arXiv:hep-th/0405049 v3 8 Nov 2004

CERN-PH-TH/2004-032 ITP-UH-10/04 LAPTH-1041/04 hep-th/0405049

NON-ANTICOMMUTATIVE CHIRAL SINGLET DEFORMATION

OF N=(1,1) GAUGE THEORY

S. Ferrara^a, E. Ivanov^b, O. Lechtenfeld^c, E. Sokatchev^d, B. Zupnik^b

aCERN, Theory Division, CH 1211, Geneva 23, Switzerland; INFN, Laboratori Nazionali di Frascati, I-00044 Frascati Italy

sergio.ferrara@cern.ch

bBogoliubov Laboratory of Theoretical Physics, JINR, 141980, Dubna, Moscow Region, Russia

eivanov, zupnik@thsun1.jinr.ru

cInstitut für Theoretische Physik, Universität Hannover, 30167 Hannover, Germany

lechtenf@itp.uni-hannover.de

dLaboratoire d’Annecy-le-Vieux de Physique Theórique^1 LAPTH, Chemin de Bellevue - BP 110 - F-7491 d’Annecy-le-Vieux Cedex, France

emeri.sokatchev@cern.ch

Abstract

We study the SO(4)×SU(2) invariant Q-deformation of Euclidean N=(1, 1) gauge theories in the harmonic superspace formulation. This deformation preserves chirality and Grassmann harmonic analyticity but breaks N=(1, 1) to N=(1, 0) supersymmetry. The action of the deformed gauge theory is an integral over the chiral superspace, and only the purely chiral part of the covariant superfield strength contributes to it. We give the component form of the N=(1, 0) supersymmetric action for the gauge groups U(1) and U(n>1). In the U(1) and U(2) cases, we find the explicit nonlinear field redefinition (Seiberg-Witten map) relating the deformed N=(1, 1) gauge multiplet to the undeformed one. This map exists in the general U(n) case as well, and we use this fact to argue that the deformed U(n) gauge theory can be nonlinearly reduced to a theory with the gauge group SU(n).

1UMR 5108 assosiée à l’Université de Savoie

1 Introduction

Currently, deformations of supersymmetric field theories (for a review see [1]) are under intensive study in the framework of deformed superspace (see, e.g., [2]-[7]). The anticommuting deformations [8]-[10] are related to superstring theories in particular backgrounds with non-vanishing Ramond-Ramond field strengths [4, 5].

An important class of nilpotent Q-deformations of the Euclidean superfield N=(^1_2 ,^1_2 ) theories was considered in [5]. These deformations are generated by the Poisson bidifferential operator P constructed in terms of half of the supersymmetry generators (N=(^1_2 , 0) in our notation). This operator is nilpotent, P^3 = 0, and it breaks the N=(0,^1_2 ) supersymmetry, still preserving chirality. An alternative type of nilpotent deformations, the D-deformations, uses Poisson operators which are bilinear in the spinor covariant derivatives and so preserve the full supersymmetry [2, 7].

The N=(1, 1) generalizations of both Q- and D-nilpotent deformations were analyzed in the framework of the harmonic superspace approach in [11, 12].^2 In particular, in [12] the simplest D-deformation of N=(1, 1) gauge theory was studied, the singlet one which preserves both supersymmetry and SU(2)_L×SU(2)_R×SU(2) symmetry. It also preserves Grassmann harmonic analyticity and chirality (but not anti-chirality).

The Q-deformations of the chiral or harmonic N=(1, 1) superspaces generically break N=(0, 1) supersymmetry and the SU(2)_L× SU(2)_R×O(1,1) symmetry. However, there exists an interesting Q-singlet (QS) deformation with the following SU(2)_L ×SU(2)_R×SU(2) invariant Poisson structure, P_s = −Iε^{αβ}ε_{ij} ←− Q^i_α −→ Q^j_β . (1.1)

It corresponds to the Moyal-Weyl star product

A ⋆ B = A exp ( −Iε^{αβ}ε_{ij} ←− Q^i_α −→ Q^j_β ) B . (1.2)

Here Q^k_α are the N=(1, 0) supersymmetry generators, I is the constant deformation parameter, A and B are some arbitrary superfields. While breaking half of N=(1, 1) supersymmetry, this deformation preserves both types of chirality, as well as Grassmann harmonic analyticity [11, 12].

In this paper we study the properties of the QS-deformed U(n) gauge theories. In particular, we find the explicit component field actions for these theories. They can be read off directly from the deformed harmonic superfield actions [11, 12], using the WZ gauge for the basic N=(1, 1) gauge potential in close analogy with the gauge theories in the undeformed harmonic superspace [14, 15]. The basic conventions of the Euclidean harmonic N=(1, 1) superspace are reviewed in the Appendix.

