arXiv:hep-th/0404110 v2 13 Apr 2005

Phys. Rev. D 71 (2005) 045013

Maps for currents and anomalies in noncommutative gauge theories

Rabin Banerjee and Kuldeep Kumar

S. N. Bose National Centre for Basic Sciences, JD Block, Sector 3, Salt Lake, Kolkata 700098, India E-mail: rabin@bose.res.in, kuldeep@bose.res.in

Abstract

We derive maps relating currents and their divergences in non-Abelian U(N ) noncommutative gauge theory with the corresponding expressions in the ordinary (commutative) description. For the U(1) theory, in the slowly-varying-field approximation, these maps are also seen to connect the star-gauge-covariant anomaly in the noncommutative theory with the standard Adler–Bell–Jackiw anomaly in the commutative version. For arbitrary fields, derivative corrections to the maps are explicitly computed up to O(θ^2). PACS: 11.10.Nx, 11.15.-q

1 Introduction

The Seiberg–Witten (SW) map [1] ensures the stability of classical gauge transformations for theories defined on noncommutative and usual (commutative) spacetime. The field redefinition contained in this map thus provides an alternative method of studying noncommutative gauge theories by recasting these in terms of their commutative equivalents. Maps for the matter sector [2, 3, 4, 5] as well as for currents and energy–momentum tensors [6] have also been provided.

An intriguing issue is the validity of such classical maps at the quantum level. Studies in this direction [7, 8, 9] have principally focussed on extending the purported classical equivalence of Chern–Simons theories (in 2 + 1 dimensions) in different descriptions [10, 11] to the quantum formulation.

In this paper, we provide an alternative approach to study these quantum aspects by relating the current-divergence anomalies in the noncommutative and commutative pictures through a SW-type map. Taking a cue from an earlier analysis involving one of us [6], we first derive a map connecting the star-gauge-covariant current in the noncommutative gauge theory with the gauge-invariant current in the θ-expanded gauge theory, where θ is the noncommutativity parameter. From this relation, a mapping between the (star-) covariant divergence of the covariant current and the ordinary divergence of the invariant current in the two descriptions, respectively, is deduced. We find that ordinary current-conservation in the θ-expanded theory implies covariant conservation in the original noncommutative theory, and vice versa. The result is true irrespective of the choice of the current to be vector or axial vector. This is also to be expected on classical considerations.

The issue is quite non-trivial for a quantum treatment due to the occurrence of currentdivergence anomalies for axial (chiral) currents. Since the star-gauge-covariant anomaly is known [12, 13] and the gauge-invariant anomaly in the θ-expanded theory is also known,^1 it is possible to test the map by inserting these expressions. We find that the classical map does not hold in general. However, if we confine to a slowly-varying-field approximation,^2 then there is a remarkable set of simplifications and the classical map holds. We also give a modified map, that includes the derivative corrections, which is valid for arbitrary field configurations.

The paper is organized as follows. After briefly summarizing the standard SW map in Sec. 2, the map for currents and their divergences is derived in Sec. 3. Here the treatment is for the non-Abelian gauge group U(N). In Sec. 4, we discuss the map for anomalous currents and their divergences. The Abelian U(1) theory is considered and results are given up to O(θ^2). As already mentioned, the map for the axial anomalies (in two and four dimensions) holds in the slowly-varying-field limit. A possible scheme is discussed in Sec. 5, whereby further higher-order results are confirmed. Especially, O(θ^3) computations are done in some detail. Our concluding remarks are given in Sec. 6 where we also briefly discuss the implications of this analysis on the definition of effective actions.

2 A brief review of the Seiberg–Witten map

Let us begin by briefly reviewing the salient features of the SW map. The ordinary Yang–Mills action is given by

S_{YM} = − 1 4 ∫ d^4x Tr (F_{μν} F^{μν} ) , (1)

where the non-Abelian field strength is defined as

F_{μν} = ∂_μA_ν − ∂_ν A_μ − i[A_μ, A_ν ] (2)

in terms of the Hermitian U(N) gauge fields A_μ(x). The noncommutativity of spacetime is characterized by the algebra [ x^α, x^β ] ⋆ ≡ x^α ⋆ x^β − x^β ⋆ x^α = iθ^{αβ} , (3)

where the noncommutativity parameter θ^{αβ} is real and antisymmetric. The star product of two fields A(x) and B(x) is defined as

(A ⋆ B)(x) = exp ( i 2 θ^{αβ} ∂_α∂^′_β ) A(x)B(x^′) | | x^′=x , (4)

where ∂^′_β ≡^∂_{∂x′β} . In noncommutative spacetime, the usual multiplication of functions is replaced by the star product. The Yang–Mills theory is generalized to

^S_{YM} = −1 4 ∫ d^4x Tr ( ^F_{μν} ⋆ ^F^{μν} ) (5) with the noncommutative field strength ^F_{μν} = ∂_μ ^A_ν − ∂_ν ^A_μ − i [ ^A_μ, ^A_ν ] ⋆ . (6)

This theory reduces to the conventional U(N) Yang–Mills theory for θ → 0.

1This is in fact identical to the ordinary Adler–Bell–Jackiw (ABJ) anomaly [14].

2This approximation is also used in Ref. [1] to show the equivalence of Dirac–Born–Infeld (DBI) actions in the two descriptions.

To first order in θ, it is possible to relate the variables in the noncommutative spacetime with those in the usual one by the classical maps [1]

^A_μ = A_μ − 1 4 θ^{αβ} {A_α, ∂_βA_μ + F_{βμ}} + O(θ^2), (7)

^F_{μν} = F_{μν} + 1 4 θ^{αβ} (2{F_{μα}, F_{νβ} } − {A_α, D_βF_{μν} + ∂_β F_{μν} }) + O(θ^2), (8)

where {· · · , · · ·} appearing on the right-hand sides stands for the anticommutator and D_β denotes the covariant derivative defined as D_βλ = ∂_βλ + i[λ, A_β]. A further map among gauge parameters,

^λ = λ + 1 4 θ^{αβ} {∂_αλ, A_β} + O(θ^2), (9) ensures the stability of gauge transformations ^δ_{^λ} ^A_μ = ∂_μ ^λ + i [ ^λ, ^A_μ ] ⋆ ≡ ^D_μ ⋆ ^λ, (10) δ_λA_μ = ∂_μλ + i [λ, A_μ] ≡ D_μλ. (11)

That is, if two ordinary gauge fields A_μ and A^′_μ are equivalent by an ordinary gauge transformation, then the corresponding noncommutative gauge fields, ^A_μ and ^A^′_μ, will also be gaugeequivalent by a noncommutative gauge transformation. It may be noted that the map (8) is a consequence of the map (7) following from the definition (6) of the noncommutative field strength. The field strengths F_{μν} and ^F_{μν} transform covariantly under the usual and the stargauge transformations, respectively: δ_λF_{μν} = i [λ, F_{μν} ] , ^δ_{^λ} ^F_{μν} = i [ ^λ, ^F_{μν} ] ⋆ . (12)

The gauge fields A_μ(x) may be expanded in terms of the Lie-algebra generators T^a of U(N) as A_μ(x) = A^a_μ(x)T^a. These generators satisfy [ T^a, T^b ] = if^{abc}T^c, { T^a, T^b } = d^{abc}T^c, Tr ( T^aT^b ) = δ^{ab}. (13)

We shall take the structure functions f^{abc} and d^{abc} to be, respectively, totally antisymmetric and totally symmetric. The Yang–Mills action (1) can now be rewritten as^3

S_{YM} = − 1 4 ∫ d^4x F^a_{μν} F^{μν}_a , (14)

where

F^a_{μν} = ∂_μA^a_ν − ∂_ν A^a_μ + f^{abc}A^b_μA^c_ν . (15)

