arXiv:hep-th/0403277 v3 27 Apr 2005

On reflection algebras and twisted Yangians

Anastasia Doikou^1

Laboratoire d’Annecy-le-Vieux de Physique Théorique LAPTH, CNRS, UMR 5108, Université de Savoie B.P. 110, F-74941 Annecy-le-Vieux Cedex, France

Abstract

It is known that integrable models associated to rational R matrices give rise to certain non-abelian symmetries known as Yangians. Analogously ‘boundary’ symmetries arise when general but still integrable boundary conditions are implemented, as originally argued by Delius, Mackay and Short from the field theory point of view, in the context of the principal chiral model on the half line. In the present study we deal with a discrete quantum mechanical system with boundaries, that is the N site gl(n) open quantum spin chain. In particular, the open spin chain with two distinct types of boundary condition known as soliton preserving and soliton non-preserving is considered. For both types of boundaries we present a unified framework for deriving the corresponding boundary non-local charges directly at the quantum level. The non-local charges are simply coproduct realizations of particular boundary quantum algebras called ‘boundary’ or twisted Yangians, depending on the choice of boundary conditions. Finally, with the help of linear intertwining relations between the solutions of the reflection equation and the generators of the boundary or twisted Yangians we are able to exhibit the symmetry of the open spin chain, namely we show that a number of the boundary non-local charges are in fact conserved quantities.

LAPTH-1035/04 March 2004

1e-mail: doikou@lapp.in2p3.fr

1 Introduction

Symmetry breaking mechanisms have been the subject of immense interest in modern physics. A well known symmetry breaking process in the context of two dimensional integrable systems is the implementation of general boundaries that preserve however integrability [1, 2]. The presence of general integrable boundaries usually reduces the original symmetry of the system giving rise to ‘boundary’ algebraic structures known as boundary quantum groups (algebras) (see e.g. [3]– [6]). The boundary quantum groups are essentially subalgebras of the usual quantum groups [7]–[10], and they provide the underlying algebraic structures in the reflection equation [1] exactly as quantum groups do in the Yang-Baxter equation [11]–[13]. As is well known the Yang–Baxter and reflection equations are collections of algebraic constraints ruling two dimensional integrable models with boundaries. The study of such boundary symmetries for a particular class of integrable systems will be the main objective of this investigation.

The present work may be seen as the continuation of the investigation undertaken in [6], where the boundary quantum group generators for the open XXZ spin chain, were constructed by studying the asymptotics of the open spin chain. Historically, boundary quantum group generators were obtained for the first time in the context of the sine-Gordon model in the ‘free fermion’ point [3], whereas in [14] realizations of such generators were constructed for models associated to higher rank algebras. In [4] the boundary quantum group was derived for the affine Toda field theories on the half line, and solutions of the reflection equation associated to a certain type of boundary conditions were found. Also, boundary non–local charges were constructed classically, in the framework of the principal chiral model on the half line [5], for two distinct types of boundary conditions known as soliton-preserving (SP) [15]–[18] and soliton non-preserving (SNP) [19]–[22].

In this paper we focus on the quantum mechanical system that is the N site gl(n) open quantum spin chain, and we consider two types of boundary conditions i.e. SP and SNP. For both types of boundaries the corresponding non-local charges are constructed in a systematic way by studying the asymptotics of the gl(n) open spin chain. It turns out that the non-local charges are simply coproducts of certain boundary quantum algebras called ‘boundary’ or twisted Yangians [23]–[25], depending on the choice of boundary conditions. It is worth remarking that in [5] linear intertwining relations involving the boundary algebra generators were used as the starting point for deriving solutions of the reflection equation for both types of boundary conditions. In the present study on the other hand we start our analysis having at our disposal c-number solutions of the reflection equation, and we simply exploit the existence of the intertwining relations in order to derive the symmetry of the open spin chain (see also [6]). In fact, we show explicitly that a set of the boundary non-local charges are conserved quantities, that is they commute with the transfer matrix of the open spin chain. It should be pointed out that our results rely on purely algebraic grounds, and therefore they are independent of the choice of representation.

2 The underlying algebras

In general, two types of spin chains exist known as closed (e.g. periodic boundary conditions) and open. To construct and study a periodic spin chain one has first to introduce the basic building block, namely the R (L) matrix satisfying the Yang–Baxter equation [11]–[13]. The construction of an open spin chain on the other hand requires the consideration of one more fundamental object called the K matrix, which satisfies another set of algebraic constraints known as the reflection equation [1]. The main objective of the two subsequent sections is to introduce the aforementioned fundamental objects, and also briefly describe the corresponding algebraic framework.

2.1 The Yang-Baxter equation

Let us first introduce the gl(n) R matrix, which is a solution of the Yang-Baxter equation [11]–[13]

R_{12}(λ_1 − λ_2) R_{13}(λ_1) R_{23}(λ_2) = R_{23}(λ_2) R_{13}(λ_1) R_{12}(λ_1 − λ_2), (2.1)

acting on V⊗ V⊗ V, and as usual R_{12} = R ⊗ I, R_{23} = I⊗ R and so on. The R matrix may be written in the following compact form R(λ) = I+ i λ P (2.2)

where P is the permutation operator, acting on (C^n )^{⊗2} with

P (a ⊗ b) = b ⊗ a and P^2 = I. (2.3)

In addition, the R matrix satisfies the unitarity condition,

R(λ) R̂(−λ) ∝ I where R̂(λ) = P R(λ) P. (2.4)

Notice that R(λ) ∈ End(C^n ⊗C^n ), however in general one may define the object L(λ) ∈ End(C^n )⊗ Y[λ^{−1}], where the second ‘space’ is not represented, but it is occupied by elements of the algebra Y called the gl(n) Yangian [8, 9], and defined by the following fundamental algebraic relation,

R_{12}(λ_1 − λ_2) L_{13}(λ_1) L_{23}(λ_2) = L_{23}(λ_2) L_{13}(λ_1) R_{12}(λ_1 − λ_2). (2.5)

It is worth pointing out that the asymptotic expansion of L(λ) to powers of λ^{−1} yields the generators of the Yangian, which satisfy exchange relations dictated by (2.5). A more detailed analysis on the Yangian will be presented in section 3. A solution of the fundamental equation (2.5), which we shall use hereafter, may take the following simple form L(λ) = I+ i λ P (2.6)

P is an n × n matrix with entries P_{ab} ∈ gl(n).