Section 2 is devoted to the analysis of the U(1) gauge and supersymmetry transformations of the component fields using the WZ gauge for the Grassmann analytic superfield

2Note that the bosonic deformations of N =2 harmonic superspace have been considered earlier in [13].

potential. The chiral part A of the covariantly chiral deformed superfield strength is constructed in Section 3. It is shown that the gauge invariant action can be expressed as the chiral superspace integral of the superfield A^2. We also derive the equivalence transformation relating the component fields of the undeformed and deformed U(1) gauge theories (the analog of the Seiberg-Witten transform [16]). The resulting deformed component action is surprisingly simple: S = ∫ d^4x (1 + 4Iϕ̄)^2 L_0 , (1.3)

where L_0 is the standard undeformed Lagrangian of the N=(1, 1) supersymmetric U(1) gauge theory and ϕ̄ is one of the two scalar fields of the N=(1, 1) gauge multiplet. Thus, the only effect of the nilpotent QS-deformation in the Abelian case is the appearance of the scalar factor in (1.3) which breaks half of the original supersymmetry.

The QS-deformation of the non-Abelian U(n) theory is considered in Section 4. The deformed component action consists of two parts. The first is similar to (1.3), the fields in the standard Lagrangian being rescaled by a matrix scalar factor. The second part contains some higher-derivative interaction terms which, however, might be removable by suitable field redefinitions. We demonstrate the existence of a Seiberg-Witten-type map to the undeformed gauge multiplet in the non-Abelian case as well and give it explicitly for the gauge group U(2).^3 Due to this map, the deformed U(n) gauge theory can be nonlinearly reduced to the deformed SU(n) one.

Finally, Section 5 relates the singlet deformation to a particular type of IIB string background of the Ramond-Ramond axion field strength.

Note that some lowest-order deformation terms in the Q-deformed U(1) component action were found in the recent paper [18], also making use of the harmonic superspace approach.^4 Preliminary results of this work have been reported at the International workshops “Supersymmetry and string theory” (Padova University, October 2-4, 2003) and “Classical and quantum integrable systems” (Dubna, January 26-29, 2004).

2 Generalities of QS-deformed N=(1,1) gauge theory

An overview of the Euclidean N=(1, 1) chiral and harmonic superspaces can be found in [11, 12]. For the convenience of the reader, however, we have collected all relevant notation and definitions in the Appendix.

We shall study the SO(4)×SU(2) invariant deformation of the U(1) supersymmetric gauge theory which corresponds to the following Poisson bracket of two arbitrary super-

3Nilpotent Q-deformations of the on-shell superfield constraints of the Euclidean N =(2, 2) gauge theory were studied in [17].

4When preparing our paper for submission to the e-archive, we became aware of the new article [19] where the component action and the supersymmetry transformations of the U(1) QS-deformed theory are also obtained.

fields A and B:

AP_sB = −I(−1)^{p(A)}Q^k_αA Q^α_k B (2.1) where P_s is the Q-singlet bi-differential operator, I is the deformation constant, p(A) is the Z_2-grading, and Q^k_α are the generators of N=(1, 0) supersymmetry given in (A.3). The operator P_s is nilpotent, P^5_s = 0, it breaks down the N=(0, 1) supersymmetry and the O(1,1) automorphism group. We shall use the nilpotency of P_s in the basic formula for the non-commutative product of superfields

A ⋆ B =: Ae^{Ps} B = AB + AP_sB +^1_2 AP^2_s B +^1_6 AP^3_s B +^1_{24} AP^4_s B . (2.2)

This ⋆ product preserves both chirality (D̄_{α̇l}Φ = 0) and anti-chirality (D^k_αΦ = 0):

[D^k_α, P_s] = [D̄_{α̇l}, P_s] = 0 . (2.3)

The analog of chirality in N=(1, 1) harmonic superspace is Grassmann analyticity, D^+_α Λ = D̄^+_{α̇} Λ = 0. The differential condition for independence of the harmonic coordinates u^±_k is D^{±±} A = 0. Both these conditions are preserved by the ⋆ product:

[D^+_α , P_s] = [D̄^+_{α̇} , P_s] = [D^{±±} , P_s] = 0 . (2.4)

The unconstrained Grassmann-analytic potential of the Q-deformed U(n) gauge theory V^{++} has the following gauge transformations,