In view of relations (13), the maps (7)–(9) can also be written as

^A^c_μ = A^c_μ − 1 4 θ^{αβ} d^{abc}A^a_α ( ∂_βA^b_μ + F^b_{βμ} ) + O(θ^2), (16)

^F^c_{μν} = F^c_{μν} + 1 2 θ^{αβ}d^{abc} ( F^a_{μα}F^b_{νβ} − A^a_α∂_β F^b_{μν} + 1 2 f^{bde}A^a_αA^e_β F^d_{μν} ) + O(θ^2), (17)

^λ^c = λ^c + 1 4 θ^{αβ} d^{abc}∂_αλ^aA^b_β + O(θ^2), (18)

3A lower gauge index is equivalent to a raised one—whether a gauge index appears as a superscript or as a subscript is a matter of notational convenience.

and the gauge transformations (10)–(12) as

δ_λA^a_μ = ∂_μλ^a + f^{abc}A^b_μλ^c, (19) δ_λF^a_{μν} = f^{abc}F^b_{μν} λ^c, (20)

^δ_{^λ} ^A^a_μ = ∂_μ ^λ^a + i 2 d^{abc} [ ^λ^b, ^A^c_μ ] ⋆ − 1 2 f^{abc} { ^λ^b, ^A^c_μ } ⋆ = ∂_μ ^λ^a + f^{abc} ^A^b_μ^λ^c + 1 2 θ^{αβ} d^{abc}∂_α ^A^b_μ∂_β ^λ^c + O(θ^2), (21) ^δ_{^λ} ^F^a_{μν} = i 2 d^{abc} [ ^λ^b, ^F^c_{μν} ] ⋆ − 1 2 f^{abc} { ^λ^b, ^F^c_{μν} } ⋆ = f^{abc} ^F^b_{μν} ^λ^c + 1 2 θ^{αβ} d^{abc}∂_α ^F^b_{μν} ∂_β ^λ^c + O(θ^2). (22)

3 The map for non-Abelian currents: classical aspects

In order to discuss noncommutative gauge theories with sources, it is essential to have a map for the sources also, so that a complete transition between noncommutative gauge theories and the usual ones is possible. Such a map was first briefly discussed in Ref. [6] for the Abelian case. We consider the non-Abelian case in this section.

Let the noncommutative action be defined as ^S( ^A, ^ψ) = ^S_{YM}( ^A) + ^S_M( ^ψ, ^A), (23) where ^ψ_α are the charged matter fields. The equation of motion for ^A^a_μ is^4 δ ^S_{YM} δ ^A^a_μ = ^D_ν ⋆ ^F^{νμ}_a = − ^J^μ_a , (24)

where ^J^μ_a = δ ^S_M δ ^A^a_μ | | |_{^ψ} . (25)

Equation (24) shows that ^J^μ_a transforms covariantly under the star-gauge transformation: ^δ_{^λ} ^J^μ = −i [ ^J^μ, ^λ ] ⋆ , ^δ_{^λ} ^J^μ_a = f^{abc} ^J^μ_b ^λ^c + 1 2 θ^{αβ} d^{abc}∂_α ^J^μ_b ∂_β ^λ^c + O(θ^2). (26)

Also, it satisfies the noncommutative covariant conservation law

^D_μ ⋆ ^J^μ_a = 0, (27)

which may be seen from Eq. (24) by taking the noncommutative covariant divergence.

The use of SW map in the action (23) gives its θ-expanded version in commutative space: ^S( ^A, ^ψ) → S^θ(A, ψ) = S^θ_{YM}(A) + S^θ_M(ψ, A), (28) where S^θ_{YM}(A) contains all terms involving A^a_μ only, and is given by

S^θ_{YM} = − 1 4 ∫ d^4x [ F^a_{μν} F^{μν}_a + θ^{αβ} d^{abc}F^{μν}_a ( F^b_{μα}F^c_{νβ} + 1 4 F^b_{βα}F^c_{μν} ) + O(θ^2) ] , (29)

4We mention that the noncommutative gauge field ^Aμ is in general an element of the enveloping algebra of the gauge group. Only for specific cases, as for instance the considered case of U(N) gauge symmetry, it is Lie-algebra valued.

and we have dropped a boundary term in order to express it solely in terms of the field strength. The equation of motion following from the action (28) is δS^θ_{YM} δA^a_μ = −J^μ_a , (30)

where

J^μ_a = δS^θ_M δA^a_μ | | ψ . (31)

Expectedly, from these relations, it follows that J^μ_a transforms covariantly,

δ_λJ^μ = −i [J^μ, λ] , δ_λJ^μ_a = f^{abc}J^μ_b λ^c, (32)

and satisfies the covariant conservation law

D_μJ^μ_a = 0. (33)

Now the application of SW map on the right-hand side of Eq. (25) yields the relation between ^J^μ_a and J^μ_a :

^J^μ_a (x) = ∫ d^4y [ δS^θ_M δA^c_ν (y) | | |_ψ δA^c_ν (y) δ ^A^a_μ(x) + δS^θ_M δψ^c_α(y) | | |_A δψ^c_α(y) δ ^A^a_μ(x) ] = ∫ d^4y J^ν_c (y) δA^c_ν (y) δ ^A^a_μ(x) , (34)

where the second term obtained in the first step has been dropped on using the equation of motion for ψ^a_α.

We consider Eq. (34) as a closed form for the map among the sources. To get its explicit structure, the map (16) among the gauge potentials is necessary. Since the map (16) is a classical result, the map for the sources obtained in this way is also classical.

Let us next obtain the explicit form of this map up to first order in θ. Using the map (16) and its inverse,

A^c_μ = ^A^c_μ + 1 4 θ^{αβ} d^{abc} ^A^a_α ( ∂_β ^A^b_μ + ^F^b_{βμ} ) + O(θ^2), (35)

we can compute the functional derivative δA^c_ν (y) δ ^A^a_μ(x) = δ^μ_ν δ^{ac}δ(x − y) + 1 4 θ^{αβ}δ^μ_ν [ 2d^{abc}A^b_α(y)∂^y_βδ(x − y) + d^{edc}f^{bad}A^e_α(y)A^b_β(y)δ(x − y) ]

− 1 4 θ^{αμ} [ d^{abc}A^b_α(y)∂^y_ν δ(x − y) + ( d^{abc}∂^y_αA^b_ν (y) + d^{abc}F^b_{αν} (y) − d^{edc}f^{dab}A^e_α(y)A^b_ν (y) ) δ(x − y) ] + O(θ^2), (36)

where ∂^y_β stands for^∂_{∂yβ} . Putting this in Eq. (34), we get

^J^μ_a = J^μ_a − 1 2 θ^{αβ} [ d^{abc}∂_β ( A^b_αJ^μ_c ) − 1 2 d^{edc}f^{bad}A^e_αA^b_βJ^μ_c ]

− 1 2 θ^{αμ} [ d^{abc}F^b_{αν} J^ν_c − 1 2 ( d^{cad}f^{dbe} + d^{bcd}f^{dae} ) A^b_αA^e_ν J^ν_c − 1 2 d^{abd}A^b_α∂_ν J^ν_d ] + O(θ^2). (37)

Since D_ν J^ν_a ≡ ∂_ν J^ν_a − f^{abc}J^ν_b A^c_ν , we can use Eq. (33) to substitute

