arXiv:hep-th/0404222 v2 4 Jun 2004

April 2004

Quantization of N = 1 chiral/nonminimal (CNM) scalar multiplets and supersymmetric Yang–Mills theories

Gabriele Tartaglino Mazzucchelli^1

Dipartimento di Fisica, Università degli studi di Milano-Bicocca and INFN, Sezione di Milano, piazza delle Scienze 3, I-20126 Milano, Italy

ABSTRACT

We give the superfield quantization of chiral/nonminimal (CNM) scalar multiplets defined by pairs of N = 1 chiral and complex linear scalar superfields kinematically coupled. In the pure massive case we develop the covariant quantization when CNM multiplets are coupled to background gauge superfields. Furthermore, we study some properties of N = 1 supersymmetric Yang–Mills theories constructed using CNM scalar matter superfields. In particular, we compute the one–loop contribution to the effective action for the matter superfields, we study the analogue of the Konishi anomaly and discuss some properties of the glueball superpotential.

PACS: 11.15.-q, 11.30.Pb, 12.60.Jv Keywords: Supersymmetry, Nonminimal scalar multiplets, Complex linear superfield, Supersymmetric gauge theories.

1gabriele.tartaglino@mib.infn.it

1 Introduction

Generally, the N = 1 irreducible scalar chiral multiplet, defined by the superfield Φ satisfying D̄_{α̇}Φ = 0, is used to construct four–dimensional supersymmetric models having matter contents given by N = 1 scalar multiplets. However, other less studied nonminimal off–shell representations of the N = 1 scalar multiplet can be found in the literature [1, 2, 3]. While all these representations describe the dynamics of spin (0, 1/2) physical fields [3, 4], they differ from the chiral scalar multiplet in the auxiliary fields content. In particular, among these nonminimal multiplets the complex linear superfield presents a number of interesting properties.

The complex linear superfield, defined by the kinematic constraint D̄^2Σ = 0, appears in various contexts in the superspace description of supersymmetric field theories. It is present, for example, as a conformal compensator in different formulations of supergravity [5], and naturally appears in the context of N=2 off-shell supersymmetric sigma models [6]. Furthermore, in contrast with other nonminimal scalar multiplet representations, it can be easily coupled to Yang–Mills fields [3, 9]. The massless complex linear superfield also possesses interesting properties of duality with the massless chiral superfield [1, 3, 8, 9].

In the literature, the Dirac spinor is usually embedded in N = 1 SUSY theories using a pair of chiral multiplets. However, an alternative realization of a Dirac spinor in N = 1 SUSY theories makes use of one chiral and one complex linear superfield [3, 4], and this kind of construction differs from the pure chiral case in some interesting aspects. For example, it was observed in [4] that the formulation of the Dirac spinors using chiral and complex linear multiplets gives gauge group transformation properties for the Dirac spinors which are holomorphic vector–like. Moreover, it was also seen that the chiral/nonminimal Dirac spinor could provide a solution to the propagation of auxiliary fields in N = 1 supersymmetric extensions of the low energy effective QCD actions, a problem which arises naturally in the formulation in terms of chiral multiplets. This kind of models also provide a new way of realizing parity violation [4]. Therefore, the complex linear superfield could be a relevant tool in the formulation of phenomenological N = 1 supersymmetric models [4].

To define a consistent supersymmetric mass term it is possible to build a SUSY model for a chiral superfield (Φ) and a complex linear superfield (Σ) coupled through a modification of the complex linear superfield kinematic definition: D̄^2Σ = Q(Φ) = mΦ + Φ ~P (Φ) [3]^2. This coupling gives the same mass m to the two multiplets and produces a nontrivial interaction. Therefore, the complex linear multiplet can acquire a mass m “in tandem” with a chiral multiplet through the previous definition [3]. Moreover, this kinematic constraint does not break the natural Dirac spinor construction of the two superfields [3]. Following [4], we call these models chiral/nonminimal (CNM) models.

In order to study some properties of CNM models in this letter we quantize the CNM superfields in superspace with generic Q(Φ). To do this we generalize to the present case the known quantization techniques for the massless chiral [1] and complex linear [7, 8] cases using unconstrained superfields solving the kinematic constraints. When the mass parameter is strictly m ≠ 0 and the CNM multiplets are coupled to background gauge fields, we build the covariant quantization.

Once given the quantization, we then construct N = 1 Super–Yang–Mills theories with CNM matter superfields. In particular, for the CNM multiplet we consider the simplest case D̄^2Σ = mΦ. Taking into account the propagation of both the matter and SYM vector superfields, we compute the one–loop contribution to the effective action for the matter superfields Σ and Φ.

2A different way to give mass to the complex linear superfield without introducing chirals is discussed in [10].

Using the covariant formalism we then derive the analogue of the Konishi anomaly [13] in CNM theories finding, as argued in [4], that the CNM theory is anomaly free.

The letter is organized as follow: In section 2 we give a brief description of CNM models. In section 3 we develop the quantization of CNM theories, while in section 4 we calculate the one–loop contribution to the effective action for the matter fields Φ and Σ in SYM theories with CNM matter superfields. In section 5 we first discuss the covariant quantization of CNM multiplet coupled to background gauge fields and then apply the covariant formalism to the study of the Konishi anomaly. In section 6 we discuss some properties of the glueball superpotential in CNM SYM theories. In section 7 we present some final remarks concerning the dynamics of CNM models.

For the conventions adopted see reference [1].

