arXiv:hep-th/0404122 v3 22 Jul 2004

Semiclassical Analysis of String/Gauge Duality on Non-commutative Space

R. C. Rashkov^∗ Department of Physics, Sofia University, 1164 Sofia, Bulgaria

K. S. Viswanathan^† Department of Physics, Simon Fraser University, Burnaby BC, Canada

Yi Yang^‡ Department of Electrophysics, National Chiao Tung University, Hsinchu, Taiwan. (Dated: July 22, 2004)

Abstract

We use semiclassical methods to study closed strings in the modified AdS_5 ×S^5 background with constant B fields. The point-like closed strings and the stretched closed strings rotating around the big circle of S^5 are considered. Quantization of these closed string leads to a time-dependent string spectrum, which we argue corresponds to the RG-flow of the dual noncommutative Yang-Mills theory.

∗Electronic address: rash@phys.uni-sofia.bg †Electronic address: kviswana@sfu.ca ‡Electronic address: yiyang@mail.nctu.edu.tw

I. INTRODUCTION

AdS/CFT duality [1] is a powerful method to study field theories by studying their dual string theories. Usually, full string theories in the curved background, such as AdS_5 ×S^5, are not solvable. We have to study their low energy effective theories, i.e. supergravity theories. According to IR/UV duality, the low energy region in the string theories is dual to the high energy region in the corresponding field theories side. However, the low energy region of the field theory is more attractive for practical reason. To study the low energy region of these field theories, we need to solve the full string theory. It was shown that by taking Penrose limit, AdS_5 × S^5 geometry reduces to a pp-wave geometry [2], which is solvable for the full string theory.

The success of pp-wave method for AdS_5 × S^5 background led many authors to use it to study some more complicated geometry backgrounds e.g. [3]. For example, the near horizon geometry of NS5-branes is the linear dilaton background. String theory in this background was conjectured to be dual to a non-local field theory [4], so called Little String Theory (LST). It was shown that the pp-wave limit of this background is the Nappi-Witten background. String theory in Nappi-Witten background is again exactly solvable and has been widely studied, see for example [5, 6]. A more complicated example is the pp-wave limit of the near horizon geometry of non-extremal NS5-branes, which leads to a time dependent background. Luckily, strings in this time dependent background is also exactly solvable and has been studied in [5, 7]. Another non-local gauge theory example is non-commutative Yang-Mills theories (NCYM), which are conjectured to be dual to the near horizon geometry of N coincide Dp-branes in the presence of the background constant B fields. Geometries with different number p have been studied in [5, 8] and more extensively in [9], in which the authors claimed that only for D6-brane, the pp-wave limit of the geometry leads to a time independent background and is solvable. In this work, we will show that for general Dp-branes, pp-wave limit of the geometry leads to time dependent backgrounds which are solvable in certain limit. Studying string theories in these backgrounds will enable us to understand more about the dual theory - noncommutative Yang-Mills theory, such as IR/UV mixing, non-local behavior etc.. In addition, through the holography relationship, we can use the time dependent pp-wave background to study the features of RG flow in NCYM.

In the next section, we study the supergravity solution with constant NS B fields. In section 3, semiclassical method is used to study the first order fluctuation around some classical string configurations. The Hamiltonian will be obtained for the fluctuation. We then quantize the model to get the string spectrum in section 4. Section 5 contains discussion on the results.

II. SUPERGRAVITY SOLUTION WITH CONSTANT B FIELDS

In this section we consider a system of Dp-branes with a constant NS B along their world-volume directions.. For simplicity, we consider the B field only along the directions of x^2_B and x^3_B in the D-brane, the supergravity solution can be obtained by performing a T-duality along x^3 and then T-dualize back. The solution in string metric is [10, 11]

ds^2_B = f^{−1/2} [ −dx^2_0 + dx^2_1 + h ( dx^2_{B2} + dx^2_{B3} )] + f^{1/2} ( dr^2 + r^2dΩ^2_5 ) , (1)

where

f = 1 + α^{′2}R^4 r^4

, h^{−1} = sin^2 θf^{−1} + cos^2 θ,

B_{23} = sin θ cos θ f^{−1}h, e^{2ϕ} = g^2h,

F_{01r} = 1 g sin θ∂_rf^{−1}, F_{0123r} = 1 g cos θh∂_rf^{−1}. (2)

To study the dual noncommutative Yang-Mills theory on the boundary, we need to take the background B field to infinity B_{23} → ∞. Following the procedure in [10, 11], we first rescale the parameters as follows

x_{0,1} → x_{0,1}, x_{B2,3} → ( α^′ b )_{−1} x_{B2,3}, B_{23} → ( α^′ b )_2

B_{23}

tan θ = b α^′ , r = α^′R^2u, g → α^′ b g, (3) then we take the decoupling limit α^′ → 0 with b fixed. The metric now can be written on as ds^2_B = α^′R^2 [ u^2 ( −dx^2_0 + dx^2_1 ) + u^2 1 + a^4u^4 ( dx^2_{B2} + dx^2_{B3} ) + du^2 u^2