δ_ΛV^{++} = D^{++} Λ + [V^{++}, Λ]_⋆ , ~V ++ = −V^{++}, ~Λ = −Λ (2.5)

where Λ is the infinitesimal analytic parameter and

[V^{++}, Λ]_⋆ = [V^{++}, Λ] + I[Q^{+α}V^{++}, Q^−_α Λ] − I[Q^{−α}V^{++}, Q^+_α Λ] −^1_4 I^2[(Q^+)^2V^{++}, (Q^−)^2Λ] −^1_4 I^2[(Q^−)^2V^{++}, (Q^+)^2Λ] − I^2[Q^{−β}Q^{+α}V^{++}, Q^−_α Q^+_β Λ] , (2.6)

with Q^±_α = u^±_k Q^k_α denoting the harmonic projections of the supersymmetry generators. Note that the I^3 and I^4 terms of the deformed commutator vanish on the full set of U(n) algebra-valued analytic superfields. Also, the I^0 and I^2 terms vanish for the deformed U(1) superfields (i.e. in the Abelian case), so the U(1) gauge transformation is

δ_ΛV^{++} = D^{++} Λ + 2IQ^{+α}V^{++}Q^−_α Λ − 2IQ^{−α}V^{++}Q^+_α Λ . (2.7)

In what follows we shall use the chiral basis in N=(1, 1) superspace. It is best suited for a deformation which preserves chirality. In this basis Q^i_α = ∂^i_α = ∂/∂θ^α_i , Q^±_α = ±∂_{∓α} , ∂_{±α} ≡ ∂/∂θ^{±α} and P = −Iε^{αβ}ε_{kj} ←− ∂^k_α −→ ∂^j_β = I (←− ∂^α_+ −→ ∂_{−α} − ←− ∂^α_− −→ ∂_{+α} ) . (2.8)

Then the powers of the deformation operator appearing in (2.2) can be written in a more explicit form as follows, AP_sB = (−1)^{p(A)}I (∂^α_+A∂_{−α}B − ∂^α_−A∂_{+α}B) , 1 2 AP^2_s B = −^1_4 I^2 [ (∂_+)^2A(∂_−)^2B + (∂_−)^2A(∂_+)^2B ] − I^2∂^β_+∂^α_−A∂_{+α}∂_{−β} B , 1 6 AP^3_s B = (−1)^{p(A) 1}_4 I^3 [ ∂^α_−(∂_+)^2A∂_{+α}(∂_−)^2B − ∂^α_+(∂_−)^2A∂_{−α}(∂_+)^2B ] , 1 24 AP^4_s B =^1_{16} I^4(∂_+)^2(∂_−)^2A(∂_−)^2(∂_+)^2B . (2.9)

Here A and B are arbitrary superfields and (∂_±)^2 = ∂^α_±∂_{±α}.

The basic object used for constructing invariant actions is the non-analytic harmonic gauge potential V^{−−}. It is related to V^{++} by the equation

D^{++} V^{−−} − D^{−−} V^{++} + [V^{++}, V^{−−}]_⋆ = 0 . (2.10)

Its gauge transformation is

δ_ΛV^{−−} = D^{−−}Λ + [V^{−−}, Λ]_⋆ . (2.11)

The harmonic zero-curvature equation for the non-analytic harmonic connection V^{−−} (2.10) has a non-polynomial superfield solution in the general gauge [15, 20]. The corresponding superfield action is a non-polynomial (and non-local with respect to the harmonic variables) function of the basic superfield V^{++}. This manifestly N=(1, 0) covariant superfield formalism can be used for supergraph calculations in the deformed theory. To get insights into the physical implications of the singlet deformation, it is important to explore in detail the field-component structure of this superfield model. We shall first study the QS-deformed U(1) gauge model and then turn to the more complicated U(n) case.

3 QS-deformed U(1) gauge theory

3.1 Wess-Zumino gauge

We start with the Abelian case, i.e. the QS-deformation of the U(1) gauge theory.

The WZ gauge for the U(1) gauge potential V^{++} with Grassmann analytic coordinates is given by

V^{++}_{W Z} (ζ, u) = (θ^+)^2ϕ̄(x_A) + (θ̄^+)^2ϕ(x_A) + 2(θ^+σ_mθ̄^+)A_m(x_A) + 4(θ̄^+)^2θ^+Ψ^−(x_A) + 4(θ^+)^2θ̄^+Ψ̄^−(x_A) + 3(θ^+)^2(θ̄^+)^2D^{−−}(x_A) (3.1)

where ζ = (x^m_A , θ^{+α}, θ̄^{+α̇}) and

Ψ^−_α (x_A) = Ψ^k_α(x_A)u^−_k , Ψ̄^{α̇−}(x_A) = Ψ̄^{α̇k}(x_A)u^−_k , D^{−−} = D^{kl}(x_A)u^−_k u^−_l (3.2) and the summation over repeated indices α and α̇ is defined in the standard way. The fields in (3.1), (3.2) form the off-shell vector multiplet of N=(1, 1) supersymmetry. To avoid a possible confusion, let us emphasize that the Euclidean fields ϕ(x_A) and ϕ̄(x_A), as well as Ψ^k_α(x_A) and Ψ̄^{α̇k} (x_A), are not mutually conjugated.