2 Chiral/nonminimal (CNM) scalar models

In this section we introduce models built through N = 1 chiral and nonminimal scalar multiplets [2, 1] and we consider the possibility of coupling these multiplets in accordance with [3]. In particular, using the N = 1 superspace formalism [1], we consider a chiral superfield Φ satisfying D̄_{α̇}Φ = 0 and, for the nonminimal scalar multiplet, take a complex linear superfield Σ satisfying D̄2Σ = 0 [2, 3, 1]. Separately the two multiplets have the kinetic actions

S_C = ∫ d^4xd^4θ Φ̄Φ , S_{N M} = − ∫ d^4xd^4θ Σ̄Σ . (1)

In components these have the form [2, 1]

S_C = ∫ d^4x[Ā□A − ψ̄^{α̇}i∂_{αα̇}ψ^α + F̄ F ] , (2) S_{N M} = ∫ d^4x[B̄□B − ζ̄^{α̇}i∂_{αα̇}ζ^α − H̄H + β^αρ_α + ρ̄^{α̇}β̄_{α̇} − p̄^{αα̇}p_{αα̇} ] . (3)

From these expressions it is possible to see that both actions describe the free dynamics of two N = 1 scalar multiplets with physical fields given by (A, ψ_α) for the chiral scalar multiplet, and by (B, ζ_α) for the complex linear multiplet. Clearly, the two multiplets have different auxiliary field contents.

It is possible to introduce interaction terms between these multiplets described by S_{int} = ∫ d^4xd^4θ K(Φ, Φ̄, Σ, Σ̄) + {∫ d^4xd^2θ W (Φ) + h.c. } , (4)

where K is the Kähler potential (at least cubic) and W is a holomorphic function of the chiral superfield Φ only.

There is also the possibility to introduce a mass term and a nontrivial interaction between the two multiplets Φ and Σ by modifying the kinematic constraints for the superfields as [3]

D̄_{α̇}Φ = 0 , D̄^2Σ = Q(Φ) ,

D_αΦ̄ = 0 , D^2Σ̄ = Q̄(Φ̄) , (5)

where Q(Φ) is a holomorphic function of the chiral superfield Φ. In this letter we consider Q(Φ) of the form

Q(Φ) ≡ Φ [ m + ~P (Φ) ] , (6) where ~P (Φ) is polynomial in Φ at least linear. The simplest action for the CNM models [3] is then S_{CN M} = ∫ d^4xd^4θ [¯ ΦΦ − Σ̄Σ ] . (7)

Due to the constraints (5), in components (7) takes the nontrivial form [3] S_{CN M} = ∫ d^4x [ B̄□B + Ā□A − ζ̄^{α̇}i∂_{αα̇}ζ^α − ψ̄^{α̇}i∂_{αα̇}ψ^α + F̄ F − H̄H + β^αρ_α + ρ̄^{α̇}β̄_{α̇} + −p̄^{αα̇}p_{αα̇} − Q̄(Ā)Q(A) − { [B(Q̄^′(Ā)F̄ + 1 2 Q̄^{′′}(Ā)ψ̄^{α̇}ψ̄_{α̇}) + Q^′(A)ζ^αψ_α] + h.c.} ] , (8)

with Q^′(A) =^{∂Q}_{∂A} , Q^{′′}(A) =^{∂2Q}_{∂A2} . In the particular case Q(Φ) = mΦ we have

S^0_{CN M} = ∫ d^4x[B̄□B + Ā□A − ζ̄^{α̇}i∂_{αα̇}ζ^α − ψ̄^{α̇}i∂_{αα̇}ψ^α + F̄ F − H̄H + β^αρ_α + ρ̄^{α̇}β̄_{α̇} + −p̄^{αα̇}p_{αα̇} − |m|^2ĀA − {(mBF̄ + mζ^αψ_α) + h.c.}] , (9) which, after integration of the auxiliary fields, gives

S^0_{CN M} = ∫ d^4x[B̄(□ − |m|^2)B + Ā(□ − |m|^2)A + 1 2 Ψ_{CN M} (iγ^μ∂_μ − m)Ψ_{CN M} ] . (10)

Here Ψ_{CN M} is the Dirac spinor Ψ_{CN M} ≡ ( ψ_α ζ̄α̇ ) = ( D_αΦ| D̄α̇Σ| ) . (11)

From (10) it follows that the chiral/nonminimal multiplets acquire the same mass. Thus they naturally define Dirac spinors in N = 1 supersymmetric theories [3]. This interesting property was considered in [4] in order to study N = 1 supersymmetric extensions of QCD effective actions, and it is one of the main reasons to consider Super–Yang–Mills theories with CNM matter multiplets. In fact, it is not difficult to extend the previous construction to CNM scalar multiplets minimally coupled to gauge multiplets; we need only to replace the superspace covariant derivatives with derivatives ∇_A ≡ (∇_α, ¯∇_{α̇}, ∇_{αα̇}) covariant under supersymmetry and gauge transformations [1, 3].

To conclude this section we consider the possibility of also introducing in (9) the quadratic chiral mass term −^{m′}_2 ∫ d^4xd^2θ Φ^2 + h.c. = − ∫ d^4x{m^′(AF + ψ^2) + h.c.}, typical of pure chiral theories. Integrating out the auxiliary fields the resulting action is ∫ d^4x[B̄□B + Ā□A − ζ̄^{α̇}i∂_{αα̇}ζ^α − ψ̄^{α̇}i∂_{αα̇}ψ^α − (|m|^2 + |m^′|^2)ĀA − |m|^2B̄B − m^′mAB + −m^′mĀB̄ − mζ^αψ_α − m^′ψ^2 − mζ̄^{α̇}ψ̄_{α̇} − m^′ψ̄^2] . (12)

The bosonic mass matrix is not diagonal in this case. It is possible to diagonalize the bosonic field equations by a unitary constant bosonic field redefinition ( B Ā ) = |m| √_{|m|2+| ~m1 |2}^{|m|}√_{|m|2+| ~m2 |2} m(| ~m_1|^2−|m|^2 ) m^′|m| √_{|m|2 +| ~m1|2}^{m(| ~m2|2−|m|2 )} m^′|m| √_{|m|2+| ~m2|2} ( ~B ~Ā ) ,

| ~m_{1,2}|^2 = |m|^2 +^{|m′|}_2 ( |m^′| ± √ |m^′|^2 + 4|m|^2 ) , (13)

| ~m_{1,2}|^2 being the eigenvalues of the bosonic mass matrix. Therefore (12) can be written as ∫ d^4x [ ~B̄(□ − |m_1|2) ~B + ~Ā(□ − |m_2|2) ~A + 1 2 Ψ_{CN M} (iγ^μ∂_μ − m)Ψ_{CN M} + + [ − m^′ 2 Ψ^c_{CN M} (1 + γ_5 2 ) Ψ_{CN M} + h.c. ]] , (14)

where Ψ^c_{CN M} = ( ζ_α ψ̄α̇ ) = CΨ^t_{CN M} is the charge conjugate spinor of Ψ_{CN M} (11) being C the

charge conjugation matrix [1, 10]. From (14) we observe that the resulting fermion mass matrix breaks the Dirac spinor construction. Therefore, in this letter we assume m^′ ≡ 0 and focus only on actions where the chiral interaction potential [∫ d^6zW (Φ) + h.c. ] is at least cubic in the chiral superfields.