+ dΩ^2_5 ] , (4)

where

a^2 = bR^2, B_{23} = α^′ b a^4u^4 1 + a^4u^4

, e^{2ϕ} = g^2 1 + a^4u^4 , A_{01} = α^′ b g u^4R^4, F_{0123u} = α^{′2}∂_u (u^4R^4) g (1 + a^4u^4)

. (5)

We will consider sigma model in the above background S = 1 4πα^′ ∫ d^2σ (√ hh^{ab}G_{mn} ∂_aX^m∂_bX^n + ϵ^{ab}B_{ij} ∂_aX^i_B ∂_bX^j_B ) , (6)

where the metric G_{mn} and the constant B_{ij} are given by equation (4) and (5) respectively. Let’s make some transformations to bring the metric to a more convenient form. First of all, we set R = 1 for simplify and define the variables

x^i_B = √ 1 + a^4u^4x^i, i = 2, 3. (7)

In these notations the metric can be written as

ds^2_B = ds^2 +

4a^8x^{i2}u^8 (1 + a^4u^4)^2 du^2 +

4a^4u^5x^i 1 + a^4u^4 dx^idu (8) where ds^2 = u^2 ( −dx^2_0 + dx^2_1 + dx^2 + dx^2_3 ) + du^2 u^2

+ dΩ^2_5 (9) is the standard AdS_5 × S^5 metric. We call the above metric (8) modified AdS_5 × S^5 metric because the only deviation of 9 from the standard AdS_5 × S^5 metric is given by some B field dependent terms. Later we will consider the case of a → 0, where the modification from the standard AdS_5 × S^5 metric is small provided u is not too large.

Next, to write the above metric in “global” coordinates, we use the transformations

u = cosh ρ cos t − sinh ρΩ_4, x^0 = cosh ρ sin t cosh ρ cos t − sinh ρΩ_4 , x^μ = sinh ρΩ_μ cosh ρ cos t − sinh ρΩ_4

, (10)

where the four-vector Ω satisfies the normalization condition Ω^2 = 1 and the explicit form of its components is

Ω_1 = cos β_1 cos β_2 cos β_3, Ω_2 = cos β_1 cos β_2 sin β_3, Ω_3 = cos β_1 sin β_2, Ω_4 = sin β_1. (11)

The metric now takes the form as

ds^2_B = − cosh^2 ρdt^2 + dρ^2 + sinh^2 ρdΩ^2_3 + dψ^2_1 + cos^2 ψ_1 ( dψ^2 + cos^2 ψ_2dΩ^{′2}_3 ) + 4a^8x^{i2}u^8 (1 + a^4u^4)^2 du^2 +

4a^4u^5x^i 1 + a^4u^4 dx^idu, (12) where

dΩ^2_3 = dβ^2_1 + cos^2 β_1 ( dβ^2_2 + cos^2 β_2dβ^2_3 ) , dΩ^{′2}_3 = dψ^2_3 + cos^2 ψ_3 ( dψ^2_4 + cos^2 ψ_4dψ^2_5 ) . (13)

In the final form of the metric (12), to keep the metric neat, we did not write dx^i and du in terms of the new coordinates explicitly in the last two terms. Reader should be careful that there are only 10 independent coordinates in the metric (12) since u and x^i (i = 2, 3) are not independent coordinates.

III. SEMICLASSICAL ANALYSIS

In this section we will study two classical solutions of the sigma model (6) in the modified AdS_5 ×S^5 background (12) which we discussed in the previous section. One classical solution corresponds to point-like closed strings rotating around the big circle of S^5, and the other corresponds to stretched closed strings rotating around the big circle of S^5. We then consider the first order fluctuations around these classical solutions to get the transverse Hamiltonian.

A. Point-like closed string rotating in S^5

It is easy to verify that

t = ντ, ρ = 0, β_l = 0 (l = 1, 2, 3) , φ (≡ ψ_5) = ντ, ψ_s = 0 (s = 1, 2, 3, 4) , (14)

is a solution of the sigma model (6) corresponding to the metric (12). This solution describes a point like (ρ = 0) closed string boosting around the big circle of S^5.