∂_ν J^ν_d = f^{dce}J^ν_c A^e_ν (38)

in the last term on the right-hand side of Eq. (37) to obtain

^J^μ_a = J^μ_a − 1 2 θ^{αβ} [ d^{abc}∂_β ( A^b_αJ^μ_c ) − 1 2 d^{edc}f^{bad}A^e_αA^b_βJ^μ_c ] − 1 2 θ^{αμ}d^{abc}F^b_{αν} J^ν_c + O(θ^2), (39)

where we have used the identity d^{abd}f^{dce} + d^{bcd}f^{dae} + d^{cad}f^{dbe} = 0. (40) As a simple yet non-trivial consistency check, we show the stability of the map under gauge transformations. Under the ordinary gauge transformations given by Eqs. (19) and (20), and using the covariant transformation law (32) for J^μ_a , the right-hand side of Eq. (39) transforms as δ_λ ^J^μ_a = f^{abc}J^μ_b λ^c − 1 2 θ^{αβ} [ d^{abc}∂_βJ^μ_c ∂_αλ^b + d^{cdb}f^{bea}∂_β ( A^d_αJ^μ_c λ^e )

+ 1 2 ( d^{ecb}f^{bda} − d^{cdb}f^{bea} ) A^d_αJ^μ_c ∂_β λ^e + 1 2 d^{gcd} ( f^{abe}f^{edh} + f^{dae}f^{ebh} ) A^g_αA^b_β J^μ_c λ^h ]

+ 1 2 θ^{αμ}d^{cdb}f^{bae}F^d_{αν} J^ν_c λ^e + O(θ^2), (41)

where we have used the relation (40). On the other hand, using the maps (18) and (39), and the identity f^{abe}f^{edh} + f^{bde}f^{eah} + f^{dae}f^{ebh} = 0, (42) the right-hand side of the second relation in Eq. (26) reproduces the right-hand side of Eq. (41). Hence,

^δ_{^λ} ^J^μ_a = δ_λ ^J^μ_a , (43)

thereby proving the stability of the map (39) under the gauge transformations. This statement is equivalent to the usual notion of stability which ensures that the star-gauge-transformed noncommutative current is mapped to the usual-gauge-transformed ordinary current, as may be verified by performing a Taylor expansion of the right-hand side of ^J^μ_a (J, A) + ^δ_{^λ} ^J^μ_a (J, A) = ^J^μ_a (J + δ_λJ, A + δ_λA) and comparing both sides.5

It is worthwhile to mention that the use of Eq. (38) in obtaining the map (39) is crucial to get the correct transformation property of ^J^μa . This is because issues of gauge covariance and covariant conservation are not independent. In an ordinary Abelian gauge theory, for example, current conservation and gauge invariance are related. Likewise, in the non-Abelian case, covariant conservation and gauge covariance are related. This intertwining property is a peculiarity of the mapping among the sources and is not to be found in the mapping among the potentials or the field strengths.

5Exactly the same thing happens when discussing the stability of the map (7) for the potentials.

From these results, it is possible to give a map for the covariant derivatives of the currents. Recall that

^D_μ ⋆ ^J^μ_a = ∂_μ ^J^μ_a + i 2 d^{abc} [ ^J^μ_b , ^A^c_μ ] ⋆ − 1 2 f^{abc} { ^J^μ_b , ^A^c_μ } ⋆ = ∂_μ ^J^μ_a + f^{abc} ^A^b_μ ^J^μ_c + 1 2 θ^{αβ} d^{abc}∂_α ^A^b_μ∂_β ^J^μ_c + O(θ^2), (44)

which, using the maps (16) and (39), gives

^D_μ ⋆ ^J^μ_a = D_μJ^μ_a − 1 2 θ^{αβ} [ d^{abc}∂_β ( A^b_αD_μJ^μ_c ) − 1 2 d^{edc}f^{bad}A^e_αA^b_βD_μJ^μ_c ] + O(θ^2), (45)

where we have used the Jacobi identities (40) and (42), and the relation (38). Thus we see that covariant conservation of the ordinary current, D_μJ^μ_a = 0, implies that ^J^μ_a given by Eq. (39) indeed satisfies the noncommutative covariant conservation law, ^D_μ ⋆ ^J^μ_a = 0. This is also to be expected from classical notions.

At this point, an intriguing issue arises. Is it possible to use Eq. (45) to relate the anomalies in the different descriptions? Indeed the analysis presented for the vector current can be readily taken over for the chiral current. Classically everything would be fine since the relevant currents are both conserved. At the quantum level, however, the chiral currents are not conserved. We would like to ascertain whether the relation (45) is still valid by substituting the relevant chiral anomalies in place of ^D_μ ⋆ ^J^μa and D_μJ^μa . Since the main aspects get highlighted for the Abelian theory itself, we confine to this case, and present a detailed analysis in the remainder of this paper.

4 The Abelian case: classical and quantum aspects

Some discussion on the use of the map (45) (in the Abelian case) for relating anomalies (up to O(θ)) was earlier given in Ref. [6]. In order to gain a deeper understanding, it is essential to consider higher orders in θ. Keeping this in mind, we present a calculation up to O(θ^2) for twoand four-dimensional theories.

The maps to the second order in θ in the Abelian case are given by [15]

^A_μ = A_μ − 1 2 θ^{αβ} A_α (∂_β A_μ + F_{βμ}) + 1 6 θ^{αβ} θ^{κσ} A_α [∂_β (A_κ∂_σ A_μ + 2A_κF_{σμ}) + F_{βκ} (∂_σA_μ + 2F_{σμ})] + O(θ^3), (46) ^F_{μν} = F_{μν} − θ^{αβ} (A_α∂_β F_{μν} + F_{μα}F_{βν} ) + 1 2 θ^{αβ} θ^{κσ} [A_α∂_β (A_κ∂_σ F_{μν} + 2F_{μκ}F_{σν} ) + F_{βκ} (A_α∂_σ F_{μν} + 2F_{μα}F_{σν} )]

+ O(θ^3), (47) ^λ = λ − 1 2 θ^{αβ}A_α∂_β λ + 1 6 θ^{αβ} θ^{κσ} A_α [∂_β (A_κ∂_σ λ) + F_{βκ}∂_σλ] + O(θ^3), (48)

which ensure the stability of gauge transformations ^δ_{^λ} ^A_μ = ^D_μ ⋆ ^λ ≡ ∂_μ^λ + i [ ^λ, ^A_μ ] ⋆ = ∂_μ^λ + θ^{αβ} ∂_α ^A_μ∂_β ^λ + O(θ^3), (49)

δ_λA_μ = ∂_μλ. (50)

Analogous to the non-Abelian theory, the map for currents is consistent with the requirements that while the current J^μ is gauge-invariant and satisfies the ordinary conservation law,

∂_μJ^μ = 0, the current ^J^μ is star-gauge-covariant and satisfies the noncommutative covariant conservation law, ^D_μ ⋆ ^J^μ = 0. Now the currents J^μ and ^J^μ are related by the Abelian version of Eq. (34) [6],

^J^μ(x) = ∫ d^4yJ^ν (y) δA_ν (y) δ ^A_μ(x) , (51)

which, using the map (46) and its inverse,

A_μ = ^A_μ + 1 2 θ^{αβ} ^A_α ( ∂_β ^A_μ + ^F_{βμ} )

+ 1 6 θ^{αβ} θ^{κσ} ^A_α [ 1 2 ∂_β ( ^A_κ∂_σ ^A_μ − ^A_κ ^F_{σμ} ) + 1 2 ^F_{βκ} ( ∂_σ ^A_μ + 5 ^F_{σμ} )

+ 3 2 ( 2 ^A_κ∂_β ^F_{σμ} + ∂_β ^A_κ∂_σ ^A_μ + ∂_β ^A_κ ^F_{σμ} )] + O(θ^3), (52)

yields the explicit O(θ^2) form of the source map: ^J^μ = J^μ − θ^{αβ} ( A_α∂_β J^μ − 1 2 F_{αβ}J^μ ) + θ^{μα}F_{αβ}J^β + 1 2 θ^{αβ} θ^{κσ} ∂_α ( A_κF_{βσ} J^μ − A_β A_κ∂_σ J^μ + 1 2 A_β F_{κσ} J^μ ) − θ^{αβ} θ^{κμ} ∂_α (A_βF_{κν} J^ν )