3 Quantization of CNM models with generic coupling

We consider the action (7) with a pair of superfields Φ and Σ satisfying the kinematic constraints (5). We also assume in the action an interaction term that is local and at least cubic in the fields Φ, Φ̄, Σ and Σ̄ as given in (4).

Our goal is to develop the superspace quantization of the model for a generic potential Q(Φ) as in (6) generalizing the quantization procedure of the massless complex linear superfield [7, 8]. Since, unlike the chiral scalar superfield [1], an explicit formulation of the functional differentiation and integration for the superfields Σ and Σ̄ is not known, we solve the kinematic constraints which define Φ and Σ through two unconstrained superfields χ and σ_α

Φ ≡ D̄^2χ , Σ = D̄^{α̇}σ̄_{α̇} + mχ + χ ~P (D̄^2χ) , (15) Φ̄ ≡ D^2χ̄ , Σ̄ = D^ασ_α + mχ̄ + χ̄ ~P (D^2χ̄) . (16)

In terms of χ, χ̄, σ_α and σ̄_{α̇} superfields action (7) reads S_{CN M} = ∫ d^4xd^4θ [ (D^2χ̄)(D̄^2χ) − ( D^ασ_α + mχ̄ + χ̄ ~P (D^2χ̄) ) ( D̄^{α̇}σ̄_{α̇} + mχ + χ ~P (D̄^2χ) )] . (17) Once the kinematic constraints have been solved, varying the superfields χ, χ̄, σ_α and σ̄_{α̇} in the action S_{CN M} + S_{int}, we obtain the classical equations of motion D̄_{α̇} [ −Σ̄ + ∂K(Φ, Φ̄, Σ, Σ̄) ∂Σ ] = 0 , D_α [ −Σ + ∂K(Φ, Φ̄, Σ, Σ̄) ∂Σ̄ ] = 0 , [ −Σ̄ + ∂K(Φ, Φ̄, Σ, Σ̄) ∂Σ ] ∂Q(Φ) ∂Φ + D̄^2 [ Φ̄ + ∂K(Φ,

Φ̄, Σ, Σ̄) ∂Φ ] + ∂W (Φ) ∂Φ = 0 , [ −Σ + ∂K(Φ, Φ̄, Σ, Σ̄) ∂Σ̄ ] ∂Q̄(Φ̄) ∂Φ̄ + D^2 [ Φ + ∂K(Φ, Φ̄, Σ, Σ̄) ∂Φ̄ ] + ∂W (Φ̄) ∂Φ̄ = 0 . (18)

From these equations it follows that on–shell [ −Σ̄ +^{∂K(Φ,Φ̄,Σ,Σ̄)} ∂Σ ] defines a class of composite chiral operators. In particular, if^{∂K(Φ,Φ̄,Σ,Σ̄)}_{∂Σ} ≡ 0, the Σ̄ (Σ) superfield becomes on–shell chiral (antichiral).

The quadratic part of action (17) is

S^0_{CN M} = ∫ d^8z( χ̄ , σ_α ) ( (D^2D̄^2 − |m|^2) −mD̄^{α̇} −mD^α −D^αD̄^{α̇} ) ( χ σ̄_{α̇} ) . (19)

The kinetic operator is not invertible, since χ, χ̄, σ_α and σ̄_{α̇} in (15, 16) are defined up to two sets of gauge transformations which leave Φ, Φ̄, Σ, Σ̄ invariant.

The first set of invariances is associated with the solution of the constraint D̄_{α̇}Φ = 0. It is given by

δχ = D̄^{α̇}χ̄_{α̇} , δσ̄_{α̇} = −χ̄_{α̇}[m + ~P (Φ)] . (20)

The second set of invariances is δχ = 0 , δσ^α = D_βσ^{(βα)} , δσ^{(βα)} = D_γ σ^{(γβα)} , δσ^{(γβα)} = D_δσ^{(δγβα)} , . . δσ^{(αnαn−1···α1)} = D_{αn+1} σ^{(αn+1αnαn−1···α1)} , . . (21)

The σ^α part of (21) was studied in [7, 8] where the quantization of the massless complex linear superfield was performed.

We can gauge–fix these invariances in two steps.

First we consider the transformations (20). We use the well known gauge–fixing procedure used for the massless scalar chiral superfield [1]. This amounts to adding a gauge–fixing term [1] which brings the operator D^2D̄^2 to □, and then, in our case, (D^2D̄^2 − |m|^2) to (□ − |m|^2) invertible also for m = 0. Furthermore, the ghost fields introduced by this gauge–fixing completely decouple from the physical fields [1].

As a second step we consider the transformations (21). Since χ does not transform, we can use the gauge–fixing procedure described in [7, 8] for the case of a pure complex linear superfield. This procedure makes the operator in ∫ d^8z σ_αD^αD̄^{α̇}σ̄_{α̇} invertible. The gauge–fixing is developed by introducing an infinite tower of ghosts [7] according to a superspace version of the Batalin– Vilkovinsky formalism. Furthermore, in [8] it was proved that the tower of ghosts can be completely decoupled from the σ_α and σ̄_{α̇} fields by a finite number of ghost fields redefinitions. The same procedure can be applied without modifications to our case. The net result is the conversion of the operator D^αD̄^{α̇} into the invertible operator W^{αα̇}, the explicit expression of which was given in [8].

