arXiv:hep-th/0404162 v1 21 Apr 2004

Nonlinear Realization of Supersymmetry and Superconformal Symmetry

T.E. Clark^∗ and S.T. Love^† Department of Physics, Purdue University, West Lafayette, IN 47907-2036

Abstract

Nonlinear realizations describing the spontaneous breakown of supersymmetry and R symmetry are constructed using the Goldstino and R axion fields. The associated R current, supersymmetry current and energy-momentum tensor are shown to be related under the nonlinear supersymmetry transformations. Nonlinear realizations of the superconformal algebra carried by these degrees of freedom are also displayed. The divergences of the R and dilatation currents are related to the divergence of the superconformal currents through nonlinear supersymmetry transformations which in turn relates the explicit breakings of these symmetries.

∗e-mail address: clark@physics.purdue.edu †e-mail address: love@physics.purdue.edu

1. INTRODUCTION

Effective Lagrangians based on nonlinear realizations of spontaneously broken symmetries provide an extremely useful, model independent, way of ensapsulating the dynamical constraints mandated by the symmetry breakdown [1]- [2]. Such techniques have been successfully applied to a wide range of physical problems most notably in the form of nonlinear sigma models [3]. In this paper, we construct nonlinear realizations of spontaneously broken supersymmetry (SUSY) and R symmetry. If supersymmetry is to be realized in nature, it must be as a broken symmetry. The breaking mechanism which maintains the perponderance of the dynamical constraints of the symmetry and hence is theoretically most attractive, is a spontaneous one.

Thus we envision some underlying theory in which both the supersymmetry and the R symmetry are spontaneously broken. The specific dynamics responsible for the symmetry breakings is left unspecified. As such, we allow for the possibility that the dynamics producing the SUSY breaking has a completely different origin than that producing the R symmetry breaking and moreover that the scales at which the symmetry breakings occur could be completely independent.

The relevant effective Lagrangian describing the low energy degrees of freedom contains the Nambu-Goldstone fermion of spontaneously broken supersymmetry [4]- [5], the Goldstino, and the (pseudo-) Nambu-Goldstone boson of spontaneously broken R symmetry, the R-axion. Moreover, if the spontaneously broken supersymmetry is gauged, the erstwhile Goldstino degrees of freedom are absorbed to become the longitudinal (spin 1/2) modes of the spin 3/2 gravitino via the super-Higgs mechanism. As such the dynamics of those modes are given by that of the Goldstino. In the next section, we construct the nonlinear realization of SUSY in terms of these Nambu-Goldstone modes leading to actions invariant under nonlinear SUSY, but possibly containing some soft explicit R symmetry breaking in addition to its spontaneous breaking. Next, the R current, supersymmetry currents and energy-momentum tensor are obtained and shown to be related under nonlinear SUSY transformations. Finally, we construct the nonlinear realization of the superconformal algebra using these Nambu-Goldstone fields and form the superconformal currents and dilatation currents. We explicitly display how the divergence of the R current and divergence of the dilatation current are related to the divergence of the superconformal current through the nonlinear SUSY transformation thus relating the various R, scale and superconformal explicit symmetry breaking terms in the effective Lagrangian.

2. NONLINEAR REALIZATIONS OF SUSY AND R SYMMETRY: INVARIANT ACTIONS

A method [2] for constructing nonlinear realizations of spontaneously broken internal symmetries employs the construction of the coset group element whose coset space coordinates are the Nambu-Goldstone bosons and then extracting the changes in these coordinates under group multiplication. This procedure requires a slight modification for spontaneously broken spacetime symmetries [6]- [7]. This follows since motion in the coset space is accompanied by motion in spacetime. Since the supersymmetry generators, Q_α, Q̄_{α̇}, and the R-symmetry charge together satisfy the supersymmetry algebra [8]: {Q_α, Q̄_{α̇}} = 2σ^μ_{αα̇}P_μ ; {Q_α, Q_β} = {Q̄_{α̇}, Q̄˙_β} = 0 [P^μ, Q_α] = [P^μ, Q̄_{α̇}] = [P^μ, R] = 0 [R, Q_α] = Q_α ; [R, Q̄_{α̇}] = −Q̄_{α̇} , (2.1) where P^μ are the spacetime translation generators, it follows that both supersymmetry and R symmetry constitute spacetime symmetries. Consequently, to construct nonlinear realizations of spontaneously broken supersymmetry and R symmetry, one needs to include the product of the unbroken translation group element along with the coset group elements.