+ O(θ^3), (53)

where we have used ∂_μJ^μ = 0 to simplify the integrand.^6 The above map, up to O(θ), was earlier given in Ref. [6]. Now let us check explicitly the stability under the gauge transformations. Under the ordinary gauge transformation, δ_λA_μ = ∂_μλ, δ_λF_{μν} = 0, and δ_λJ^μ = 0. Hence the right-hand side of Eq. (53) transforms as

δ_λ ^J^μ = θ^{αβ}∂_αJ^μ∂_β λ + θ^{αβ} θ^{μκ}∂_α (F_{κν} J^ν ) ∂_βλ + 1 2 θ^{αβ}θ^{κσ} [2∂_β ∂_σ (A_κJ^μ) ∂_αλ − ∂_β (A_κ∂_σ λ) ∂_αJ^μ] + O(θ^3). (54)

On the other hand, ^δ_{^λ} ^J^μ = i [ ^λ, ^J^μ ] ⋆ = θ^{αβ} ∂_α ^J^μ∂_β ^λ + O(θ^3). (55)

Next, using the maps (48) and (53) in the above equation, one finds that the right-hand side of Eq. (54) is reproduced. Hence,

^δ_{^λ} ^J^μ = δ_λ ^J^μ, (56)

thereby proving the gauge-equivalence, as observed earlier. Furthermore, using the maps (46) and (53), the covariant divergence of ^J^μ,

^D_μ ⋆ ^J^μ = ∂_μ ^J^μ + i [ ^J^μ, ^A_μ ] ⋆ = ∂_μ ^J^μ − θ^{αβ} ∂_α ^J^μ∂_β ^A_μ + O(θ^3), (57)

can be expressed as

^D_μ ⋆ ^J^μ = ∂_μJ^μ + θ^{αβ}∂_α (A_β ∂_μJ^μ) + 1 2 θ^{αβ} θ^{κσ} ∂_α [A_κF_{βσ}∂_μJ^μ − A_β ∂_σ (A_κ∂_μJ^μ)]

+ O(θ^3), (58)

6This is essential to ensure the stability of map (53) under appropriate gauge transformations. A similar manipulation was needed for getting the non-Abelian expression (39).

where each term on the right-hand side involves ∂_μJ^μ, so that the covariant conservation of ^J^μ follows from the ordinary conservation of J^μ. This is the Abelian analogue of Eq. (45), but valid up to O(θ^2).

We are now in a position to discuss the mapping of anomalies. Since the maps have been obtained for the gauge currents, the anomalies refer to chiral anomalies found in chiral gauge theories. Moreover, we implicitly assume a regularization which preserves vector-current conservation so that the chiral anomaly ∂_μ[ψ̄γ^μ(^{1+γ5}_2 )ψ] is proportional to the usual ABJ anomaly ∂_μJ^μ_5 [16]. The first step is to realize that the standard ABJ anomaly [17, 18] is not modified in θ-expanded gauge theory [14]. In other words,

A = ∂_μJ^μ_5 = 1 16π^2 ε_{μνλρ}F^{μν} F^{λρ} (59) still holds. The star-gauge-covariant anomaly is just given by a standard deformation of the above result [12, 13]:

^A = ^D_μ ⋆ ^J^μ_5 = 1 16π^2 ε_{μνλρ} ^F^{μν} ⋆ ^F^{λρ}. (60) The expected map for anomalies, obtained by a lift from the classical result (58), follows as

^A = A + θ^{αβ}∂_α (A_βA ) + 1 2 θ^{αβ} θ^{κσ} ∂_α [A_κF_{βσ}A − A_β ∂_σ (A_κA )] + O(θ^3). (61)

Let us digress a bit on this map. The starting point is the classical map (53) with the vector current replaced by the axial one. Although current conservation is used to derive the map (53), the analysis still remains valid since the axial current is also classically conserved. Also, as discussed earlier, the retention of the term proportional to the divergence of the current would spoil the stability of the gauge transformations, which must hold irrespective of whether the current is vector or axial. From the map (53) one is led to the relation (58). Now we would like to see whether this classical map persists even at the quantum level, written in the form (61).^7 As far as gauge-transformation properties are concerned, it is obviously compatible since the anomalies in the different descriptions transform exactly as the corresponding currents. Corrections, if any, would thus entail only gauge-invariant terms, involving the field tensor F_{μν} . We now prove that the relation (61) is indeed valid for the slowly-varying-field approximation, which was also essential for demonstrating the equivalence of DBI actions [1]. Later on we shall compute the corrections that appear for arbitrary field configurations. In the slowly-varying-field approximation, since derivatives on ^F^{μν} can be ignored, the star product in Eq. (60) is dropped. Using the map (47), we write this expression as ^A = 1 16π^2 ε_{μνλρ} ^F^{μν} ^F^{λρ} = 1 16π^2 ε_{μνλρ} [ F^{μν} F^{λρ} + θ^{αβ} { A_β ∂_α ( F^{μν} F^{λρ} ) − 2F^{μν} F^λ_αF_β^ρ }

+ θ^{αβ} θ^{κσ} { 1 2 A_α∂_β [ A_κ∂_σ ( F^{μν} F^{λρ} )] + 1 2 A_αF_{βκ}∂_σ ( F^{μν} F^{λρ} )

+ 2A_α∂_β ( F^{μν} F^λ_κF_σ^ρ ) + 2F^{μν} F^λ_αF_{βκ}F_σ^ρ

+ F^μ_αF_β^ν F^λ_κF_σ^ρ } + O(θ^3) ] . (62)

7See also the discussion in the last paragraph of Sec. 3.

Next, using the identities [11] ε_{μνλρ}θ^{αβ} [ F^{μν} F^{λρ}F_{αβ} + 4F^{μν} F^λ_αF_β^ρ ] = 0, (63) ε_{μνλρ}θ^{αβ} θ^{κσ} [ F^μ_αF_β^ν F^λ_κF_σ^ρ + 2F^{μν} F^λ_αF_{βκ}F_σ^ρ + 1 2 F^{μν} F^λ_κF_σ^ρF_{αβ} + 1 4 F^{μν} F^{λρ}F_{ακ}F_{σβ} ] = 0, (64)

and the usual Bianchi identity, we can write down ^A = 1 16π^2 ε_{μνλρ} [ F^{μν} F^{λρ} + θ^{αβ} ∂_α ( A_βF^{μν} F^{λρ} )

+ 1 2 θ^{αβ} θ^{κσ} ∂_α { A_κF_{βσ}F^{μν} F^{λρ} − A_β ∂_σ ( A_κF^{μν} F^{λρ} ) } + O(θ^3) ] . (65)

The identities (63) and (64) are valid in four dimensions and, in fact, hold not only for just F^{μν} but for any antisymmetric tensor, in particular, for ^F^{μν} also. This gives a definite way for obtaining the identity (64) starting form (63). The identity (64) may be obtained from the identity (63) by doing the replacement F^{μν} → ^F^{μν} followed by using the map (47) and retaining O(θ^2) terms. Alternatively, one can check it by explicitly carrying out all the summations. Now substituting for the anomaly (59) on the right-hand side of Eq. (65), we indeed get back our expected anomaly map (61).