The analytic parameter of the residual gauge freedom has the following form:

Λ_r = ia(x_A), Q^−_α Λ_r = −∂_{+α}Λ_r = 0 (3.3)

where a(x_A) is some real function. The corresponding gauge transformation of V^{++}_{W Z} (ζ) is given by (2.7) with Λ = Λ_r.

It is convenient to use the chiral-analytic coordinates (A.11). With the help of the relations x^m_A = x^m_L − 2iθ^−σ^mθ̄^+ and (A.15) one can rewrite the gauge potential (3.1) and the residual gauge freedom parameter (3.3) as

V^{++}_{W Z} (z_C , θ̄^+, u) = v^{++}(z_C , u) + θ̄^+_{α̇} v^{+α̇}(z_C , u) + (θ̄^+)^2v(z_C , u) , Λ_r = ia(x_L) + 2θ^−σ_mθ̄^+∂_ma(x_L) − i(θ^−)^2(θ̄^+)^2□a(x_L) . (3.4)

Here z_C = (x^m_L , θ^{+α}, θ^{−α}) and v^{++} = (θ^+)^2 ϕ̄ , v^{+α̇} = 2(θ^+σ_m)^{α̇} A_m + 4(θ^+)^2 Ψ̄^{−α̇} − 2i (θ^+)^2 (θ^−σ^m)^{α̇} ∂_mϕ̄ , v = ϕ + 4θ^+Ψ^− + 3(θ^+)^2 D^{−−} − 2i(θ^+θ^−) ∂_mA_m − θ^−σ_{mn}θ^+ F_{mn} − (θ^+)^2(θ^−)^2□ϕ̄ + 4i (θ^+)^2 θ^−σ_m∂_mΨ̄^− , (3.5) F_{mn} = ∂_mA_n − ∂_nA_m . The residual deformed U(1) gauge transformation is

δ_rV^{++}_{W Z} = D^{++}Λ_r + 2I∂^α_+V^{++}_{W Z} ∂_{−α}Λ_r . (3.6)

Then the gauge transformations of the component fields read

δ_rϕ = −8IA_m∂_ma , δ_rϕ̄ = 0 , δ_rA_m = (1+4Iϕ̄)∂_ma , δ_rΨ^k_α = −4I(σ_mΨ̄^k)_α∂_ma , δ_rΨ̄^k_{α̇} = 0 , δ_rD^{kl} = 0 . (3.7)

It is straightforward to find an equivalence transformation which brings these deformed gauge transformations to the standard form. This “minimal” Seiberg-Witten (SW) map takes the form

A_m = a_m(1 + 4I ϕ̄) , ϕ = ~ϕ − 4Ia^2_m(1 + 4I ϕ̄) , Ψ^i_α = ~Ψ^i_α − 4I (σ_mψ̄^i)_αa_m , F_{mn} = (1 + 4I ϕ̄)f_{mn} + 4I ( ∂_mϕ̄a_n − ∂_nϕ̄a_m ) (3.8) where f_{mn} = ∂_ma_n − ∂_na_m. It follows that

δ_ra_m = ∂_ma , δ_r ~ϕ = δ_r ~Ψ^i_α = 0 . (3.9)

Note that the gauge transformations of the redefined fields include the same gauge parameter as in (3.7), and this property is featured by the non-Abelian case as well. This is a difference from the standard bosonic SW map [16] which implies also a field-dependent redefinition of the gauge parameters.

In fact all fields can be further redefined in such a way that they will have the standard transformation properties under both the gauge and N=(1, 0) supersymmetry transformations. We will postpone the discussion of this issue to Subsections 3.3 and 3.4.

