arXiv:hep-th/0404187 v3 22 Sep 2004

ITEP-TH-22/04 UUITP-05/04

New Integrable Structures

in Large-N QCD

Gabriele Ferretti^a, Rainer Heise^a and Konstantin Zarembo^{b†}

aInstitute for Theoretical Physics Göteborg University and Chalmers University of Technology, 412 96 Göteborg, Sweden

bDepartment of Theoretical Physics Uppsala University, 751 08 Uppsala Sweden

Abstract

We study the anomalous dimensions of single trace operators composed of field strengths F_{μν} in large-N QCD. The matrix of anomalous dimensions is the Hamiltonian of a compact spin chain with two spin one representations at each vertex corresponding to the selfdual and anti-selfdual components of F_{μν} . Due to the special form of the interaction it is possible to study separately renormalization of purely selfdual components. In this sector the Hamiltonian is integrable and can be exactly solved by Bethe ansatz. Its continuum limit is described by the level two SU(2) WZW model.

†Also at ITEP, Moscow, Russia

The anomalous dimensions of local operators are important physical quantities which are indispensable in describing logarithmic scaling violation in QCD [1, 2] and which have many uses in QCD phenomenology. There are however other theoretical reasons for the study of anomalous dimensions. We hope that the study of anomalous dimensions and operator mixing will help in understanding the large-N limit of QCD [3] and in elucidating its relationship to string theory [4].

It is not clear at present what kind of string theory, if any, describes the large-N limit of QCD, but for its superconformal cousin, N = 4 supersymmetric Yang-Mills (SYM) theory, the answer is widely believed to be known. The SYM is exactly dual to type IIB superstring theory in AdS_5 × S^5, according to the conjectured AdS/CFT duality [5]. The scaling dimensions of local operators play an important role in the AdS/CFT correspondence, since they are dual to the energies of the string states [6, 7]. The spectrum of scaling dimensions in the field theory thus coincides with the string spectrum. The latter is poorly known because of the difficulties in quantizing strings in AdS_5 × S^5, but the semi-classical string states with large energies [8, 9] can be studied in much detail. Such states are dual to operators with large dimensions that often contain many constituent fields [8]. Computation of anomalous dimensions of such large operators is a challenging problem, even at one loop, because of the operator mixing. This problem drastically simplifies in the large-N limit and reduces to diagonalization of a Hamiltonian of a certain spin chain.

The spin chain that computes the complete one loop matrix of anomalous dimensions in N = 4 SYM possesses the amazing property of complete integrability [10, 11, 12, 13]. (Some results also extend to the first few higher loops for a restricted class of operators.) The spectrum of the spin chain can be computed exactly by means of the Bethe ansatz [14, 15]. Comparison of the semi-classical Bethe states with the classical strings in AdS_5 × S^5 has led to many quantitative tests of the AdS/CFT correspondence [16, 17, 18, 19, 20, 21, 22, 23, 24, 25]. More recently, the equivalence between the spin chain and strings was made more explicit at the level of effective actions [26, 27, 28, 29]. It turns out that the effective action of the one loop spin chain can be interpreted as the string action in a certain gauge, and thus the mixing matrix of large operators in principle carries some information about the world-sheet dynamics of the dual string theory. We do not know the string dual of QCD, but it should be possible to compute the mixing matrix of local operators at one loop, which can shed new light on the string description of the large-N limit.

Integrable structures arise in many instances in QCD. They were first found in the analysis of the parton evolution in the Regge regime [30, 31]. In a subsequent development, the mixing matrices of Wilson operators with various quantum numbers were identified with Hamiltonians of non-compact spin chains [32, 33, 34], which at large N turn out to be integrable for maximalhelicity operators.

We will study a different set of operators built from the gluon field strength F_{μν} = ∂_μA_ν − ∂_ν A_μ + ig[A_μ, A_ν ]: O = tr F_{μ1 ν1} . . . F_{μLνL} . (1) Multiplicatively renormalizable operators are linear combinations of those. In particular, we can contract indices of different F_{μν} ’s or contract indices with ε^{μνλρ} thus allowing for pseudo-tensors characterized by the presence of one F̃_{μν} . More general operators may contain multiple traces, quarks and covariant derivatives and in principle mix with pure field strength operators. However, the mixing with quark and multi-trace operators is suppressed by powers of 1/N. The mixing with operators that contain derivatives is not suppressed, but we shall explain below that the mixing with derivative operators starts at two loops. Hence, pure field strength operators form a closed sector at one loop.

