arXiv:hep-th/0404172 v1 22 Apr 2004

Power-law singularities in string theory and M-theory

G. Papadopoulos

Department of Mathematics King’s College London London WC2R 2LS, U.K.

gpapas@mth.kcl.ac.uk

Abstract

We extend the definition of the Szekeres-Iyer power-law singularities to supergravity, string and M-theory backgrounds, and find that are characterized by Kasner type exponents. The near singularity geometries of brane and some intersecting brane backgrounds are investigated and the exponents are computed. The Penrose limits of some of these power-law singularities have profiles A ∼ u^{−γ} for γ ≥ 2. We find the range of the exponents for which γ = 2 and the frequency squares are bounded by 1/4. We propose some qualitative tests for deciding whether a null or timelike spacetime singularity can be resolved within string theory and M-theory based on the near singularity geometry and its Penrose limits.

Contents

1 Introduction 3

2 Codimension one power-law singularities in string theory and M-theory 6 2.1 Near singularity metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 Near singularity field strengths . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3 Power-law singularities and brane configurations 10 3.1 Dp-branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 3.2 Fundamental string . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 3.3 Intersecting branes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

4 Power-law Singularities, Strings and M-theory 17

A Penrose limits for power-law singularities 20 A.1 Spacelike and timelike singularities . . . . . . . . . . . . . . . . . . . . . . . . . . 20 A.1.1 The J_i = 0 case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 A.1.2 The J_i ≠ 0 case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 A.2 Null singularities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

B α^′-corrections and Penrose limits 27

References 30

1 Introduction

Szekeres and Iyer [1, 2] investigated the near singularity geometries of four-dimensional spherically symmetric solutions to the Einstein equations. They mostly focused on four-dimensional geometries with singularities of power-law type that arise during gravitational collapse, like the Lemaitre-Tolman-Bondi dust collapse metrics and Lifshitz- Khalatnikov singularities. It turns out that the geometry near the singularities can be described as ds^2 = −2x^pdudv + x^qdΩ^2 , (1.1)

where x = ku + ℓv , ℓ, k = 0, ±1 . (1.2) The Kasner type exponents p, q characterize the behaviour of the geometry near the singularity at x = 0.

It has been observed that string modes in plane waves with profiles A ∼ u^{−γ} for γ < 2 [3, 4] and for γ = 2 with frequency squares ω^2 < 1/4 [5] can be extended across the singularity at u = 0; for similar results in field theory see [6, 7]. This is despite the fact plane waves with such profiles γ > 0 have a curvature singularity at u = 0 [8, 9]. An interpretation of this is that strings have a smooth propagation^1 in such backgrounds. Motivated by this, the authors of [10, 11] computed the Penrose limits of the near singularity geometries (1.1) and found that A ∼ u^{−γ} , γ ≥ 2, extending the results of [12, 13, 14, 15, 16]. In addition, they determined the range of the exponents for the wave profiles to behave as A ∼ u^{−2} with ω^2 < 1/4. It was found that all geometries that satisfy (but not saturate) the dominant energy condition have Penrose limits with such profiles.

In this paper, we generalize the Szekeres-Iyer power-law singularities for string theory and M-theory backgrounds. This generalization applies to backgrounds with metrics and n-form field strengths which locally can be written as ds^2 = g_{mn}(y)dy^mdy^n + ∑ i G^2_i (y)ds^2_{(i)}

F_n = F_{mn}(y)dy^m ∧ dy^n ∧ ω + F_m(y)dy^m ∧ χ + F(y)τ , (1.3)

where g is a two-dimensional Lorentz metric m, n = 1, 2, and ds^2_{(i)} are smooth metrics and ω, χ, τ are forms on the Riemannian manifolds M_i independent from the coordinates y^m. In addition, we assume that the spacetime has singularities of codimension one, ie every singularity is specified by a single function C = C(y). Demanding that

1However there are processes which are singular. For example for particular states there is an infinite string mode production near the singularity [8, 5].

the singularities are of power-law type, the near singularity geometry is characterized by Kasner type exponents both for the metric and the form-field strengths. The singularities that arise are timelike, spacelike or null.

A study of generic spacelike singularities in ten- and eleven-dimensional supergravities, following earlier work in general relativity [17], has revealed that their behaviour is chaotic [18]; for a review see [19]. This chaotic behaviour resembles that of a mixmaster universe where the Kasner exponents change infinite many times along independent spatial directions. Because of this our results for spacelike singularities are not generic. A similar analysis for weak null singularities in general relativity has been done in [20]. Nevertheless, the method we propose works well for some special backgrounds with spacelike and null singularities and also is applicable to backgrounds with timelike singularities.

We demonstrate that some brane backgrounds have singularities of power-law type and give their near singularity geometries. In particular, we compute the exponents of the near singularity geometries of the fundamental string and Dp-brane, p ≠ 3, p ≤ 6, backgrounds. It turns out that the singularities of fundamental string and Dp-branes, p ≤ 5, are null while the singularity of the D6-brane is timelike. The metric of NS5-brane in the string frame, the D3-brane and M5-brane are not singular[21].

We also analyze the Penrose limits of the near singularity geometries of all power-law singularities. Some power-law singularities have diagonal plane wave profiles A which behave as A ∼ u^{−γ} , γ ≥ 2, where u is the affine parameter of a null geodesic and the singularity of the original spacetime is located at u = 0. We find the conditions on the exponents of these near singularity geometries for the wave profile to have behaviour γ = 2 and the frequency squares to be bounded by ω^2 ≤ 1/4. There are power-law singularities for which the Penrose limits have non-diagonal plane wave profiles. For these we give the plane wave metric in Rosen coordinates. Some of these Penrose limits may lead to homogeneous plane waves with rotation [22].

We propose a number of qualitative tests to decide whether a spacetime singularity can be resolved in string theory and M-theory. These tests mainly rely (i) on whether the near singularity geometry of a background can be identified with that of another singularity which has a well known description within string theory, (ii) on the assumption that the Penrose limits of a background can be taken in a regular way, and (iii) on whether string theory and M-theory is singular or well-defined at the Penrose limits. If a string background is singular but the singularity has a well-known interpretation, eg it has the near singularity geometry of a brane, and string theory is well-defined at all its Penrose limits, then these can serve as an indication that this singularity can be resolved within string theory. Though other tests should also be performed before it is decided whether string theory is well-defined in such background, see eg [23, 24, 25]. Alternatively, if the near singularity geometry of a background does not have an interpretation within string theory and string theory is singular at a Penrose limit, eg string modes cannot propagate through the Penrose limit singularity, then we argue that such background is singular.

As an application of the above tests, we consider backgrounds with diagonal wave profiles A ∼ u^{−γ} . We categorize such singularities into three types mild, marginal and severe. Mild singularities are those for which all the Penrose limits near the singularity have plane wave profiles A ∼ u^{−γ} with 0 < γ < 2. Marginal singularities are those for which all the Penrose limits near the singularity have plane wave profiles A ∼ u^{−2}. Severe singularities are those for which all the Penrose limits near the singularity have plane wave profiles A ∼ u^{−γ} with γ > 2. We shall argue that backgrounds which have timelike and null singularities of the marginal type with frequency squares ω^2 > 1/4 and singularities of severe type may be singular in string theory. This is based on our result that the near singularity geometries of branes are either timelike or null and their Penrose limits have marginal singularities with frequency squares ω^2 ≤ 1/4 [12, 13, 14]. It is also known that string modes propagate across the mild [3] and marginal singularities [5] of plane waves with frequency squares ω^2 < 1/4 but they are singular for the rest of planes waves with the above profiles [3]. It is also likely that these results generalize to spacelike singularities.

This paper is organized as follows: In section two, the definition of the near singularity geometries is given for (singular) string and M-theory backgrounds and describe how the near singularity geometry is characterized by exponents. In section three, we find the near singularity geometries of infinite planar brane solutions of ten- and eleven-dimensional supergravities. We also give the near singularity geometries of some intersecting brane configurations. In section four, we explain how the near singularity geometries of null and timelike power-law singularities and their Penrose limits can be used to provide some qualitative tests on whether string theory and M-theory is singular in certain backgrounds. In appendix A, we compute the Penrose limits of power-law singularities that arise in string and M-theory. We argue that some of them are associated with homogeneous singular plane waves with rotation. In appendix B, we describe the various Penrose limits that can be used for backgrounds with α^′ corrections.

2 Codimension one power-law singularities in string theory and M-theory

2.1 Near singularity metrics

We shall extend the Szekeres-Iyer definition of near singularity geometries for power-law singularities to the class of string and M-theory backgrounds for which the the metric can be written as ds^2 = γ_{mn}(y)dy^mdy^n + ∑ i G^2_i (y)ds^2_{(i)} , m, n = 0, 1 . (2.1)

In addition, we assume that some of the components of γ and G^2_i vanish or are infinite at C(y) = 0 (2.2)

At such a hypersurface, the metric ds^2 can be singular. Since the singularity is specified by a single equation, it is of codimension one.

It is well-known that all two-dimensional metrics are conformally flat. Choosing the conformal gauge, we can write the metric ds^2 as ds^2 = −2K^2(U, V )dUdV + ∑ i G^2_i (U, V )ds^2_{(i)} . (2.3)

The transformations that preserve this form of the metric are two-dimensional conformal transformations in the coordinates (U, V ) and the diffeomorphims of M_i.