It is easy to show that the map (61) is equally valid in two dimensions,^8 in which case,

A_{2d} = ∂_μJ^μ_5 = 1 2π ε_{μν} F^{μν} , ^A_{2d} = ^D_μ ⋆ ^J^μ_5 = 1 2π ε_{μν} ^F^{μν} . (66) It follows from the map (47) for the field strength that

^A_{2d} = 1 2π ε_{μν} ^F^{μν} = 1 2π ε_{μν} [ F^{μν} − θ^{αβ} (A_α∂_βF^{μν} + F^μ_αF_β^ν ) + 1 2 θ^{αβ} θ^{κσ} {A_α∂_β (A_κ∂_σF^{μν} ) + A_αF_{βκ}∂_σ F^{μν} + 2A_α∂_β (F^μ_κF_σ^ν ) + 2F^μ_αF_{βκ}F_σ^ν } + O(θ^3) ] . (67)

In two dimensions, we have the identities

ε_{μν} θ^{αβ} (F_{αβ}F^{μν} + 2F^μ_αF_β^ν ) = 0, (68) ε_{μν} θ^{αβ}θ^{κσ} (F_{ακ}F_{σβ} F^{μν} + F_{αβ} F^μ_κF_σ^ν + 4F^μ_αF_{βκ}F_σ^ν ) = 0, (69) which are the analogue of the identities (63) and (64). Likewise, these identities hold for any antisymmetric second-rank tensor, and the second identitiy can be obtained from the first by replacing the usual field strength by the noncommutative field strength and then using the SW map. Using these identities, Eq. (67) can be rewritten as

^A_{2d} = 1 2π ε_{μν} [ F^{μν} + θ^{αβ} ∂_α (A_βF^{μν} ) + 1 2 θ^{αβ}θ^{κσ} ∂_α {A_κF_{βσ} F^{μν} − A_β∂_σ (A_κF^{μν} )} + O(θ^3) ] , (70)

8Contrary to the four-dimensional example, the map holds for arbitrary fields. This is because the anomaly does not involve any (star) product of fields and hence the slowly-varying-field approximation becomes redundant.

which, substituting for the usual anomaly on the right-hand side, reproduces the map (61) with ^A and A replaced by ^A_{2d} and A_{2d}, respectively.

For arbitrary fields, the derivative corrections to the map in the four-dimensional case are next computed. Now the noncommutative anomaly takes the form ^A = 1 16π^2 ε_{μνλρ} ^F^{μν} ⋆ ^F^{λρ} = 1 16π^2 ε_{μνλρ} [ F^{μν} F^{λρ} + θ^{αβ} ∂_α ( A_βF^{μν} F^{λρ} )

+ 1 2 θ^{αβ} θ^{κσ} ∂_α { A_κF_{βσ}F^{μν} F^{λρ} − A_β ∂_σ ( A_κF^{μν} F^{λρ} ) }]

− 1 128π^2 ε_{μνλρ}θ^{αβ} θ^{κσ} ∂_α∂_κF^{μν} ∂_β ∂_σF^{λρ} + O(θ^3). (71)

The last term is the new piece added to Eq. (65). Thus, the map (61) gets modified as

^A = A + θ^{αβ} ∂_α (A_β A ) + 1 2 θ^{αβ}θ^{κσ} ∂_α [A_κF_{βσ} A − A_β ∂_σ (A_κA )] − 1 128π^2 ε_{μνλρ}θ^{αβ} θ^{κσ} ∂_α ( ∂_κF^{μν} ∂_β ∂_σF^{λρ} ) + O(θ^3). (72)

This is reproduced by including a derivative correction to the classical map (53) for currents:

^J^μ_5 = J^μ_5 − θ^{αβ} ( A_α∂_β J^μ_5 − 1 2 F_{αβ}J^μ_5 ) + θ^{μα}F_{αβ}J^β_5 + 1 2 θ^{αβ} θ^{κσ} ∂_α ( A_κF_{βσ} J^μ_5 − A_β A_κ∂_σ J^μ_5 + 1 2 A_β F_{κσ} J^μ_5 ) − θ^{αβ} θ^{κμ} ∂_α (A_βF_{κν} J^ν_5 ) + 1 128π^2 ε_{σνλρ}θ^{αβ} θ^{κμ}∂_αF^{σν} ∂_κ∂_β F^{λρ} + O(θ^3). (73) The correction term is given at the end. It is straightforward to see the contribution of this derivative term. Since this is an O(θ^2) term and we are restricting ourselves to the second order itself, taking its noncommutative covariant derivative amounts to just taking its ordinary partial derivative. Then taking into account the antisymmetric nature of θ^{κμ} it immediately yields the corresponding term in Eq. (72). We therefore interpret this term as a quantum correction for correctly mapping anomalies for arbitrary fields.

It is to be noted that Eq. (72) can be put in a form so that the θ-dependent terms are all expressed as a total derivative. This implies ∫ d^4x ^D_μ ⋆ ^J^μ_5 = ∫ d^4x ∂_μJ^μ_5 , (74)

reproducing the familiar equivalence of the integrated anomalies [11, 12, 13, 19].

We shall now give some useful inverse maps. From maps (52) and (53), the inverse map for the currents follows:

J^μ = ^J^μ + θ^{αβ} ( ^A_α∂_β ^J^μ − 1 2 ^F_{αβ} ^J^μ ) − θ^{μα} ^F_{αβ} ^J^β − 1 2 θ^{αβ} θ^{κσ} [ ^A_κ∂_β ^F_{σα} ^J^μ − ^A_α ^A_κ∂_β ∂_σ ^J^μ − 2 ^A_α∂_β ^A_κ∂_σ ^J^μ − 1 2 ^A_κ ^F_{αβ}∂_σ ^J^μ + 3 2 ^A_α∂_β ( ^F_{κσ} ^J^μ ) + 1 2 ^F_{ακ} ^F_{σβ} ^J^μ − 1 4 ^F_{αβ} ^F_{κσ} ^J^μ ]

− θ^{αβ} θ^{κμ}∂_α ( ^A_β ^F_{κν} ^J^ν ) + O(θ^3). (75)

Taking the ordinary derivative and doing some simplifications yields ∂_μJ^μ = ^D_μ ⋆ ^J^μ − θ^{αβ}∂_α [ ^A_β ( ^D_μ ⋆ ^J^μ )] + 1 2 θ^{αβ} θ^{κσ} ∂_α∂_κ [ ^A_β ^A_σ ( ^D_μ ⋆ ^J^μ )] + O(θ^3), (76)

which may be regarded as the inverse map of (58). Indeed, use of this relation reduces the expression on the right-hand side of Eq. (58) to that on its left-hand side which shows the consistency of the results. This also proves that the covariant conservation of ^J^μ implies the ordinary conservation of J^μ, as expected.

Likewise, inverting the relation (47), we obtain F_{μν} = ^F_{μν} + θ^{αβ} ( ^A_α∂_β ^F_{μν} + ^F_{μα} ^F_{βν} )

+ θ^{αβ} θ^{κσ} [ ^A_α∂_β ^A_κ∂_σ ^F_{μν} + 1 2 ^A_α ^A_κ∂_β ∂_σ ^F_{μν} + ^A_α∂_β ( ^F_{μκ} ^F_{σν} ) + ^F_{μα} ^F_{βκ} ^F_{σν} ]

+ O(θ^3). (77)

If we now write down the usual anomaly as 1 16π^2 ε_{μνλρ}F^{μν} F^{λρ} = 1 16π^2 ε_{μνλρ} ( F^{μν} ⋆ F^{λρ} + 1 8 θ^{αβ} θ^{κσ} ∂_α∂_κF^{μν} ∂_β ∂_σ F^{λρ} + O(θ^3) ) , (78)

and use Eq. (77) on the right-hand side, we get 1 16π^2 ε_{μνλρ}F^{μν} F^{λρ} = 1 16π^2 ε_{μνλρ} [ ^F^{μν} ⋆ ^F^{λρ} − θ^{αβ} ∂_α { ^A_β ( ^F^{μν} ⋆ ^F^{λρ} )}