3.2 Unbroken N=(1,0) supersymmetry

In the WZ gauge, unbroken supersymmetry acts via

δ_ϵV^{++}_{W Z} = (ϵ^{+α}∂_{+α} + ϵ^{−α}∂_{−α})V^{++}_{W Z} − D^{++} Λ_ϵ − [V^{++}_{W Z} , Λ_ϵ]_⋆ (3.10)

where the standard piece contains ϵ^{±α} = ϵ^{αk}u^±_k , while the second piece is the compensating gauge transformation with the superparameter (in the analytic basis, for brevity)

Λ_ϵ(ζ, u) = 2(ϵ^−θ^+)ϕ̄ + 2(ϵ^−σ_mθ̄^+)A_m + 2(θ̄^+)^2(ϵ^−Ψ^−) + 4(ϵ^−θ^+)(θ̄^+Ψ̄^−) + 2(ϵ^−θ^+)(θ̄^+)^2D^{−−} . (3.11)

Note that the transformation law of V^{−−} has the same form (3.10) with (D^{++} , V^{++}_{W Z} ) → (D^{−−} , V^{−−}). Also note that the structure of Λ_ϵ is such that only a term ∼ I is present in the commutator term in (3.10).

The deformed N=(1, 0) supersymmetry transformation laws can be easily read off from the superfield transformation (3.10) as

δ_ϵϕ = 2(ϵ^kΨ_k) , δ_ϵϕ̄ = 0 , δ_ϵA_m = (ϵ^kσ_mΨ̄_k) ,

δ_ϵΨ^k_α = −ϵ_{αl}D^{kl} + 1 2 (1+4Iϕ̄)(σ_{mn}ϵ^k)_αF_{mn} − 4iIϵ^k_αA_m∂_mϕ̄ , δ_ϵΨ̄^k_{α̇} = −i(1+4Iϕ̄)(ϵ^kσ_m)_{α̇}∂_mϕ̄ , δ_ϵD^{kl} = i∂_m[(ϵ^kσ_mΨ̄^l + ϵ^lσ_mΨ̄^k)(1+4Iϕ̄)] . (3.12)

3.3 Invariant action

The non-polynomial superfield action of the Q-deformed gauge theory has been written in [11] as an integral over the full N=(1, 1) superspace in chiral coordinates. In the QSdeformed U(1) theory which we consider here this form of the action can be derived from the well-known formula for its variation [14] δS ∼ ∫ d^4x_Ld^4θd^4θ̄du δV^{++} ⋆ V^{−−} = ∫ d^4x_Ld^4θd^4θ̄du δV^{++} V^{−−}. (3.13)

An equivalent form of the action can be constructed in chiral superspace, S = 1 4 ∫ d^4x_Ld^4θdu W ⋆ W = 1 4 ∫ d^4x_Ld^4θdu W^2 (3.14)

where the covariantly chiral superfield strength is defined by W = − 1 4 (D̄^+)^2V^{−−} ≡ A + θ̄^+_{α̇} τ^{−α̇} + (θ̄^+)^2τ^{−2} (3.15)

and A, τ^{−α̇} and τ^{−2} are some chiral superfields. Note that W transforms non-trivially under the residual gauge group given by (3.3) while A is invariant,

δ_rW = [W, Λ_a]_⋆ , δ_rA = 0 . (3.16)

The basic harmonic equation (2.10), when applied to (3.15), yields the following harmonic equations for W and A,

D^{++} W + [V^{++}_{W Z} , W]_⋆ = 0, D^{++} A + 2I∂^α_+v^{++}∂_{−α}A = D^{++} A + 4Iϕ̄ θ^{+α}∂_{−α}A = 0. (3.17)

The proof of equivalence of the two forms of the action (as an integral over the full N=(1, 1) superspace or as one over its chiral subspace) amounts to showing that the variation of the action is the same in the two representations. This latter statement can be checked in several simple steps via δ ∫ dud^4xd^4θ W^2 = 2 ∫ dud^4xd^4θd^4θ̄ (θ̄^+)^2(θ̄^−)^2WδW ∼ ∫ dud^4xd^4θd^4θ̄ (θ̄^+)^2WδV^{−−} ∼ ∫ dud^4xd^4θd^4θ̄ (θ̄^−)^2WδV^{++} ∼ ∫ dud^4xd^4θd^4θ̄ V^{−−}δV^{++} . (3.18)

Here, the relation (θ^+)^2 = D^{++} (θ^+θ^−) as well as (2.10) and (3.17) were used, along with integration by parts with respect to a harmonic derivative.