The equation for the singularity can now be written as

C(U, V ) = 0 . (2.4)

Suppose that in some conformal coordinates (U, V ) the equation for the singularity can be written as C(U, V ) = m(U, V ) ( kf(U) + ℓh(V ) )_α = 0 , k, ℓ = 0, ±1 , α ∈ R , (2.5)

where m is a regular function and m ≠ 0, ∞ for kf(U) + ℓh(V ) = 0. If the singularity equation can be written as above^2, then there is always a coordinate x such that x > 0 and the singularity is located at x = 0. To show this, there are several cases to consider the following:

2This is not a strong assumption. For most singularities C = 0 can be solved using the inverse function theorem as U = c(V ) and then use a conformal transformation in V to find the coordinate x. However the assumption that the singularity equation is of the above form an advantage which enable us to describe singularities that are located at infinity.

(i) If η = kℓ ≠ 0 and α > 0, we perform the conformal transformation u = f(U), v = h(V ) and define x = kU + ℓV . In this new coordinate, the singularity is located at x = 0. Moreover we choose k, ℓ such that x > 0.

(ii) If η = kℓ ≠ 0 and α < 0. We first define conformal coordinates U^′ = f(U), V^′ = h(V ). It is now clear that the singularity lies at infinity, ie either at U^′ = ±∞ and/or at V^′ = ±∞. In the latter case, we perform the conformal transformation u = U^′ and v = 1/V^′. The equation for the singularity can be rewritten as C(u, v) = m(u, 1 v ) ( ℓv ηuv + 1 )_{−α} . (2.6)

We define a new coordinate x = ℓv and choose ℓ such that x > 0. The singularity is located at x = 0. The case that the singularity lies at U^′ = ±∞ can be treated in a similar way.

(iii) If η = 0, because say k = 0, and α > 0, we again define conformal coordinates v = h(V ) and u = U and x = ℓv. Again x > 0 with an appropriate choice of ℓ and the singularity is located at x = 0. The case with k ≠ 0, ℓ = 0 can be similarly treated.

(iv) if η = 0, say because k = 0, and α < 0, we again define conformal coordinates U^′ = U, V^′ = h(V ). The singularity lies at infinity, V^′ = ±∞. In this case, we perform another conformal transformation u = U^′, v = 1/V^′ and define x = ℓv. Again x > 0 with an appropriate choice of ℓ and the singularity is located at x = 0. The case with k ≠ 0, ℓ = 0 can be similarly treated.

We have seen that for all types of singularities singularities we have considered, there are conformal coordinates (u, v) and a coordinate x = ku + ℓv , η = kℓ = 0, ±1 , x > 0 (2.7) which has the property that the singularity equation can be written as C = m̃(u, v)x^α , α > 0 , (2.8) where m̃ regular function and m̃ ≠ 0, ∞ at x = 0. Thus the singularity is located at x = 0. Singularities for which x = ku + ℓv with η = kℓ ≠ 0 are either spacelike (η = 1) or timelike (η = −1) while singularities for which η = 0 are null.

The metric in the u, v conformal coordinates is ds^2 = −2L^2(u, v)dudv + ∑ i G^2_i (u, v)ds^2_{(i)} , (2.9)

where the new conformal factor L^2 can be easily computed from K^2 and the conformal transformation necessary to bring the equation for the singularity in the form (2.8). The components of the metric L^2, G^2_i can be expressed as functions of the new coordinate x and either u, if k = 0 and k, ℓ ≠ 0, or v, if ℓ = 0. Without loss of generality, we assume that L^2, G^2_i can be expressed as functions of x, u. The analysis for the other case is similar. Since we are concerned with the behaviour of the metric near the singularity x = 0, we expand L^2, G^2_i in power-series in x. We demand the singularity at x = 0 is of power-law type, ie L^2, G^2_i have an expansion in x of the form

L^2 = l(u)x^p + l_1(u)x^{p1} + . . .

G^2_i = g_i(u)x^{wi} + g_{i1}(u)x^{wi1} + . . . (2.10)

for some regular functions {l, l_1, . . .} and {g_i, g_{i1}, . . .} and l, g_i > 0, where p < p_1 < . . . and w_i < w_{i1} < . . .. Writing L^2 = e^A and G^2_i = e^{Bi} , we have that

A = p log x + α(u, x) B_i = w_i log x + β_i(u, x) (2.11)

where α, β_i are regular functions as x → 0. The ‘near singularity geometry’ of the metric (2.9) is defined as

ds̄^2 = −2x^pdudv + ∑ i x^{wi} ds^2_{(i)} . (2.12)

The Kasner type exponents p, w_i characterize the power-law singularity. Observe that although we have started from a special class of metrics, the metric (2.12) is the most general power-law metric for spacelike, timelike and null singularities.

If one takes as the equation for the singularity x = 0, then there is no residual diffeomorphism invariance in the y^m coordinates that leaves both the form of the metric (2.12) and the equation of singularity invariant. However, there are residual transformations that only leave the form of the metric invariant. As a result, there is a relation between the Kasner type exponents p, w_i. We shall not pursue this further because the form of the metric (2.12) is sufficient for our purpose. Note that in the null case, the sign of the u, v component of the metric can change with a coordinate transformation so it has not an invariant meaning.

If η ≠ 0, we define a new coordinate y = ku − ℓv and rewrite the metric as

ds^2 = − 1 2 ηx^p(dx^2 − dy^2) + ∑ i x^{wi} ds^2_{(i)} , η = kℓ . (2.13)

It is now clear that the singularities with η = 1 are spacelike while those with η = −1 are timelike. As we have mentioned (2.13) does not describe the generic behaviour of spacelike singularities in supergravity theories because they are not of power-law type but exhibit mixmaster or chaotic behaviour [18, 19]. A similar analysis has been done for weak null singularities in [20] and some applications have been found in [26, 27]. However (2.13) is general enough to describe all singularities of supergravity theories which are of power-law type.

In many examples that we shall investigate later, the metric (2.9) is of special form. This in turn leads to a near singularity metric which can be written as

ds̄^2 = 2x^pdudv + ∑ i x^{wi} ds^2(R^{ni}) + x^qdΩ^2_m . (2.14)

The round m-sphere metric dΩ^2_m appears in many brane configurations as the sphere of the overall transverse space at infinity.

2.2 Near singularity field strengths

M-theory and string theory backgrounds apart from the metric have other ‘active’ fields, like a dilaton or a form field strength. Therefore singular backgrounds are those for which either the metric or one of the other fields develops a singularity. To define the power-law singularities in the presence of other fields, we consider a background which has a non-vanishing n-form field strength F_n which is singular at the codimension one singularity (2.4). There are several definitions of what a singularity is in relation to the metric, for example one can take the definition that the spacetime is geodesically incomplete. In the case of other fields, one can also use various definitions. Here with singularity of a form field strength, we mean a region in spacetime that the form diverges. This is not an invariant definition but it will suffice for our purpose^3. In the conformal coordinates (u, v) defined in the previous section, the n-form field strength (1.3) can be expanded as

F_n = F_1(u, v)du ∧ dv ∧ ω + F_2(u, v)du ∧ χ + F_3(u, v)dv ∧ ψ + F_4(u, v)τ , (2.15)

where ω, χ, ψ and τ are forms of appropriate degree in the remaining coordinates independent from u, v and {F_s, s = 1, . . ., 4} are functions of u, v. (If F_n has degree one, then ω = 0 and if F_n has degree zero ω = χ = ψ = 0 and τ is a scalar.) For power-law singularities, F_s have an expansion

F_s = f_s(u)x^{fs} + f_{1s}(u)x^{fs1} + . . . , s = 1, . . ., 4 , (2.16)

where f_s < f_{s1} < . . ., f_s(u) ≠ 0 . The form field strength of the near singularity geometry is defined as F̄_n = x^f1 du ∧ dv ∧ ω + x^f2 du ∧ χ + x^f3 dv ∧ ψ + x^f4 τ (2.17)

3An invariant definition of a singularity for Fn is to take the length of Fn to diverge.

in analogy with the definition of the near singularity metric.

The definition we have given for the near singularity geometry for power-law singularities captures the leading behaviour of the metric and form field strengths as one approaches the singularity. We have not verified that this leading order contribution solves the original field equations. Nevertheless, the above definition suffices for our purpose to investigate the qualitative properties of the singularities and their Penrose limits.