The mixing matrix is defined as a logarithmic derivative of the renormalization factor in the UV cutoff^1: Γ = Z^{−1} · dZ/d ln Λ. The renormalization factor is defined by the requirement that multiplication by Z makes correlation functions of composite operators O finite: O^μ_{ren} = Z^μ_ν O^ν . Here μ and ν are multi-indices that parameterize all possible operators of the form (1). The eigenvectors of the mixing matrix are multiplicatively renormalizable operators whose anomalous dimensions are given by the eigenvalues. The size of the mixing matrix rapidly grows with L and the resolution of the operator mixing becomes a more and more complicated problem.

Fortunately, a useful reformulation of this problem drastically simplifies it in the large-N limit. The idea is to identify the operators (1) and their linear combinations with the states in the Hilbert space of a periodic spin chain with L sites, one site for each F_{μlνl} . The sites are naturally ordered by the trace

1We use the conventions of [35]. In many papers, the mixing matrix is defined with the opposite sign, and sometimes the definition of operators includes factors of the QCD coupling which shifts the anomalous dimensions by the beta-function.

Figure 1: One of the diagrams that contribute to the mixing matrix at one loop. The operator is depicted by a horizontal bar with gluon vertices ordered by an overall trace over the color indices.

over the color indices. The mixing matrix is a Hermitian operator in this Hilbert space and thus can be regarded as a Hamiltonian of the spin chain. The mixing matrix is determined by the divergent pieces of the diagrams one of which is shown in Fig. 1. In more general operators containing covariant derivatives, D_{λ1} · · · D_{λn} F_{μlνl} should be identified with a single site of the lattice (as in [32, 33, 34]), which is clear from the structure of the diagrams (D_{λ1} · · · D_{λn} F_{μlνl} emits a single gluon to the lowest order in perturbation theory).

It is also clear that the number of sites can diminish but cannot grow at one loop, because a divergent diagram with L + 1 external legs contains at least three three-gluon vertices or one four-gluon and one three-gluon vertex and consequently appears at O(g^3).

A careful analysis [36] shows that operators with derivatives, containing the equations of motion, may appear at O(g^2) in counterterms for pure field strength operators, all other mixing being O(g^3). Thus, the one-loop mixing matrix is block upper triangular (block diagonal if one neglects operators vanishing by the equations of motion) and the anomalous dimensions of pure field strength operators are entirely determined by mixing among themselves. The other crucial property of the one-loop mixing matrix is that is has only nearest-neighbor interactions at large N: Γ = g^2N 48π^2 L∑ l=1 H_{l,l+1}, (2) where H_{l,l+1} acts on the two adjacent sites. Non-local interactions correspond to non-planar diagrams and are suppressed at large N.

The two-body Hamiltonian H_{l,l+1} acts on two F_{μν} ’s and thus is a matrix with eight Lorentz indices, which in principle can be computed from the diagrams. Fortunately, known anomalous dimensions of several particular operators make this calculation unnecessary. The Lorentz invariance severely restricts the structure of the mixing matrix and significantly reduces the number of independent matrix elements. The field strength transforms in the reducible representation (1, 0) ⊕ (0, 1) of the Lorentz group. The irreducible components are self-dual and anti-self-dual parts of F_{μν} :

F_{μν} = σ^{αβ}_{μν} f_{αβ} + σ̄^{α̇β̇}_{μν} f̄_{α̇}˙_β, (3)

where σ_{μν} = iσ_2(σ_μσ̄_ν − σ_νσ̄_μ)/4, σ̄_{μν} = −i(σ̄_μσ_ν − σ̄_ν σ_μ)σ_2/4, σ_μ = (1, σ), σ̄_μ = (1, −σ).