Actually, it can be shown that only the component A contributes to (3.14) (see below) and that the harmonic integral in (3.14) can be omitted (this directly follows from the harmonic constraint (3.17)). Hence, a convenient point of departure for finding the invariant action is the following form of the latter, S = 1 4 ∫ d^4x_Ld^4θdu A^2 = 1 4 ∫ d^4x_Ld^4θ A^2 . (3.19)

The basic problem one should solve in order to find the explicit form of A and hence that of the action (3.19) consists in calculating V^{−−} from (2.10) specialized to the Abelian gauge group U(1) and to V^{++}_{W Z} of eq. (3.1):

D^{++} V^{−−} − D^{−−} V^{++}_{W Z} + 2I (∂^α_+V^{++}_{W Z} ∂_{−α}V^{−−} − ∂^α_−V^{++}_{W Z} ∂_{+α}V^{−−}) +^1_2 I^3 [ ∂^α_−(∂_+)^2V^{++}_{W Z} ∂_{+α}(∂_−)^2V^{−−} − ∂^α_+(∂_−)^2V^{++}_{W Z} ∂_{−α}(∂_+)^2V^{−−} ] = 0 . (3.20)

We work in the chiral basis, so it will be convenient to expand all quantities over θ̄:

V^{−−}(Z_C , u) = v^{−−} + θ̄^+_{α̇} v^{−3α̇} + θ̄^−_{α̇} v^{−α̇} + (θ̄^+)^2 v^{−4} + (θ̄^−)^2 A + (θ̄^+θ̄^−) φ^{−2} (3.21) + (θ̄^+σ̃^{mn}θ̄^−) φ^{−2}_{mn} + (θ̄^−)^2θ̄^+_{α̇} τ^{−α̇} + (θ̄^+)^2θ̄^−_{α̇} τ^{−3α̇} + (θ̄^+)^2(θ̄^−)^2 τ^{−2}

with Z_C = (x^m_L , θ^{±α}, θ̄^{±α̇}). Note that the chiral superfield A given in (3.15) and(3.19) is just one of the coefficients in this expansion, so it can be obtained as a solution of the proper chiral harmonic equations in the expansion of (3.20) over θ̄^+_{α̇} , θ̄^−_{α̇} . It is rather easy to solve all such chiral equations, but we consider only those which are actually needed for determining A. These equations arise as coefficients of the monomials 1, θ̄^−_{α̇} , θ̄^+_{α̇} , (θ̄^−)^2 and (θ̄^+θ̄^−), respectively:

(a) ∇^{++}v^{−−} − D^{−−}v^{++} = 0 , (b) ∇^{++}v^{−α̇} − v^{+α̇} = 0 , (c) ∇^{++}v^{−3α̇} − D^{−−}v^{+α̇} + [v^{+α̇}, v^{−−}]_⋆ = 0 , (d) ∇^{++}A = 0 , (e) ∇^{++}φ^{−2} + 2A − 2v +^1_2 {v^{+α̇}, v^−_{α̇} }_⋆ = 0 (3.22)

where the star products are defined in (2.2), (2.9) and the chiral U(1) covariant harmonic derivative is defined as

∇^{++} = D^{++} + [v^{++}, ]_⋆ = ∂^{++} + (1+4Iϕ̄) θ^{+α}∂_{−α} . (3.23)

The solutions of (3.22) contain positive and negative powers of the function 1+4Iϕ̄.

We firstly address (3.22a), (3.22b) and (3.22c). Their general solution is

v^{−−} = (θ^−)^2 ϕ̄ 1+4Iϕ̄ , v^{−3α̇} = 2(θ^−)^2 1 (1+4Iϕ̄)^2

Ψ̄^{−α̇} ,

v^{−α̇} = −2(θ^−)^2 1 (1+4Iϕ̄)^2

Ψ̄^{+α̇} + 2(θ^−σ_m)^{α̇} 1 1+4Iϕ̄ A_m − 4(θ^+θ^−) 1 1+4Iϕ̄ Ψ̄^{−α̇} + 2i (θ^−)^2(θ^+σ_m)^{α̇} 1 1+4Iϕ̄ ∂_mϕ̄ . (3.24)

Now we are prepared to solve the remaining harmonic equations (3.22d) and (3.22e). Using the explicit expression for v^{−α̇} in (3.24), these equations can be written in the unfolded form as

[∂^{++} + (1+4Iϕ̄)θ^{+α}∂_{−α}]A = 0 , (3.25) [∂^{++} + (1+4Iϕ̄)θ^{+α}∂_{−α}]φ^{−−} + 2(A − v) − I ( ∂^α_−v^+_{α̇} ∂_{+α}v^{−α̇} − ∂^α_+v^+_{α̇} ∂_{−α}v^{−α̇} ) +^1_4 I^3 ∂^α_−(∂_+)^2v^+_{α̇} ∂_{+α}(∂_−)^2v^{−α̇} = 0. (3.26)

Then a straightforward computation yields the following rather lengthy solution for A: A(z_c, u) = [ ϕ + 4I (A_m)^2 1 1+4Iϕ̄ + 16I^3(∂_mϕ̄)^2 1 1+4Iϕ̄ ]