What is important is that at the end of the two gauge–fixing procedures the ghosts introduced completely decouple from σ_α, σ̄_{α̇}, χ and χ̄, while the interaction terms are not modified. The gauge–fixed kinetic action is then S^0_{CN M} + S^{tot}_{GF} = ∫ d^4xd^4θ ( χ̄ , σ_α ) ( □ − |m|^2 −mD̄^{α̇} −mD^α −W^{αα̇} ) ( χ σ̄_{α̇} ) . (22)

Since the inverse of W^{αα̇} is [8]

W^{−1}_{αα̇} = − i∂_{αα̇} □ + 3(kk^′_1)^2 + 4 − 2k^′_1^2

4(kk^′_1)^2 i∂_{αα̇} D̄2D2 □^2 + + 3k^2 − 2 4k^2 i∂_{αα̇} D_βD̄^2D^β

□^2 + 2 − k^2 4k^2 i∂_{αβ̇}i∂_{βα̇} D̄^˙βDβ □^2

, (23)

where k and k^′_1 are two gauge–fixing parameters, it is possible to invert the kinetic operator in (22) and find the following propagators < χχ̄ > < χσ_α > < σ̄_{α̇}χ̄ > < σ̄_{α̇}σ_α > = −^1_□ ( 1 +^{|m|2}_{□−|m|2}^{D2D̄2}_□ )_m □ (_{DαD̄2} □ −^1_2^{D̄2Dα}_□ )

−^m_□ (_{D2D̄α̇} □ −^1_2^{D̄α̇ D2}_□ ) W^{−1}_{αα̇} −^{|m|2}_□ W^{−1}_{βα̇} D^βD̄^{β̇}W^{−1}_{αβ̇} . (24) We observe that, in the limit m = 0, the resulting < χχ̄ > and < σ̄_{α̇}σ_α > propagators are exactly those known for the massless chiral and complex linear superfields, as expected.

4 One–loop effective potential for CNM SYM theories

We now look at the N = 1 Super–Yang–Mills model described by the classical action S = ∫ d^8z [¯ Φe^V Φ − Σ̄e^V Σ ] + 1 4 ∫ d^6z Tr W^αW_α + 1 4 ∫ d^6z̄ Tr W̄^{α̇}W̄_{α̇} , (25)

which is the CNM generalization of the SYM model with massless complex linear matter superfields studied in [9]. The CNM matter superfields Φ^i and Σ^i satisfy D̄_{α̇}Φ = 0 and D̄^2Σ = mΦ, where m is a gauge singlet. Thus both Φ and Σ belong to the same representation of a gauge group. The vector superfield is in the adjoint representation (V )_{ij} ≡ V^a(T_a)_{ij} with (T_a)_{ij} the Lie algebra generators in the representation of Φ and Σ.

Our aim is to compute the one–loop Kähler effective potential for the matter superfields. The one–loop divergent terms come from the contributions which have external Φ, Φ̄, Σ and Σ̄ fields without any spinorial and space–time derivatives acting on them. We focus on this kind of diagram.

In order to proceed we perform the quantum–background splitting Σ → Σ_Q +Σ_B, Φ → Φ_Q +Φ_B and require that D̄^2Σ_Q = mΦ_Q and D̄^2Σ_B = mΦ_B, even if the latter condition is not strictly necessary for the computation we are going to perform.

Inserting the splitting into the action (25), in addition to the ordinary kinetic terms for Φ, Σ and the gauge fields, we find the one–loop relevant interaction terms ∫ d^8z [( Φ̄_BV Φ_Q + Φ̄_QV Φ_B + 1 2 Φ̄_BV^2Φ_B ) + ( −Σ̄_BV Σ_Q − Σ̄_QV Σ_B − 1 2 Σ̄_BV^2Σ_B )] + · · · . (26)

Since we are considering D̄^2Σ_Q = mΦ_Q, using the quantization procedures of the previous section, it is possible to find the effective propagators for the physical superfields Φ_Q, Φ̄_Q, Σ_Q and Σ̄_Q

< Φ^i_QΦ̄^j_Q > = −δ^{ij} D̄2D2 □ − |m|^2 δ^8(z − z^′) , < Σ^i_QΦ̄^j_Q > = −δ^{ij} mD^2 □ − |m|^2 δ^8(z − z^′) ,

< Φ^i_QΣ̄^j_Q > = −δ^{ij} mD̄^2 □ − |m|^2 δ^8(z − z^′) , < Σ^i_QΣ̄^j_Q > = δ^{ij} [ 1 − D^2D̄^2 □ − |m|^2 ] δ^8(z − z^′) . (27)

Furthermore, we have the propagator for the vector superfield which, in the Landau gauge, reads [1, 9, 12] < V^aV^b > = δ^{ab} D_αD̄^2D^α

□^2 δ^8(z − z^′) . (28)

Now, we calculate only one–loop amplitudes without derivatives on the external fields, using the above propagators.

It is convenient to consider the effective Yang–Mills propagators obtained by inserting the vertices^1_2Φ̄_BV^2Φ_B and −^1_2Σ̄_B V^2Σ_B. Summing on 1–PI diagrams we find << V^aV^b >> = [( □ − ~V^{(4)} )_{−1}]ab D_αD̄2Dα □ δ^8(z − z^′) , (29)

with

~V^{(4)}_{ab} ≡ 1 2 [ (T_aT_b + T_bT_a)_{ij} (Φ̄^i_BΦ^j_B − Σ̄^i_BΣ^j_B) ] = 1 2 [ [Φ̄_BΦ_B]_{ab} − [Σ̄_BΣ_B]_{ab} ] , (30)

having defined [AB]_{ab} ≡ (T_aT_b + T_bT_a)_{ij} (A^iB^j ). The one–loop amplitudes can now be calculated considering the cubic vertices in (26) and using << V^aV^b >> as the vector propagator. For the calculation we are performing the matter propagators with at least one superfield Φ_Q or Φ̄_Q in (27) are orthogonal to the YM–propagator (29) and then terms built with the cubic vertices Φ̄^i_B(T_a)_{ij} V^aΦ^j_Q + Φ̄^i_Q(T_a)_{ij} V^aΦ^j_B in (26) are zero. Consequently, only diagrams constructed using the vertices V^{(3)} = Σ̄^i_B(T_a)_{ij} V^aΣ^j_Q+Σ̄^i_Q(T_a)_{ij} V^aΣ^j_BV^a connected by the propagators << V^aV^b >>, < Σ^i_QΣ̄^j_Q > contribute. After Fourier transforming, and summing up all the diagrams, we obtain