The chiral pieces of the field strength f_{αβ} and f̄_{α̇}˙_β transform in the spin one representations of SU_L(2) and SU_R(2). It is convenient to introduce the vectors f_A = (σ_2σ_A)^{αβ}f_{αβ} and f̄˙_A = (σ_2σ˙_A)^{α̇β̇}f̄_{α̇}˙_β, where A, Ȧ = 1, 2, 3 and σ_A, σ˙_A are ordinary Pauli matrices. Since the Hamiltonian H_{l,l+1} commutes with Lorentz transformations, it takes constant values on irreducible representations that appear in the tensor product

[(1, 0) ⊕ (0, 1)] ⊗ [(1, 0) ⊕ (0, 1)] = (2, 0) ⊕ (0, 2) ⊕ (1, 0) ⊕ (0, 1) ⊕ (0, 0)^+ ⊕(0, 0)^− ⊕ (1, 1)^+ ⊕ (1, 1)^−, (4)

where the superscripts denote parity. The anomalous dimensions of representations related by parity should be the same, so the Hamiltonian contains six independent structures:

H = a(P_{(2,0)}+P_{(0,2)})+b(P_{(1,0)}+P_{(0,1)})+cP_{(0,0)}+ +dP_{(0,0)}− +eP_{(1,1)}+ +fP_{(1,1)}− , (5) where P_R are projectors on irreducible representations. The coefficients a–f can be fixed by comparing the energies of the eigenstates for short chains (L = 2, 3, 4) with known anomalous dimensions.

We start with dimension four operators that correspond to the spin chain with two sites connected by two links. The Hamiltonian (2) acts on each of the two links in the same way. Because of the cyclicity of trace, only symmetric representations in (4) survive. The simplest operator is the energymomentum tensor T_{μν} which belongs to (1, 1)^+ in (4). Since the energymomentum tensor has zero anomalous dimension, e = 0.

Next, the action and the topological density are RG invariant to one loop when multiplied by g^2 [36, 37]. The anomalous dimensions of the canonically normalized operators are thus equal to the beta function:

tr F_{μν} F_{μν} , tr F_{μν}F̃_{μν} : γ = −

11g^2N 24π^2

. (6)

Acting by (2), (5) on the scalar and on the pseudoscalar we obtain the anomalous dimensions 2cg^2N/48π^2 and 2dg^2N/48π^2 respectively, which implies that c = d = −11.

The anomalous dimension of the (2, 0) + (0, 2) operator was computed in [38]:

tr F_{μν} F_{λρ} − index contractions : γ =

7g^2N 24π^2

. (7)

Comparing to the eigenvalue of the spin chain Hamiltonian, we find: a = 7.

The anomalous dimensions of the unique scalar and pseudoscalar operators of dimension six are also known [37]: tr F_{μν} F_{νλ}F_{λμ}, tr F̃_{μν} F_{νλ}F_{λμ} : γ = g^2N 16π^2

. (8)

The calculation of the eigenvalues in the spin chain is no more tricky than for dimension four states. The chain now contains three sites. The Hilbert space consists of three copies of (1, 0) ⊕ (0, 1). In order to get a scalar state, we should keep only (1, 0) and (0, 1) in the tensor product of basic representations, since only (1, 0) and (0, 1) can produce a scalar when tensored with the remaining (1, 0) ⊕ (0, 1) on the third site. Hence, only the projectors P_{(1,0)} and P_{(0,1)} in the Hamiltonian contribute to the energy. Thus, we get 3bg^2N/48π^2 for the anomalous dimension. Consequently, b = 1.

To compute the last factor f we must consider operators of dimension eight. There are four scalars at this level: tr F_{μν} F_{μν} F_{ρλ}F_{ρλ}, tr F_{μν} F_{ρλ}F_{μν} F_{ρλ}, tr F_{μν} F_{νρ}F_{ρλ}F_{λμ}, tr F_{μν} F_{νλ}F_{μρ}F_{λρ} (9) and their mixing matrix can be found in [39]:

Γ = g^2N 48π^2

−17 −2 −18 −14 −2 8 −20 −12 −11 0 2 2 −1 −6 8 −16 . (10)

It is then a straightforward but slightly tedious exercise to show that this results implies f = 3.

We have independently checked all the above results. Also, the mixing matrix (10), in addition to fixing f = 3, yields several algebraic relations among the remaining coefficients in the Hamiltonian all of which are satisfied by their numerical values computed earlier.