To find 1-loop approximation, we will consider the fluctuations around the above classical solution and expand them to the first order. It is useful to replace (ρ, β_l) by four Cartesian coordinates η_k (k = 1, 2, 3, 4) as in [12, 13]

η_k = 2rΩ_k , 2r 1 − r^2

= sinh ρ. (15)

Written in these Cartesian coordinates, the metric reads

ds^2_B = − ( 1 + η^2/4 1 − η^2/4

)_2

dt^2 + 1 (1 − η^2/4)^2 dη^2_k + dψ^2_1 + cos^2 ψ_1 ( dψ^2 + cos^2 ψ_2dΩ^{′2}_3 ) + 4a^8x^{i2}u^8 (1 + a^4u^4)^2 du^2 +

4a^4u^5x^i 1 + a^4u^4 dx^idu, (16) and the transformations (10) become u = 1 + η^2/4 1 − η^2/4 cos t − η_4 1 − η^2/4 , x^0 =

1 + η^2/4 sin t (1 + η^2/4) cos t − η_4 , x^μ = η_μ (1 + η^2/4) cos t − η_4

. (17)

Now, we are ready to consider the fluctuations around the above classical solution (14) with large sigma model coupling constant λ, t = ντ + 1 λ^{1/4} t̃, φ = ντ + 1 λ^{1/4} φ̃, η_k = 1 λ^{1/4} η̃_k , ψ_s = 1 λ^{1/4} ψ̃_s. (18)

Up to quadratic fluctuations, the Virasoro constraints of the sigma model can be written as T_{aa} = G_{mn}∂_aX^m∂_aX^n = 1 √ λ [ −2λ^{1/4}ν∂_τ ( t̃ − φ̃ ) − ∂_at̃∂^at̃ + ∂_aφ̃∂^aφ̃ − ν^2 ( η̃^2 + ψ̃^2_s ) + ∂_aη̃_k∂^aη̃_k + ∂_aψ̃_s∂^aψ̃_s − 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i −

4a^4 sin ντ cos^3 ντ 1 + a^4 cos^4 ντ νη̃_i∂_τη̃_i ] = 0. (19)

The energy and angular momentum then are given as

E = P_t = 2 ∫_{2π} 0 dσ 2π [√ λν + λ^{1/4}∂_τt̃ + νη̃^2 + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 νη̃^2_i +

2a^4 sin ντ cos^3 ντ

1 + a^4 cos^4 ντ η̃_i∂_τ η̃_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 )] (20)

J = P_φ = 2 ∫_{2π} 0 dσ 2π [√ λν + λ^{1/4}∂_τφ̃ − νψ̃^2_s ] , (21) and the difference between the energy and angular momentum can be obtained as E − J = ∫_{2π} 0 dσ 2π [ λ^{1/4}∂_τ ( t̃ − φ̃ ) + ν ( η̃^2 + ψ̃^2_s )

+ 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 νη̃^2_i +

2a^4 sin ντ cos^3 ντ 1 + a^4 cos^4 ντ η̃_i∂_τη̃_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ] . (22)

Now we can solve for ∂_τ ( t̃ − φ̃ ) from the constraint (19), and plug it into the above expression (22). After rescaling the fields by √ 2λ^{1/4}, we end up with E − J = 1 2ν ∫_{2π} 0 dσ 2π [ −∂_at̃∂^at̃ + ∂_aφ̃∂^aφ̃ + ν^2 ( η̃^2 + ψ̃^2_s ) + ∂_aη̃_k ∂^aη̃_k + ∂_aψ̃_s∂^aψ̃_s + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ]

≡ 1 ν ∫_{2π} 0 dσ 2π H^{(2)}. (23)

Thus E − J is given by the expectation value of the transverse Hamiltonian

H^{(2)} = 1 2 [ −∂_at̃∂^at̃ + ∂_aφ̃∂^aφ̃ + ν^2 ( η̃^2 + ψ̃^2_s ) + ∂_aη̃_k ∂^aη̃_k + ∂_aψ̃_s∂^aψ̃_s + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ] . (24)

It is clear that there are 8 massive bosonic coordinates with two of them (η̃_i, i = 2, 3) time dependent. Defining x̃^± = t̃ ± φ̃, the transverse Hamiltonian in equation (24) can be written in “light-cone”like form

H^{(2)} = 1 2 [ −∂_ax̃^+∂^ax̃^− − 1 4 ( η̃^2 + ψ̃^2_s ) ∂_ax̃^+∂^ax̃^+ + ∂_aη̃_k ∂^aη̃_k + ∂_aψ̃_s∂^aψ̃_s + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ] . (25)

A similar Hamiltonian can be also obtained by taking the Penrose limit as in [5].

B. Closed string rotating in S^5

In this section we will consider another classical solution of a closed string whose center of mass is not moving on S^5, but spins around that point and is correspondingly stretched.

Again, it is easy to verify that the ansatz

t = ντ, ρ = 0, β_l = 0 (l = 1, 2, 3) θ (≡ ψ_1) = θ (σ) , φ (≡ ψ_5) = ντ, ψ_s = 0 (s = 2, 3, 4) , (26)

is a solution for the sigma model (6) associated with the modified AdS_5 × S^5 background (12).