Γ^{(3)} = − ∫ d^4p (2π)^4 d^4θ 2 p^2 Tr { ln [ 1 + [Φ̄_BΦ_B ]_{ab} + [Σ̄_BΣ_B ]_{ab} 2p^2 ] − ln [ 1 + [Φ̄_BΦ_B]_{ab} − [Σ̄_BΣ_B]_{ab} 2p^2 ]} . (31) Beyond this contribution, we find another term obtained with only the vertices^1_2Φ̄^i_B(T_aT_b)_{ij} V^aV^bΦ^j_B and −^1_2Σ̄^i_B(T_aT_b)_{ij} V^aV^bΣ^j_B considered

Γ^{(4)} = − ∫ d^4p (2π)^4 d^4θ 2 p^2 Tr { ln [ 1 + [Φ̄_BΦ_B]_{ab} − [Σ̄_BΣ_B]_{ab} 2p^2 ]} . (32)

Summing Γ^{(3)} and Γ^{(4)} we find the following divergent contribution to the effective potential − ∫ d^4p (2π)^4 d^4θ 2 p^2 Tr { ln [ 1 + [Φ̄_BΦ_B]_{ab} + [Σ̄_BΣ_B]_{ab} 2p^2 ]} . (33)

To cancel this divergence we introduce a counterterm which renormalizes the original matter fields action. Evaluating the momentum integrals, having introduced a renormalization mass μ, we find for the renormalized effective potential

Γ_{ef f} = −1 (4π)^2 Tr [( [Φ̄_BΦ_B] + [Σ̄_BΣ_B] ) ln ( [Φ̄_BΦ_B] + [Σ̄_BΣ_B]

2μ^2 )] . (34)

Some comments are now in order. We note that although we are working with a massive theory, our result does not depend on mass m. This is due to the fact that we have focused only on amplitudes without space–time and spinor derivatives acting on the external fields. Furthermore, the mass term is not explicit in the action as it is defined using the kinematic constraints.

The next, convergent, contributions to the one–loop Kähler effective action will result from terms having derivatives also on the external fields. For this kind of terms all the massive propagators would be relevant, and since D̄^2Σ_B = mΦ_B (and in general D̄^2Σ_B = Q(Φ_B)), these contributions depend explicitly on m (and in general on the parameters of the potential Q). It would be interesting to further pursue this investigation by considering the nontrivial interactions ~P (Φ), W (Φ), K(Φ, Φ̄, Σ, Σ̄), studying in detail the structure of the classical vacua around which the saddle point approximation should be developed, and extending the analysis to more than one–loop.

5 Covariant quantization of CNM superfields and the Konishi anomaly

In section 3 we developed a superspace formalism for quantizing the CNM multiplet with a generic potential Q(Φ). Now we study the coupling with background gauge fields. This can be done by introducing a completely covariant formalism with respect to both SUSY and gauge transformations. Given the set of covariant derivatives ∇_A = (∇_α, ¯∇_{α̇}, ∇_{αα̇}) [1, 11], we define covariant chiral and covariant complex linear superfields as

¯∇_{α̇}Φ = 0 , ¯∇^2Σ = Q(Φ) . (35)

with Q(Φ) as in (6).

We study the particular case Q(Φ) ≡ mΦ, m ≠ 0. We proceed here by choosing slightly different solutions of the kinematic constraints compared with (15, 16)

Φ = ¯∇^2χ , Σ = mχ , (36) Φ̄ = ∇^2χ̄ , Σ̄ = mχ̄ . (37)

This is a natural consequence of the fact that, apart from the constant m, the present constraint ¯∇2Σ = mΦ simply identifies Σ with the generic superfield χ which solves the chiral constraint ¯∇_{α̇}Φ = 0 [10]. In other words, since ~P (Φ) ≡ 0 and m ≠ 0, we can absorb the σ̄_{α̇} (σ_α) superfield in (15, 16) by redefining the χ (χ̄) superfield as χ +^1_m ¯∇^{α̇}σ̄_{α̇} (χ̄ +^1_m ∇^ασ_α) obtaining (36, 37).

Using (36, 37), the action ∫ d^8z [¯ ΦΦ − Σ̄Σ ] gives a kinetic quadratic term S_{kin(m≠0)} = ∫ d^8z χ̄ ( ∇^2 ¯∇^2 − |m|^2 ) χ , (38)

which has an invertible kinetic operator; no gauge–fixing procedure is now necessary. The < χχ̄ > covariant propagator is then < χχ̄ >= 1 |m|^2 [ 1 − ∇^2 1 □_+ − |m|^2 ¯∇^2 ] , (39)

where

□_+ ≡ ∇^2 ¯∇^2 + ¯∇^2∇^2 + ¯∇_{α̇}∇^2 ¯∇^{α̇} = 1 2 ∇^{αα̇}∇_{αα̇} − iW^α∇_α − i 1 2 (∇^αW_α) (40)

and W_α ≡ i^1_2 [ ¯∇^{α̇}, {∇_α, ¯∇_{α̇}}] is the gauge field strength [1, 11].

We note that (39) is not defined when m ≡ 0. This is a natural consequence of the fact that, as previously said, solutions (36, 37) are suitable for treatment of the kinetic term associated with the CNM multiplets only when m ≠ 0 and Q(Φ) ≡ mΦ. In the case of generic Q(Φ) a covariant generalization of solutions (15, 16) should be used to develop the quantization. This would require the construction of an explicitly covariant generalization of the quantization procedure of section 3. In particular, a suitable procedure would have to be developed to treat the ghosts in a manifestly covariant way.