Such a product of translation and coset group elements is given by Ω(x, λ, λ̄, a) = e^{−ixμP μ} e^{i(λα(x)Qα+λ̄α̇(x)Q̄α̇)}e^{ia(x)R} ≡ Ω(x) . (2.2) Here λ^α, λ̄_{α̇} are the 2-component Weyl spinor Goldstino fields of the spontaneously broken supersymmetry and a is the R-axion field, the (pseudo-) Nambu-Goldstone boson of the spontaneously broken R symmetry. They act as the coordinates of coset space corresponding to symmetry pattern: Poincaré × Supersymmetry × R → Poincaré. Next define the group element g(0, ξ, ξ̄, ρ) = e^{i(ξαQα+ξ̄α̇Q̄α̇)}e^{iρR} , (2.3) where ξ^α, ξ̄_{α̇} are spacetime independent 2-component Weyl spinors parametrizing the SUSY transformations while the spacetime independent ρ parametrizes the R-transforamtion and consider the product g(0, ξ, ξ̄, ρ)Ω(x, λ, λ̄, a). Exploiting the supersymmetry algebra, Eq. (2.1), this product of group elements is seen to again take the form of a product of translation and coset group elements but with translated spacetime points and coset coordinates. That is, g(0, ξ, ξ̄, ρ)Ω(x, λ, λ̄, a) = e^{−ix′μP μ} e^{i(λ′α(x′)Qα+λ̄′α̇(x′)Q̄α̇)}e^{ia′(x′)R} = Ω(x^′, λ^′, λ̄^′, a^′) ≡ Ω^′(x^′) . (2.4) For any field ϕ^i the total (Δ) variation is defined as ϕ^{i′}(x^′) = ϕ^i(x) + Δϕ^i(x) . (2.5) The total nonlinear SUSY and R variations of the Nambu-Goldstone degrees of freedom are Δ_Q(ξ, ξ̄)λ^α(x) = ξ^α ; Δ_R(ρ)λ^α(x) = iρλ^α(x) Δ_Q(ξ, ξ̄)λ̄_{α̇}(x) = ξ_{α̇} ; Δ_R(ρ)λ̄_{α̇}(x) = −iρλ̄_{α̇}(x) Δ_Q(ξ, ξ̄)a(x) = 0 ; Δ_R(ρ)a(x) = ρ . (2.6) Here Δ_Q(ξ, ξ̄) = ξ^αΔ_{Qα} + Δ̄_{Qα̇}ξ̄^{α̇} and Δ_R(ρ) = ρΔ_R.

The accompanying movement in spacetime is given by x^{′μ} = x^μ + Δx^μ , (2.7) with Δ_Q(ξ, ξ̄)x^μ = −Λ^μ(ξ, ξ̄) ; Δ_R(ρ)x^μ = 0 (2.8) and Λ^μ(ξ, ξ̄) = −i[λ(x)σ^μξ̄ − ξσ^μλ̄(x)] . (2.9) In general, an intrinsic (δ) variation is defined as δϕ^i(x) = ϕ^{i′}(x) − ϕ^i(x) = Δϕ^i(x) − Δx^μ∂_μϕ^i(x) (2.10) which for nonlinear SUSY and R take the form δ_Q(ξ, ξ̄)λ^α(x) = ξ^α + Λ^μ(ξ, ξ̄)∂_μλ^α(x) ; δ_R(ρ)λ^α(x) = iρλ^α(x) δ_Q(ξ, ξ̄)λ̄_{α̇}(x) = ξ̄_{α̇} + Λ^μ(ξ, ξ̄)∂_μλ̄_{α̇}(x) ; δ_R(ρ)λ̄_{α̇}(x) = −iρλ̄_{α̇}(x) δ_Q(ξ, ξ̄)a(x) = Λ^μ(ξ, ξ̄)∂_μa(x) ; δ_R(ρ)a(x) = ρ , (2.11)

where δ_Q(ξ, ξ̄) = ξ^αδ_{Qα} + δ_{Qα̇}ξ̄^{α̇} and δ_R(ρ) = ρδ_R. A field transforming as Λ^μ(ξ, ξ̄)∂_μ under nonlinear SUSY is said to carry the standard realization [9]- [10].

In order to construct invariant actions, it proves convenient to introduce covariant derivatives. Towards this end, we define the Mauer-Cartan 1-form as (Ω^{−1}dΩ)(x) = Ω^{−1}(x, λ, λ̄, a)dx^μ∂_μΩ(x, λ, λ̄, a) (2.12) which, in light of Eq. (2.4), is invariant under the total variations:

(Ω^{−1}dΩ)^′(x^′) = (Ω^{−1}dΩ)(x) . (2.13)

Expanding the 1-form in terms of the translation, SUSY and R generators gives Ω^{−1}(x, λ, λ̄, a)dΩ(x, λ, λ̄, a) = i[−dω^μ(x)P_μ + dω^α_Q(x)Q_α + dω̄¯_{Q α̇}(x)Q̄^{α̇} + dω_R(x)R] . (2.14) The coefficient coordinate differentials are readily extracted as

dω^ν (x) = dx^μA_μ^ν (x) dω^α_Q(x) = dx^μe^{−ia(x)}∂_μλ^α(x) = dω^μ(x)e^{−ia(x)}D_μλ^α(x) = dω^μ(x)∇_μλ^α(x) dω̄¯_{Q α̇}(x) = e^{ia(x)}∂_μλ̄_{α̇}(x) = dω^μ(x)e^{ia(x)}D_μλ̄_{α̇}(x) = dω^μ(x)∇_μλ̄_{α̇}(x) dω_R(x) = dx^μ∂_μa(x)dω^μ(x)D_μa(x) = dω^μ(x)∇_μa(x) , (2.15) where [4]

A_μ^ν = η^ν_μ + iλ^↔∂_μ σ^νλ̄ . (2.16)

Here we have defined the combined SUSY and R covariant derivatives: ∇_μλ^α(x) = e^{−ia(x)}D_μλ^α(x) ∇_μλ̄_{α̇}(x) = e^{ia(x)}D_μλ̄_{α̇}(x)

∇_μa(x) = D_μa(x) , (2.17)

while

D_μ = A^{−1}_μ^ν ∂_ν (2.18)

is the nonlinear SUSY covariant derivative.