+ 2θ^+ [ Ψ^− + 4I 1+4Iϕ̄ (σ_mΨ̄^−) A_m ] − 2 1+4Iϕ̄ θ^− [ Ψ^+ + 4I 1+4Iϕ̄ (σ_mΨ̄^+) A_m ]

+ (θ^+)^2 [ 8I 1+4Iϕ̄ (Ψ̄^−)^2 + D^{−−} ]

+ 1 (1+4Iϕ̄)^2

(θ^−)^2 [ 8I 1+4Iϕ̄ (Ψ̄^+)^2 + D^{++} ]

− 2 1 + 4Iϕ̄

(θ^+θ^−) [ 8I 1+4Iϕ̄ (Ψ̄^+Ψ̄^−) + D^{+−} ]

+ (θ^+σ^{mn}θ^−) ( F_{mn} − 8I ∂_{[m}ϕ̄A_{n]} 1 1+4Iϕ̄ )

+ 2i(θ^−)^2 θ^+σ_m∂_m ( 1 1+4Iϕ̄ Ψ̄^+ ) + 2i(θ^+)^2 (1+4Iϕ̄) θ^−σ_m∂_m ( 1 1+4Iϕ̄ Ψ̄^− )

− (θ^+)^2(θ^−)^2 □ϕ̄ (3.27)

where D^{++} = D^{kl}u^+_k u^+_l and D^{+−} = D^{kl}u^+_k u^−_l .

We observe that the shifted fermions Ψ^±, the combination of ϕ and (A_m)^2 in the first term and the shifted F^{mn} coincide (sometimes modulo powers of the factor 1 + 4Iϕ̄) with the fields having standard transformation rules under the residual gauge group, as they were introduced in (3.8). In fact, (3.27) prompts the further canonical field redefinition

φ = (1+4Iϕ̄)^{−2}[ϕ + 4I(1+4Iϕ̄)^{−1}[(A_m)^2 + 4I^2(∂_mϕ̄)^2]] , a_m = (1+4Iϕ̄)^{−1}A_m, ψ̄^k_{α̇} = (1+4Iϕ̄)^{−1}Ψ̄^k_{α̇} , ψ^k_α = (1+4Iϕ̄)^{−2}[Ψ^k_α + 4I(1+4Iϕ̄)^{−1}A_{αα̇}Ψ̄^{α̇k}] , d^{kl} = (1+4Iϕ̄)^{−2}[D^{kl} + 8I(1+4Iϕ̄)^{−1}Ψ̄^k_{α̇}Ψ̄^{α̇l}] . (3.28)

It is straightforward to check that the deformed N=(1, 0) supersymmetry (3.12) has the standard realization on the newly introduced fields, namely

δ_ϵφ = 2(ϵ^kψ_k) , δ_ϵϕ̄ = 0 , δ_ϵa_m = (ϵ^kσ_mψ̄_k) , δ_ϵψ^k_α = −ϵ_{αl}d^{kl} +^1_2 (σ_{mn}ϵ^k)_αf_{mn} , δ_ϵψ̄^k_{α̇} = −i(ϵ^kσ_m)_{α̇}∂_mϕ̄ , δ_ϵd^{kl} = i∂_m(ϵ^kσ_mψ̄^l + ϵ^lσ_mψ̄^k) . (3.29)

It is worthwhile to note that the appearance of the invariant term 16I^3(∂_mϕ̄)^2(1+4Iϕ̄)^{−3} in φ in the definition (3.28) of φ is not suggested by our symmetry considerations. However, the presence of this term in the field redefinition will simplify the final form of the invariant action.

Using the explicit expression (3.27) for A, it is very easy to find the precise component expression of the QS-deformed superfield action (3.19) in terms of the fields introduced in (3.28). The result is S = 1 4 ∫ d^4x_Ld^4θ A^2 = ∫ d^4x L = ∫ d^4x (1 + 4Iϕ̄)^2L_0 (3.30)

where

L_0 = − 1 2 φ□ϕ̄ + 1 4 (f^2_{mn} +^1_2 ε_{mnrs}f_{mn}f_{rs}) − iψ^α_k ∂_{αα̇}ψ̄^{α̇k} + 1 4 (d^{kl})^2 (3.31)

is the standard undeformed Lagrangian of N=(1, 1) supersymmetric U(1) gauge theory. Thus we see that the only effect of the nilpotent QS-deformation of the Abelian N=(1, 1) gauge theory is the appearance of a scalar factor in front of the undeformed Lagrangian. This factor breaks half of the original supersymmetry and is in fact unremovable. Indeed, by properly rescaling all the involved fields except for the gauge ones one can remove this factor from all pieces of the action (3.30), (3.31) except from the gauge fields term 1 4 (1+4Iϕ̄)^2(f^2_{mn} + f_{mn}f̃_{mn}) , f̃_{mn} ≡^1_2 ε_{mnrs}f_{rs} . (3.32)

This nonlinear interaction of the fields ϕ̄ and f_{mn} cannot be removed by any redefinition of fields.