The constraint for θ can be found from the Virasoro constraints T_{ab} = 0, which is

(θ^′)^2 = ν^2 − ν^2 cos^2 θ = ν^2 sin^2 θ (27)

Now we would like to repeat the analysis of the previous section in the case of the more general solution (26). To determine the quantum string spectrum to the leading order in the large sigma model coupling constant λ, we consider the quantum fluctuation around the classical solution (26) t = ντ + 1 λ^{1/4} t̃, φ = ντ + 1 λ^{1/4} φ̃, θ = θ (σ) + 1 λ^{1/4} θ̃, η_k = 1 λ^{1/4} η̃_k, ψ_s = 1 λ^{1/4} ψ̃_s(s = 2, 3, 4). (28)

Up to quadratic fluctuations, the constraints of the sigma model can be written as T_{aa} = G_{mn}∂_aX^m∂_aX^n = 1 √ λ [ −2λ^{1/4}ν ( ∂_τt̃ − cos^2 θ∂_τφ̃ ) − ∂_at̃∂^at̃ + cos^2 θ∂_aφ̃∂^aφ̃

+ 2λ^{1/4}ν sin θ∂_σθ̃ − 2λ^{1/4}ν^2 sin θ cos θ · θ̃ − 4ν sin θ cos θ · θ̃∂_τφ̃ − ν^2 ( cos^2 θ − sin^2 θ )~ θ^2 − ν^2 ( η̃^2 + cos^2 θ · ψ̃^2_s )

+ ∂_aη̃_k∂^aη̃_k + ∂_aθ̃∂^aθ̃ + cos^2 θ∂_aψ̃_s∂^aψ̃_s − 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i −

4a^4 sin ντ cos^3 ντ

1 + a^4 cos^4 ντ νη̃_i∂_τη̃_i ]

= 0, (29)

where we have used the constraint (27) to eliminate θ^′.

The energy and angular momentum are correspondingly

E = P_t = 2 ∫_{2π} 0 dσ 2π [√ λν + λ^{1/4}∂_τt̃ + νη̃^2 + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 νη̃^2_i +

2a^4 sin vτ cos^3 ντ 1 + a^4 cos^4 ντ η̃_i∂_τ η̃_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ] , (30)

J = P_φ = 2 ∫_{2π} 0 dσ 2π [√ λν cos^2 θ + λ^{1/4} cos^2 θ∂_τφ̃ − 2λ^{1/4}ν sin θ cos θ · θ̃ −2 sin θ cos θ · θ̃∂_τφ̃ − ν ( cos^2 θ − sin^2 θ )~ θ^2 − ν cos^2 θψ̃^2_s ] , (31)

therefore the difference between energy and angular momentum can be easily calculated E − J = ∫_{2π} 0 dσ 2π [√ λν sin^2 θ + λ^{1/4} ( ∂_τ t̃ − cos^2 θ∂_τφ̃ )

+ 2λ^{1/4}ν sin θ cos θ · θ̃ + 2 sin θ cos θθ̃∂_τ φ̃ + ν ( cos^2 θ − sin^2 θ )~ θ^2 + ν ( η̃^2 + cos^2 θψ̃^2_s )

+ 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 νη̃^2_i +

2a^4 sin ντ cos^3 ντ 1 + a^4 cos^4 ντ η̃_i∂_τη̃_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ] . (32)

As before, we can solve for ( ∂_τt̃ − cos^2 θ∂_τ φ̃ ) from the constrain (29), and plug it into the above expression (32). After rescaling the fields by √ 2λ^{1/4}, we obtain E − J = 1 2ν ∫_{2π} 0 dσ 2π [ −∂_at̃∂^at̃ + cos^2 θ∂_aφ̃∂^aφ̃ + ν^2 ( cos^2 θ − sin^2 θ )~ θ^2 + ∂_aθ̃∂^aθ̃

+ cos^2 θ ( ν^2ψ̃^2_s + ∂_aψ̃_s∂^aψ̃_s ) + ν^2η̃^2 + ∂_aη̃_k ∂^aη̃_k + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 )

+2ν^2 sin θ∂_σθ̃ + 2ν^2 sin θ cos θ · θ̃ + 2ν^2 sin^2 θ ]

≡ 1 ν ∫_{2π} 0 dσ 2π H^{(2)}. (33)

Thus, E − J is given by the expectation value of the transverse Hamiltonian

H^{(2)} = −∂_at̃∂^at̃ + cos^2 θ∂_aφ̃∂^aφ̃ + ν^2 ( cos^2 θ − sin^2 θ )~ θ^2 + ∂_aθ̃∂^aθ̃

+ cos^2 θ ( ν^2ψ̃^2_s + ∂_aψ̃_s∂^aψ̃_s ) + ν^2η̃^2 + ∂_aη̃_k ∂^aη̃_k + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ν^2η̃^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 )

+ 2ν^2 sin θ∂_σθ̃ + 2ν^2 sin θ cos θ · θ̃ + 2ν^2 sin^2 θ. (34)