+ 1 2 θ^{αβ} θ^{κσ} ∂_α∂_κ { ^A_β ^A_σ ( ^F^{μν} ⋆ ^F^{λρ} ) }]

+ 1 128π^2 ε_{μνλρ}θ^{αβ} θ^{κσ} ∂_α∂_κ ^F^{μν} ∂_β ∂_σ ^F^{λρ} + O(θ^3), (79) where we have used the identities (63) and (64) with the replacement F^{μν} → ^F^{μν} . Thus we have the map for the anomalies:

∂_μJ^μ_5 = ^D_μ ⋆ ^J^μ_5 − θ^{αβ}∂_α [ ^A_β ( ^D_μ ⋆ ^J^μ_5 )] + 1 2 θ^{αβ} θ^{κσ} ∂_α∂_κ [ ^A_β ^A_σ ( ^D_μ ⋆ ^J^μ_5 )]

+ 1 128π^2 ε_{μνλρ}θ^{αβ}θ^{κσ} ∂_α∂_κ ^F^{μν} ∂_β∂_σ ^F^{λρ} + O(θ^3). (80) In the slowly-varying-field approximation, the last term drops out. Then it mimics the usual map (76). Again, as before, it is possible to find the correction term for arbitrary fields and write down the map for anomalous current as

J^μ_5 = ^J^μ_5 + θ^{αβ} ( ^A_α∂_β ^J^μ_5 − 1 2 ^F_{αβ} ^J^μ_5 ) − θ^{μα} ^F_{αβ} ^J^β_5 − 1 2 θ^{αβ} θ^{κσ} [ ^A_κ∂_β ^F_{σα} ^J^μ_5 − ^A_α ^A_κ∂_β ∂_σ ^J^μ_5 − 2 ^A_α∂_β ^A_κ∂_σ ^J^μ_5 − 1 2 ^A_κ ^F_{αβ}∂_σ ^J^μ_5 + 3 2 ^A_α∂_β ( ^F_{κσ} ^J^μ_5 ) + 1 2 ^F_{ακ} ^F_{σβ} ^J^μ_5 − 1 4 ^F_{αβ} ^F_{κσ} ^J^μ_5 ]

− θ^{αβ} θ^{κμ}∂_α ( ^A_β ^F_{κν} ^J^ν_5 ) − 1 128π^2 ε_{σνλρ}θ^{αβ} θ^{κμ}∂_α ^F^{σν} ∂_κ∂_β ^F^{λρ} + O(θ^3), (81) which reproduces Eq. (80) correctly. Substituting this map, the expression on the right-hand side of Eq. (73) reduces to that on its left-hand side, which shows the consistency of the results.

We conclude this section by providing a mapping between modified chiral currents which are anomaly-free but no longer gauge-invariant. In the ordinary (commutative) theory, such a modified chiral current may be defined as

J^μ = J^μ_5 − 1 8π^2 ε^{μνλρ}A_ν F_{λρ}. (82) By construction, this is anomaly-free (∂_μJ^μ = 0) but no longer gauge-invariant. It is possible to do a similar thing for the noncommutative theory. We rewrite Eq. (73) by replacing J^μ_5 in favour of J^μ. The terms independent of J^μ, including the quantum correction, are then moved to the other side and a new current is defined as

^J^μ = ^J^μ_5 + ^X^μ( ^A), (83)

where all A_μ-dependent terms lumped in ^X^μ have been expressed in terms of the noncommutative variables using the SW map. Thus we have ^J^μ = J^μ − θ^{αβ} ( A_α∂_β J^μ − 1 2 F_{αβ}J^μ ) + θ^{μα}F_{αβ} J^β + 1 2 θ^{αβ} θ^{κσ} ∂_α ( A_κF_{βσ} J^μ − A_βA_κ∂_σJ^μ + 1 2 A_β F_{κσ} J^μ ) − θ^{αβ} θ^{κμ}∂_α (A_β F_{κν} J^ν )

+ O(θ^3). (84) Since the above equation is structurally identical to Eq. (53), a relation akin to (58) follows:

^D_μ ⋆ ^J^μ = ∂_μJ^μ + θ^{αβ} ∂_α (A_β∂_μJ^μ) + 1 2 θ^{αβ} θ^{κσ} ∂_α [A_κF_{βσ}∂_μJ^μ − A_β∂_σ (A_κ∂_μJ^μ)] + O(θ^3), (85)

which shows that ∂_μJ^μ = 0 implies ^D_μ ⋆ ^J^μ = 0. We are thus successful in constructing an anomaly-free current which however does not transform (star-) covariantly. It is the ^X^μ, appearing in Eq. (83), which spoils the covariance of ^J^μ.

5 Higher-order computations

Results in the previous section were valid up to O(θ^2). A natural question that arises is the validity of these results for further higher-order corrections. Here we face a problem. The point is that although the map (51) for sources is given in a closed form, its explicit structure is dictated by the map involving the potentials. Thus one has to first construct the latter map before proceeding. All these features make higher- (than O(θ^2)) order computations very formidable, if not practically impossible. An alternate approach is suggested, which is explicitly demonstrated by considering O(θ^3) calculations.

Consider first the two-dimensional example. The star-gauge-covariant anomaly, after an application of the SW map, is given by

^A_{2d} = 1 2π ε_{μν} ^F^{μν} = A^{(0)}_{2d} + A^{(1)}_{2d} + A^{(2)}_{2d} + A^{(3)}_{2d} + O(θ^4), (86)

with A^{(0)}_{2d} , A^{(1)}_{2d} and A^{(2)}_{2d} respectively being the zeroth-, first- and second-order (in θ) parts already appearing on the right-hand side of Eq. (70), and

A^{(3)}_{2d} = − 1 12π ε_{μν} θ^{αβ} θ^{κσ} θ^{τ ξ} × [A_α∂_β {A_κ∂_σ (A_τ ∂_ξF^{μν} + 3F^μ_τ F_ξ^ν ) + 2F_{στ} (A_κ∂_ξF^{μν} + 3F^μ_κF_ξ^ν )} + A_αF_{βκ}∂_σ (A_τ ∂_ξF^{μν} + 3F^μ_τ F_ξ^ν ) + 2F_{βκ}F_{στ} (A_α∂_ξF^{μν} + 3F^μ_αF_ξ^ν )] , (87) where the O(θ^3) contribution to the map (47) has been taken from Ref. [15].

Now our objective is to rewrite the O(θ^3) contribution in a form akin to O(θ) and O(θ^2) terms; namely, to recast it as something proportional to the commutative anomaly (ε_{μν} F^{μν} ), and also as a total derivative. Expressing it as a total derivative is necessary to preserve the equality of the integrated anomalies ( ∫ d^2x ε_{μν} ^F^{μν} = ∫ d^2x ε_{μν} F^{μν} ) [5, 6, 11, 12, 13].