The Yangian (2.5) is a Hopf algebra equipped with a coproduct Δ : Y → Y ⊗ Y

(id ⊗ Δ)L(λ) = L_{13}(λ) L_{12}(λ), (2.7)

and by treating L as an n × n matrix with entries L_{ab} being elements of Y, we conclude that

Δ(L_{ab}(λ)) = n∑ c=1 L_{cb}(λ) ⊗ L_{ac}(λ), a, b ∈ {1, . . . , n}. (2.8) It will be helpful for the following to also introduce Δ^′ : Y → Y ⊗ Y obtained from Δ by permutation. In particular, let Π be the ‘shift operator’ Π : O_1 ⊗ O_2 → O_2 ⊗ O_1 then one may write

Δ^′ (x) = Π ∘ Δ(x), x ∈ Y (2.9)

Also, by iteration the l coproduct Δ^{(l)} : Y → Y^{⊗(l)} may be written as

Δ^{(l)} = (id ⊗ Δ^{(l−1)})Δ. (2.10)

By considering tensor products of Y one may construct the periodic ‘spin chain’. Let us first define the algebraic monodromy matrix T as tensor product of N L matrices, i.e.

T_0(λ) = (id ⊗ Δ^{(N )})L(λ) = L_{0N} (λ) . . . L_{01}(λ), (2.11)

the monodromy matrix T ∈ End(C^n )⊗Y^{⊗N} is also a solution of (2.5). Traditionally the indices i ∈ {1, . . . , N} are associated to the ‘quantum spaces’ and they are suppressed from the monodromy matrix (2.11), whereas the index 0 corresponds to the so called ‘auxiliary space’. Finally, the transfer matrix of the periodic spin chain is derived by simply taking the trace over the auxiliary space,

t(λ) = T r_0 T_0(λ), (2.12)

and it is clear that t(λ) ∈ Y^{⊗N} . It follows immediately from (2.5) that the transfer matrix (2.12) provides a family of commuting operators [ t(λ), t(λ^′) ] = 0 (2.13)

ensuring the integrability of the model. Each ‘quantum space’ in (2.11), (2.12) is associated to a copy of Y, and the corresponding sequence of N copies of Y described by (2.11), (2.12) is a purely algebraic construction. It acquires a physical meaning as a spin chain once the ‘quantum spaces’ are mapped to finite or infinite dimensional spaces. Then the spectrum of the transfer matrix and the corresponding Bethe ansatz equations can be derived and the physically relevant quantities may be computed [26].

2.2 The reflection equation

In the following two distinct types of boundary conditions SP, SNP are described using a unified framework, and the corresponding spin chains are constructed. As mentioned, in order to build the open spin chain an additional fundamental object needs to be considered, that is the K^∗ matrix, which is a solution of the reflection equation [1]

R_{12}(λ_1 − λ_2) K^∗_1(λ_1) R^∗_{21}(λ_1 + λ_2) K^∗_2(λ_2) = K^∗_2(λ_2) R^∗_{12}(λ_1 + λ_2) K^∗_1(λ_1) R_{21}(λ_1 − λ_2) (2.14) acting on V⊗ V, and as customary K^∗_1 = K^∗ ⊗ I, K^∗_2 = I⊗ K^∗. We also introduce the notation, K^∗(λ) = K(λ), R^∗(λ) = R(λ) for SP b.c.

K^∗(λ) = K̄(λ), R^∗(λ) = R̄(λ) for SNP b.c. (2.15) and we define R̄_{12}(λ) = f(λ) V_1 R^t2_{12}(−λ − iρ) V_1 = f(λ) V^t2_2 R^t1_{12}(−λ − iρ) V^t2_2 , ρ = n 2 , f(λ) = λ + iρ λ (2.16) R̄_{21}(λ) = R̄_{12}(λ)t1 t2 , t_i denotes the transposition on the ith space. V is the ‘charge conjugation’ being of the form V = antidiag(1, 1, ..., 1, 1), n odd and even, or V = antidiag(i, −i, ..., i, −i), n even only. (2.17) The R̄ matrix may be also written in a compact form as R̄(λ) = λ + iρ λ I− i λ K = I+ i λ P̌ (2.18) where K is an one dimensional projector satisfying K P = P K = ±K, K^2 = nK, (2.19) and consequently P̌^2 = ρ^2I. For the special case n = 2, it is clear that P̌ = P. Relation (2.14) defines the so called reflection algebra (boundary Yangian) [2], [30]–[33] or the twisted Yangian [23, 24, 25] depending on the action of ∗ (2.15). Let us denote the boundary or twisted Yangian as B^∗ , more specifically

B^∗ = B boundary Yangian for SP b.c., B^∗ = B̄ twisted Yangian for SNP b.c. (2.20) It should be noted that from the physical point of view SP b.c. describe the reflection of a soliton to a soliton, while SNP b.c. describe the reflection of a soliton to an anti-soliton.

The general form of the gl(n) c–number K^∗ matrix is given by [1] K^∗(λ) = λk^∗ + f^∗ (2.21) where f^∗, k^∗ are n × n λ independent matrices with f^∗ = f or f̄ and k^∗ = k or k̄ for SP and SNP b.c. respectively. For SP b.c. in particular, f = iξI and k is a n × n λ independent matrix with non-zero entries given by [17] k_{11}(λ) = −1, k_{nn}(λ) = 1, k_{1n}(λ) = k_{n1}(λ) = 2κ k_{jj} (λ) = 1 + 2c, j = 2, . . . , n − 1, (2.22) with ξ arbitrary constant, and c, κ constants satisfying κ^2 = c(c + 1) (see also [17]), so there are two arbitrary boundary parameters ξ and κ. Notice that the entries of the K matrix are simply c-numbers and this is the reason why (2.22) is called a c-number solution of the reflection equation.

Although certain solutions K̄ (SNP) of (2.14) have been derived for the trigonometric [4, 20] and rational case [5, 22], the situation is not completely clear yet for this type of boundary conditions. Nevertheless, assuming the general form (2.21) for the c-number K̄ matrix is sufficient for our analysis. It is evident that the gl(2) case is rather special, because R_{12} = R̄_{12} (by choosing the second V in (2.17)), and consequently K = K̄.