To summarize, the spin chain Hamiltonian is

H = 7(P_{(2,0)} + P_{(0,2)}) + P_{(1,0)} + P_{(0,1)} − 11(P_{(0,0)}+ + P_{(0,0)}−) + 3P_{(1,1)}− . (11)

An important point to notice here is the degeneracy of the scalar representations of opposite parity. Because of this degeneracy, definite-parity projectors can be replaced by projectors on the left and right scalars (f_Af_A and f̄˙_Af̄˙_A). As a result, only the last term in the Hamiltonian mixes f_A with f̄˙_A and even this term conserves the number of f_A’s (and of f̄˙_A’s). Hence, the number of self-dual components of the field strength in an operator is preserved by renormalization. This follows from a “chiral” type of symmetry rotating f_A and f̄˙_A by opposite phases. The Lagrangian is not invariant under this transformation but its variation is proportional to the topological density that integrates to zero in the absence of instantons. This symmetry is responsible for the closure of the chiral sector tr(f_{A1} . . . f_{AL} ). Such structure of the mixing matrix produces parity degeneracies for operators of higher dimension as well. For instance, parity-odd and parity-even operators in (L, 0) + (0, L) and (L, 0) − (0, L) are degenerate. The first example of such parity degeneracy is (8).

The spin system (11) can be represented as a spin ladder. Let us put all six states at each site into a 3 × 2 matrix (f_A, f̄˙_A). One can define two sets of spin operators, which act on this matrix vertically and horizontally:

(S^i f)_A = iε_{iAB} f_B, (S^i f̄)˙_A = iε_i˙_A˙_Bf̄˙_B , (12)

τ^3 f = f, τ^+ f = 0, τ^− f = f̄ , τ^3 f̄ = −f̄ , τ^+ f̄ = f, τ^− f̄ = 0. (13)

The selfdual and anti-selfdual components of F_{μν} can be visualized as spins sitting on two parallel spin chains. The mixing matrix can be written as Γ = g^2N 48π^2 L∑ l=1 { 1 2 ( 1 + τ^3_l τ^3_{l+1} ) [ 7 + 3S_l · S_{l+1} − 3(S_l · S_{l+1})^2 ]

+ 3 4 (1 − τ_l · τ_{l+1}) } . (14)

The Hamiltonian possesses an SU(2) × SU(2) × U(1) symmetry. The total spin S = L∑ l=1 S_l (15)

generates spatial rotations, while Lorentz boosts are generated by K = L∑ l=1 S_lτ^3_l . (16)

The chiral components of the field strength carry charges ±1 under the extra U(1) symmetry: χ = L∑ l=1 τ^3_l . (17)

Because of this symmetry the number of self-dual and anti-self-dual components of the field strength in an operator are independently conserved, and we can consider sectors with a fixed number of f_A’s and f̄˙_A’s.

The simplest and the most interesting sector is composed of operators that contain only the self-dual field strength f_A. The mixing matrix (14) then reduces to Γ = g^2N 48π^2 L∑ l=1 [ 7 + 3S_l · S_{l+1} − 3(S_l · S_{l+1})^2 ] . (18)

The mixing matrix in this sector is a Hamiltonian of a spin one SU_L(2) spin chain. Alternatively, (11), restricted to the chiral sector, can be expressed in terms of permutation and trace operators acting on three-dimensional vectors as P v ⊗ u = u ⊗ v, K v ⊗ u = (v, u)1, (19) These operators are SU(2) invariant and can be expressed in terms of projectors on irreducible representations:

P = P_0 − P_1 + P_2, K = 3P_0. (20)

In terms of the permutation and trace operators, the mixing matrix of chiral operators is Γ = g^2N 48π^2 L∑ l=1 (4 + 3P_{l,l+1} − 6K_{l,l+1}) . (21)

Because the spins repel, the vacuum of the system is anti-ferromagnetic, which means that the lowest anomalous dimension is negative. Remarkably, the spin chain (18) is integrable [40, 41, 42, 15] and the Hamiltonian can be diagonalized by Bethe ansatz [43, 44]! The Bethe equations constitute a set of algebraic equations for rapidities of elementary excitations on the lattice: ( λ_k + i λ_k − i )_L = ∏ j≠k λ_k − λ_j + i λ_k − λ_j − i , (22)

The Bethe equations should be supplemented by the zero-momentum condition: ∏ k λ_k + i λ_k − i = 1. (23)