It is possible to explicitly study the quantization of the present CNM model using the physical covariant superfields Φ, Φ̄, Σ and Σ̄. In fact, the effective propagators are

< Φ̄Φ >= ∇^2 < χ̄χ > ¯∇^2 = −∇^2 1 □_+ − |m|^2 ¯∇^2 , < ΣΦ̄ >= m < χχ̄ > ∇^2 = − m∇^2 □_− − |m|^2 ,

< ΣΣ̄ >= m < χχ̄ > m = 1 − ∇^2 1 □_+ − |m|^2 ¯∇^2 , < ΦΣ̄ >= ¯∇^2 < χχ̄ > m = − m ¯∇2 □_+ − |m|^2 . (41)

We observe from (41) that, in this case, the physical propagators are also well defined when m ≡ 0. This leads to the conjecture that the covariant < ΣΣ̄ > propagator for the massless complex linear superfield should be < ΣΣ̄ >= 1 − ∇^{2 1}_{□+} ¯∇^2.

We now apply the covariant quantization formalism to study the Konishi anomaly in CNM SYM theories. We consider a pair of covariantly CNM superfields Φ and Σ satisfying (35) with Q(Φ) ≡ mΦ. The kinetic action for the CNM theory has the form of (7). Beyond the gauge invariance, action (7), together with the constraint ¯∇^2Σ = mΦ, has the global invariance

(Φ, Σ) → exp [iα](Φ, Σ) , (Φ̄, Σ̄) → exp [−iα](Φ̄, Σ̄) . (42)

It is important to note that, due to the kinematic constraints, we are forced to choose the same charges for Φ and Σ. The resulting current J_0 = (Φ̄Φ − Σ̄Σ) satisfies the classical conservation equation D̄^2 (Φ̄Φ − Σ̄Σ) = 0 . (43)

We observe that, in the case of SYM theories with pure chiral matter multiplets, the U(1) symmetry Φ → exp [iα]Φ presents the chiral anomaly known as the Konishi anomaly [13]. In [4] it was observed that the phase trasformation (42) acts on the Dirac spinor (11) as a pure vector transformation Ψ_{CN M} → exp [iα]Ψ_{CN M} , and so it was argued that the CNM theory should be anomaly free.

Now, as a simple application of the covariant quantization formalism previously developed, we derive this property explicitly. As in the pure chiral case [13], we are led to study potential anomalies for the composite invariant gauge operators Σ̄Σ and Φ̄Φ. We separately study the expectation values of the operators D̄^2(Σ̄Σ) and D̄^2(Φ̄Φ). In particular, we expect ⟨¯ D^2(Σ̄Σ)(z) ⟩ = m ⟨ (Σ̄Φ)(z) ⟩ + NM.Anomaly , ⟨¯ D^2(Φ̄Φ)(z) ⟩ = m ⟨ (Σ̄Φ)(z) ⟩ + C.Anomaly , (44)

where the anomaly terms are quantum corrections to the classical equations for the composite operators. We follow [13, 1] and regularize the composite operators Σ̄Σ and Φ̄Φ, using the Pauli– Villars regularization. In particular, as for the pure chiral case, it is possible to regularize the theory by introducing pairs of CNM covariant superfields connected by the kinematic constraints

¯∇_{α̇}Φ_M = 0 and ¯∇2Σ_M = MΦ_M , with the parameter M satisfying M ≫ m. At this point, we consider the regularized amplitudes

< Φ̄Φ(z) > − < Φ̄_M Φ_M (z) > and < Σ̄Σ(z) > − < Σ̄_M Σ_M (z) > , (45)

and compute lim M →∞ ¯∇^2(< Σ̄Σ(z) > − < Σ̄_M Σ_M (z) >) and lim_{M →∞} ¯∇^2(< Φ̄Φ(z) > − < Φ̄_M Φ_M (z) >) . (46)

Using the effective massive covariant propagators (41), we find that these terms are both equal to lim M →∞ Tr ∫ d^8z^′ δ^8(z^′ − z) { ¯∇^2∇^2 −1 □_+ − |m|^2 ¯∇^2δ^8(z − z^′) + ¯∇^2∇^2 1 □_+ − M^2

¯∇^2δ^8(z − z^′) } = = lim_{M →∞} Tr ∫ d^8z^′ δ^8(z^′ − z) { −|m|^2 □_+ − |m|^2 ¯∇^2δ^8(z − z^′) + M^2 □_+ − M^2

¯∇^2δ^8(z − z^′) } = = m < ΦΣ̄(z) > + lim_{M →∞} Tr ∫ d^8z^′ δ^8(z^′ − z) { M^2 □_+ − M^2

¯∇^2δ^8(z − z^′) } . (47)

Then, the anomaly term is lim M →∞ { M^2Tr ∫ d^8z^′ δ^8(z^′ − z) ¯∇2 □_+ − M^2 δ^8(z − z^′) } . (48)

Once the ∇–algebra and the integral have been performed, we find that the anomaly term (48) is exactly −^1_{32π2} Tr [W^αW_α], the same as the Konishi anomaly^3.

The anomalous equations for the gauge invariant composite operators ΣΣ̄(z) and Φ̄Φ(z) are then

D̄^2 ⟨Σ̄Σ(z)⟩ = m ⟨Σ̄Φ(z)⟩ − 1 32π^2

Tr [W^αW_α] , (49)

D̄^2 ⟨Φ̄Φ(z)⟩ = m ⟨Σ̄Φ(z)⟩ − 1 32π^2

Tr [W^αW_α] . (50)

Therefore, there is a complete cancellation between the chiral and nonminimal anomalies in the conservation equation for the current J_0 (43) which is found to be anomaly free, as expected.