From the invariance of the Mauer-Cartan form, it follows that dω^μ, ∇_μλ, ∇_μλ̄, ∇_μa are all invariant under the total Δ-variations

(dω)^{′ μ}(x^′) = dω^μ(x) (∇_μλ)^{′ α}(x^′) = ∇_μλ^α(x) (∇_μλ̄)^′_{α̇}(x^′) = ∇_μλ̄_{α̇}(x) (∇_μa)^′(x^′) = ∇_μa(x) . (2.19)

Under the intrinsic nonlinear SUSY variations, δ_Q(ξ, ξ̄), the covariant derivatives, ∇_μϕ^i, transform as the standard realization, while being invariant under the intrinsic δ_R(ρ) variation:

δ_Q(ξ, ξ̄)(∇_μϕ^i)(x) = Λ^ν (ξ, ξ̄)∂_ν (∇_μϕ^i)(x) ; δ_R(ρ)(∇_μϕ^i)(x) = 0 . (2.20)

The SUSY covariant derivative, D_μϕ^i, also transform as the standard realization under the intrinsic δ-variations:

δ_Q(ξ, ξ̄)∇_μϕ^i(x) = Λ^ν (ξ, ξ̄)∂_ν (∇_μϕ^i(x)) . (2.21)

Using the Δ invariance of dω^μ along with dx^{′ μ} = ∂x^{′ μ} ∂x^ν dx^ν = dx^ν (η^μ_ν − ∂_ν Λ^μ) ≡ dx^ν G_ν^μ , (2.22)

it follows that

A^′_μ^ν (x^′) = G^{−1}_μ^ρ(x)A_ρ^ν (x)

A^{−1 ′}_ν^μ(x^′) = A^{−1}_ν^ρ(x)G_ρ^μ(x) (2.23) producing the intrinsic variations:

δ_Q(ξ, ξ̄)A_μ^ν = Δ_Q(ξ, ξ̄)A_μ^ν − Δ_Q(ξ, ξ̄)x^ρ∂_ρA_μ^ν = (∂_μΛ^ρ(ξ, ξ̄))A_ρ^ν + Λ^ρ(ξ, ξ̄)∂_ρA_μ^ν δ_Q(ξ, ξ̄)A^{−1}_ν^μ = Δ_Q(ξ, ξ̄)A^{−1}_ν^μ(x) − Δx^ρ∂_ρA^{−1}_ν^μ = −A^{−1}_ν^ρ∂_ρΛ^μ(ξ, ξ̄) + Λ^ρ(ξ, ξ̄)∂_ρA^{−1}_ν^μ δ_Q(ξ, ξ̄) det A = det A A^{−1}_ν^μδ_Q(ξ, ξ̄)A_μ^ν = ∂_μ[Λ^μ(ξ, ξ̄) det A] (2.24) and δ_R(ρ)A_μ^ν = 0 . (2.25) To construct invariant actions, note that the product d^4x det A is Δ invariant, d^4x^′ det A^′(x^′) = d^4x det A(x) , (2.26) and thus A_μ^ν can be viewed as a “vierbein”. It follows that the action I = ∫ d^4xL(x) (2.27) with Lagrangian L = det A O(∇a, ∇λ, ∇λ̄) (2.28) and O is any Lorentz singlet function is invariant under nonlinear SUSY as well as Rtransformations. The leading terms in a derivative expansion of the Lagrangian are L = − f^4_s 2 det A − f^2_a 2 det A D_μaD^μa . (2.29) Here f_s is the SUSY breaking scale and f_a is the R-symmetry breaking scale. In general, these scales are independent. In the absence of the spontaneous R symmetry breaking and hence the R axion, this reduces to the Akulov-Volkov action [4], [11]. One can also include a nonlinearly SUSY invariant but soft R-symmetry breaking mass term by modifying the

Lagrangian to be of the form L = − f^4_s 2 det A − f^2_a 2 det A D_μaD^μa − 1 2 m^2_af^2_a det A a^2 . (2.30)

Note that L can alternatively be written by defining a “metric”

g^{μν} = A^{−1}_ρ^μη^{ρσ}A^{−1}_σ^ν = g^{νμ} (2.31) as L = − f^4_s 2 √ det (−g) − f^2_a 2 √ det (−g) ∂_μag^{μν} ∂_ν a − 1 2 m^2_af^2_a √ det (−g) a^2 . (2.32)

Here η^{μν} is the Minkowski space metric with signature (−1, 1, 1, 1).