Having at our disposal c-number solutions of the (2.14) we may build the more general form of solution. To do so it is first necessary to define the following objects L̂_{12}(λ) = L^{−1}_{12} (−λ), L̄^′(λ) = f(λ) V^t1_1 L^t1_{12}(−λ − iρ) V^t1_1 (2.23) and L^∗(λ) = L̂(λ), for SP b.c. L^∗(λ) = L̄^′(λ) for SNP b.c. (2.24) It will be instructive for the following to present explicit expressions of the L^∗. Although the expressions for L^{−1} and consequently L̂ are quite intricate, fortunately for our purposes it is only necessary to consider the asymptotic behavior as λ → ∞, keeping terms up to^1_{λ2}

L̂_{12}(λ → ∞) ∝ I+ i λ P_{12} − 1 λ^2

P^2_{12} + O( 1 λ^3

), and L̄^′_{12}(λ) = I+ i λ P̌_{12} (2.25)

where P̌_{12} = ρI− V^t1_1 P^t1_{12} V^t1_1 . (2.26)

And more specifically, R̂(λ) is provided by (2.4), and R̄^′(λ) = P R̄(λ) P.

The more general solution of (2.14) is then given by [2]: K^∗ (λ) = L(λ − Θ) (K^∗(λ) ⊗ I) L^∗(λ + Θ). (2.27) Θ some times is called inhomogeneity and henceforth for simplicity we shall consider it to be zero. The entries of K^∗ are elements of the B^∗ algebra defined by (2.14). It is clear that the general solution (2.27) allows the expansion in powers of λ^{−1} as we shall see in subsequent sections, providing the generators of the boundary Yangian (for SP ) or the twisted Yangian (for SNP ), which obey commutation relations dictated by the defining algebraic relations (2.14). The algebra B^∗ is also endowed with a coproduct inherited essentially from the Yangian. In particular, let us first derive the coproduct for L^∗, i.e.

(id ⊗ Δ)L^∗(λ) = L^∗_{12}(λ) L^∗_{13}(λ) → Δ(L^∗_{ab}(λ)) = n∑ c=1 L^∗_{ac}(λ) ⊗ L^∗_{cb}(λ) a, b ∈ {1, . . . , n}. (2.28) Then it is clear from (2.8), (2.28) that the elements of B^∗ form coproducts Δ : B^∗ → B^∗ ⊗ Y, such that (see also [4, 5])

Δ(K^∗_{ab} (λ)) = n∑ k,l=1 K^∗_{kl} (λ) ⊗ L_{ak} (λ)L^∗_{lb}(λ) a, b ∈ {1, . . . , n}. (2.29) Our final aim of course is to build the corresponding quantum system that is the open quantum spin chain. For this purpose we shall need tensor product realizations of the general solution (2.27). We define

T^∗_0 (λ) = (id ⊗ Δ^{(N )})L^∗(λ) = L^∗_{01}(λ) . . . L^∗_{0N} (λ) (2.30)

then the general tensor type solution of the (2.14) takes the form

T^∗_0 (λ) = T_0(λ) K^∗_0(λ) T^∗_0 (λ), (2.31)

with entries being clearly coproducts of the B^∗ algebra, namely

T^∗_{ab}(λ) = Δ^{(N )}(K_{ab} (λ)) (2.32)

recall that Δ^{(N )} is defined via (2.10), and Δ(K_{ab} ) is given in (2.29). Finally, we introduce the transfer matrix of the open spin chain [2], which may be written as

t^∗(λ) = T r_0 { K^{(+)∗}_0 (λ) T^∗_0 (λ) } , (2.33)

K^{(+)∗}(λ) = K^{(l)∗}(−λ − iρ), where K^{(l)∗}(λ) is also a solution of (2.14), but here for simplicity is considered tobe I. The ∗ notation for the aforementioned objects is applied as follows

T^∗(λ) = T̂ (λ), T^∗(λ) = T (λ), t^∗(λ) = t(λ), for SP b.c., T^∗(λ) = T̄ (λ), T^∗(λ) = T̄ (λ), t^∗(λ) = t̄(λ), for SNP b.c. (2.34)

It can be shown [2, 21], using the fact that T^∗ is a solution of the reflection equation (2.14), that the transfer matrices (2.33) provide families of commuting operators i.e., [ t^∗(λ), t^∗(λ^′) ] = 0. (2.35)

The latter commutation relations (2.35) ensure the integrability of the relevant models.

3 More on Yangians

It is instructive for what follows to recall in more detail the basic definitions associated to Yangians [8, 27] (for a review on Yangians see e.g. [28]). The gl(n) Yangian Y, is a non abelian algebra —a quantum group [9]–[10]— with generators Q^{(p)}_{ab} and defining relations given below [ Q^{(0)}_{ab} , Q^{(0)}_{cd} ] = iδ_{cb}Q^{(0)}_{ad} − iδ_{ad}Q^{(0)}_{cb} [ Q^{(0)}_{ab} , Q^{(1)}_{cd} ] = iδ_{cb}Q^{(1)}_{ad} − iδ_{ad}Q^{(1)}_{cb} [ Q^{(1)}_{ab} , Q^{(1)}_{cd} ] = iδ_{cb}Q^{(2)}_{ad} − iδ_{ad}Q^{(2)}_{cb} + ih^2 4 Q^{(0)}_{ad} ( ∑ e Q^{(0)}_{ce} Q^{(0)}_{eb} ) − ih^2 4 ( ∑ e Q^{(0)}_{ae} Q^{(0)}_{ed} )Q^{(0)}_{cb} a, b ∈ {1, . . . , n} (3.1) and also relations [ Q^{(0)}_{ab} , [ Q^{(1)}_{cd} , Q^{(1)}_{ef} ]] − [ Q^{(1)}_{ab} , [ Q^{(0)}_{cd} , Q^{(1)}_{ef} ]]

= h^2 4 ∑ p,q ([ Q^{(0)}_{ab} , [ Q^{(0)}_{cp} Q^{(0)}_{pd} , Q^{(0)}_{eq} Q^{(0)}_{qf} ]] − [ Q^{(0)}_{ap} Q^{(0)}_{pb} , [ Q^{(0)}_{cd} , Q^{(0)}_{eq} Q^{(0)}_{qf} ]]) . (3.2)

As already mentioned (2.8) the Yangian is endowed with a coproduct Δ : Y → Y ⊗ Y. In particular, the coproducts of the generators Q^{(p)}_{ab} may be written as

Δ(Q^{(0)}_{ab} ) = Q^{(0)}_{ab} ⊗ I+ I⊗ Q^{(0)}_{ab}

Δ(Q^{(1)}_{ab} ) = Q^{(1)}_{ab} ⊗ I+ I⊗ Q^{(1)}_{ab} + h 2 n∑ d=1 (Q^{(0)}_{ad} ⊗ Q^{(0)}_{db} − Q^{(0)}_{db} ⊗ Q^{(0)}_{ad} ), (3.3)

also for Δ^′ similar expressions may be deduced. In fact the only difference between expressions Δ and Δ^′ is a minus sign in front of h in the coproduct of Q^{(1)}_{ab} . Using (2.10) we can get explicit expression for the l coproducts