3 Power-law singularities and brane configurations

3.1 Dp-branes

It is well-known that all Dp-brane backgrounds [30, 29, 30, 31], apart from the D3-brane, are singular in the string frame. The Dp-brane background can be written as

ds^2 = H^{− 12} ds^2(R^{1,p}) + H^{12} (dr^2 + r^2dΩ^2_{8−p}) , H = 1 + Q_p r^{7−p} , p ≤ 6 F_{p+2} = dvol(R^{1,p}) ∧ dH^{−1}

e^{2ϕ} = H^{3−p2} , (3.1)

where F_{p+2} is the (p+2)-form field strength, p ≠ 3, and ϕ is the dilaton. The mass per unit volume of the Dp-brane, Q_p, does not contribute in the exponents of the singularity, so without loss of generality we can set Q_p = 1. The geometry near the singularity r = 0 is ds^2 = r^{7−p2} ds^2(R^{1,p}) + r^{− 7−p2} (dr^2 + r^2dΩ^2_{8−p}) . (3.2)

As we have explained in the previous section to find the metric near the singularity, we write the two-dimensional metric

ds^2_{(2)} = −r^{7−p}2 dt^2 + r^{− 7−p}2 dr^2 (3.3)

in the conformal gauge. For this we first change coordinates as r = w^α which give

ds^2_{(2)} = −w^{7−p2 α}dt^2 + r^{− 7−p2 α+2α−2}α^2dw^2 . (3.4)

We then set α = −^2_{5−p} , p ≠ 5, and the Dp-brane background can be written as ds^2 = w^{− 7−p5−p} ( − dt^2 + 4 (5 − p)^2 dw^2 + ds^2(R^p) ) +w^{3−p5−p} dΩ^2_{8−p})

F_{p+2} = −

14 − 2p 5 − p w^{− 19−3p5−p} dvol(R^{1,p}) ∧ dw e^{2ϕ} = w^{(3−p)(7−p)5−p} . (3.5)

We further set z =^2_{|p−5|} w which gives

ds^2 = ( |p − 5| 2 )_− 7−p_{5−p} [ z^{− 7−p5−p} ( − dt^2 + dz^2 + ds^2(R^p) ) + ( |p − 5| 2 )_2 z^{3−p5−p} dΩ^2_{8−p} ]

F_{p+2} = − ( 14 − 2p 5 − p )( |p − 5| 2 )_− 14−2p_{5−p} z^{− 19−3p5−p} dvol(R^{1,p}) ∧ dz e^{2ϕ} = ( |p − 5| 2 )^{(3−p)(7−p)} 5−p z^{(3−p)(7−p)} 5−p . (3.6)

The above metric has singularities at z = 0 and z = ∞. For D6-branes, r =^1_4 z^2 and the singularity at r = 0 is located at z = 0. The singularity which is located at z = ∞ is an artifact of the approximation we made by replacing the the harmonic function H with its near singularity value 1/r and so it is not a singularity of the D6-brane. Therefore, we have that the singularity is at C = r =^1_4 z^2 = 0, which can be solved by setting z = 0. Because of this, we set x = z = u + v, t = v − u, (u =^1_2 (−t + x), v =^1_2 (t + x)) to find that the near singularity background is

ds̄^2 = 2xdudv + xds^2(R^6) + x^3dΩ^2 F̄_{p+2} = −x du ∧ dv ∧ dvol(R^6) e^{2ϕ̄} = 1 8 x^3 . (3.7)

The exponents of the power-law singularities of the D6-brane are

ds^2 : p = 1 , w = 1 , q = 3 F_8 : f = 1 ϕ : d = 3 (3.8)

The D6-brane singularity is a timelike singularity.

For the Dp-branes, p < 5, we have that r = w^{− 25−p} =^{|p−5|}_2^− 2 5−p z^{− 25−p} and so the singularity at r = 0 is located at z = ∞. To proceed define the conformal coordinates U =^1_2 (−t + z), V =^1_2 (t + z). In terms of these coordinates, the singularity equation C becomes C = 1 z^{25−p} = 1 (U + V )^{25−p}

= 0 . (3.9)

The solutions to this equation are either U = +∞ or V = +∞. The two cases are symmetric and so without loss of generality we take the singularity to lie at V = +∞. The other case whether the singularity lies at U = +∞ leads to a near singularity geometry with the same exponents. As we have explained to bring the singularity from infinity to the origin, we perform the conformal transformation U = u, V = 1/v. After this transformation, the singularity equation is C = ( v uv + 1 ) 2_{5−p} = 0 . (3.10) and so we choose, x = v. The Dp-brane background becomes

ds^2 = 2 ( |p − 5| 2 )_−^{7−p}_{5−p} [ − 2z^{− 7−p5−p} v^{−2}dudv + 1 2 z^{− 7−p5−p} ds^2(R^p) + 1 2 ( p − 5 2 )_2 z^{3−p5−p} dΩ^2_{8−p} ]

F_{p+2} = (−1)^{p+1}2 ( 14 − 2p 5 − p )( |p − 5| 2 )_− 14−2p_{5−p} z^{− 19−3p5−p} v^{−2} du ∧ dv ∧ dvol(R^p) e^{2ϕ} = ( |p − 5| 2 )^{(3−p)(7−p)} 5−p z^{(3−p)(7−p)} 5−p , (3.11)

where z = u +^1_v . From this it is straightforward to see that the near singularity background, according to the definition given in the previous section, is ds̄^2 = 2x^{− 3−p5−p} dudv + x^{7−p5−p} ds^2(R^p) + x^{− 3−p5−p} dΩ^2_{8−p} , x = v F̄_{p+2} = x^{9−p}5−p du ∧ dv ∧ dvol(R^p) e^{2ϕ̄} = x^{− (3−p)(7−p)5−p} . (3.12)

Note that in the case of null singularities as above the sign of the u, v component of the metric does not have an invariant meaning because it can change with a coordinate transformation u → −u. The exponents of the power-law singularities of the Dp-branes, p ≠ 3, p ≤ 4, are

ds^2 : p = − 3 − p 5 − p , w = 7 − p 5 − p , q = − 3 − p 5 − p F_{p+2} : f = 9 − p 5 − p , p ≤ 4 ϕ : d = −

(3 − p)(7 − p) 5 − p . (3.13)

The D3-brane solution, although it is included in the above analysis, it is non-singular at x = 0. Similarly, the metric of the NS5-brane [32] is not singular at r = 0, though the dilaton diverges at r = 0, and so we shall not investigate them further. So from the Dp-branes, it remains to investigate the D5-branes. In this case the transformation to conformal coordinates is r = e^w. Writing the background in conformal coordinates (U, V ), w = U + V, t = V − U, we have

ds^2 = 4e^{U +V} dUdV + e^{−U −V} ds^2(R^5) + e^{U +V} dΩ^2_3 F_7 = −4e^{2U +2V} dU ∧ dV ∧ dvol(R^5) e^{2ϕ} = e^{2U +2V} . (3.14)

The equation for the singularity is

C = r = e^{U +V} = 0 (3.15)

which has solutions either at U = −∞ or at V = −∞. We consider the case where the singularity is located at V = −∞ and define new conformal coordinates v = e^V and u = e^U . (The other case whether the singularity lies at U = −∞ leads to a near singularity geometry with the same exponents.) In the (u, v) conformal coordinates the background can be rewritten as

ds^2 = 4dudv + uvds^2(R^5) + uvdΩ^2_3 F_7 = −4uvdu ∧ dv ∧ dvol(R^5) e^{2ϕ} = u^2v^2 (3.16)

and the singularity is at uv = 0. Setting x = v, the near singularity geometry for the D5-brane is

ds̄^2 = 2dudv + xds^2(R^5) + xdΩ^2_3 F̄_7 = xdu ∧ dv ∧ dvol(R^5) e^{2ϕ̄} = x^2 (3.17)

The exponents of the power-law singularities of the D5-brane are

ds^2 : p = 0 , w = 1 , q = 1 F : f = 1 ϕ : d = 2 . (3.18)

This concludes the computation of the near singularity geometries of the Dp-branes.

3.2 Fundamental string

The fundamental string background [33] is

ds^2 = H^{−1}(−dt^2 + dρ^2) + dr^2 + r^2dΩ^2_7 , H = 1 + Q_F r^6 F_3 = dvol(R^{1,1}) dH^{−1} e^{2ϕ} = H^{−1} . (3.19)

Setting the mass per unit length, Q_F , of the string to Q_F = 1, the geometry near r = 0 is ds^2 = r^6(−dt^2 + dρ^2) + dr^2 + r^2dΩ^2_7 F_3 = dvol(R^{1,1}) ∧ dr^6 e^{2ϕ} = r^6 . (3.20)

Transforming the two-dimensional metric −r^6dt^2 + dr^2 into the conformal gauge with the transformation r = w^{− 1}2 , we find

ds^2 = w^{−3}(−dt^2 + 1 4 dw^2) + w^{−3}dρ^2 + w^{−1}dΩ^2_7

F = −3w^{−4}dvol(R^{1,1}) ∧ dw e^{2ϕ} = w^{−3} . (3.21)

Performing the coordinate transformations z =^1_2 w, U =^1_2 (−t + z) and V =^1_2 (t + z), we rewrite the above metric as

ds^2 = 1 4 [2z^{−3}dUdV + 1 2 z^{−3}dρ^2 + 2z^{−1}dΩ^2_7] F = 3 4 z^{−4}dU ∧ dV ∧ dρ e^{2ϕ} = 1 8 z^{−3} . (3.22)

To locate the singularity at r = 0 in the new coordinates, we note that r = (2z)^{− 1}2 and so it lies at z = +∞. In the conformal coordinates U, V , the singularity at z = +∞ is located at either U = +∞ or V = +∞. The two cases are symmetric and so without loss of generality we can take the singularity to lie at V = +∞. The other case whether the singularity lies at U = +∞ leads to a near singularity geometry with the same exponents. As we have explained, we perform the conformal transformation U = u and V = 1/v and set x = v. In (u, v) coordinates, the equation (3.22) can be written as

ds^2 = 1 4 [−2z^{−3}v^{−2}dudv + 1 2 z^{−3}dρ^2 + 2z^{−1}dΩ^2_7]

F_3 = − 3 4 z^{−4}v^{−2}du ∧ dv ∧ dρ e^{2ϕ} = 1 8 z^{−3} , (3.23)

where z = u +^1_v . From this it is easy to see that the near singularity geometry is

ds̄^2 = 2xdudv + x^3dρ^2 + xdΩ^2_7 F̄_3 = x^2du ∧ dv ∧ dρ e^{2ϕ̄} = x^3 . (3.24)

Therefore, the exponents of the fundamental string solution are

ds^2 : p = 1 , w = 3 , q = 1 F_3 : f = 2 ϕ : d = 3 . (3.25)

In the M-theory both the membrane solution [34] and the five-brane [35] solution are non-singular at the position of the branes, r = 0. Because of this we shall not present the exponents for these cases.