6 Glueball superpotential in N=1 CNM SYM

Recently, some new insights have been obtained into the non–perturbative dynamics of N = 1 supersymmetric gauge theories constructed by chiral matter superfields. In particular Dijkgraaf and Vafa have argued the existence of a connection between the ’t Hooft limit sector of zero dimensional bosonic matrix models and the effective Wilsonian holomorphic superpotential for a wide class of N = 1 supersymmetric gauge theories. The relation has been originally conjectured by using a chain of dualities in string theories [15]. Subsequently it has been proved by using covariant supergraph tecniques [16]. In [17], the connection has been discussed by using generalized Konishi anomaly equations having the same structure of the loop equations of a matrix model [15, 17]. Both these approaches determine the superpotential up to a term given by the Veneziano–Yiankielowicz superpotential which takes care of pure gauge dynamics.

3For references on the covariant formalism in chiral theories and an explicit calculation of (48) see [11] and [1, 14].

Inspired by these interesting results it is natural to ask if and how N = 1 supersymmetric gauge theories defined by CNM matter multiplets present low–energy dynamical properties similar to the pure chiral case studied on the grounds of the Dijkgraaf–Vafa conjecture.

In this section we discuss some simple properties of the glueball superpotential in N = 1 CNM SYM theories. In particular, we concentrate on the simplest class of CNM multiplet defined by ¯∇2Σ = Q(Φ) ≡ mΦ, m ≠ 0. Furtheremore, we consider the following interaction term ∫ d^4xd^2θ W (Φ) + h.c. , (51)

where W (Φ) is a gauge invariant superpotential at least cubic in the chiral superfields Φ. For these class of theories, in the previous section, we have constructed the covariant quantization. We discuss a perturbative approach to the calculation of the glueball superpotential by using covariant supergraph techniques as in [16]. We want to integrate out the massive degrees of freedom and find the effective superpotential for the gauge superfields. We consider the simplest case with unbroken gauge group. Then, the perturbative part of the effective superpotential ∫ d^2θW_{pert} is obtained from vacuum amplitudes where only CNM matter fields propagate considering the gauge superfields as a background. Using the analysis of [16, 17], we can argue that the perturbative part of the superpotential have the form ∫ d^2θ W_{pert}[S, w_α, (· · ·)] with S = 1 32π^2

Tr W^αW_α , w_α = 1 4π Tr W_α , (52)

where (· · · ) indicate the dependence of W_{pert} from the matter coupling constants. The form of (52) follows from the fact that W_{ef f} , by definition, is an element of the chiral ring [17] which in this case is generated by S and w_α. We remember that for pure chiral theories it is well known that the superpotential is holomorphic in the matter coupling constants [18, 16, 17]. At the moment we have not imposed any restriction, as holomorphicity, in the CNM case. We now discuss this point.

The covariant propagators for the CNM matter superfields are give in (41). Considering that the interactions (51) are defined by the superfields Φ and Φ̄ alone, it is clear that all the perturbative contributions involve only the < Φ̄Φ > covariant propagator in (41). Therefore, from the perturbative point of view the considered CNM theories has the same structure of pure massless chiral theories with superpotential W (Φ) [1]. Using this observation we can deduce that holomorphicity perturbatively works also in these CNM models being a property of the pure chiral theories. Furthermore, since there are no holomorphic propagators < ΦΦ > in our case and all the perturbative contribution will be necessary non–holomorphic, it is then simple to observe that there are no perturbative contributions to the glueball superpotential in these CNM theories. It is interesting to note that we have not explicited the representation in which the CNM matter multiplets are. Anyway, the above arguments, being associated to the covariant perturbative structure of CNM models, should not depend on the matter fields representation. Therefore, it seems that from the point of view of the low–energy gauge dynamics these CNM theories look very different from the pure chiral theories studied on the grounds of the Dijkgraaf–Vafa conjecture [15, 16, 17].

We observe that in order to derive the above result we have assumed unbroken gauge group and Q(Φ) ≡ mΦ. It would be very interesting to extend the analysis of this section to the general case. To this respect it should be found a generalization of the covariant quantization of section 5.

7 Conclusions and further issues

In this letter we have studied some quantum properties of N = 1 supersymmetric field theories with chiral/nonminimal scalar multiplets defined by a chiral (Φ) superfield and a complex linear (Σ) superfield kinematically coupled by D̄^2Σ = Q(Φ).

In particular, generalizing the quantization techniques typical of massless chiral and complex linear superfields, we have developed the superspace quantization for CNM models with a general potential Q(Φ). When Q(Φ) ≡ mΦ and the CNM scalar multiplets are coupled to background gauge fields, we have also constructed the covariant quantization formalism.

As preliminary applications, in sections 4, 5 and 6 we have studied some quantum properties of supersymmetric gauge theories built using CNM scalar matter superfields. In the particular case Q(Φ) = mΦ we have computed the one–loop contribution to the effective action for the matter superfields, proved the anomaly free nature of these models, and discussed some properties of the glueball superpotential.

There are several classical and quantum issues in the study of CNM models that we hope to clarify in the future. In particular, the dynamical properties of CNM theories with nontrivial kinematic interaction ~P (Φ) (6) call for further investigation. For example, we would like to clarify the precise structure of the chiral sector of CNM theories and see exactly how the fact that on–shell Σ̄ is a chiral superfield influences the quantum properties of these theories. Looking in this direction we should understand whether the amplitudes in the chiral ring (F –terms) [16, 17] are holomorphic in the tree–level coupling constants of the chiral potentials Q(Φ) (6) and W (Φ) (4). Holomorphicity seems to be valid in the CNM case as in the pure chiral, since the potentials Q(Φ) and W (Φ) are only defined in terms of chiral superfields and it is then possible to argue holomorphicity using arguments of naturalness widely used in pure chiral theories [18].

Furthermore, we would like to find a generalization of the covariant quantization formalism of section 5 for CNM multiplet defined with generic potential Q(Φ). Then, it will be interesting to extend the analysis of sections 5 and 6.

Finally, once the properties of CNM models constructed giving mass only kinematically are clearer, it will be interesting to study models with both CNM and chiral mass terms. The quantization procedure of this letter can be easily generalized to this case [19].

Acknowledgements

The author would like to thank Silvia Penati for suggesting the problem and for helpful discussions and suggestions.