The following transformation

t̄ = t̃, φ̄ = cos θφ̃, ψ̄_s = cos θψ̃_s (s = 2, 3, 4) , θ̄ = θ̃, η̄_k = η̃_k (k = 0, 1, 2, 3) , (35)

will bring the kinetic terms to canonical form. The resulting Hamiltonian is

H^{(2)} = −∂_at̄∂^at̄ + ∂_aφ̄∂^aφ̄ + ∂_aθ̄∂^aθ̄ + ∂_aη̄_k∂^aη̄_k + ∂_aψ̄_s∂^aψ̄_s

+ m^2_φφ̄^2 + m^2_θθ̄^2 + m^2_ψψ̄^2_s + m^2_λη̄^2_λ + m^2_i η̄^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 )

+ 2ν sin^2 θ

cos θ ( φ̄∂_σφ̄ + ψ̄_s∂_σψ̄_s ) + 2ν^2 sin θ ( 1 + cos θ · θ̄ + ∂_σθ̄ ) , (36)

where

m^2_φ = ν^2 sin^4 θ cos^2 θ

, (37)

m^2_θ = ν^2 ( cos^2 θ − sin^2 θ ) , (38)

m^2_ψ = ν^2 ( 1 + sin^4 θ cos^2 θ ) , (39)

m^2_λ = ν^2, λ = 0, 1, (40)

m^2_i = ν^2 ( 1 + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ) , i = 2, 3. (41)

It is clear that when θ (σ) = 0, which correspond the point-like closed string case in the previous section, the Hamiltonian (36) reduces to the Hamiltonian (24) as expected.

IV. QUANTIZATION

In this section, we will quantize the classical systems we studied in the previous sections to compute the full closed string spectrum. We see that when a = 0, which corresponds to the case of the vanishing background B field, the Hamiltonians (24) and (36) will reduce to the closed strings moving in the standard AdS_5 × S^5 background. The quantization of the closed strings moving in the standard AdS_5 × S^5 background has been widely studied by many authors, for example in [12, 13]. To quantize the classical closed string systems in the modified AdS_5 ×S^5 background (12), we need to solve the equations of motion corresponding to the Hamiltonians (24) and (36) respectively. Since the difference between our current case and the case of the closed strings moving in the standard AdS_5 × S^5 background is the a dependent terms, we only need to solve for the fields whose equations of motion are affected by a. It is easy to see in the Hamiltonians (24) and (36) that all the fields have the exactly same equations of motion as the case without the background B field except for the fields η̃_i, i = 2, 3, which are the fields along the directions with the B field turned on. The Hamiltonians for the fields η̃_i, i = 2, 3 coming from (24) and (36) turn out to be in the same form, which is

H_{η̃} = 1 2 ∫ dσ 2π [ ∂_τ η̃_i∂_τη̃_i + ∂_ση̃_i∂_ση̃_i + ( 1 + 4a^4 sin^2 ντ cos^2 ντ (1 + a^4 cos^4 ντ )^2 ) ν^2η̃^2_i + 4α^′ b a^8 sin ντ cos^5 ντ 1 + a^4 cos^4 ντ ( η̃^2∂_ση̃^3 − η̃^3∂_ση̃^2 ) ] . (42)

It is hard to solve the equations of motion corresponding to the above Hamiltonian (42) because of the complicated time-dependent coefficient. To proceed, we make an approximation by letting a → 0 but still finite. Notice that according to decoupling limit we took in (3) and the definition (2) and (5), any finite value of a, no matter how small it is, corresponds to the infinite value of the background B field, i.e. B_{23} → ∞. This is important for us because only for the infinite background B field the dual field theory on the boundary is noncommutative field theory. Under the limit a → 0, we expand the Hamiltonian (42) in a and keep the lowest order. The Hamiltonian now is simplified to the form

H_{η̃} = ∫ dσ 2π [ ∂_τη̃_i∂_τη̃_i + ∂_ση̃_i∂_ση̃_i + ( 1 + a^4 sin^2 2ντ ) ν^2η̃^2_i ] . (43)

It it easy to get the equations of motion for the fields η̃_i

∂^2_τ η̃_i + ∂^2_ση̃_i + ( 1 + a^4 sin^2 2ντ ) νη̃^2_i = 0. (44)

We expand^1 the field η̃ in the different modes as η̃ = ∑ η̃_ne^{inσ}, the equation of motion for each mode η̃_n can be obtained as

∂^2η̃_n ∂z^2 + (λ_n − 2q cos 2z) η̃_n = 0, (45)

where λ_n = 1 4ν^2 ( n^2 + ν^2 + ν^2 2 a^4 ) , q = a^4 16 , z = 2ντ. (46) Equation (45) is a typical Mathieu equation. It is worth noting that the similar Mathieu equation has been obtained when people studied the scalar field in the same NS B field background, but here we are considering the full closed string fields. We refer reader to [11, 14] for the general method to solve Mathieu equation.

Let us define Z^±_n as the two independent solutions of the equation (45). Then the mode expansion for the field η̃ can be written as

η̃ = ∞∑ n=1 [ C_nZ^−_n ( α_ne^{inσ} + α̃_ne^{−inσ} ) + C_{−n}Z^+_n ( α^+_n e^{−inσ} + α̃^+_n e^{inσ} )] , (47)

where α_n/α̃_n’s and α^+_n /α̃^+_n ’s are annihilation and creation operators, C_n/C_{−n}’s are constant coefficients.