3.3 Intersecting branes

There are several intersecting brane backgrounds [36, 37, 38]. Here we shall focus only in a few examples and present the near singularity geometries. In what follows we shall compute the near singularity geometries of the metrics. A class of intersecting brane configurations in string theory are those of a fundamental string orthogonally ending on a Dp-brane, p < 6. The metric of a supergravity solution which represents such a (delocalized) intersection in the string frame is

ds^2 = −H^{− 12}_D H^{−1}_F dt^2 + H^{12}_DH^{−1}_F dρ^2 + H^{− 12}_D ds^2(R^p) + H^{12}_D(dr^2 + r^2dΩ^2_{7−p}) H_D = 1 + Q_D r^{6−p} , H_F = 1 + Q_F r^{6−p} , (3.26)

where H_D, H_F are the harmonic functions of the Dp-brane and the fundamental string, respectively. Setting the mass per volume parameters of the branes Q_D = Q_F = 1, the metric near the singularity at r = 0 is

ds^2 = −r^32^{(6−p)}dt^2 + r^{6−p}2 ( dρ^2 + ds^2(R^p)) ) +r^{− 6−p}2 dr^2 + r^{p−2}2 dΩ^2_{7−p} . (3.27)

As in the case of branes, we perform a coordinate transformation r = w^{− 210−2p} to set the two-dimensional metric spanned by t, r in the conformal gauge. The above metric can then be rewritten as

ds^2 = w^{− 3(6−p)10−2p} ( − dt^2 + 4 (10 − 2p)^2 dw^2 ) +w^{− 6−p10−2p} ( dρ^2 + ds^2(R^p)) ) +w^{− p−210−2p} dΩ^2_{7−p} . (3.28) As in the case of Dp-branes, we define a new coordinate z =^2_{10−2p} w, p < 6, and conformal coordinates U =^1_2 (t + z), V =^1_2 (−t + z). It is clear that the singularity at r = 0 for p ≤ 4 is located at either U = +∞ or V = +∞. The two cases are symmetric so we take that the singularity lies at V = +∞. As we have explained to locate the singularity at the origin, we perform a conformal transformation U = u and V = 1/v and set x = v. After all these coordinate changes the singularity is located at x = 0 and the near singularity geometry is ds̄^2 = −4w^{− 3(6−p)10−2p} v^{−2}dudv + w^{− 6−p10−2p} ( dρ^2 + ds^2(R^p)) ) +w^{− p−210−2p} dΩ^2_{7−p} , (3.29)

where w =^{10−2p}_2 (u +^1_v ). Using the definition of the near singularity geometry, one can immediately read the exponents as

p = − 2 − p 10 − 2p

, w_1 = w_2 = 6 − p 10 − 2p

, q = 2 − p 10 − 2p

, p < 5 (3.30)

For p = 5, the transformation to conformal coodinates is r = e^w = e^{U +V} . The singularity is located at either U = −∞ or V = −∞ and the two cases can be treated symmetrically. If the singularity is located at V = −∞, we define new conformal coordinates v = e^V , u = e^U . Using these, one can easily read the exponents as p = 1 2 , w_1 = w_2 = 1 2 , q = 3 2 . (3.31)

As another example of intersecting brane configuration in M-theory, one can take two orthogonally intersecting membranes at a 0-brane. The metric is

ds^2 = H^{13}_1 H^{13}_2 ( − H^{−1}_1 H^{−1}_2 dt^2 + H^{−1}_1 ds^2(R^2) + H^{−1}_2 ds^2(R^2) + dr^2 + r^2dΩ^2_5 )

H_1 = 1 +

Q_1 r^4

, H_2 = 1 +

Q_2 r^4

, (3.32)

where H_1, H_2 are the harmonic functions associated with the membranes. Setting again Q_1 = Q_2 = 1, the near singularity geometry is

ds^2 = −r^{163} dt^2 + r^{43} (ds^2(R^2) + ds^2(R^2)) + r^{− 83} dr^2 + r^{− 23} dΩ^2_5 . (3.33)

Changing coordinates as r = w^{− 1}3 , the above metric can be rewritten as

ds^2 = w^{− 16}9 (−dt^2 + 1 9 dw^2) + w^{− 4}9 (ds^2(R^2) + ds^2(R^2)) + w^29 dΩ^2_5 . (3.34)

In the conformal coordinates U =^1_2 (t + z), V =^1_2 (−t + z), z =^1_3 w, the singularity at r = 0 is either located at U = +∞ or V = +∞. In the latter case, we perform another conformal transformation U = u and V = 1/v to locate the singularity at the origin. Setting x = v, it is easy to show that the exponents are

p = − 2 9 , w_1 = w_2 = 4 9 , q = − 2 9 . (3.35)

Another example is the magnetic dual configuration of two M5-branes intersecting at the 3-brane. The metric is

ds^2 = H^{23}_1 H^{23}_2 ( H^{−1}_1 H^{−1}_2 ds^2(R^{1,3}) + H^{−1}_1 ds^2(R^2) + H^{−1}_2 ds^2(R^2) + dr^2 + r^2dΩ^2 )

H_1 = 1 +

Q_1 r , H_2 = 1 +

Q_2 r , (3.36)

Setting again Q_1 = Q_2 = 1, the near singularity geometry is

ds^2 = r^23 ds^2(R^{1,3}) + r^{− 1}3 (ds^2(R^2) + ds^2(R^2)) + r^{− 4}3 dr^2 + r^23 dΩ^2 . (3.37)

In this case the transformation to conformal coordinates is r = z = e^{U +V} . The singularity at r = 0 is either at U = −∞ or V = −∞. The two cases can be treated symmetrically by using the conformal transformation v = e^V and u = e^U to write the equation for the singularity as uv = 0. In the case where the singularity is located at v = 0, set x = v and the exponents are

p = − 1 3 , w_1 = w_2 = − 1 3 , q = 2 3 . (3.38)

The other case gives the same exponents.

4 Power-law Singularities, Strings and M-theory

In string theory and M-theory novel mechanisms have been proposed to resolved spacetime singularities. Examples of such mechanisms are the resolution of orbifold singularities using the twisted sectors [39], the resolution of conifold singularities using D-branes [40] and the resolution of the singularities of planar Dp-brane solutions by lifting them to M-theory [41]. So far such mechanisms have not been extended to the context of black hole and cosmological singularities. Although there is no concrete proposal how to resolve such singularities, there are mechanisms within string theory that may allow a resolution. For example, the higher curvature corrections of string theory and M-theory can resolve singularities; for such a proposal see eg [42]. However in very few simple backgrounds such corrections have been computed because of the lack of understanding of α^′ corrections to all orders. Therefore, it is useful

• to be able to identify and interpret the nature of a singularity in a string background, ie whether the singularity is due to a brane placed in the background or to another object that has an interpretation within string theory and

• to have a criterion to estimate the severity of a spacetime singularity and the likelihood that such singularity can be resolved in string theory.

We propose that the near singularity geometries defined in the previous sections provide a way to identify the local nature of a singularity in a generic string background. One expects that as one goes near the singularity, the leading contribution to the metric and fluxes will be due to the matter placed at the singularity and the rest of the space will contribute to subleading terms^4. Since the near singularity geometry is constructed by the leading contribution, it is expected that one can identify the local nature of the singularity by looking at the near singularity geometry. For example, if the power-law singularity of a supergravity background is the same as that of a planar D-brane, then one can conclude that this singularity is due to a planar D-brane. Clearly this argument can be extended to other branes and other objects in string theory that are singular in the effective theory and their solutions are known. In this way, we can have an understanding of the nature of singularities that occur in a particular background.

Having identified and interpreted a singularity in a generic string background, one can appeal to various mechanisms in string theory and M-theory to attempt to resolved it. For example, if a singularity is due to Dp-branes, one can conclude that near the singularity it is more appropriate to use gauge theory to describe the theory and if a

4The argument below applies only in this case.

singularity is due to a planar fundamental string, then one expects such a singularity to exist because of the presence of a fundamental object in the theory.