Δ^{(l)}(Q^{(0)}_{ab} ) = l∑ i=1 (Q^{(0)}_{ab} )_i

Δ^{(l)}(Q^{(1)}_{ab} ) = l∑ i=1 (Q^{(1)}_{ab} )_i + h 2 l∑ j>i=1 n∑ d=1 ( (Q^{(0)}_{ad} )_i ⊗ (Q^{(0)}_{db} )_j − (Q^{(0)}_{db} )_i ⊗ (Q^{(0)}_{ad} )_j ) , (3.4)

where the indices i, j denote the site in the l coproduct sequence. We may also define Δ^{′(l)} : Y → Y^{⊗(l)} as

Δ^{′(l)} = (id ⊗ Δ^{(l−1)})Δ^′. (3.5)

Note that there also exists the opposite coproduct Δ^{op(l)} = (id ⊗ Δ^{op(l−1)})Δ^{op} with Δ^{op} = Δ^′. For generic values of l, Δ^{op(l)} ≠ Δ^{′(l)} and they only coincide for l = 2. Expressions similar to (3.4) may be derived for Δ^{′(l)}, but we omit them here for brevity.

Realizations of Yangian generators

As is known the asymptotic behaviour of the monodromy matrix T (2.11) as λ → ∞ provides tensor product representations of Y. Let us briefly review how this process works. Recall that the operators L and T are treated as n×n matrices with entries being elements of Y, Y^{⊗N} respectively. The monodromy matrix T as λ → ∞ may be written as (for simplicity we suppress the ‘auxiliary’ space index 0 from T in the following) T (λ → ∞) ∝ I+ ∞∑ m=0 λ^{−m−1} t^{(m)}. (3.6)

Exchange relations among the charges t^{(m)}_{ab} (the entries of t^{(m)}) may be derived by virtue of the fundamental algebraic relation (2.5), as λ_i → ∞. To extract the Yangian generators we study the asymptotic expansion (3.6) keeping higher orders in the^1_λ expansion. Recalling the form of L (2.6) and T (2.11) we conclude that T (λ → ∞) ∝ I+ i λ N∑ i=1 P_{0i} − 1 λ^2 N∑ i>j=1 P_{0i} P_{0j} + O( 1 λ^3

). (3.7)

Now consider the quantities below written as combinations of t^{(p)}, p ∈ {0, 1},

Q^{(0)} = t^{(0)}, Q^{(1)} = t^{(1)} − 1 2 Q^{(0)} Q^{(0)} (3.8)

where the from of t^{(p)} is defined by (3.6), (3.7). Then Q^{(p)} may be written as combinations of the operators P_{0i}, each acting on C^n ⊗ Y, namely (from now on we consider h = −1 in (3.3))

Q^{(0)} = i N∑ i=1 P_{0i}, Q^{(1)} = 1 2 N∑ i=1 P^2_{0i} + 1 2 N∑ j>i=1 (P_{0i} P_{0j} − P_{0j} P_{0i}). (3.9)

Note that for simplicity both quantum and auxiliary indices in Q^{(p)} (3.9) are omitted. The entries of the matrices Q^{(p)} are the non-local charges Q^{(p)}_{ab} ∈ Y^{⊗N} being coproduct realizations of the Yangian, i.e. Q^{(p)}_{ab} = Δ^{(N )}(Q^{(p)}_{ab} ) p ∈ {0, 1}, a, b ∈ {1, . . . , n}. (3.10) The charges Q^{(0)}_{ab} in particular, are coproducts of the generators of the gl(n) Lie algebra. It is also apparent from (3.10) that for N = 1, Q^{(p)}_{ab} → Q^{(p)}_{ab} .

4 Boundary and twisted Yangian generators

After the brief review on Yangians we are in the position to deal with realizations of boundary or twisted Yangians. As already mentioned two different types of boundary conditions, the SP and the SNP [19]–[22], [29] will be investigated using a unified framework. The SNP boundary conditions were studied for the first time in the context of integrable lattice models in [21], whereas a generalized description of these boundaries is presented in [29].

As we have seen in section 2.2 the entries of T^∗ are coproducts of the B^∗ algebra. The main objective now is to obtain, as in the case of Yangians, the exact form of tensor products of the generators of B^∗ via the asymptotic expansion of T^∗. Again L(L^∗), T (T^∗ ) and consequently T^∗ (2.33) are treated as n × n matrices with entries being elements of Y, Y^{⊗N} respectively. Recall also that K^∗ (2.22) is a n × n matrix with c-number entries. The expansion of T^∗ (2.33) as λ → ∞ reads (again for simplicity we suppress the ‘auxiliary space’ index 0 from T , T^∗ and T^∗ in the following) T^∗(λ → ∞) ∝ I+ ∞∑ m=0 λ^{−m−1} t̃^{(m)}, (4.1)

while exchange relations among the charges t̃^{(m)}_{ab} may be now found by virtue of the algebraic relations (2.14).

As in the bulk case to extract the boundary or twisted Yangian generators we shall keep higher order terms in the expansion (4.1). We need first the asymptotic behaviour of the matrices T , T^∗ as well as K^∗. The expansion of T is given by (3.7), while T^∗ reads as λ → ∞ T^∗(λ → ∞) ∝ I+ i λ N∑ i=1 P^∗_{0i} − 1 λ^2 ( N∑ i<j=1 P^∗_{0i} P^∗_{0j} + Y^∗) + O( 1 λ^3

). (4.2)

where

P^∗ = P for SP b.c., P^∗ = P̌ for SNP b.c, and

Y^∗ = N∑ i=1 P^2_{0i} for SP b.c., Y^∗ = 0 for SNP b.c. (4.3)

Before we continue with the asymptotics of T^∗ it is necessary for our purposes to derive the charges from the expansion of T̄ as λ → ∞ (the expansion of T̂ yields the same charges as in (3.9)). Note that T̄ also satisfies the defining relation of the Yangian (2.5), therefore the corresponding charges are expected to be coproducts of the Yangian generators. In fact, the asymptotic expansion of T̄ (up to^1_{λ2} ) provides the following operators,

Q̌^{(0)} = i N∑ i=1 P̌_{0i}, Q̌^{(1)} = −1 2 N∑ i=1 P̌^2_{0i} + 1 2 N∑ j>i=1 (P̌_{0i} P̌_{0j} − P̌_{0j} P̌_{0i}). (4.4)

The entries of the matrices (4.4) may be indeed written as coproducts of an alternative set of generators of the Yangian Q̌^{(p)}_{ab} , Q̌^{(p)}_{ab} = Δ^{(N )}(Q̌^{(p)}_{ab} ), p ∈ {0, 1}, a, b ∈ {1, . . . , n}, (4.5) where Q̌^{(p)}_{ab} are the entries of the matrices derived in (4.4) for N = 1. The generators Q̌^{(p)}_{ab} are isomorphic to Q^{(p)}_{ab} , and their exact correspondence may be found by exploiting the relation between P and P̌ given by (2.26).