To quantize the field η̃, we define the conjugate momentum

Π_{η̃} = ∂_τη̃ = ∞∑ n=1 [ C_nŻ^−_n ( α_ne^{inσ} + α̃_ne^{−inσ} ) + C_{−n}Ż^+_n ( α^+_n e^{−inσ} + α̃^+_n e^{inσ} )] . (48)

and impose the quantization condition [ η̃^i (σ, τ ) , Π^j_{η̃} (σ^′, τ ) ] = iπδ^{ij}δ (σ − σ^′) . (49) The constants C_n can be determined using the quantization condition (49) as normalization condition C_n = C_{−n} = i ( Z^−_n Ż^+_n − Z^+_n Ż^−_n

), (50)

where ( Z^−_n Ż^+_n − Z^+_n Z^−_n ) is the Wronskian of the Mathieu equation and therefore it is a constant.

1 We ignore the sub-index i(= 2, 3) from now for neat expression.

The substitution of the solution (47) into the Hamiltonian (43) leads to the expression

H_{η̃} = ∞∑ n=0 C^2_n {[( n^2 + ν^2 + ν^2a^4 sin^2 2ντ ) Z^−_n Z^+_n + Ż^−_n Ż^+_n ] ( α^†_nα_n + α̃^†_nα̃_n )

+ [( n^2 + ν^2 + ν^2a^4 sin^2 2ντ ) Z^−_n Z^−_n + Ż^−_n Ż^−_n ] α_nα̃_n + [( n^2 + ν^2 + ν^2a^4 sin^2 2ντ ) Z^+_n Z^+_n + Ż^+_n Ż^+_n ] α^†_nα̃^†_n } . (51)

It is easy to verify that when a = 0 the last two terms vanish and the above Hamiltonian reduces to the original one without the background B field.

To understand the Hamiltonian better, we need the explicit expression of the functions Z^±_n . But in general, the solutions of Mathieu equation can not be written as any known function which is easy to work with. However, in the limit of a → 0, we can use WKB approximation. In this case the solutions have a very simple form

Z^±_n = exp { ±i √ λ_n ( z − q 2λ_n sin 2z )} . (52)

The constant C_n can then be determined as^2

C^2_n = √ n^2 + ν^2 + ν^2a^4 2 2 ( n^2 + ν^2 + ν^2a^4 4 ) ≈ 1 2 √ n^2 + ν^2

. (53)

With these functions Z^±_n at hand, the Hamiltonian can be expressed as

H_{η̃} = 2 ∞∑ n=0 C^2_n ( n^2 + ν^2 + ν^2a^4 sin^2 2ντ ) ( α^†_nα_n + α̃^†_nα̃_n ) . (54)

Finally, the difference between energy and angular momentum E − J is given by the expec-

2 Directly putting the solutions (52) into (50) will produce a time-dependent C_n since (52) are not exact solutions of the equation of motion (45). We need to use the fact that when τ → 0, the solutions should reduce to the ones without background B-field to determine C_n.

tation value of the above Hamiltonian , which is E − J = 1 ν ∞∑ n=0 (√ n^2 + ν^2 + ν^2a^4 sin^2 2ντ 2 √ n^2 + ν^2 ) ( N_n + Ñ_n )

= ∞∑ n=0 √ 1 + λn^2 J^2 + a^4 sin^2 2ντ 2 √ 1 + λn^2 J^2

( N_n + Ñ_n )

= ∞∑ n=0 √ 1 + λn^2 J^2 + 2a^4u^2 |1 − u^2| √ 1 + λn^2 J^2

( N_n + Ñ_n ) , (55)

where we used J = √ λν and u = cos ντ ∈ [−1, 1].

V. HOLOGRAPHIC NONCOMMUTATIVITY

String field in the modified AdS_5 × S^5 background (4) is conjectured to be dual to the noncommutative Yang-Mills theory on the boundary [10, 11]. Thus, similar to the analysis in [2], the string spectrum should correspond one-to-one to certain operators in the noncommutative Yang-Mills theory. However, the closed string spectrum (55), which we found in the previous section, is time dependent. At first glance it seems strange that the spectrum depends on time. In fact, this kind of time dependent spectrum has been studied in [5, 7] when the authors tried to quantize the string fields in the non-extremal NS5-brane background. The crucial point is that the time τ in the string spectrum (55) is not the space-time time t, but the world-sheet time. Actually, the world-sheet time τ is related to the space-time u direction, which measures the energy scale in the holographic description of the boundary field theory [5, 15]. Therefore, the world-sheet time dependent string spectrum corresponds to the operators at the different energy scales and can be interpreted as the RG flow in the dual field theories.