Using the arguments above and the fact that string theory is solvable in some Penrose limit plane waves, we can give an estimate about the severity of certain singularities and the likelihood that these can be resolved within string theory. One may expect that the Penrose limits of a background can be taken in a regular way which means that if string theory is well-defined in a supergravity background^5, then it will be well-defined at all its Penrose limits. Since free strings behave well at mild and marginal (ω^2 < 1/4) plane wave singularities, it is an indication that singularities for which all their Penrose limits are of mild or marginal (ω^2 < 1/4) type may be resolvable within string theory. The above arguments are not a proof that string theory is consistent in backgrounds with Penrose limits that exhibit mild or marginal (ω^2 < 1/4) singularities. It is only an indication that it may be so. Other consistency checks should also be considered like for example strong string coupling effects, backreaction and instantons. We have mostly focus on the singularities of the metric. The singularities of the other fields should also be analyzed as well.

Let us now investigate the case of backgrounds with timelike and null power-law singularities associated with plane waves, via a Penrose limit, which have marginal (ω^2 > 1/4) or severe type singularities. There are such supergravity backgrounds, for example there are plane wave solutions with such profiles. One can argue that string theory cannot resolve such singularities. (We shall discuss the issue of higher curvature corrections at the end of the section.) As we have mentioned free string propagation is singular in plane waves with singularities of marginal (ω^2 > 1/4) or severe type. Assuming that there are no objects in string theory that their timelike or null near singularity geometries have Penrose limits of the severe type, there does not seem to be an interpretation of such singularities in string theory and so there are no intrinsic string mechanisms that they can be used to resolve the singularity. It is known for example that for all branes the associated plane waves are of marginal type with ω^2 ≤ 1/4 [12, 13, 14] (see also appendix A). From these one can conclude that timelike and null power-law singularities which admit a Penrose limit for which the associated plane wave has a singularity of marginal (ω^2 > 1/4) and severe type cannot be resolved in string theory. It is likely that a similar result holds for backgrounds with spacelike singularities.

It remains to investigate whether higher curvature corrections, like α^′ corrections, can resolve spacetime singularities. The plane wave backgrounds do not receive α^′ corrections [43, 44, 45, 46], so one does not expect a singularity to be resolved after taking the Penrose limit. As we have explained in appendix B, there are several ways to adapt the

5We shall discuss the effect of higher curvature terms at the end of the section.

Penrose limit after α^′ corrections are taken into account. It is clear though that it is not possible to deduce from the Penrose limit of a singular supergravity solution whether the associated string background, after all α^′-corrections are taken into account, is singular or not. However it is curious that in the case that the corrected metric depends analytically on α^′, the limit that preserves the homogeneity of the α^′-corrected field equations (see appendix B) gives the same singular plane wave as that of the Penrose limit of the singular supergravity background. This suggests that either in the analytic case the singularity cannot be resolved with α^′ corrections^6 or the singular plane waves are limits in the space of deformations of such string backgrounds which preserve the field equations. These suggest that consistency of string theory in such background would require consistency at the plane wave limit.

Acknowledgements

I would like to thank M. Blau, U. Gran and M. O’Loughlin for critically reading earlier versions of this paper and for their comments. I would also like to thank A.A. Tseytlin for many useful discussions and correspondence. I am grateful to T. Damour and H. Nicolai for explaining their work to me.

6There does not seem to exist an example in the literature of a singular supergravity background for which all α^′ corrections are known and the corrected background is smooth.

A Penrose limits for power-law singularities

There are three ways to compute the Penrose limits [47, 48, 49] of a spacetime. The first method was originally proposed by Penrose and uses adapted coordinates. This has recently been improved after the observation that one of the adapted coordinates is the Hamilton-Jacobi function for null geodesics [15]. The second method uses a covariant definition of the Penrose limit which identifies the plane wave profile with either a certain component of the Riemann tensor evaluated on a parallel transported frame along the null geodesic or with the frequencies of the geodesic deviation equation for null geodesics [10, 11]. The third method is a combination of the two methods above. It utilizes the Hessian of the Hamilton-Jacobi function evaluated on a parallel transported frame along the null geodesic. In particular, one defines the matrix B_{ab} = E^μ_a E^ν_b ∇_μ∂_ν S , g^{μν} ∂_μS∂_ν S = 0 , μ, ν = 0, . . ., D − 1 (A.1) where ∇ is the Levi-Civita connection, S is the Hamilton-Jacobi function and E_+, E_−, E_a, a, b = 1, . . ., D − 2, is a parallel transported pseudo-orthonormal coframe along the null geodesic. Note that trB = ∇^μ∂_μS. The wave profile is given by

A_{ab} = Ḃ_{ab} + ∑ c B_{ac}B_{cb} , (A.2)

where the derivative is with respect to the affine parameter, u, of the null geodesic. The associated plane wave at the limit is

ds^2 = 2dudv + A_{ab}(u)z^az^b + (dz^a)^2 . (A.3)

The description of all these methods is given in [11]. Here we shall use the first and third methods to compute the Penrose limits of the near singularity geometries described in section two.

A.1 Spacelike and timelike singularities

Motivated by the form of near singularity geometries of brane configurations in section three, we shall focus on the Penrose limits of the metrics ds^2 = −2x^pdudv + ∑ i x^{wi} ds^2(R^{ni}) + x^qdΩ^2_m , x = ku + ℓv , (A.4)

where k, ℓ = ±1, 0 and the dimension of spacetime is D = ∑ i n_i + m + 2. We shall first consider the case where kℓ ≠ 0. In this case, we define a new coordinate y = ku − ℓv and rewrite the metric as

ds^2 = 1 2 ηx^p(−dx^2 + dy^2) + ∑ i x^{wi} ds^2(R^{ni}) + x^qdΩ^2_m , η = kℓ . (A.5)

The singularity is spacelike (timelike) for η = 1 (η = −1).

Using the rotation invariance of the above metric, we can write the Hamilton-Jacobi function S as S = X(x) + P y + J_iz^i + Lθ , (A.6)

where z^i = z^{i1} and {z^{ir}; r = 1, . . ., n_i} are the standard coordinates in R^{ni}, and P , J_i and L are the conserved momenta associated with the translation invariance along y and z^i, and the rotational invariance along the angle θ of the sphere, respectively. The function X is determined by solving the Hamilton-Jacobi equation for null geodesics giving ( d dx X(x) )_2 = P^2 + 1 2 ηJ^2_i x^{−wi +p} + 1 2 ηL^2x^{−q+p} . (A.7)

The non-trivial null geodesic equations are

(ẋ)^2 = 4x^{−2p} ( d dx X(x) )_2 = 4P^2x^{−2p} + 2ηJ^2_i x^{−wi −p} + 2ηL^2x^{−q−p} , η = ±1 ẏ = 2ηx^{−p}P ż^i = x^{−wi} J_i θ̇ = x^{−q}L . (A.8)

For η ≠ 0, there are two distinct classes of null geodesics to consider. The first class are those null geodesics for which J_i = 0. In this case the geodesic equations are

(ẋ)^2 = 4x^{−2p} ( d dx X(x) )_2

= 4P^2x^{−2p} + 2ηL^2x^{−q−p} , η = ±1 ẏ = 2ηx^{−p}P ż^i = 0 θ̇ = x^{−q}L . (A.9)

The analysis of the Penrose limits in this case resembles that already done in [11]. The other class of null geodesics is that for which one or more of the conserved charges J_i ≠ 0.

A.1.1 The J_i = 0 case

The leading behaviour of the x geodesic equation in this case is

1. ẋ = 2 x^{−p} P̃ , p ≥ q ; P̃ = P (p > q) ; P̃^2 = P^2 + 1 2 ηL^2 (p = q) 2. ẋ = √ 2 x^{− p+q+22} L , q > p , η = −1 (A.10) where P̃^2, L̃^2 ≥ 0 and we have chosen the plus sign in the equation for x. These equations can be solved as 1. x^{p+1} = 2(p + 1)P̃ u , p + 1 > 0 2. x^{p+q+2}2 = p + q + 2 √ 2 L u , p + q + 2 > 0 , (A.11)

where the inequalities in the exponents arise from the requirement that the singularity at x = 0 is reached in finite affine time u.

Because of the symmetries that preserve both the metric and the choice of null geodesic, we expect that B and so A are diagonal. The wave profile can be easily be computed from

B_{ri,js} = E^μ_{ir}E^ν_{js}∇_μ∂_ν S = δ_{ij} δ_{rs}∂_u log g^{12}_{ir,js} = δ_{ij} δ_{rs}∂_u log x^{wi2} B_{α̂β̂} = E^μ_{α̂}E^ν_{β̂} ∇_μ∂_ν S = δ_{α̂β̂} ∂_u log g^{12}_{α̂α̂} = δ_{α̂β̂}∂_u log(x^{q2} sin θ) , α̂, β̂ = 2, 3 . . ., m B_{11} = 1 √ g ∂_μ(g^{μν} √ g∂_ν S) − ∑ i n_iB_{i1,i1} − (m − 1)B_{22} = ∂_u log(ẋx^px^{q2} ) , (A.12)

where ẋ =^d_{du} x. Using the formulae for the metric and the expression of the wave profile in terms of B, we get A_{ri,js} = δ_{ij} δ_{rs} ∂^2_ug^{12}_{ir,js} g^{12}_{ir,js} = δ_{ij} δ_{rs} ∂^2_ux^{wi}2 x^{wi}2

A_{α̂β̂} = δ_{α̂β̂}

∂^2_ug^{12}_{α̂α̂} g^{12}_{α̂α̂} = δ_{α̂β̂} ∂^2_u(x^q2 sin θ) x^q2 sin θ = δ_{α̂β̂} ( ∂^2_ux^q2 x^q2 − L^2 x^{2q} )

A_{11} =

∂^2_u(ẋx^px^q2 ) ẋx^px^q2

. (A.13)

It is easy to see that a non-homogeneous plane wave occur when the Penrose limit is taken along null geodesics which exhibit behaviour 2, ie x(u) ∼ u^a for a =^2_{p+q+2} (q > p), and q > p + 2.