Recall also that the K^∗ matrix is given by the general form (2.21) for any solution of the reflection equation (2.14), associated to the gl(n) R matrix. Having derived the expansions of T , T^∗ and K^∗ we may now come to the asymptotic behaviour of T^∗ as λ → ∞, (we keep here up to 1 λ^2 terms) i.e.

T^∗(λ → ∞) ∝ k^∗ + 1 λ (f^∗ + ik^∗ N∑ i=1 P^∗_{0i} + i N∑ i=1 P_{0i}k^∗) + 1 λ^2 (−k^∗ N∑ i<j=1 P^∗_{0i}P^∗_{0j}

− N∑ i>j=1 P_{0i}P_{0j}k^∗ − N∑ i,j=1 P_{0i}k^∗P^∗_{0j} + if^∗ N∑ i=1 P^∗_{0i} + i N∑ i=1 P_{0i}f^∗ − k^∗Y^∗) + O( 1 λ^3

), (4.6)

which provides the form of t̃^{(p)}, p ∈ {0, 1} (4.1). Consider now the following combinations of t̃^{(p)}

Q̃^{(0)} = t̃^{(0)} − f^∗, Q̃^{(1)} = t̃^{(1)} − 1 2 Q̃^{(0)}(k^∗)^{−1}Q̃^{(0)}, (4.7)

where for the general gl(n) solution (2.22) k^{−1} =^1_{1+4κ2} k, and k̄ (SNP b.c.) is also invertible (see e.g [20]). Let us also introduce the following objects

D = (Pk^∗ − k^∗P^∗), S = (k^∗P^∗ + Pk^∗), (4.8)

Q^{∗(p)} = Q^{(p)} for SP b.c., Q^{∗(p)} = Q̌^{(p)} for SNP b.c. (4.9)

Then according to (3.9), (4.4), (4.7), (4.8) the matrices Q̃^{(p)} may be written as

Q̃^{(0)} = i N∑ i=1 S_{0i}, Q̃^{(1)} = f^∗Q^{∗(0)} + Q^{(0)}f^∗ + 1 2 N∑ i<j=1 (S_{0i}(k^∗)^{−1}D_{0j} − D_{0j} (k^∗)^{−1}S_{0i}) − k^∗Y^∗

+ 1 2 k^∗ N∑ i=1 P^{∗2}_{0i} + 1 2 N∑ i=1 P^2_{0i}k^∗ + 1 2 N∑ i=1 (k^∗P^∗_{0i}(k^∗)^{−1}P_{0i}k^∗ − P_{0i}k^∗P^∗_{0i}). (4.10)

The corresponding entries Q̃^{(p)}_{ab} a, b ∈ {1, . . . , n} are the boundary non-local charges. Notice that the two last terms in (4.10) vanish for the special case of SP where k = I. K^∗ = I (k^∗ = I, f^∗ = 0) is a valid solution of (2.14) for both boundary conditions. We should point out that for K = I (SP b.c.) Q̃^{(1)}_{ab} = 0 (4.10), so the only charges that survive are the Q̃^{(0)}_{ab} ∝ Q^{(0)}_{ab} . There exist of course higher non-local charges that may be obtained by keeping higher order terms in the asymptotic expansion (4.6). This is a significant investigation, which will be undertaken however in a forthcoming work.

The non–local charges Q̃^{(p)}_{ab} (4.10) may be written as combinations of the Yangian coproducts Q^{(p)}_{ab} , Q̌^{(p)}_{ab} (3.9), (4.4) Q̃^{(0)}_{ab} = k^∗_{ac}Q^{∗(0)}_{cb} + Q^{(0)}_{ac} k^∗_{cb}, Q̃^{(1)}_{ab} = −k^∗_{ac}Q^{∗(1)}_{cb} + Q^{(1)}_{ac} k^∗_{cb} + f^∗_{ac}Q^{∗(0)}_{cb} + Q^{(0)}_{ac} f^∗_{cb} − 1 2 (k^∗_{ac}Q^{∗(0)}_{cd} (k^∗)^{−1}_{de} Q^{(0)}_{ef} k^∗_{f b} − Q^{(0)}_{ac} k^∗_{cd}Q^{∗(0)}_{db} ), a, b ∈ {1, . . . , n}. (4.11)

Note that the summation over repeated indices is omitted from now on. The quantities k^∗_{ab}, f^∗_{ab} are c numbers (the entries of the matrices k^∗, f^∗), Q^{(p)}_{ab} are given by (3.9) and Q^{∗(p)}_{ab} by (4.9). The derivation of the boundary non–local charges (4.11) is one of the main results of this study. It is worth emphasizing that the non-local charges (4.11) were derived independently of the choice of representation.

5 The symmetry

Our ultimate goal is to study the symmetry of the open spin chain, namely to derive conserved quantities commuting with the open transfer matrix. This may be achieved by using linear intertwining relations between representations of the boundary Yangian generators and the solutions of the reflection equation.

In the previous section we derived the boundary non-local charges (4.11) as coproducts of the boundary or twisted Yangian generators. It is evident that from the expressions (4.11) for N = 1, one may write down the corresponding abstract generators of B^∗ ,

Q̃^{(0)}_{ab} = k^∗_{ac}Q^{∗(0)}_{cb} + Q^{(0)}_{ac} k^∗_{cb}, Q̃^{(1)}_{ab} = −k^∗_{ac}Q^{∗(1)}_{cb} + Q^{(1)}_{ac} k^∗_{cb} + f^∗_{ac}Q^{∗(0)}_{cb} + Q^{(0)}_{ac} f^∗_{cb} − 1 2 (k^∗_{ac}Q^{∗(0)}_{cd} (k^∗)^{−1}_{de} Q^{(0)}_{ef} k^∗_{f b} − Q^{(0)}_{ac} k^∗_{cd}Q^{∗(0)}_{db} ), a, b ∈ {1, . . . , n}. (5.1)

The quantities Q̃^{(0)}_{ab} are simply linear combinations of the generators of the gl(n) Lie algebra. For SNP b.c. in particular the ‘conjugate’ generators Q̌^{(0)}_{ab} are combined together with Q^{(0)}_{ab} in the expression (5.1) for Q̃^{(0)}_{ab} , a fact that implies the ‘folding’ of the gl(n) algebra for k^∗ = I(for more details on this subject see e.g. [21, 29]).