3. SYMMETRY CURRENTS

For any variations Δx^μ, δϕ^i (not just SUSY and R), one has δL = −∂_μJ^μ_N + ∑ i δϕ^i δI δϕ^i (3.1) where J^μ_N = − ∑ i δϕ^i ∂L ∂∂_μϕ^i (3.2) and the Euler-Lagrange derivative is δI δϕ^i = ∂L ∂ϕ^i − ∂_μ ∂L ∂∂_μϕ^i . (3.3) Using δL = ΔL − Δx^μ∂_μL = −∂_μ[Δx^μL] + ΔL + (∂_μΔx^μ)L (3.4) and defining the Noether current J^μ = J^μ_N − Δx^μL (3.5) gives Noether’s theorem ∂_μJ^μ = −ΔL − (∂_μΔx^μ)L + ∑ i δϕ^i δI δϕ^i . (3.6) The general current form can be rewriten using the canonical energy-momentum tensor T^μ_ν = − ∑ i ∂_ν ϕ^i ∂L ∂∂_μϕ^i + η^μ_ν L (3.7) as J^μ = − ∑ i Δϕ^i ∂L ∂∂_μϕ^i − Δx^ν T^μ_ν . (3.8) For the model described by the Lagrangian of Eq. (2.30), the conserved canonical energymomentum tensor is simply

T^μ_ν = A^{−1}_ν^μL + f^2_a det A D^ρaA^{−1}_ρ^μD_ν a (3.9) and satisfies ∂_μT^μ_ν = ∑ i ∂_ν ϕ^i δI δϕ^i . (3.10) Note that the energy-momentum tensor starts as a positive cosmological constant associated with the spontaneous SUSY breaking < 0|T^{00}|0 >= f^4_s 2 . (3.11) Using the Noether construction, it is straightforward to obtain the form of the supersymmetry and R currents along with their (non-) conservation laws [12]. The conserved supersymmetry currents are Q^μ(ξ, ξ̄) = ξ^αQ^μ_α + Q̄^μ_{α̇}ξ̄^{α̇} = 2T^μ_ν Λ^ν (ξ, ξ̄) , (3.12) where Q^μ_α = 2iT^μ_ν (σ^νλ̄)_α ; Q̄^μ_{α̇} = −2iT^μ_ν (λσ^ν )_{α̇} (3.13) and satisfy ∂_μQ^μ(ξ, ξ̄) = ∑ i δ_Q(ξ, ξ̄)ϕ^i δI δϕ^i . (3.14) For the R-symmetry current, one extracts the current R^μ = f^2_a det A A^{−1}_ρ^μD^ρa − 2T^μ_ν (λσ^νλ̄) (3.15) whose divergence ∂_μR^μ = m^2_af^2_a det A a + δI δa + i(λ^α δI δλ^α + ∂I ∂λ̄^{α̇} λ̄^{α̇}) (3.16) displays the soft R symmetry breaking.

Note that

R^μ = f_a∂^μa + ... Q^μ_α = if^2_s (σ^μλ̄)_α + ... Q̄^μ_{α̇} = −if^2_s (λσ^μ)_{α̇)} + ... T^{μν} = −η^{μν} f^4_s 2 + ... (3.17) so that R^μ interpolates for the R-axion field a, while the supersymmetry currents interpolate for the Goldstino fields λ_α, λ̄_{α̇}.

In addition, L also possesses a softly broken (by the R-axion mass term) shift symmetry [13] defined by δ(ζ)a = ζ δ(ζ)λ^α = 0 δ(ζ)λ̄^{α̇} = 0 . (3.18) The associated current and non-conservation equation are given by j^μ = f^2_a det A A^{−1}_ρ^μD^ρa (3.19) and ∂_μj^μ = m^2_af^2_a det A a + δS δa . (3.20) For the case of linearly realized supersymmetry, the various currents are components of a supercurrent [14]- [19] and are related via SUSY transformations. Under nonlinear supersymmetry, the currents transform as

δ_Q(ξ, ξ̄)R^μ = i(ξ^αQ^μ_α − Q̄^μ_{α̇}ξ̄^{α̇}) + ∂_ρ[Λ^ρ(ξ, ξ̄)R^μ − Λ^μ(ξ, ξ̄)R^ρ] + Λ^μ(ξ, ξ̄)∂_ρR^ρ δ_Q(ξ, ξ̄)Q^μ_α = 2i(σ^νξ̄)_αT^μ_ν + ∂_ν [Λ^ν (ξ, ξ̄)Q^μ_α − Λ^μ(ξ, ξ̄)Q^ν_α] + Λ^μ(ξ, ξ̄)∂_ν Q^ν_α δ_Q(ξ, ξ̄)Q̄^μ_{α̇} = −2i(ξσ^ν )_{α̇}T^μ_ν + ∂_ν [Λ^ν (ξ, ξ̄)Q̄^μ_{α̇} − Λ^μ(ξ, ξ̄)Q̄^ν_{α̇}] + Λ^μ(ξ, ξ̄)∂_νQ̄^ν_{α̇} δ_Q(ξ, ξ̄)T^μ_ν = ∂_ρ[Λ^ρ(ξ, ξ̄)T^μ_ν − Λ^μ(ξ, ξ̄)T^ρ_ν ] + Λ^μ(ξ, ξ̄)∂_ρT^ρ_ν . (3.21) Note that the terms

∂_ρ[Λ^ρ(ξ, ξ̄)R^μ − Λ^μ(ξ, ξ̄)R^ρ] ∂_ν [Q^μ_αΛ^ν (ξ, ξ̄) − Q^ν_αΛ^μ(ξ, ξ̄)] ∂_ν [Q̄^μ_{α̇}Λ^ν (ξ, ξ̄) − Q̄^ν_{α̇}Λ^μ(ξ, ξ̄)] ∂_ρ[Λ^ρ(ξ, ξ̄)T^{μν} − Λ^μ(ξ, ξ̄)T^{ρν} ] (3.22)

are simply Belinfante improvements each being algebraically divergenceless. They can absorbed into defining improved currents.