We shall now investigate the behaviour of the null geodesics near the singularity and that of the associated frequencies. We begin with spacelike singularities, η = 1. Writing the solution for null geodesics as x ∼ u^a, the various cases that we consider are described in the table below:

Conditions on (P, L) Constraints on (p, q) Behaviour a i. P ≠ 0, L = 0 p > −1 1^1_{p+1} ii. P = 0, L ≠ 0 p + q > −2 2^2_{p+q+2} iii. P ≠ 0, L ≠ 0 p > q, p > −1 1^1_{p+1} iv. P ≠ 0, L ≠ 0 p < q, p + q > −2 2^2_{p+q+2} v. P ≠ 0, L ≠ 0 p = q > −1 1 = 2^1_{p+1}

(A.14)

It turns out that the components A_{ir,js} ∼ u^{−2} and A_{11} ∼ u^{−2} but A_{α̂β̂} ∼ u^{−γ} , γ ≥ 2. The frequency squares ω^2_i and ω^2_α, α = 1, . . .m, where A_{ir,js} = −δ_{ij} δ_{rs}ω^2_i u^{−2}, A_{11} = −ω^2_1 u^{−2} and A_{α̂β̂} = −δ_{α̂β̂} ω^2_{α̂}u^{−γ} , are as follows:

(i) P ≠ 0, L = 0. The frequencies are

ω^2_i = w_i 2(p + 1) ( 1 − w_i 2(p + 1) ) , ω^2_α = q 2(p + 1) ( 1 − q 2(p + 1) ) , γ = 2 , α = 1, . . ., m . (A.15)

(ii) P = 0, L ≠ 0. The frequencies are

ω^2_i = w_i (p + q + 2) ( 1 − w_i (p + q + 2) ) , ω^2_1 = p (p + q + 2) ( 1 − p (p + q + 2) ) ,

ω^2_{α̂} = q (p+q+2) ( 1 −^q_{(p+q+2)} ) , q < p + 2 , γ = 2 1 4 +^1_{2q2} , q = p + 2 , γ = 2

2^{2qp+q+2 L}

2p−2q+4 p+q+2

(p+q+2) 4q p+q+2

, q > p + 2 , γ =^{4q}_{p+q+2} .

(A.16)

(iii) P ≠ 0, L ≠ 0, (p > q). The frequencies are as in the case (i) but the case p+1 = q with frequencies ω^2_1 = ω^2_{α̂} =^1_4 does not arise because p + 1 > q.

(iv) P ≠ 0, L ≠ 0, p < q. The frequencies ω^2_i and ω^2_α are as in the case (ii) but in addition p < q.

(v) P ≠ 0, L ≠ 0, p = q. The frequencies in this case are as in case (i) after setting p = q.

Next let us turn to the case of timelike singularities, η = −1. The various behaviours are summarized in the table below:

Conditions on (P, L) Constraints on (p, q) Behaviour a i. P ≠ 0, L = 0 p > −1 1^1_{p+1} ii. P = 0, L ≠ 0 − iii. P ≠ 0, L ≠ 0 p > q, p > −1 1^1_{p+1} iv. P ≠ 0, L ≠ 0 p < q − v. √ 2|P | > |L| p = q > −1 1 = 2^1_{p+1}

(A.17)

The frequencies are as follows:

(i) P ≠ 0, L = 0. The frequencies are the same as those in case (i) for η = +1.

(iii) P ≠ 0, L ≠ 0, p > q. The frequencies are the same as those in case (iii) for η = +1.

(v) P ≠ 0, L ≠ 0, √ 2|P | > |L|, p = q. The frequencies are the same as those in case (v) for η = +1.

The cases (ii) and (iv) do not occur because the null geodesics do not enter the singularity. We have verified that the substituting the exponents for the D6-brane, we recover the wave profile which has been computed in [12, 13, 14].

A.1.2 The J_i ≠ 0 case

The leading behaviour of the null geodesics in terms of the affine parameter u near the singularity x = 0 depends on the various of the exponents and there are several cases to consider. In particular the leading behaviour of the x geodesic equation is

1. ẋ = 2 x^{−p} P̃ p ≥ w_i, q , P̃^2 > 0 2. ẋ = √ 2 x^{− p+wi2} J̃_i w_i ≥ p, q , J̃^2_i > 0 3. ẋ = √ 2 x^{− p+q2} L̃ q ≥ w_i, p , L̃^2 > 0 . (A.18)

In case (1) (i) P̃ = P , if p > w_i, q (η = ∓1), (ii) P̃ = √ P^2 +^1_2 ηJ^2_i , if p = w_i > q, (iii) P̃ = √ P^2 +^1_2 ηL^2, if p = q > w_i and (iv) P̃ = √ P^2 +^1_2 ηJ^2_i +^1_2 ηL^2, if p = w_i = q. In case (2), (i) J̃_i = J_i, if w_i > p, q (η = +1), (ii) J̃_i = √ J^2_i + L^2, if w_i = q > p (η = +1) and the rest of the possibilities are as in case (1). In case (3), (i) L̃ = L, if q > w_i, p (η = +1) and the rest of the possibilities are as either in case (1) or case (2). The rest of the geodesic equations remain the same. (We have chosen the plus sign in the equation for x).

The geodesic equations (A.18) can be solved to yield

1. x^{p+1} = 2(p + 1)P̃ u p > −1 2. x^{p+wi}2^{+1} = √ 2 J̃_i ( p + w_i 2 + 1) u p + w_i > −2

3. x^{p+q2 +1} = √ 2 L̃ ( p + q 2 + 1) u p + q > −2 . (A.19)

The inequality restrictions on the exponents arise from the requirement that the spacetime is geodesically incomplete at x = 0, ie the singularity at x = 0 is reached in finite affine time u.

In the J_i ≠ 0 case, it is not apparent that the wave profile A is diagonal as the choice of null geodesic breaks some of the translational symmetries in the R^{ni} directions. Because of this, it is rather involved to compute the wave profile with the method we have used for the J_i = 0 case. Instead, we shall proceed with adapted (Penrose) coordinates and the Hamilton-Jacobi function to give the plane waves that arise in the Penrose limits in Rosen coordinates. The method has been explained in detail in [11]. For this first observe that the non-trivial geodesic equations can be solved formally as

y = Y (u, x_0) + y_0 , Y (u, x_0) = 2η

∫_u dλ x^{−p}(λ, x_0)P R(x) = u + R(x_0) , R(x) = 1 2 ∫ dx x^p ( d dx X(x))^{−1} z^i = Z^i(u, x_0) + z^i_0 , Z^i(u, x_0) = J_i

∫_u dλ x^{−wi} (λ, x_0) θ = Θ(u, x_0) + θ_0 , Θ(u, x_0) = L

∫_u

dλ x^{−q}(λ, x_0) (A.20)

where y_0, x_0, z^i_0 and θ_0 are integration constants. The adapted coordinates are U = u,

V = S(y_0, x_0, z^i_0, θ_0) = P y_0 + X(x_0) + J_iz^i_0 + Lθ_0 (A.21)

and the rest of the integration constants subject to a gauge fixing condition. It is convenient to chose as the gauge fixing condition

P y_0 + J_iz^i_0 + Lθ_0 = 0 . (A.22)

After taking the Penrose limit and doing some computation, we find that the plane wave in Rosen coordinates is ds^2 = 2dUdV − η 1 2P^2 x^p(U)(J_idz^i_0 + Ldθ_0)^2 + ∑ i x^{wi} (U)ds^2(R^{ni})

+ x^q(U)dθ^2_0 + x^q(U) sin^2(θ(U)) m∑ α>1 dϕ^α_0 , (A.23)

where ϕ^α_0 are the integration constants of the null geodesic equations associated with the rest of the angular coordinates that parameterize the m-sphere. We have assumed that P ≠ 0. If P = 0 and L ≠ 0, we can use the same gauge fixing condition but now we solve it for θ_0. If both P = L = 0, we solve the gauge fixing condition with respect to one of the z^i_0 for which the associated momentum J_i ≠ 0. The plane wave metrics in the various cases above can be easily computed and we shall not present them here.

It is clear that the metric in Rosen coordinates (A.23) is off-diagonal and so the transformation to Brinkmann coordinates can be rather involved. This transformation is equivalent to the construction of the parallel frame along the null geodesic. Because of the non-diagonal nature of the metric, one expects that the solution for the parallel transported frame will in general involve path-ordered-exponentials. If the Rosen coordinates metric admits an additional isometry, then the associated plane wave is a homogeneous space. It may be that some of Penrose limits that arise are singular homogeneous plane waves with non-vanishing rotation as those of [22].