The O(θ^3) contribution may be expressed as

A^{(3)}_{2d} = − 1 12π ε_{μν} θ^{αβ} θ^{κσ} θ^{τ ξ} [ A_α∂_β { A_κ∂_σ ( A_τ ∂_ξF^{μν} − 3 2 F_{τ ξ}F^{μν} ) + 2A_κF_{στ} ∂_ξF^{μν} + 3 4 (F_{κσ} F_{τ ξ} − 2F_{κτ} F_{ξσ}) F^{μν} }

+ A_αF_{βκ} { ∂_σ ( A_τ ∂_ξF^{μν} − 3 2 F_{τ ξ}F^{μν} ) + 2F_{στ} ∂_ξF^{μν} }

− ( F_{ατ} F_{ξκ}F_{σβ} + 1 8 F_{αβ}F_{κσ} F_{τ ξ} − 3 4 F_{αβ}F_{κτ} F_{ξσ} ) F^{μν} ] , (88)

where, in addition to the identities (68) and (69), we have also used ε_{μν} θ^{αβ} θ^{κσ} θ^{τ ξ} (F^{μν} F_{ατ} F_{ξκ}F_{σβ} + F^μ_κF_σ^ν F_{ατ} F_{ξβ} + F^μ_κF_{στ} F_ξ^ν F_{αβ} + 6F^μ_αF_{βκ}F_{στ} F_ξ^ν ) = 0, (89)

which follows from the identity (69) by doing the replacement F^{μν} → ^F^{μν} followed by exploiting the SW map and retaining O(θ^3) terms. We notice that each term on the right-hand side of Eq. (88) contains the usual anomaly, as desired. After some algebra, the right-hand side of Eq. (88) can be written as a total divergence, which gives us the final improved version of the map (70) as

^A_{2d} = 1 2π ε_{μν} [ F^{μν} + θ^{αβ} ∂_α (A_β F^{μν} ) + 1 2 θ^{αβ} θ^{κσ} ∂_α {A_κF_{βσ}F^{μν} − A_β ∂_σ (A_κF^{μν} )} + 1 6 θ^{αβ} θ^{κσ} θ^{τ ξ}∂_α { F^{μν} ( 2A_τ F_{ξκ}F_{σβ} − 2A_β A_κ∂_σ F_{τ ξ} − 3 2 A_βF_{κτ} F_{ξσ} + 1 4 A_β F_{κσ} F_{τ ξ} − A_β ∂_σ (A_τ F_{ξκ}) − 1 2 A_κF_{σβ} F_{τ ξ} )

+ ∂_ξF^{μν} [A_β A_κ (∂_σA_τ + 2F_{στ} ) − A_τ (A_κF_{βσ} + A_βF_{κσ} )] + A_βA_κA_τ ∂_σ∂_ξF^{μν} } + O(θ^4) ] . (90)

Thus, in two dimensions, the noncommutative anomaly can be written in terms of the usual anomaly at O(θ^3) also:

^A_{2d} = A_{2d} + θ^{αβ} ∂_α (A_β A_{2d}) + 1 2 θ^{αβ} θ^{κσ} ∂_α {A_κF_{βσ}A_{2d} − A_β∂_σ (A_κA_{2d})} + 1 6 θ^{αβ} θ^{κσ} θ^{τ ξ}∂_α [ A_{2d} ( 2A_τ F_{ξκ}F_{σβ} − 2A_βA_κ∂_σ F_{τ ξ} − 3 2 A_β F_{κτ} F_{ξσ} + 1 4 A_β F_{κσ} F_{τ ξ} − A_β ∂_σ (A_τ F_{ξκ}) − 1 2 A_κF_{σβ} F_{τ ξ} )

+ ∂_ξA_{2d} {A_βA_κ (∂_σ A_τ + 2F_{στ} ) − A_τ (A_κF_{βσ} + A_β F_{κσ} )}

+ A_βA_κA_τ ∂_σ ∂_ξA_{2d} ] + O(θ^4). (91)

If the anomalies in four dimensions also satisfy the above map, then clearly we have a general result, valid up to O(θ^3). Now it will be shown that, in the slowly-varying-field approximation, such a relation indeed holds. We have 1 16π^2 ε_{μνλρ} ^F^{μν} ^F^{λρ} = 1 16π^2 ε_{μνλρ} [ F^{μν} F^{λρ} + θ^{αβ} ∂_α ( A_β F^{μν} F^{λρ} )

+ 1 2 θ^{αβ} θ^{κσ} ∂_α { A_κF_{βσ}F^{μν} F^{λρ} − A_β ∂_σ ( A_κF^{μν} F^{λρ} )}

+ 1 6 θ^{αβ} θ^{κσ} θ^{τ ξ}∂_α { F^{μν} F^{λρ} ( 2A_τ F_{ξκ}F_{σβ} − 2A_βA_κ∂_σ F_{τ ξ} − 3 2 A_β F_{κτ} F_{ξσ} + 1 4 A_βF_{κσ} F_{τ ξ} − A_β∂_σ (A_τ F_{ξκ}) − 1 2 A_κF_{σβ} F_{τ ξ} )

+ ∂_ξ ( F^{μν} F^{λρ} ) [A_β A_κ (∂_σ A_τ + 2F_{στ} )

− A_τ (A_κF_{βσ} + A_β F_{κσ} )]

+ A_β A_κA_τ ∂_σ ∂_ξ ( F^{μν} F^{λρ} ) } + O(θ^4) ] . (92)

In obtaining this equation, it is necessary to use the identities (63) and (64), and a new one (given below), which follows from the identity (64) by doing the replacement F^{μν} → ^F^{μν} followed by using the SW map and retaining O(θ^3) terms: ε_{μνλρ}θ^{αβ} θ^{κσ} θ^{τ ξ} ( 6F^μ_αF_β^ν F^λ_κF_{στ} F_ξ^ρ + 6F^{μν} F^λ_αF_{βκ}F_{στ} F_ξ^ρ + F^{μν} F^λ_κF_σ^ρF_{ατ} F_{ξβ} + F^{μν} F^λ_κF_{στ} F_ξ^ρF_{αβ} + 1 2 F^μ_τ F_ξ^ν F^λ_κF_σ^ρF_{αβ} + 1 2 F^{μν} F^{λρ}F_{ατ} F_{ξκ}F_{σβ} ) = 0. (93)

Obviously, Eq. (92) reproduces the map (91), with ^A_{2d} and A_{2d} replaced by the corresponding expressions in four dimensions. This proves our claim.

Starting from the results in two dimensions, it is thus feasible to infer the general structure valid in higher dimensions. This is an outcome of the topological properties of anomalies. Proceeding in this fashion, the map for the anomalies can be extended to higher orders.

6 Discussions

We have provided a SW-type map relating the sources in the noncommutative and commutative descriptions. In the non-Abelian theory, the classical maps for the currents and their covariant divergences were given up to O(θ). For investigating quantum aspects of the mapping, we applied it to the divergence anomalies for the Abelian theory in the two descriptions. For the slowly-varying-field approximation, the anomalies indeed got identified. Thus the classical map correctly accounted for the quantum effects inherent in the calculations of the anomalies. The results were checked up to O(θ^2). We also provided an indirect method of extending the calculations and found an agreement up to O(θ^3). Our analysis strongly suggests that the classical mapping would hold for all orders in θ, albeit in the slowly-varying-field approximation.

Our findings may also be compared with Refs. [8, 9] where the classical equivalence of the Chern– Simons theories in different descriptions was found to persist even in the quantum case.

For arbitrary field configurations, derivative corrections to the classical source map were explicitly computed up to O(θ^2). Indeed, it is known that if one has to go beyond the slowlyvarying-field approximation, derivative corrections are essential. For instance, DBI actions with derivative corrections have been discussed [20, 21, 22]. A possible extension of this analysis would be to study the mapping of conformal (trace) anomalies.

To put our results in a proper perspective, let us recall that the SW maps are classical maps. A priori, therefore, it was not clear whether they had any role in the mapping of anomalies which are essentially of quantum origin. The first hint that such a possibility might exist came from Eq. (58) (or Eq. (61)) where the covariant derivative of the noncommutative covariant current was expressed in terms of the ordinary derivative of the commutative current. Indeed, to put the map in this form was quite non-trivial. Classically, such a map was trivially consistent, since both the covariant divergence in the noncommutative description and the ordinary divergence in the usual (commutative) picture vanish. The remarkable feature, however, was that such a map remained valid even for the quantum case in the slowly-varying-field approximation which was checked explicitly by inserting the familiar anomalies^9 in the different descriptions. Incidentally, the slowly-varying-field approximation is quite significant in discussions of the SW maps. For instance, it was in this approximation that the equivalence of the DBI actions in the noncommutative and the commutative pictures was established [1] through the use of SW maps.