As an immediate consequence of (3.10), (4.11) and (5.1) the boundary non-local charges may be written in a more compact form as

Q̃^{(p)}_{ab} = Δ^{(N )}(Q̃^{(p)}_{ab} ), p ∈ {0, 1}. (5.2)

The main advantage when deriving generators of B^∗ via the asymptotics of the spin chain is that one directly obtains the explicit form of the coproducts of B^∗ generators(4.11), (3.10). Bearing in mind the coproducts of the Yangian generators (3.3) and also equations (4.11), (3.10) for N = 2 one may derive the following more convenient expressions for Δ : B^∗ → B^∗ ⊗ Y

Δ(Q̃^{(0)}_{ab} ) = I⊗ Q̃^{(0)}_{ab} + Q̃^{(0)}_{ab} ⊗ I,

Δ(Q̃^{(1)}_{ab} ) = I⊗ Q̃^{(1)}_{ab} + Q̃^{(1)}_{ab} ⊗ I−

(k^∗)^{−1}_{cd} 2 (Q̃^{(0)}_{ac} ⊗ Q̃^{(0)−}_{db} − Q̃^{(0)}_{db} ⊗ Q̃^{(0)−}_{ac} ) (5.3)

where

Q̃^{(0)−}_{ab} = Q^{(0)}_{ac} k^∗_{cb} − k^∗_{ac}Q^{∗(0)}_{cb} . (5.4)

Similarly, with the help of (2.9) one obtains Δ^′ : B^∗ → Y ⊗ B^∗

Δ^′ (Q̃^{(1)}_{ab} ) = I⊗ Q̃^{(1)}_{ab} + Q̃^{(1)}_{ab} ⊗ I+

(k^∗)^{−1}_{cd} 2 (Q̃^{(0)−}_{ac} ⊗ Q̃^{(0)}_{db} − Q̃^{(0)−}_{db} ⊗ Q̃^{(0)}_{ac} ), (5.5) and the l coproducts are deduced in a straightforward manner via (2.10), (3.5). Note that expressions similar to (5.1), (5.3), (5.5), but not exactly the same, were also derived in [5] from a field theoretical point of view.

Consider now the evaluation representation π_λ : Y → End(C^n ) such that π_λ(Q^{∗(1)}_{ab} ) = iλP^∗_{ab}, π_λ(Q^{∗(0)}_{ab} ) = iP^∗_{ab}, a, b ∈ {1, . . . , n}. (5.6) P^∗ is an n × n matrix, with entries P^∗_{ab} being operators which act on C^n . The generators (5.1) are then expressed in terms of the operators P^∗_{ab} as π_λ(Q̃^{(0)}_{ab} ) = ik^∗_{ac}P^∗_{cb} + iP_{ac}k^∗_{cb}, π_λ(Q̃^{(1)}_{ab} ) = −iλk^∗_{ac}P^∗_{cb} + iλP_{ac}k^∗_{cb} + if^∗_{ac}P^∗_{cb} + iP_{ac}f^∗_{cb} + 1 2 (k^∗_{ac}P^∗_{cd}(k^∗)^{−1}_{de} P_{ef} k^∗_{f b} − P_{ac}k^∗_{cd}P^∗_{db}). (5.7) We shall henceforth restrict our attention to SP boundary conditions only, and we shall derive certain intertwining relations between the charges (5.7) and the K matrix (2.22). More specifically, it may be directly deduced from the reflection equation (2.14) that all the elements of the algebra B ‘commute’ with the K matrix (see also [4, 5]). Indeed, by acting with the evaluation representation on the second space of (2.27) we obtain (id ⊗ π_{±λ})K(λ^′ ) = R(λ^′ ∓ λ) (K(λ^′) ⊗ I) R̂(λ ± λ^′). (5.8) Now recalling the reflection equation (2.14) and because of the form of the above expressions it is straightforward to show that (id ⊗ π_λ)K(λ^′ ) (I⊗ K(λ)) = (I⊗ K(λ)) (id ⊗ π_{−λ})K(λ^′ ). (5.9) As a consequence the entries of K in the evaluation representation ‘commute’ with the c-number K matrix (2.22) π_λ(K_{ab} (λ^′)) K(λ) = K(λ) π_{−λ}(K_{ab} (λ^′)), a, b ∈ {1, . . . , n}. (5.10) In addition, as we have seen from the analysis of the previous section, the elements K_{ab} (λ^′ → ∞) provide essentially the generators (5.1), and therefore we conclude that π_λ(Q̃^{(p)}_{ab} ) K(λ) = K(λ) π_{−λ}(Q̃^{(p)}_{ab} ). (5.11) Note that we also verified by inspection, taking into account the form of the gl(n) K matrices (2.21), (2.22) and (5.7), that the latter relations (5.11) are indeed satisfied.

Equations (5.11) are the boundary analogues of the bulk intertwining relations for the L matrix, i.e.

(π_λ ⊗ id)Δ^′(Q^{(p)}_{ab} ) L(λ) = L(λ) (π_λ ⊗ id)Δ(Q^{(p)}_{ab} ), (π_{−λ} ⊗ id)Δ(Q^{(p)}_{ab} ) L̂(λ) = L̂(λ) (π_{−λ} ⊗ id)Δ^′(Q^{(p)}_{ab} ). (5.12)

Relations of the form (5.11) should also hold for solutions K̄ of (2.14) for the general gl(n) case, which however merits further study and it will be the subject of a forthcoming work. It is worth remarking that in [4, 5] intertwining relations such as in (5.11) were used as a starting point for deriving solutions of the reflection equation.