When we consider the closed string states created by the string fluctuation around the classical solution, a string state a^†|0⟩ corresponds to a operator O in the dual field theory (at certain energy scale Λ) [2]. In the absence of background B field, the Hamiltonians of the quadratic fluctuations are time independent, so that the corresponding string state is the same at different world-sheet time τ along the classical path, as in (a) of Fig. 1. Thus the string state corresponds to an operator at the same energy scale in the dual field theory.

FIG. 1: Closed string fluctuation about the classical solution: (a) without the background B field, the fluctuated string state a^†|0⟩ is independent of the world-sheet time τ; (b) with the background B field, the fluctuated string state a^† (τ) |0⟩ dependents on the world-sheet time.

In the presence of B field , however, the Hamiltonians of the quadratic fluctuations (24) or (36) are time dependent. The string state could absorb or lose energy to change to another string state over time, so that the string state a^† (τ ) |0⟩ is different at different time τ along the classical path, as indicated in (b) of Fig. 1. The claim is that a string state varying with the world-sheet time a^† (τ ) |0⟩ corresponds to a scale dependent operator O (Λ) in the dual field theory running over varying energy scales Λ(τ ), i.e. the RG flow in the dual field theory. The correlation functions of the operators O (Λ) should satisfy the standard Callan- Symanzik equations. In our case, the dual field theory is conjectured to be noncommutative Yang-Mills theory [10, 11].

For small u the spectrum (55) reduces to the string spectrum without the background B field , which corresponds to the IR regime of the gauge theory. This is consistent with the expectation that noncommutative Yang-Mills theory reduces to ordinary Yang-Mills theory at long distances. The other important regime of the dual gauge theory is the UV regime. Unfortunately, our result is not able to make any prediction about the UV regime due to the feature of the string spectrum (55) that u has a finite range and the energy oscillates between u_{min} = −1 and u_{max} = 1, so that the strings never get to the boundary at u → ∞ in our configuration. This is because of the special classical solution (14) and (26) we used in our analysis. Both of these solutions only cover the region [−1, 1] in the u direction. To study the UV regime of the dual gauge theory, we need to find other classical path which reaches the boundary of AdS space at u → ∞. However, we can read some information around u → ∞ directly from the original metric (4). The coefficient of the terms along the B-field directions is invariant under the transformation u → 1/ (a^2u). Thus the physics at u → ∞ is equivalent to the physics at u → 0. This suggests that we can not reach the boundary of AdS at u → ∞ and are not able to define the UV fixed point in the dual noncommutative Yang-Mills theory. This makes perfect sense since a local field theory is defined at short distances, and in terms of the AdS/CF T correspondence this means that the microscopic structure of the theory is encoded on the boundary of the AdS space; on the other hand, the noncommutative Yang-Mills theory is a non-local theory with UV/IR mixing, which implies that we should not be able to define the theory at short distances.

VI. DISCUSSION

We studied closed strings in the background D3-brane with constant NS B field, which is conjectured to be dual to the noncommutative Yang-Mills theory. The closed string spectrum E − J has been computed in the limit a → 0, where a is a noncommutativity parameter. When a = 0, (55) reduces to the standard BMN formula corresponding to a D3-brane without the background B field as expected. When a ≠ 0, the fluctuation string spectrum becomes time dependent and can be interpreted as the RG flow in the dual noncommutative Yang-Mills theory.

A direct check of this duality would be to compare the closed string spectrum (55) with the anomalous dimension of certain operators in the dual noncommutative Yang-Mills theory. In the case of N = 4 Yang-Mills theory, the dual operators are [2]

O (x) = Tr ( Z^J ) , Tr ( ϕZ^J ) . . . (56)

The naive guess of the dual operators in the noncommutative theory would be to replace the ordinary products in the operators (56) by the Moyal star products as

O_{NC} (x) = Tr ( Z^{∗J} ) , Tr ( ϕ^r ∗ Z^{∗J} ) . . . (57)

where TrZ^{∗J} ≡ Tr(Z ∗ Z ∗ · · · ∗ Z) J , (58)

and Z = ϕ^5 + iϕ^6, ϕ^r, r = 1, 2, 3, 4 are 6 transverse scalars in the field theory on the D brane.

However, the operators in (57) are not gauge invariant. To construct gauge-invariant operators in coordinate space, we define [16] Ô_{NC} (k) = ∫ d^4xO_{NC} (x) ∗ W (x, C) ∗ e^{ik·x}, (59) where W (x, C) = P_∗ exp ( ig ∫ C dσ dζ^μ dσ A_μ (x + ζ (σ)) ) . (60) Such an operator will be gauge invariant.