Thus, under the nonlinear SUSY, R^μ transforms into Q^μ_α, Q̄^μ_{α̇} and Q^μ_α, Q̄^μ_{α̇} transforms into T^μ_ν . This holds even though (i) a and λ, λ̄ need not be SUSY partners in the underlying theory (ii) the dynamics responsible for SUSY breaking and R breaking may have different origins (iii) f_s need not equal f_a.

Since they are related by SUSY transformations, there will be relations among R and SUSY current correlators. Moreover, since these currents interpolate for the R-axion and Goldstinos, the current correlator relations will translate into relations among Green functions (and S-matrix elements) containing R-axions and Goldstinos.

In closing this section, note that the softly broken R-axion shift symmetry current, j^μ, has the nonlinear SUSY transformation law

δ_Q(ξ, ξ̄)j^μ = ∂_ρ[Λ^ρ(ξ, ξ̄)j^μ − Λ^μ(ξ, ξ̄)j^ρ] + Λ^μ(ξ, ξ̄)∂_ρj^ρ (3.23)

which is just a sum of the Belinfante improvement term and the divergence of j^μ itself.

4. SUPERCONFORMAL VARIATIONS AND RELATIONS AMONG SYMMETRY BREAKINGS

For linear realizations of supersymmetry, not only are the R current, supersymmetry currents and the energy momentum tensor related by supersymmetry transformations, but the explicit breakings of the R and dilatation symmetries are related via SUSY transformations to the breaking of the superconformal symmetry. In this section, we examine the analog of this connection for nonlinear SUSY.

Our first step is to construct the intrinsic variations [20] of the R axion and Goldstino fields which satisfy the (graded) superconformal algebra [21], [22]

[δ_D, δ_{M μν}] = 0 ; [δ_D, δ_{P μ}] = δ_{P μ} ; [δ_D, δ_{Kμ}] = −δ_{Kμ} [δ_{M μν}, δ_{Kρ}] = η_{μρ}δ_{Kν} − η_{νρ}δ_{Kμ} ; [δ_{P μ}, δ_{Kν} ] = 2(η_{μν} δ_D − δ_{M μν} ) ; [δ_{P μ}, δ_{Kν} ] = 0 [δ_{Kμ}, δ_R] = 0 ; [δ_{Kμ}, δ_{Kν} ] = 0 ; [δ_D, δ_R] = 0 [δ_D, δ_{Qα}] = 1 2 δ_{Qα} ; [δ_D, δ̄_{Qα̇}] = 1 2 δ̄_{Qα̇} [δ_{Kμ}, δ_{Qα}] = σ_{μαα̇}δ̄^{α̇}_S ; [δ_{Kμ}, δ̄_{Qα̇}] = δ^α_S σ_{μαα̇} [δ_{M μν}, δ_{Sα}] = −i 1 2 σ_{μνα}^β δ_{Sβ} ; [δ_{M μν}, δ̄_{Sα̇}] = −i 1 2 σ̄_{μνα̇}˙_βδ̄^{β̇}_S [δ_{P μ}, δ_{Sα}] = σ_{μαα̇}δ̄^{α̇}_Q ; [δ_{P μ}, δ̄_{Sα̇}] = δ^α_Qσ_{μαα̇} [δ_R, δ_{Sα}] = iδ_{Sα} ; [δ_R, δ̄_{Sα̇}] = −δ̄_{Sα̇} [δ_D, δ_{Sα}] = − 1 2 δ_{Sα} ; [δ_D, δ̄_{Sα̇}] = − 1 2 δ̄_{Sα̇} [δ_{Kμ}, δ_{Sα}] = 0 ; [δ_{Kμ}, δ̄_{Sα̇}] = 0 ; {δ_{Sα}, δ̄_{Sα̇}} = −2iσ^μ_{αα̇}δ_{Kμ} {δ_{Qα}, δ_{Sβ}} = −(σ^{μν}_{αβ}δ_{μν} + 2iϵ_{αβ}δ_D + 3ϵ_{αβ} δ_R) {δ_{Qα}, δ_{Sβ}} = σ̄^{μν}_{α̇β̇}δ_{μν} − 2iϵ_{α̇}˙_β δ_D + 3ϵ_{α̇}˙_β δ_R {δ_{Qα}, δ̄_{Sα̇}} = 0 ; {δ_{Sα}, δ̄_{Qα̇}} = 0 ; {δ_{Sα}, δ_{Sα}} = 0 ; {δ̄_{Sα̇}, δ̄_{Sα̇}} = 0 (4.1) where δ_{P μ} = ∂_μ, δ_{M μν}, δ_{Kμ} are the translation, angular momentum and special conformal variations respectively and δ_{Sα}, δ̄_{Sα̇} are the superconformal variations. Note that the angular momentum variations also satisfy