Expressions of the type (5.11) may be obtained for T (2.31) as well (see also [6]). To derive the generalized intertwining relations for the T matrix we first need to show relations similar to (5.12) for the monodromy matrices T and T̂ . Indeed, it immediately follows by induction using (5.12) and the definitions (2.11), (2.30) that

(πλ ⊗ id^{⊗N} )Δ^{′(N +1)}(Q^{(p)}_{ab} ) T (λ) = T (λ) (π_λ ⊗ id^{⊗N} )Δ^{(N +1)}(Q^{(p)}_{ab} ) (π_{−λ} ⊗ id^{⊗N} )Δ^{(N +1)}(Q^{(p)}_{ab} ) T̂ (λ) = T̂ (λ) (π_{−λ} ⊗ id^{⊗N} )Δ^{′(N +1)}(Q^{(p)}_{ab} ), p ∈ {0, 1}. (5.13)

It should be stressed that the latter relations provide also an effective means for studying the symmetry of the periodic gl(n) spin chain. From (5.11) and because of the form of the coproducts (5.3) we conclude also that

(π_λ ⊗ id^{⊗N} )Δ^{(N +1)}(Q̃^{(p)}_{ab} ) K(λ) = K(λ) (π_{−λ} ⊗ id^{⊗N} )Δ^{(N +1)}(Q̃^{(p)}_{ab} ). (5.14)

Recalling that the generators of B (5.1) are written exclusively in terms of Q^{(p)}_{ab} we conclude that the intertwining relations (5.13) hold also for Q̃^{(p)}_{ab} . Then taking into account relations (5.13) for Q̃^{(p)}_{ab} , (5.14), and also (2.31), we may derive the following relations

(π_λ ⊗ id^{⊗N} )Δ^{′(N +1)}(Q̃^{(p)}_{ab} ) T (λ) = T (λ) (π_{−λ} ⊗ id⊗N)Δ^{′(N +1)}(Q̃^{(p)}_{ab} ), (5.15)

which hold for the general gl(n) case. The derivation of the representations (5.7) and the intertwining relations (5.11), (5.15) are also among the main results of this article. The latter relations (5.15) in particular are of great significance as we shall see below, because they facilitate the study of the exact symmetry of the open spin chain.

Before we continue with the investigation of the symmetry it will be instructive to write explicitly the following coproducts, which are valid for the gl(n) case (see also (5.2), (5.3), (5.5), (2.10), (3.5))

(π_λ ⊗ id^{⊗N} )Δ^{(N +1)}(Q̃^{(0)}_{ab} ) = π_λ(Q̃^{(0)}_{ab} ) ⊗ I+ I⊗ Q̃^{(0)}_{ab} (π_λ ⊗ id^{⊗N} )Δ^{(N +1)}(Q̃^{(1)}_{ab} ) = π_λ(Q̃^{(1)}_{ab} ) ⊗ I+ I⊗ Q̃^{(1)}_{ab} − (k^∗)^{−1}_{cd} 2 ( π_λ(Q̃^{(0)}_{ac} ) ⊗ Q̃^{(0)−}_{db} − π_λ(Q̃^{(0)}_{db} ) ⊗ Q̃^{(0)−}_{ac} ) (π_λ ⊗ id^{⊗N} )Δ^{′(N +1)}(Q̃^{(1)}_{ab} ) = π_λ(Q̃^{(1)}_{ab} ) ⊗ I+ I⊗ Q̃^{(1)}_{ab} + (k^∗)^{−1}_{cd} 2 ( π_λ(Q̃^{(0)−}_{ac} ) ⊗ Q̃^{(0)}_{db} − π_λ(Q̃^{(0)−}_{db} ) ⊗ Q̃^{(0)}_{ac} ) , (5.16) where

Q̃^{(0)−}_{ab} = Δ^{(N )}(Q̃^{(0)−}_{ab} ). (5.17)

The crucial point is that equations (5.15) bear algebraic relations between the entries of the operator T and the boundary non-local charges (4.11). For simplicity we use the XXX (gl(2)) model to exhibit the symmetry of the open transfer matrix (2.33), although the following procedure may be easily generalized for the gl(n) case. Note that the gl(2) case is quite special, because the twisted Yangian coincides essentially with the boundary Yangian, recall that R_{12}(λ) = R̄_{12}(λ) (and P = P̌), nevertheless it provides an illuminating paradigm. Let

T_0(λ) = ( A_1 B C A_2 ) and t(λ) = A_1 + A_2 (5.18)

then from the commutation relations (5.15) and also (5.1), (5.6), (5.16) we obtain [ Q̃^{(0)}_{aa} , A_1 ] = 2iκ(B − C), [ Q̃^{(0)}_{aa} , A_2 ] = −2iκ(B − C), a ∈ {1, 2} [ Q̃^{(0)}_{ab} , A_1 ] = [ Q̃^{(0)}_{ab} , A_2 ] = [ Q̃^{(0)}_{ab} , B ] = [ Q̃^{(0)}_{ab} , C ] = 0, a ≠ b [ Q̃^{(0)}_{aa} , B ] = 2iκ(A_1 − A_2) + 2iB, [ Q̃^{(0)}_{aa} , C ] = −2iκ(A_1 − A_2) − 2iC, (5.19)

and it follows that [ t(λ), Q̃^{(0)}_{ab} ] = 0, a, b ∈ {1, 2}. (5.20) From the intertwining relations (5.15) and with the help of (5.19) it also follows that [ t(λ), Q̃^{(1)}_{11} ] = − [ t(λ), Q̃^{(1)}_{22} ] = [ t(λ), κ(Q̃^{(1)}_{12} + Q̃^{(1)}_{21} ) ] = 4κi(λ + i)(B − C), (5.21)

and consequently [ t(λ), Q̃^{(1)}_{11} + Q̃^{(1)}_{22} ] = [ t(λ), κ(Q̃^{(1)}_{12} + Q̃^{(1)}_{21} ) + (−)^aQ̃^{(1)}_{aa} ] = 0. (5.22)

It should be pointed out that the combinations of non–local charges appearing in (5.22) are expressed solely in terms of Q̃^{(0)}_{ab} ’s, which means that the only conserved charges entailed so far are the Q̃^{(0)}_{ab} ’s. In fact the first combination is trivial, because Q̃^{(1)}_{11} + Q̃^{(1)}_{22} ∝ I, and it is also expected from the commutation relation (2.35) as λ^′ → ∞. The existence of higher non-trivial conserved charges is an intriguing question that will be examined in detail elsewhere. It is clear that generalized commutation relations between the generators Q̃^{(p)}_{ab} , a, b ∈ {1, . . . , n} and the entries of the gl(n) T matrix may be now deduced in an analogous, although technically more complicated way.