Gauge invariant operators in coordinate space can also be defined by a noncommutative Fourier transformation as^3 [17, 18, 19] Ô_{NC} (x̂) = ∫ d^4yO_{NC} (y) δ^{(4)} (x̂ − y) , (61)

where the noncommutative δ-function

δ^{(4)} (x̂ − y) ≡ ∫ d^4k (2π)^4 e^{−ik·y} e^{ik·x̂} = ∫ d^4k (2π)^4 e^{−ik·y}W (x, C) ∗ e^{ik·x}. (62) The next job is to calculate the correlation function of the operators Ô_{NC} in (59) or (61) to get their anomalous dimensions, and compare them to the string spectrum (55). We will postpone this to future work.

Acknowledgments

Y.Y. would like thank H. Dorn, K. Furuta, Y. Kitazawa, F. Lin, Y. Sekino and C. Zhu for discussions, and also thank the Physics division of National Center for Theoretical Sciences (NCTS) of Taiwan and High Energy Accelerators Research Organization (KEK) of Japan for kind hospitality. This work was supported in part by an operating grant from the Natural Sciences and Engineering Research Council of Canada. Y.Y. is also partially supported by a postdoc fellowship from the National Science Council of Taiwan.

[1] J. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, hepth/9711200, Adv.Theor.Math.Phys. 2 (1998) 231.

3 However, the above procedure of defining gauge invariant operators in coordinate space is not so clear since these operators require momentum dependent regularization in perturbation theory [16].

[2] D. Berenstein, J. Maldacena and H. Nastase, Strings in flat space and pp waves from N = 4 Super Yang Mills, hep-th/0202021, JHEP 0204 (2002) 013.

[3] Masako Asano, Yasuhiro Sekino and Tamiaki Yoneya, PP-Wave Holography for Dp-Brane Backgrounds, hep-th/0308024, Nucl.Phys. B678 (2004) 197 [4] N. Seiberg, New Theories in Six Dimensions and Matrix Description of M-Theory on T^5 and T^5/Z_2, hep-th/9705221, Phys. Lett. 408B (1997) 98.

[5] V. Hubeny, M. Rangamani and E. Verlinde, Penrose Limits and Non-local theories, hepth/0205258, JHEP 0210 (2002) 020.

[6] P. Matlock, R. Parthasarathy, K. S. Viswanathan and Y. Yang, NS5 Brane and Little String Duality in the pp-wave Limit, hep-th/0305028, Phys.Rev. D68 (2003) 086001.

[7] G. Papadopoulos, J. Russo and A. Tseytlin, Solvable model of strings in a time-dependent plane-wave background, hep-th/0211289, Class.Quant.Grav. 20 (2003) 969.

[8] R.-G. Cai and N. Ohta, Thermodynamics of Large N Noncommutative Super Yang-Mills Theory, hep-th/9910092, Phys. Rev. D61 (2000) 124012. Noncommutative and Ordinary Super Yang-Mills on (D(p-2), Dp) Bound States, hep-th/0001213, JHEP 0003 (2000) 009. (F1, D1, D3) Bound States, Its Scaling Limits and SL(2,Z) Duality, hep-th/0007106, Prog. Theor. Phys. 104 (2000) 1073. Lorentz Transformation and Light-Like Noncommutative SYM, hepth/0008119, JHEP 0010 (2000) 036.

[9] S. Bhattacharya, S. Roy, Penrose limit and NCYM theories in diverse dimensions, hepth/0209054, JHEP 0303 (2003) 053.

[10] Akikazu Hashimoto, Non-Commutative Yang-Mills and The AdS/CFT Correspondence, hepth/9907166, Phys.Lett. B465 (1999) 142.

[11] J. Maldacena and J. Russo, Large N Limit of Non-commutative Gauge theories, hepth/9908134, JHEP 9909 (1999) 025.

[12] S. Frolov and A. Tseytlin, Semiclassical quantization of rotating superstring in AdS_5 × S^5, hep-th/0204226, JHEP 0206 (2002) 007.

[13] A. Tseytlin, Semiclassical quantization fo superstrings: AdS_5 × S^5 and beyond, hepth/0209116, Int.J.Mod.Phys. A18 (2003) 981.

[14] S. Gubser and A. Hashimoto, Exact absorption probabilities for the D3 brane, hep-th/9805140, Cmmun. Math. Phys. 203 (1999) 325.

[15] Jan de Boer, Erik Verlinde and Herman Verlinde, On the Holographic Renormalization Group, hep-th/9912012, JHEP 0008 (2000) 003.

[16] David J. Gross, Akikazu Hashimoto, and N. Itzhaki, Observables of Non-Commutative Gauge Theories, hep-th/0008075, Adv.Theor.Math.Phys. 4 (2000) 893.

[17] A. Dhar and S. Wadia, A Note on Gauge Invariant Operators in Noncommutative Gauge Theories and the Matrix Model, hep-th/0008144, Phys.Lett. B495 (2000) 413.

[18] David Berenstein and Robert G. Leigh, Observations on non-commutative field theories in coordinate space, hep-th/0102158.

[19] Harald Dorn, Gauge invariant operators in field theories on non-commutative spaces, hepth/0201161, Fortsch.Phys. 50 (2002) 884.