[δ_{M μν}, δ_{M λρ}] = η_{μλ}δ_{M νρ} − η_{μρ}δ_{M νλ} − η_{νλ}δ_{M μρ} + η_{νρ}δ_{M μλ} [δ_{M μν}, δ_{P ρ}] = η_{μρ}δ_{P ν} − η_{νρ}δ_{P μ} ; [δ_{M μν} , δ_R] = 0 [δ_{M μν}, δ_{Qα}] = −i 1 2 σ^{μν}_α^β δ_{Qβ} ; [δ_{M μν}, δ̄_{Qα̇}] = −i 1 2 σ̄^{μν}_{α̇β̇}δ̄^{β̇}_Q (4.2)

After some straightforward, but rather tedious algebra, the (intrinsic) superconformal variations of the Nambu-Goldstone fields are extracted as δ_{Sα}a = 3λ_α − ( i(σ^νσ̄^μλ)_αx_ν − 2λ_α(λσ^μλ̄) ) ∂_μa δ_{Sα}λ^β = 4iλ^αλ^β − ( i(σ^νσ̄^μλ)_αx_ν − 2λ_α(λσ^μλ̄) ) ∂_μλ^β δ_{Sα}λ̄^{β̇} = −x^νσ̄^{β̇α}_ν − 2iλ^αλ̄^{β̇} − ( i(σ^νσ̄^μλ)_αx_ν − 2λ_α(λσ^μλ̄) ) ∂_μλ̄^{β̇} (4.3)

δ̄_{Sα̇}a = 3λ̄^{α̇} − ( −i(λ̄σ̄^μσ^ν )_{α̇}x_ν − 2λ̄_{α̇}(λσλ̄) ) ∂_μa δ̄_{Sα̇}λ^β = x^νσ̄^{α̇β}_ν + 2iλ̄^{α̇}λ^β − ( −i(λ̄σ̄^μσ^ν )_{α̇}x_ν − 2λ̄_{α̇}(λσ^μλ̄) ) ∂_μλ^β δ̄_{Sα̇}λ̄^{β̇} = −4iλ̄^{α̇}λ̄^{β̇} − ( −i(λ̄σ̄^μσ^ν )_{α̇}x_ν − 2λ̄_{α̇}(λσ^μλ̄) ) ∂_μλ̄^{β̇} (4.4)

Notice that the superconformal symmetries are also spontaneously broken, but the associated Nambu-Goldstone fermions, λ^α_S , λ̄^{α̇}_S are not independent degrees of freedom. Rather, one finds that

λ^α_S = − 1 4 (σ^μ∂_μλ̄)^α + ... λ̄^{α̇}_S = −1 4 (∂_μλσ^μ)^{α̇} + ... (4.5)

so that

δ_{Sα}λ^β_S = δ^β_α + ... ; δ̄_{Sα̇}λ̄^{β̇}_S = −δ^{β̇}_{α̇} + ... . (4.6)

The fact that there can be spontaneously broken spacetime symmetries without independent Nambu-Goldstone fields is not in conflict with Goldstone’s theorem [23] which guarentees an independent Nambu-Goldstone field for every spontaneously broken global symmetry [24]- [28].

For the dilatation variations, one finds δ_Da = x^μ∂_μa δ_Dλ^α = (− 1 2 + x^μ∂_μ)λ^α δ_Dλ̄^{α̇} = (− 1 2 + x^μ∂_μ)λ̄^{α̇} , (4.7)

which corresponds to a linear representation.

Recalling that the intrinsic and total variations are related as

δϕ^i = Δϕ^i − Δx^μ∂_μϕ^i , (4.8)

we extract the total (Δ) scale variations corresponding to the spacetime scaling Δ_Dx^μ = −x^μ as

Δ_Da = 0 ; Δ_Dλ^α = − 1 2 λ^α ; Δ_Dλ̄_{α̇} = − 1 2 λ̄_{α̇} (4.9)

which fixes the scaling weights as

d_a = 0 ; d_λ = d¯_λ = − 1 2 . (4.10)

It follows that

Δ_DL = −f^2_a det A D^μ aD_μa . (4.11)

In fact, the Nambu-Goldstone particle associated with any spontaneously broken symmetry which commutes with the dilatation charge is constrained to have scaling weight zero [29]. With the variations in hand, the dilatation current is readily constructed as

D^μ = x^ν T^μ_ν . (4.12)

Its divergence

∂_μD^μ = T^μ_μ + x^ν ∂_μT^μ_ν = A_μ^ν T^μ_ν + x^ν ∂_μT^μ_ν − 1 2 (λ^α δI δλ^α − δI δλ̄^{α̇} λ̄^{α̇}) = [f_s ∂ ∂f_s + f_a ∂ ∂f_a + m_a ∂ ∂m_a ]L + ∑ i δ_Dϕ^i δI δϕ^i (4.13) exhibits the explicit scale symmetry breaking. Note that there are independent breakings arising from the spontaneous SUSY breaking scale, f_s, the spontaneous R symmetry breaking scale, f_a, and the soft R symmetry breaking mass term, m_a. Under SUSY, the dilatation current transforms as δ_Q(ξ, ξ̄)D^μ = − 1 2 Q^μ(ξ, ξ̄) + ∂_ρ[Λ^ρ(ξ, ξ̄)D^μ − Λ^μ(ξ, ξ̄)D^ρ] + Λ^μ(ξ, ξ̄)∂_ρD^ρ . (4.14)