Our analysis has certain implications for the mapping among the effective actions (for chiral theories) obtained by integrating out the matter degrees of freedom. The point is that the anomalies are the gauge-variations of the effective actions and if the anomalies get mapped then one expects that, modulo local counterterms, the effective actions might get identified, i.e., it suggests that ^W ( ^A(A) ) ≡ W (A) + local counterterms, (94)

where W and ^W denote the effective actions in the commutative and noncommutative formulations, respectively. Taking the gauge-variations (with parameters λ and ^λ), yields ∫ d^4x ( ^D_μ ⋆ ^J^μ_5 ) ⋆ ^λ = ∫ d^4x (∂_μJ^μ_5 ) λ + ∫ d^4x (∂_μΛ^μ) λ, (95)

where

^J^μ_5 = δ ^W δ ^A_μ , J^μ_5 = δW δA_μ (96)

and Λ^μ accounts for the ambiguity (local counterterms) in obtaining the effective actions. Now Eq. (71) expresses the noncommutative anomaly in terms of the commutative variables. Using that result and the SW map (48) for the gauge parameter ^λ simplifies the left-hand side of Eq. (95): ∫ d^4x ( ^D_μ ⋆ ^J^μ_5 ) ⋆ ^λ = ∫ d^4x ( ^D_μ ⋆ ^J^μ_5 ) ^λ = 1 16π^2 ε_{μνλρ} ∫ d^4x ( ^F^{μν} ⋆ ^F^{λρ} ) ^λ = 1 16π^2 ε_{μνλρ} ∫ d^4x ( F^{μν} F^{λρ} ) λ + ∫ d^4x (∂_αΛ^α) λ, (97)

9The planar anomaly for the noncommutative description and the ABJ anomaly for the commutative case.

where Eq. (71) and the map (48) have been used in the last step, and

Λ^α = 1 16π^2 ε_{μνλρ} [ 1 2 θ^{αβ} A_β F^{μν} F^{λρ} + θ^{αβ} θ^{κσ} ( 1 3 A_κF_{βσ}F^{μν} F^{λρ} + 1 6 A_β∂_κ ( A_σF^{μν} F^{λρ} )

− 1 8 ∂_κF^{μν} ∂_β ∂_σF^{λρ} )] , (98)

thereby proving Eq. (95) and establishing the claim (94).

We further stress, to avoid any confusion, that the relation (94) was not assumed, either explicitly or implicitly, in our calculations.^{10} Rather, as shown here, our analysis suggested such a relation. Its explicit verification confirms the consistency of our approach. It should be mentioned that the map among anomalies (61) follows from the map (53) for currents through a series of algebraic manipulations. This does not depend on the interpretation of the anomaly as gauge-variation of an effective action. If one sticks to this interpretation and furthermore assumes the relation (94), then it might be possible to get a relation (like Eq. (95)) involving the integrated version of the products of anomalies and gauge parameters. Our formulation always led to maps involving unintegrated anomalies or currents, which are more fundamental.

We also note that the map (61) for the unintegrated anomalies, which follows from the basic map (53) among the currents, was only valid in the slowly-varying-field approximation. The suggested map (94) among the effective actions, on the other hand, led to the map (95), involving the integrated anomalies and the gauge parameters, that was valid in general. For the pure integrated anomalies we have the familiar map (74) that has been discussed extensively in the literature [11, 12, 13, 19].

Acknowledgments

K. K. thanks the Council of Scientific and Industrial Research (CSIR), Government of India for financial support.

References

[1] N. Seiberg and E. Witten, “String theory and noncommutative geometry,” J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[2] A. A. Bichl, J. M. Grimstrup, L. Popp, M. Schweda and R. Wulkenhaar, “Deformed QED via Seiberg–Witten map,” hep-th/0102103.

[3] V. O. Rivelles, “Noncommutative field theories and gravity,” Phys. Lett. B 558 (2003) 191 [hep-th/0212262].

[4] H. S. Yang, “Exact Seiberg–Witten map and induced gravity from noncommutativity,”

hep-th/0402002.

[5] R. Banerjee and H. S. Yang, “Exact Seiberg–Witten map, induced gravity and topological invariants in noncommutative field theories,” Nucl. Phys. B 708 (2005) 434 [hep-th/0404064].

10Indeed, as already stated, there cannot be any a priory basis for such an assumption since the classical SW map need not be valid for mapping effective actions that take into account loop effects.

[6] R. Banerjee, C. Lee and H. S. Yang, “Seiberg–Witten-type maps for currents and energy– momentum tensors in noncommutative gauge theories,” Phys. Rev. D 70 (2004) 065015 [hep-th/0312103].

[7] B. Jurco, P. Schupp and J. Wess, “Noncommutative gauge theory for Poisson manifolds,” Nucl. Phys. B 584 (2000) 784 [hep-th/0005005].

[8] K. Kaminsky, Y. Okawa and H. Ooguri, “Quantum aspects of Seiberg–Witten map in noncommutative Chern–Simons theory,” Nucl. Phys. B 663 (2003) 33 [hep-th/0301133].

[9] K. Kaminsky, “On the quantum equivalence of commutative and noncommutative Chern– Simons theories at higher orders,” Nucl. Phys. B 679 (2004) 189 [hep-th/0310011].

[10] N. Grandi and G. A. Silva, “Chern–Simons action in noncommutative space,” Phys. Lett. B 507 (2001) 345 [hep-th/0010113].

[11] R. Banerjee, “Anomalies in noncommutative gauge theories, Seiberg–Witten transformation and Ramond–Ramond couplings,” Int. J. Mod. Phys. A 19 (2004) 613 [hep-th/0301174].

[12] F. Ardalan and N. Sadooghi, “Axial anomaly in noncommutative QED on R^4,” Int. J.

Mod. Phys. A 16 (2001) 3151 [hep-th/0002143].

[13] J. M. Gracia-Bondia and C. P. Martin, “Chiral gauge anomalies on noncommutative R^4,” Phys. Lett. B 479 (2000) 321 [hep-th/0002171].

[14] F. Brandt, C. P. Martin and F. Ruiz Ruiz, “Anomaly freedom in Seiberg–Witten noncommutative gauge theories,” J. High Energy Phys. 07 (2003) 068 [hep-th/0307292].

[15] S. Fidanza, “Towards an explicit expression of the Seiberg–Witten map at all orders,” J. High Energy Phys. 06 (2002) 016 [hep-th/0112027].

[16] H. Banerjee and R. Banerjee, “The currents and the anomalies in chiral gauge theories:

dynamical approach in higher dimensions,” Phys. Lett. B 174 (1986) 313.

[17] S. L. Adler, “Axial vector vertex in spinor electrodynamics,” Phys. Rev. 177 (1969) 2426.

[18] J. S. Bell and R. Jackiw, “A PCAC puzzle: π^0 → γγ in the σ-model,” Nuovo Cim. A 60 (1969) 47.

[19] R. Banerjee and S. Ghosh, “Seiberg–Witten map and the axial anomaly in noncommutative field theory,” Phys. Lett. B 533 (2002) 162 [hep-th/0110177].

[20] N. Wyllard, “Derivative corrections to D-brane actions with constant background fields,” Nucl. Phys. B 598 (2001) 247 [hep-th/0008125].

[21] N. Wyllard, “Derivative corrections to the D-brane Born–Infeld action: non-geodesic embeddings and the Seiberg–Witten map,” J. High Energy Phys. 08 (2001) 027 [hep-th/0107185].

[22] S. R. Das, S. Mukhi and N. V. Suryanarayana, “Derivative corrections from noncommutativity,” J. High Energy Phys. 08 (2001) 039 [hep-th/0106024].