References

[1] S. J. Gates Jr., M. T. Grisaru, M. Roček and W. Siegel, Superspace, or One Thousand and One Lessons in Supersymmetry Benjamin/Cummings, Reading (1983) [arXiv:hep-th/0108200].

[2] S. J. Gates, W. Siegel, Nucl. Phys. B187 (1981) 389.

P. Howe, K. S. Stelle, P. Townsend, Nucl. Phys. B214 (1983) 519.

[3] B.B. Deo and S.J. Gates Jr. Nucl. Phys. B254 (1985) 187-200.

B.B. Deo and S.J. Gates Jr. Phys. Lett. B151 (1985) 195.

[4] S. James Gates Jr., “Why Auxiliary Fields Matter: The Strange Case of the 4D, N = 1 Supersymmetric QCD Effective Action”, Phys.Lett. B365 (1996) 132-140, [arXiv:hep-th/9508153]. S. James Gates Jr.,“Why Auxiliary Fields Matter: The Strange Case of the 4D, N = 1 Supersymmetric QCD Effective Action (II)”, Nucl.Phys. B485 (1997) 145-184, [arXiv:hepth/9606109].

S. J. Gates Jr., M. T. Grisaru, M. E. Knutt-Wehlau, M. Rocek, O. A. Soloviev, “N = 1 Supersymmetric Extension of the QCD Effective Action”, Phys.Lett. B396 (1997) 167-176, [arXiv:hep-th/9612196].

[5] W. Siegel, S. J. Gates, Nucl. Phys. B147 (1979) 77.

M. T. Grisaru, A. Santambrogio, D. Zanon, Nucl. Phys. B487 (1997) 174-190, [arXiv:hepth/9610001].

[6] S.M. Kuzenko, “Projective superspace as a double-punctured harmonic superspace”, Int. J.

Mod. Phys. A14 (1999) 1737 [arXiv:hep-th/9806147].

S.J. Gates and S.M. Kuzenko, “The CNM-hypermultiplet nexus”, Nucl. Phys. B543 (1999) 122 [arXiv:hep-th/9810137].

S.J. Gates, T. Hübsch, S.M. Kuzenko, “CNM models, holomorphic functions and projective superspace c-map”, Nucl.Phys. B557 (1999) 443-458 [arXiv:hep-th/9902211]. S.J. Gates and S.M. Kuzenko, “4D N = 2 supersymmetric off-shell sigma models on the cotangent bundles of Kähler manifolds”, Fortsch. Phys. 48 (2000) 115 [arXiv:hep-th/9903013].

[7] M. Grisaru, A. Van Proeyen, D. Zanon, “Quantization of the complex linear superfield”, Nucl.Phys. B502 (1997) 345-362, [arXiv:hep-th/9703081].

[8] S. Penati, A. Refolli, A. Van Proeyen, D. Zanon, “The nonminimal scalar multiplet: duality, sigma-model, beta-function”, Nucl.Phys. B514 (1998) 460-474, [arXiv:hep-th/9710166].

[9] S. Penati, D. Zanon, “The nonminimal scalar multiplet coupled to supersymmetric Yang- Mills”, Phys.Lett. B421 (1998) 223-228, [arXiv:hep-th/9712137].

[10] I.L. Buchbinder and S.M. Kuzenko, Ideas and Methods of Supersymmetry and Supergravity or a Walk Through Superspace, IOP, Bristol, 1998.

[11] M. T. Grisaru, W. Siegel and M. Roček, Nucl. Phys. B159 (1979), 429.

M. T. Grisaru, W. Siegel, Nucl.Phys. B201 (1979), 292. M. T. Grisaru, D. Zanon, Nucl.Phys. B252 (1985), 578.

[12] M.T. Grisaru, M. Rocek, R. von Unge, “Effective Kähler Potentials”, Phys.Lett. B383 (1996) 415-421, [arXiv:hep-th/9605149].

B. de Wit, M.T. Grisaru, M. Rocek, Phys.Lett. B374 (1996) 297-303, [arXiv:hep-th/9601115].

[13] K. Konishi, “Anomalous Supersymmetry Transformation Of Some Composite Operators In Sqcd,” Phys. Lett. B135, 439 (1984).

K. i. Konishi and K. i. Shizuya, “Functional Integral Approach To Chiral Anomalies In Supersymmetric Gauge Theories,” Nuovo Cim. A90, 111 (1985).

[14] T. Hayashi, Y. Ohshima, K. Okuyama and H. Suzuki, Prog. Theor. Phys. 100 (1998), 627.

[arXiv:hep-th/9801062].

S.J. Gates, Jr., M.T. Grisaru, M.E. Knutt, S. Penati, H. Suzuki, Nucl.Phys. B596 (2001) 315-347, [arXiv:hep-th/0009192].

[15] R. Dijkgraaf and C. Vafa, “Matrix models, topological strings, and supersymmetric gauge theories,” Nucl. Phys. B644 (2002) 3–20, [arXiv:hep-th/0206255].

R. Dijkgraaf and C. Vafa, “On geometry and matrix models,” Nucl. Phys.B644 (2002) 21–39, [arXiv:hep-th/0207106].

R. Dijkgraaf and C. Vafa, “A perturbative window into non-perturbative physics” [arXiv:hepth/0208048].

[16] R. Dijkgraaf, M. T. Grisaru, C. S. Lam, C. Vafa and D. Zanon, “Perturbative Computation of Glueball Superpotentials” Phys.Lett. B573 138-146 (2003), [arXiv:hep-th/0211017].

[17] F. Cachazo, M. R. Douglas, N. Seiberg, and E. Witten, “Chiral rings and anomalies in supersymmetric gauge theory” JHEP 12 (2002) 071, [arXiv:hep-th/0211170].

[18] N. Seiberg, “Naturalness Versus Non–Renormalization Theorems” Phys. Lett. B 318 (1993) 469, [arXiv:hep-ph/9309335].

[19] G. Tartaglino Mazzucchelli, Laurea Thesis (2003), unpublished.