The special conformal intrinsic variations take the form δ_{Kμ}a = −3λσ_μλ̄ + ( η^ν_μx^2 − 2x^ν x_μ + η^ν_μ(λλ)(λ̄λ̄) ) ∂_ν a δ_{Kμ}λ^α = (x_μ − 2iλσ_μλ̄)λ^α − ix^ν (σ_{μν} λ)^α + ( η^ν_μx^2 − 2x^ν x_μ + η^ν_μ(λλ)(λ̄λ̄) ) ∂_ν λ^α δ_{Kμ}λ̄^{α̇} = (x_μ − 2iλσ_μλ̄)λ̄^{α̇} − ix^ν (σ̄_{μν}λ̄)^{α̇} + ( η^ν_μx^2 − 2x^ν x_μ + η^ν_μ(λλ)(λ̄λ̄) ) ∂_νλ̄^{α̇} (4.15)

while the associated special conformal total variations of the fields are Δ_{Kμ}a = −3λσ_μλ̄ Δ_{Kμ}λ^α = (x_μ − 2iλσ_μλ̄)λ^α − ix^ν (σ_{μν} λ)^α Δ_{Kμ}λ̄^{α̇} = (x_μ − 2iλσ_μλ̄)λ̄^{α̇} − ix^ν (σ̄_{μν}λ̄)^{α̇} (4.16)

while the spacetime point varies as

Δ_{Kμ}x^ν = −(η^ν_μx^2 − 2x_μx^ν ) − η^ν_μ(λλ)(λ̄λ̄) (4.17)

Note that realizing the supersymmetry nonlinearly requires that the special conformal tranformations be nonlinearly realized. This is reminiscent of the situation which occurs in the coupling of gauge fields with nonlinearly realized SUSY. In that case, if one demands that the gauge field transforms as a nonlinear SUSY standard realization, then its gauge transformation is nonstandard [10]. Note, however, that neither the special conformal nor the dilatation symmetries are spontaneously broken in this realization.

From the intrinsic superconformal variations (c.f. Eqs. (4.3)-(4.4)), the total (Δ) superconformal variations are immediately gleaned as

Δ_{Sα}a = 3λ_α ; Δ̄_{Sα̇}a = 3λ̄^{α̇} Δ_{Sα}λ^β = 4iλ^αλ^β ; Δ̄_{Sα̇}λ^β = x^νσ̄^{α̇β}_ν + 2iλ̄^{α̇}λ^β Δ_{Sα}λ̄^{β̇} = −x^νσ̄^{β̇α}_ν − 2iλ^αλ̄^{β̇} ; Δ̄_{Sα̇}λ̄^{β̇} = −4iλ̄^{α̇}λ̄^{β̇} (4.18)

with the superconformal variations of the spacetime point given by

Δ_{Sα}x^μ = i(σ^νσ̄^μλ)_αx_ν − 2λ_α(λσ^μλ̄) Δ̄_{Sα̇}x^μ = −i(λ̄σ̄^μσ^ν )_{α̇}x_ν − 2λ̄_{α̇}(λσλ̄) (4.19)

The superconformal currents are now readily computed as

S^μ(η, η̄) = η^αS^μ_α + S̄^μ_{α̇}η̄^{α̇}

= Q^μ(ησ̄^ρx_ρ, σ̄^ρηx_ρ) + (ηλ + η̄λ̄)(2R^μ + j^μ) = [(η̄σ̄^ν )^αQ_{μα} + Q̄_{μα̇}(σ̄^ν η)^{α̇}]x_ν + (ηλ + η̄λ̄)(2R^μ + j^μ) . (4.20)

Under nonlinear SUSY, the superconformal currents transform as δ_Q(ξ, ξ̄)S^μ(η, η̄) = 3(ηξ + η̄ξ̄)R^μ + 2i(ηξ − η̄ξ̄)D^μ −(ξσ^{νρ}η + η̄σ̄^{νρ}ξ̄)M^μ_{νρ} + ∂_ρ[Λ^ρ(ξ, ξ̄)S^μ(η, η̄) −Λ^μ(ξ, ξ̄)S^ρ(η, η̄)] + Λ^μ(ξ, ξ̄)∂_ν S^ν (η, η̄) , (4.21)

where the conserved angular momentum tensor is M^{μνρ} = T^{μν} x^ρ − T^{μρ}x^ν − 1 2 [λσ^λσ̄^{νρ}λ̄ + λσ^{νρ}σ^λλ̄]T^μ_λ and the angular momentum variations are δ_{M μν}a = (x_μ∂_ν − x_ν ∂_μ)a δ_{M μν} λ^α = (x_μ∂_ν − x_ν ∂_μ)λ^α + i 2 (σ_{μν} λ)^α δ_{M μν}λ̄^{α̇} = (x_μ∂_ν − x_ν ∂_μ)λ̄^{α̇} + i 2 (σ̄_{μν}λ̄)^{α̇} . (4.22)