This condition reflects the cyclicity of the trace in the operators. All possible solutions of Bethe equations yield the spectrum of the anomalous dimensions, computed for a given solution from the formula γ = g^2N 48π^2 ( 7L − ∑ k 12 λ^2_k + 1 ) . (24)

Some sample anomalous dimensions can be readily calculated. The state with the largest possible spin corresponds to the maximally symmetric operator O_Ω = tr f_{(A1} . . . f_{AL )} − index contractions. (25) This operator corresponds to the pseudo-vacuum of the spin chain. Its anomalous dimension is large and positive:

γ_Ω =

7g^2N 48π^2

L. (26)

At L = 3, this formula reproduces the known anomalous dimension of twist three dimension six gluon operator [34]. The real vacuum is a Lorentz scalar and has negative anomalous dimension (as an effect of the asymptotic freedom). In the thermodynamic limit of large L [43, 44]:

γ_0 = −

5g^2N 48π^2

L + O(L^0). (27)

The known string representation of the superconformal Yang-Mills theory can be compared to the spin chain rather directly. The classical spin system obtained by taking the continuum limit of the relevant lattice model (which is of course different from the one considered here) agrees with that describing the semiclassical rotating string in the bulk spacetime [26, 27, 28, 29]. This observation opens up the possibility of reconstructing the string description by analyzing the large-N renormalization of operators that consist of a large number of elementary fields. Needless to say, this map is far from complete since on the gauge theory side we have limited information on higher loop effects and the mapping becomes more involved as these effects are taken into account. Still, we believe it is of interest to consider the continuum limit of the spin chain we have obtained, hoping that it will provide some clue on the string description.

The continuum limit of the anti-ferromagnetic spin one chain is a relativistic theory in the integrable case, because the dispersion relation of low-lying excitations is linear [43, 45, 15]. The low-energy effective theory is the conformal SU(2) WZW model at level two [46, 47]. This model has central charge c = 3/2 and can be described by a triplet of free fermions: S = ∫ d^2ξ 3∑ a=1 (χ^a_L∂_+χ^a_L + χ^a_R∂_−χ^a_R) . (28)

The fermion currents J^a_L = iε^{abc}χ^b_Lχ^c_L/2 (and similarly for J_R) obey a SU(2) Kac-Moody algebra at level two:

[J^a_L(x_−), J^b_L(y_−)] = iϵ^{abc}J^c_L(x_−)δ(x_− − y_−) + 2 i 4π δ^{ab}δ^′(x_− − y_−). (29)

The current algebra can be bosonized in the standard way [48] by introducing the chiral field g(x) ∈ SU(2) with the WZW action S = 2 16π ∫ d^2ξ tr ∂_αg∂^αg^† + 2 24π ∫ d^3ξϵ^{αβγ} tr g^†∂_αgg^†∂_βgg^†∂_γ g. (30)

Alternatively, one can trade two out of three fermions for a compact boson. In this representation, the model is manifestly supersymmetric.

We are thus led to believe that some of the dynamics of the purely selfdual sector of QCD in the large N and L limit is captured by a WZW model, although higher loop corrections and the inclusion of derivatives need to be carefully analyzed (work in progress). We hope that this results will provide further clues on the construction of the elusive QCD string.

Acknowledgments: We would like to thank H. Johannesson and J. Minahan for discussions and A. Gorsky for pointing out reference [37] to us. The research of G.F. is supported by the Swedish Research Council (Vetenskapsrådet) contract 622-2003-1124. The work of K.Z was supported in part by the Swedish Research Council under contract 621-2002-3920 and by Göran Gustafsson Foundation.

References

[1] H. Georgi and H. D. Politzer, “Electroproduction Scaling In An Asymptotically Free Theory Of Strong Interactions,” Phys. Rev. D 9, 416 (1974).

[2] D. J. Gross and F. Wilczek, “Asymptotically Free Gauge Theories. 2,” Phys. Rev. D 9, 980 (1974).

[3] G. ’t Hooft, “A Planar Diagram Theory For Strong Interactions,” Nucl.

Phys. B 72, 461 (1974).

[4] A. M. Polyakov, Gauge Fields and Strings, Harwood Academic Publishers, 1987.

[5] J. M. Maldacena, “The large N limit of superconformal field theories and supergravity”, Adv. Theor. Math. Phys. 2 (1998) 231, [arXiv:hep-th/9711200].