A.2 Null singularities

In the null case, we have kℓ = 0. If k ≠ 0, the metric, after a possible change of coordinates, can be written as ds^2 = 2x^pdudv + ∑ i x^{wi} ds^2(R^{ni}) + x^qdΩ^2_m , x = ku . (A.24)

This can be rewritten in terms of the x coordinate as ds^2 = 2x^pdxdv + ∑ i x^{wi} ds^2(R^{ni}) + x^qdΩ^2_m , (A.25)

after replacing v with kv. The case where k = 0 and ℓ ≠ 0 is symmetric and it will not be further explained. The Hamilton-Jacobi function is S = −P^2v + J_iz^i + Lθ + X(x) , (A.26) where d dx T = ( J_i P )_2

x^{p−wi} + ( L P )_2 x^{p−q} . (A.27) The equations for the null geodesics are

v̇ = x^{−p} d du T = ( J_i P )_2 x^{−wi} + ( L P )_2 x^{−q} ż^i = x^{−wi} J_i θ̇ = x^{−q}L ẋ = −x^{−p}P^2 . (A.28) The null geodesics reach the singularity x = 0 at finite affine time u provided that p + 1 > 0.

The wave profile A is diagonal in this case. This can be seen by using adapted coordinates as in the case with J_i ≠ 0 described in the previous section. In particular, there is always a gauge fixing condition such that the metric in Rosen coordinates is diagonal. It turns out that B_{ir,js} = δ_{ij} δ_{rs}∂_u log g^{12}_{i1,i1} B_{αβ} = δ_{αβ}∂_u log g^{12}αα , α, β = 1, . . ., m . (A.29) The wave profile is A_{ir,js} = δ_{ij} δ_{rs} ∂^2_ug^{12}_{i1,i1} g^{12}_{i1,i1} = δ_{ij} δ_{rs} ∂^2_ux^{wi}2 x^{wi}2

A_{11} =

∂^2_ug^{12}_{11} g^{12}_{11} = ∂^2_ux^q2 x^q2

A_{α̂β̂} = δ_{α̂β̂}

∂^2_ug^{12}_{α̂α̂} g^{12}_{α̂α̂} = δ_{α̂β̂} ( ∂^2_ux^q2 x^q2 − L^2 x^{2q} ) α̂, β̂ = 2, . . ., m (A.30)

The components A_{ir,js} and A_{11} of the wave profile behave as A_{ir,js} ∼ u^{−2} and A_{11} ∼ u^{−2} but A_{α̂β̂} ∼ u^{−γ} , γ ≥ 2. The frequency squares ω^2_i and ω^2_α, where A_{ir,js} = −ω^2_i δ_{ij} δ_{rs}u^{−2}, A_{11} = −ω^2_1 u^{−2} and A_{α̂β̂} = −ω^2_{α̂}δ_{α̂β̂} u^{−γ} , are as follows:

ω^2_i = w_i 2(p + 1)

(1 − w_i 2(p + 1) ) , ω^2_1 = q 2(p + 1)

(1 − q 2(p + 1) ) ,

ω^2_{α̂} = q 2(p+1) (1 − q 2(p+1) ) , q ≤ p + 1 γ = 2 1 4 +^{L2}_{(p+1)2P 4} , q = p + 1 , γ = 2

L^2 ((p+1)P^2) 2q p+1 , q > p + 1 , γ =^{2q}_{p+1} .

(A.31)

In all the above case, we assume that p > −1 for the null geodesics to reach the singularity x = 0 at finite affine time. Substituting the exponents of the Dp-branes, p ≤ 5, into (A.31), we have verified that they reproduce the of the Dp-branes frequency squares which have been computed using another method in [12, 13, 14]. This is also the case for the frequency squares of the fundamental string solution which has originally been computed in [12].

B α^′-corrections and Penrose limits

In string theory and M-theory, the effective supergravity theories are modified by higher curvature terms. To distinguish between the field equations before or after higher curvature corrections are included we shall refer to the former as supergravity field equations and to the latter as string or M-theoy field equations. String α^′-corrections are accompanied with an appropriate power of α^′ and so the metric, dilaton and the various form-field strengths of generic solutions of the string are expected to depend on α^′. For such backgrounds, there are three ways to take the Penrose limit:

1. One can take the Penrose limit of the original supergravity background before the α^′ corrections are included.

2. One can take the usual Penrose limit of the string background after the α^′ corrections are included.

3. One can take the usual Penrose limit which also involves a rescaling of the α^′ as α^′ → Ω^2α^′, where Ω is a parameter and Ω^2 → 0 at the limit [12].

The limit in case (1) is consistent in the sense that the associated plane wave will solve the string field equations. This is because plane wave backgrounds do not receive α^′ corrections [44, 45, 46]. The wave profile is the matrix of frequency squares of null geodesic deviation equation of the supergravity metric.

In case (2), the resulting plane wave will not necessarily solve the string field equations. This is because the string field equations are not homogeneous with respect to the Ωscaling necessary to take the Penrose limit. The wave profile is the matrix of frequency squares of null geodesic deviation equation of the string metric and in general will be different from that of the associated supergravity metric.

In case (3), the limit is a modification of the Penrose limit. To take this modified limit, one first puts the string metric in adapted (Penrose) coordinates and then performs the usual rescaling of the coordinates with the parameter Ω, as for the Penrose limit. In addition one rescales α^′ as described. If the metric in adapted (Penrose) coordinates depends analytically of α^′, the metric at the limit is the one computed in (1) from the associated supergravity background. The Penrose limit commutes with the operation of α^′ corrections. However, if the string metric does it not depend analytically on α^′, then either the limit is ill defined or it gives a metric which is not always a plane wave. If the limit is well-defined, the background at the limit will solve the string field equations because they transform homogeneously under the scaling required for (3).

To illustrate the features explained above consider the singular metric associated with the SL(2, R)_k/U(1) coset model [50, 51, 52]

ds^2 = 1 2 (k − 2)(−dt^2 + dr^2 + β^2(r)dθ^2) 4 β^2

= tanh^2( r 2 ) − 2 k (B.1)

where the level k ∼ α^{−1} and we have added a spectator time direction for the metric to have Lorentzian signature. This background has also non-vanishing dilaton but for simplicity we shall not consider this here. This metric is singular at tanh^2(^{r0}_2 ) =^2_k . The associated supergravity metric is found at the limit k → ∞ as

ds^2 = k 2 (−dt^2 + dr^2 + 4 coth( r 2 )dθ^2) . (B.2)

The singularity of the supergravity metric is at r = 0. We shall examine the Penrose limits of the near singularity geometries for the two metrics above.

To take the Penrose limit as described in case (1), it suffices to take the usual Penrose limit for the supergravity metric (B.2). It is easy to see that the near singularity geometry in this case is

ds^2 = k 2 (−dt^2 + dx^2 + x^{−2}dθ^2) . (B.3)

The plane wave profile has one independent component A which can be easily evaluated from the Laplacian of the Hamilton-Jacobi function of this background. A short computation reveals that A = 2u^{−2} , (B.4)

ie the frequency is ω^2 = −2.

To take the limit as described in case (2), it suffices to take the usual Penrose limit for the metric (B.1). It is easy to see that the near singularity geometry in this case is

ds^2 = 1 2 (k − 2)(−dt^2 + dx^2 + x^{−1}dθ^2) . (B.5)

A short computation reveals that A = 3 4 u^{−2} , (B.6)

ie the frequency is ω^2 = −^3_4 . Therefore in both cases, the resulting plane waves are homogeneous but the frequencies are different.

Finally to take the limit as described in case (3), it suffices to observe that the dependence of the metric (B.1) in Penrose coordinates is analytic in α^′. Therefore this limit gives the same plane wave as that computed in (i).

References

[1] P. Szekeres, V. Iyer, Spherically Symmetric Singularities and Strong Cosmic Censorship, Phys. Rev. D 47 (1993) 4362-4371.

[2] M. Célérier, P. Szekeres, Timelike and null focusing singularities in spherical symmetry:

a solution to the cosmological horizon problem and a challenge to the cosmic censorship hypothesis, Phys.Rev. D65 (2002) 123516, gr-qc/0203094.

[3] H.J. de Vega, N. Sanchez, Strings falling into space-time singularities, Phys. Rev. D45 (1992) 2783-2793; H.J. de Vega, M. Ramon Medrano, N. Sanchez, Classical and quantum strings near spacetime singularities: gravitational plane waves with arbitrary polarization, Class. Quant. Grav. 10 (1993) 2007-2019.

[4] J. R. David, JHEP 0311 (2003) 064 [arXiv:hep-th/0303013].

[5] G. Papadopoulos, J.G. Russo and A.A. Tseytlin, Solvable model of strings in a time-dependent plane-wave background, Class. Quant. Grav. 20 (2003) 969, [arXiv:hep-th/0211289].

[6] A.J. Tolley and N. Turok, “Quantum fields in a big crunch/Big bang spacetime,” [arXiv:hep-th/0204091].