It is finally worth emphasizing that the general intertwining relations (5.15) and the discovered symmetry (5.20), (5.22) are independent of the choice of representation on the quantum spaces, and therefore they are universal results. In the special case where the quantum spaces are mapped via the evaluation representation (5.6), and L → R the relations (5.15), (5.16), (5.20), (5.22) are of course still valid, but with id^{⊗N} → π^{⊗N}_0 .

6 Discussion

Let us briefly review the main results of this investigation. The main objective of this work was the study of the remaining symmetries of rational integrable spin chains (gl(n)) once non-diagonal integrable boundaries are implemented. We considered two types of boundary conditions known as soliton-preserving and soliton non-preserving. For both types of boundaries non-local charges (4.11) were derived explicitly by means of the study of the asymptotic behaviour of the coproduct type solution of the reflection equation T . The non-local charges (4.11) were simply coproducts of generators of the ‘boundary’ or twisted Yangian (5.1) depending on the choice of boundary conditions (2.14). Furthermore, by using the intertwining relations (5.11), (5.15) we were able to derive the symmetry of the open spin chain (5.20). Relations of the form (5.11) provide also an alternative way of finding solutions of the reflection equation (2.14) (see e.g. [4, 5]), although there exist other effective algebraic techniques allowing the solution of the reflection equation (see e.g. [34]).

It should be finally emphasized that R matrices associated to e.g. o(n), sp(n) algebras enjoy crossing symmetry i.e. R_{12}(λ) = R̄_{12}(λ) (2.16), and therefore in this case the boundary Yangian coincides with the twisted Yangian (see also [29, 35]).

Acknowledgements: I am grateful to D. Arnaudon, J. Avan, N. Crampe, L. Frappat and E. Ragoucy for useful discussions on reflection algebras and twisted Yangians. This work is supported by the TMR Network ‘EUCLID. Integrable models and applications: from strings to condensed matter’, contract number HPRN-CT-2002-00325.

References

[1] I.V. Cherednik, Theor. Math. Phys. 61 (1984) 977. [2] E.K. Sklyanin, J. Phys. A21 (1988) 2375.

[3] L. Mezincescu and R.I. Nepomechie, Int. J. Mod. Phys. A13 (1998) 2747. [4] G. Delius and N. Mackay, Commun. Math. Phys. 233 (2003) 173.

[5] G.W. Delius, N.J. MacKay and B.J. Short, Phys. Lett. B522 (2001) 335; Erratum-ibid. B524 (2002) 401;

N.J. MacKay, J. Phys. A35 (2002) 7865. [6] A. Doikou, math-ph/0402067.

[7] M. Jimbo, Lett. Math. Phys. 10 (1985) 63. [8] V.G. Drinfeld, Sov. Math. Dokl. 32 (1985) 254;

V.G. Drinfeld, Sov. Math. Dokl. 36 (1988) 212.

[9] V.G. Drinfeld, Proceedings of the 1986 International Congress of Mathenatics, Berkeley ed A.M. Gleason 1986 (Providence, RI: American Physical Society) pp 798.

[10] V. Chari and A. Pressley, A guide to quantum groups, (Cambridge University Press, 1994). [11] R.J. Baxter, Ann. Phys. 70 (1972) 193;

R.J. Baxter, Exactly solved models in statistical mechanics (Academic Press, 1982).

[12] A.B. Zamolodchikov and Al.B. Zamolodchikov, Ann. Phys. 120 (1979) 253;

L. D. Faddeev, Sov. Sci. Rev. C1 (1980) 107.

[13] V.E. Korepin, G. Izergin and N.M. Bogoliubov, Quantum inverse scattering method, correlation functions and algebraic Bethe Ansatz, (Cambridge University Press, 1993).

[14] R.I. Nepomechie, Lett. Math. Phys. 62 (2002) 83. [15] H.J. de Vega and A. Gonzalez–Ruiz, J. Phys. A26 (1993) L519. [16] S. Ghoshal and A.B. Zamolodchikov, Int. J. Mod. Phys. A9 (1994) 3841. [17] J. Abad and M. Rios, Phys. Lett. B352 (1995) 92. [18] A. Doikou and R.I. Nepomechie, Nucl. Phys. B530 (1998) 64.

[19] P. Bowcock, E. Corrigan, P.E. Dorey and R.H. Rietdijk, Nucl. Phys. B445 (1995) 469;

P. Bowcock, E. Corrigan and R.H. Rietdijk, Nucl. Phys. B465 (1996) 350. [20] G. Gandenberger, hep-th/9911178. [21] A. Doikou, J. Phys. A33 (2000) 8797.

[22] N.J. MacKay and B.J. Short, Commun. Math. Phys. 233 (2003) 313. [23] G.I. Olshanski, Twisted Yangians and infinite-dimensional classical Lie algebras in ‘Quantum Groups’ (P.P. Kulish, Ed.), Lecture notes in Math. 1510, Springer (1992) pp 103; A. Molev, M. Nazarov and G.I. Olshanski, Russ. Math. Surveys 51:2 (1996) 206.

[24] A. Molev, J. Math. Phys. 39 (1998) 5559. [25] E. Ragoucy, Int. J. Mod. Phys. A16 (2001) 2411.

[26] L.D. Faddeev and L.A. Takhtajan, Russ. Math. Surv. 34 (1979) 11;

L.D. Faddeev and L.A. Takhtajan, J. Sov. Math. 24 (1984) 241. [27] D. Bernard, Commun. Math. Phys. 137 (1991) 191;

D. Bernard, Int. J. Mod. Phys. B7 (1993) 3517. [28] A.I. Molev, math-qa/0211288.

[29] D. Arnaudon, J. Avan , N. Crampe. A. Doikou, L. Frappat and E. Ragoucy, JSTAT P08 (2004) P08005.

[30] P.P. Kulish and E.K. Sklyanin, J. Phys. A25 (1992) 5963;

J. Donin, P.P. Kulish and A.I. Mudrov, Lett. Math. Phys. 63 (2003) 179. [31] A.I. Molev and E. Ragoucy, Rev. Math. Phys. 14 (2002) 317;

E. Ragoucy, Lett. Math. Phys. 58 (2001) 249.

[32] V. Caudrelier and N. Crampe, J. Phys. A37 (2004) 6285. [33] J. Avan and A. Doikou, J. Phys. A37 (2004) 160. [34] A. Doikou and P.P. Martin, J. Phys. A36 (2003) 2203.

[35] D. Arnaudon, J. Avan, N. Crampe, L. Frappat and E. Ragoucy, J. Math. Phys. 44 (2003) 302.