[6] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “Gauge theory correlators from non-critical string theory”, Phys. Lett. B428 (1998) 105, [arXiv:hep-th/9802109].

[7] E. Witten, “Anti-de Sitter space and holography”, Adv. Theor. Math. Phys. 2 (1998) 253, [arXiv:hep-th/9802150].

[8] D. Berenstein, J. M. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 Super Yang Mills”, JHEP 0204 (2002) 013, [arXiv:hep-th/0202021].

[9] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, “A semi-classical limit of the gauge/string correspondence”, Nucl. Phys. B636 (2002) 99, [arXiv:hep-th/0204051].

[10] J. A. Minahan and K. Zarembo, “The Bethe-ansatz for N = 4 super Yang-Mills,” JHEP 0303, 013 (2003) [arXiv:hep-th/0212208].

[11] N. Beisert, C. Kristjansen and M. Staudacher, “The dilatation operator of N = 4 super Yang-Mills theory,” Nucl. Phys. B 664, 131 (2003) [arXiv:hep-th/0303060].

[12] N. Beisert and M. Staudacher, “The N = 4 SYM integrable super spin chain,” Nucl. Phys. B 670, 439 (2003) [arXiv:hep-th/0307042].

[13] N. Beisert, “The su(2|3) dynamic spin chain,” Nucl. Phys. B 682, 487 (2004) [arXiv:hep-th/0310252].

[14] H. Bethe, “On The Theory Of Metals. 1. Eigenvalues And Eigenfunctions For The Linear Atomic Chain,” Z. Phys. 71, 205 (1931).

[15] L. D. Faddeev, “How Algebraic Bethe Ansatz works for integrable model,” arXiv:hep-th/9605187.

[16] S. Frolov and A. A. Tseytlin, “Multi-spin string solutions in AdS_5 ×S^5”, Nucl. Phys. B668 (2003) 77, [arXiv:hep-th/0304255].

[17] N. Beisert, J. A. Minahan, M. Staudacher and K. Zarembo, “Stringing spins and spinning strings,” JHEP 0309 (2003) 010 [arXiv:hep-th/0306139].

[18] S. Frolov and A. A. Tseytlin, “Quantizing three-spin string solution in AdS_5 × S^5”, JHEP 0307 (2003) 016, [arXiv:hep-th/0306130].

[19] N. Beisert, S. Frolov, M. Staudacher and A. A. Tseytlin, “Precision spectroscopy of AdS/CFT,” JHEP 0310, 037 (2003) [arXiv:hep-th/0308117].

[20] J. Engquist, J. A. Minahan and K. Zarembo, “Yang-Mills duals for semiclassical strings on AdS_5 × S^5,” JHEP 0311 (2003) 063 [arXiv:hep-th/0310188].

[21] G. Arutyunov and M. Staudacher, “Matching higher conserved charges for strings and spins,” JHEP 0403 (2004) 004 [arXiv:hep-th/0310182].

[22] A. A. Tseytlin, “Spinning strings and AdS/CFT duality,” arXiv:hep-th/0311139.

[23] D. Serban and M. Staudacher, “Planar N = 4 gauge theory and the Inozemtsev long range spin chain,” JHEP 0406 (2004) 001 [arXiv:hep-th/0401057].

[24] C. Kristjansen, “Three-spin strings on AdS_5 × S^5 from N = 4 SYM,” Phys. Lett. B 586, 106 (2004) [arXiv:hep-th/0402033].

[25] V. A. Kazakov, A. Marshakov, J. A. Minahan and K. Zarembo, “Classical / quantum integrability in AdS/CFT,” JHEP 0406 (2004) 001 [arXiv:hep-th/0401057].

[26] M. Kruczenski, “Spin chains and string theory,” arXiv:hep-th/0311203. [27] M. Kruczenski, A. V. Ryzhov and A. A. Tseytlin, “Large spin limit of AdS_5 × S^5 string theory and low energy expansion of ferromagnetic spin chains,” Nucl. Phys. B 692, 3 (2004) [arXiv:hep-th/0403120].

[28] R. Hernandez and E. Lopez,

“The SU(3) spin chain sigma model and string theory,” JHEP 0404, 052 (2004) [arXiv:hep-th/0403139].

