Press, Cambridge, England, 1982), pp. 59–62.

[33] S. L. Bridle, A. M. Lewis, J. Weller and G. Efstathiou, Mon. Not. Roy. Astron. Soc. 342, L72 (2003) [astroph/0302306].

[34] A. Shafieloo and T. Souradeep, arXiv:astro-ph/0312174. [35] L. Sriramkumar and S. Shankaranarayanan, Work in

progress.