[7] A. Giveon, B. Kol, A. Ori, A. Sever, On the Resolution of the Time-Like Singularities in Reissner-Nordstrøm and Negative-Mass Schwarzschild, [arXiv:hep-th/0401209].

[8] G. T. Horowitz and A. R. Steif, “Strings In Strong Gravitational Fields,” Phys. Rev. D 42 (1990) 1950.

[9] D. Marolf and L. A. Pando Zayas, “On the singularity structure and stability of plane waves,” JHEP 0403 (2004) 014 [arXiv:hep-th/0210309].

[10] M. Blau, M. Borunda, M. O’Loughlin and G. Papadopoulos, “The universality of Penrose limits near space-time singularities,” [arXiv:hep-th/0403252].

[11] M. Blau, M. Borunda, M. O’Loughlin and G. Papadopoulos, “Penrose limits and spacetime singularities,” Class. Quant. Grav. 21 (2004) L43 [arXiv:hep-th/0312029].

[12] M. Blau, J. Figueroa-O’Farrill, G. Papadopoulos, “Penrose limits, supergravity and brane dynamics,” Class. Quant. Grav. 19 (2002) 4753, [arXiv:hep-th/0202111].

[13] H. Fuji, K. Ito and Y. Sekino, “Penrose limit and string theories on various brane backgrounds,” JHEP 0211 (2002) 005 [arXiv:hep-th/0209004].

[14] S. j. Ryang, “Penrose limits of branes and marginal intersecting branes,” Phys. Lett. B 555 (2003) 107 [arXiv:hep-th/0209218].

[15] C. Patricot, “Kaigorodov spaces and their Penrose limits,” Class. Quant. Grav. 20 (2003) 2087-2102, [arXiv:hep-th/0302073].

[16] K. Kunze, T-Duality and Penrose limits of spatially homogeneous and inhomogeneous cosmologies, Phys. Rev. D68 (2003) 063517, [arXiv:gr-qc/0303038].

[17] V.A. Belinskii, I.M. Khalatnikov, E.M. Lifshitz, “Oscillatory appraoch to a singular point in the relativistic cosmology”, Adv. Phys. 19, 525 (1970); “A general solution of the Einstein equations with a time singularity,” Adv. Phys. 31, 639 (1982).

[18] T. Damour, M. Henneaux, “Chaos in superstring cosmology,” Phys. Rev. Lett. 85, 920 (2000) [arXiv:hep-th/0003139]; “Oscillatory behaviour in homogeneous string cosmology models,” Phys. Lett. B488, 108 (2000) [arXiv:hep-th/0006171]; T. Damour, M. Henneaux, A. D. Rendall and M. Weaver, “Kasner-like behaviour for subcritical Einstein-matter systems,” Annales Henri Poincare 3 (2002) 1049 [arXiv:gr-qc/0202069].

[19] T. Damour, M. Henneaux and H. Nicolai, “Cosmological billiards,” Class. Quant. Grav.

20 (2003) R145 [arXiv:hep-th/0212256].

[20] A. Ori, E. Flanagan, “ How generic are null spacetime singularities?,” Phys. Rev. D53 (1996) 1754-1758, [arXiv:gr-qc/9508066].

[21] G. W. Gibbons, G. T. Horowitz and P. K. Townsend, “Higher dimensional resolution of dilatonic black hole singularities,” Class. Quant. Grav. 12 (1995) 297 [arXiv:hep-th/9410073].

[22] M. Blau, M. O’Loughlin, Homogeneous Plane Waves, Nucl. Phys. B654 (2003) 135-176,

hep-th/0212135.

[23] H. Liu, G. Moore and N. Seiberg, “Strings in time-dependent orbifolds,” JHEP 0210 (2002) 031 [arXiv:hep-th/0206182].

[24] A. Giveon, E. Rabinovici and A. Sever, “Strings in singular time-dependent backgrounds,” Fortsch. Phys. 51 (2003) 805 [arXiv:hep-th/0305137].

[25] L. Cornalba, M. Costa, Time-dependent Orbifolds and String Cosmology, Fortsch.Phys. 52 (2004) 145-199, [arXiv:hep-th/0310099].

[26] A. Ori, “Null weak singularities in plane-symmetric spacetimes,” Phys. Rev. D57 (1998) 4745-4753, [arXiv: gr-qc/9801086]; A. Ori, Oscillatory null singularity inside realistic spinning black holes,” Phys. Rev. Lett. 83 (1999) 5423, [arXiv:gr-qc/0103012].

[27] P. Brady, S. Droz, S. Morsink, “The late-time singularity inside non-spherical black holes,” Phys. Rev. D58 (1998) 084034, [arXiv:gr-qc/9805008].

[28] G. Gibbons and K. Maeda, “Black holes and membranes in higher-dimensional theories with dilaton fields,” Nucl. Phys. B298 (1988) 741-775.

[29] M. Duff and J. Lu, “The selfdual type IIB superthreebrane,” Phys. Lett. B273 (1991) 409-414.

[30] M. Duff and J. Lu, “Elementary five-brane solutions of D=10 supergravity,” Nucl. Phys.

B354 (1991) 141-153.

[31] G. Horowitz and A. Strominger, “Black strings and p-branes,” Nucl. Phys. B360 (1991) 197-209.

[32] C. C. Jr., J. Harvey, and A. Strominger, “Supersymmetric string solitons.”

[arXiv:arXiv:hep-th/9112030].

[33] A. Dabholkar, G. Gibbons, J. Harvey, and F. Ruiz-Ruiz, “Superstrings and solitons,” Nucl.

Phys. B340 (1990) 33-55.

[34] M. Duff and K. Stelle, “Multi-membrane solutions of D=11 supergravity,” Phys. Lett.

253B (1991) 113-118.

[35] R. Güven, “Black p-brane solutions of D=11 supergravity theory,” Phys. Lett. 276B (1992) 49–55.

[36] G. Papadopoulos and P. Townsend, “Intersecting M-branes,” Phys. Lett. B380 (1996) 273-279. [arXiv:hep-th/9603087].

[37] A. Tseytlin, “Harmonic superpositions of M-branes,” Nucl. Phys. B475 (1996) 149–163.

[arXiv:arXiv:hep-th/9604035].

[38] J. Gauntlett, D. Kastor, and J. Traschen, “Overlapping branes in M theory,” Nucl. Phys.

B478 (1996) 544–560. [arXiv:arXiv:hep-th/9604179].

[39] L. Dixon, J.A. Harvey, C. Vafa, E. Witten, “Strings on orbifolds,” Nucl. Phys. B261, 678 (1985); L. Dixon, D. Friedan, E. Martinec, S. Shenker, “The conformal field theory of orbifolds,” Nucl. Phys. B282, 13 (1987).

[40] A. Strominger, “Massless black holes and conifolds in string theory,” Nucl. Phys. B 451 (1995) 96 [arXiv:hep-th/9504090].

[41] P. K. Townsend, “The eleven-dimensional supermembrane revisited,” Phys. Lett. B 350 (1995) 184 [arXiv:hep-th/9501068].

[42] A. A. Tseytlin, “Black holes and exact solutions in string theory,” [arXiv:hep-th/9410008];

“On singularities of spherically symmetric backgrounds in string theory,” Phys. Lett. B 363 (1995) 223 [arXiv:hep-th/9509050].

[43] D. Amati and C. Klimcik, “Nonperturbative Computation Of The Weyl Anomaly For A Class Of Nontrivial Backgrounds,” Phys. Lett. B 219 (1989) 443.

[44] G. T. Horowitz, “Singularities In String Theory,” UCSBTH-90-34 To appear in Proc. of Strings ’90 Conf., College Station, TX, Mar 12-17, 1990 [45] C. Duval, G. W. Gibbons and P. Horvathy, “Celestial Mechanics, Conformal Structures And Gravitational Waves,” Phys. Rev. D 43 (1991) 3907.

[46] A. A. Tseytlin, “String vacuum backgrounds with covariantly constant null Killing vector and 2-d quantum gravity,” Nucl. Phys. B 390 (1993) 153 [arXiv:hep-th/9209023].

[47] R. Penrose, “ Any spacetime has a plane wave as a limit,” in Differential geometry and relativity, Reidel, Dordrecht (1976) pp. 271–275.

[48] R. Gueven, “Plane wave limits and T-duality,” Phys. Lett. B482 (2000) 255–263,

hep-th/0005061.

[49] M. Blau, J. Figueroa-O’Farrill, C. Hull, G. Papadopoulos, “Penrose limits and maximal supersymmetry,” Class. Quant. Grav. 19 (2002) L87-L95, hep-th/0201081.

[50] R. Dijkgraaf, E. Verlinde, H. Verlinde, “String propagation in a black hole geometry”, Nucl.

Phys. B371 (1992) 269.

[51] Bars and K. Sfetsos, “Conformally exact metric and dilaton in string theory on curved space-time,” Phys. Rev. D 46 (1992) 4510 [arXiv:hep-th/9206006]; “Exact effective action and space-time geometry n gauged WZW models,” Phys. Rev. D 48 (1993) 844 [arXiv:hep-th/9301047].

[52] A. A. Tseytlin, “Exact string solutions and duality,” arXiv:hep-th/9407099.