Taking the divergence of Eq. (4.21) yields δ_Q(ξ, ξ̄)∂_μS^μ(η, η̄) = 3(ηξ + η̄ξ̄)∂_μR^μ + 2i(ηξ − η̄ξ̄)∂_μD^μ

−(ξσ^{νρ}η + η̄σ̄^{νρ}ξ̄)∂_μM^μ_{νρ} + ∂_μ[Λ^μ(ξ, ξ̄)∂_ν S^ν (η, η̄)] . (4.23)

Thus the divergence of the R-symmetry current and the divergence of the dilatation current are tied to the divergence of the superconformal current through a nonlinear SUSY transformation. Since the divergences of these currents give the explicit breakings of these symmetries in the action, these breakings are also related via the nonlinear SUSY transformation.

This work was supported in part by the U.S. Department of Energy under grant DE-FG02- 91ER40681A29 (Task B).

REFERENCES

[1] S. Weinberg, Physica 96A, 327 (1979).

[2] S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2239 (1969); C. Callen, S. Coleman, J. Wess and B. Zumino, Phys. Rev. 177, 2247 (1969).

[3] See, for example, H. Georgi, Weak Interactions and Modern Particle Theory, (Benjamin/Cummings Publishing Company) 1984; D. Boulware and L.S. Brown, Ann. Phys. 138, 392 (192); J. Wess and B. Zumino, Phys. Lett. B37, 95 (1971); C.T. Hill and E. H. Simmons, Phys. Rept. 381, 235 (2003); W. Buchmüller and W. Lerche, Ann. Phys. 175, 159 (1987); E. Cremmer and J. Scherk, Phys.Lett.B74, 341 (1978); E. Brezin and J. Zinn-Justin, Phys. Rev. Lett. 36, 691 (1976).

[4] D.V. Volkov and V.P. Akulov , Pis’ma Zh. Eksp. Teor. Fiz. 16, 621 (1972) [JETP Lett.

16, 438 (1972) ].

[5] P. Fayet and J. Iliopoulos, Phys. Lett. B51, 461 (1974). [6] D.V. Volkov, Sov. J. Particles Nucl. 4, 3 (1973).

[7] V.I. Ogievetsky, in Proc. of the X-th Winter School of Theoretical Physics in Karpacz Vol. 1, 227 (1974) [8] We employ the SUSY conventions found in J. Wess and J. Bagger, Supersymmetry and Supergravity, (Princeton University Press, Princeton 1992).

[9] T.E. Clark and S.T. Love, Phys. Rev. D54, 5723 (1996); hep-ph/9608243. [10] T.E. Clark, T. Lee, S.T. Love and G.-H. Wu, Phys. Rev. D57, 5912 (1998); hepph/9712353.

[11] For an alternative construction of the Akulov-Volkov action using superfield techniques, see S. Samuel and J. Wess, Nucl. Phys. B221, 153 (1983) and reference [8].

[12] T.E. Clark and S.T. Love, Phys. Rev. D39, 2391 (1989) .

[13] For a discussion of shift symmetries, see, for example, S.T. Love, Mod. Phys. Lett. A 18, 1099 (2003).

[14] S. Ferrara and B. Zumino, Nucl. Phys. B87, 207 (1975) .

[15] T.E. Clark, O. Piguet and K. Sibold, Nucl. Phys. B143, 445 (1978) ; B172, 201 (1980). [16] O. Piguet and K. Sibold, Renormalized Supersymmetry (Birkhäuser, Boston, 1986) and references therein.

[17] P. West, Introduction to Supersymmetry and Supergravity (World Scientific, Singapore, 1986) and references therein.

[18] T.E. Clark and S.T. Love, Phys. Rev. D 44, 3978 (1991).

[19] T.E. Clark and S.T. Love, Int. J. Mod. Phys. A11, 2807 (1996); hep-th/9506145. [20] S. Hamamoto, Prog. Theor. Phys. 62, 823 (1979); 63, 2095 (1980); K. Kobayashi and T. Uematsu, Nucl. Phys. B263, 309 (1986); K. Hamada and T. Kimura, Prog. Theor. Phys. 82, 633 (1989).

[21] J. Wess and B. Zumino, Nucl. Phys. B70, 39 (1974). [22] S. Ferrara, Nucl. Phys. B77, 73 (1974).

[23] J. Goldstone, Nuovo Cimento 19, 154 (1961); hep-ph/9905265. [24] E.A. Ivanov and V.I. Ogievetsky, Teor. Mat. Fiz. 25, 164 (1975). [25] I. Low and A. Manohar, Phys. Rev. Lett. 88, 101602 (2002); hep-th/0110285 [26] C.J. Isham, A. Salam and A. Strathdee, Phys. Lett. B31, 300 (1970). [27] S. Coleman, Aspects of Symmetry (Cambridge University Press, 1985). [28] For a discussion of the incompatibility of simultaneous spontaneous scale and SUSY breaking, see T.E. Clark and S.T. Love, Phys. Rev. D 61, 057902 (2000); hepph/9905265.

[29] T.E. Clark, C.N. Leung and S.T. Love, Phys. Rev. D 35, 997 (1987).