[29] B. Stefanski, jr. and A. A. Tseytlin, “Large spin limits of AdS/CFT and generalized Landau-Lifshitz equations,” JHEP 0405, 042 (2004) [arXiv:hep-th/0404133].

[30] L. N. Lipatov, “High-energy asymptotics of multicolor QCD and exactly solvable lattice models,” JETP Lett. 59, 596 (1994) [Pisma Zh. Eksp. Teor. Fiz. 59, 571 (1994)] [arXiv:hep-th/9311037].

[31] L. D. Faddeev and G. P. Korchemsky, “High-energy QCD as a completely integrable model,” Phys. Lett. B 342, 311 (1995) [arXiv:hep-th/9404173].

[32] V. M. Braun, S. E. Derkachov and A. N. Manashov, “Integrability of three-particle evolution equations in QCD,” Phys. Rev. Lett. 81, 2020 (1998) [arXiv:hep-ph/9805225].

[33] V. M. Braun, S. E. Derkachov, G. P. Korchemsky and A. N. Manashov, “Baryon distribution amplitudes in QCD,” Nucl. Phys. B 553, 355 (1999) [arXiv:hep-ph/9902375].

[34] A. V. Belitsky, “Renormalization of twist-three operators and integrable lattice models,” Nucl. Phys. B 574 (2000) 407 [arXiv:hep-ph/9907420].

[35] M.E. Peskin and D.V. Schroeder, An Introduction to Quantum Field Theory (Addison-Wesley, 1995).

[36] H. Kluberg-Stern and J. B. Zuber, “Ward Identities And Some Clues To The Renormalization Of Gauge Invariant Operators,” Phys. Rev. D 12, 467 (1975).

[37] A. Y. Morozov, “Matrix Of Mixing Of Scalar And Vector Operators Of Dimension D ≤ 8 In QCD,” Sov. J. Nucl. Phys. 40 (1984) 505 [Yad. Fiz. 40 (1984) 788].

[38] D. G. Robertson and F. Wilczek, “Anomalous Dimensions Of Anisotropic Gauge Theory Operators,” Phys. Lett. B 251, 434 (1990).

[39] J. A. Gracey, “Classification and one loop renormalization of dimension six and eight operators in quantum gluodynamics,” Nucl. Phys. B 634, 192 (2002) [arXiv:hep-ph/0204266].

[40] A. B. Zamolodchikov and V. A. Fateev, “Model Factorized S Matrix And An Integrable Heisenberg Chain With Spin 1,” Yad. Fiz. 32, 581 (1980) [Sov. J. Nucl. Phys. 32, 298 (1980)].

[41] P. P. Kulish, N. Y. Reshetikhin and E. K. Sklyanin, “Yang-Baxter Equation And Representation Theory: I,” Lett. Math. Phys. 5 (1981) 393.

[42] N. Y. Reshetikhin, “Integrable Models Of Quantum One-Dimensional Magnets With O(N) And Sp(2k) Symmetry,” Theor. Math. Phys. 63, 555 (1985) [Teor. Mat. Fiz. 63, 347 (1985)].

[43] L. A. Takhtajan, ”The picture of low-lying excitations in the isotropic Heisenberg chain of arbitrary spins,” Phys. Lett. A 87, 479 (1982).

[44] H. M. Babujian, “Exact Solution Of The One-Dimensional Isotropic Heisenberg Chain With Arbitrary Spin S,” Phys. Lett. A 90, 479 (1982); “Exact Solution Of The Isotropic Heisenberg Chain With Arbitrary Spins: Thermodynamics Of The Model,” Nucl. Phys. B 215, 317 (1983).

[45] L. D. Faddeev and L. A. Takhtajan, “What Is The Spin Of A Spin Wave?,” Phys. Lett. A 85, 375 (1981).

[46] I. Affleck, “Exact Critical Exponents For Quantum Spin Chains, Nonlinear Sigma Models At Theta = Pi And The Quantum Hall Effect,” Nucl. Phys. B 265 (1986) 409.

[47] I. Affleck and F. D. M. Haldane, “Critical Theory Of Quantum Spin Chains,” Phys. Rev. B 36, 5291 (1987).

[48] E. Witten, “Nonabelian Bosonization In Two Dimensions,” Commun.

Math. Phys. 92, 455 (1984).