As a final remark, let us explain why the chiral superfields τ^{−α̇} and τ^{−2} in (3.15) do not contribute to the action (3.14), which is therefore given by (3.19). The harmonic zero-curvature condition (3.20) implies the equation

∇^{++}τ^{−α̇} + [v^{+α̇}, A]_⋆ = 0 , (3.33)

which is solved by τ^{−α̇} = [A, v^{−α̇}]_⋆ . (3.34) Then one finds that one of two terms with τ^{−α̇} in (3.14) is vanishing: 2 ∫ d^4θ A ⋆ τ^{−α̇} = ∫ d^4θ [(A ⋆ A), v^{−α̇}] = 0 . (3.35)

Analogously, inspecting the harmonic equation for τ^{−2}, one can check that the combined term with both τ^{−α̇} and τ^{−2} in (3.14) is zero as well.

3.4 Superfield Seiberg-Witten transform

The field redefinition (3.28) (Seiberg-Witten map) relating fields with the deformed and undeformed U(1) gauge and N=(1, 0) supersymmetry transformation properties can be given a nice superfield form. Namely, it can be rewritten as a relation between the covariantly chiral and covariantly harmonic-independent superfield strength A satisfying the constraint (3.17) and the undeformed chiral U(1) superfield strength

W_0(x_L, θ^+, θ^−, u) = φ + 2θ^+ψ^− − 2θ^−ψ^+ + (θ^+)^2d^{−−} − 2(θ^+θ^−)d^{+−} + (θ^−)^2d^{++} + (θ^−σ_{mn}θ^+)f_{mn} (3.36) + 2i[(θ^−)^2θ^+σ_m∂_mψ̄^+ + (θ^+)^2θ^−σ_m∂_mψ̄^−] − (θ^+)^2(θ^−)^2□ϕ̄

(where ψ^±_α = ψ^i_α(x_L)u^±_i , d^{+−} = u^+_k u^−_l d^{kl} etc.), which obeys the free harmonic equation D^{++} W_0 = 0 (3.37)

and transforms under N=(1, 0) supersymmetry (3.29) as δ_ϵW_0 = (ϵ^{−α}∂_{−α} + ϵ^{+α}∂_{+α})W_0 . (3.38)

This superfield SW transform is given by A(x_L, θ^+, θ^−, u) = (1+4Iϕ̄)^2 W_0(x_L, θ^+, (1+4Iϕ̄)^{−1}θ^−, u) . (3.39)

Indeed, taking into account the relations (3.28), it is easy to check that the components of A defined by (3.39) are expressed through the original deformed component fields just according to (3.27). Also, it is not hard to see that

∇^{++}A(x_L, θ^+, θ^−, u) = (1+4Iϕ̄)^2 ( ∂^{++} + θ^{+α}∂^′_{−a} ) W_0(x_L, θ^+, θ^{−′}, u) = 0 with θ^{−α′} ≡ (1+4Iϕ̄)^{−1}θ^{−α} , (3.40)

whence it follows that the constraints (3.17) and (3.37) are equivalent to each other.

The relation (3.39) can be cast in the convenient operator form

A = [(1+4Iϕ̄)^2 − 4Iϕ̄(1+4Iϕ̄)(θ^−∂_−) − 4I^2ϕ̄^2(θ^−)^2(∂_−)^2]W_0, ∂_{−α}A = [(1+4Iϕ̄)∂_{−α} + 2Iθ^−_α ϕ̄(∂_−)^2]W_0 . (3.41) Using (3.41), it is easy to deduce the transformation law of A under N=(1, 0) supersymmetry as a consequence of the standard transformation rule (3.38) of W_0,

δ_ϵA = [(1+4Iϕ̄)^2 − 4Iϕ̄(1+4Iϕ̄)(θ^−∂_−) − 4I^2ϕ̄^2(θ^−)^2(∂_−)^2]δ_ϵW_0 = [(1+4Iϕ̄)ϵ^{−α}∂_{−α} + ϵ^{+α}∂_{+α}]A . (3.42)

This is another form of the N=(1, 0) supersymmetry transformation induced for A by the corresponding transformation of the harmonic gauge potential V^{++} in the WZ gauge (3.10),

δ_ϵA = (ϵ^{−α}∂_{−α} + ϵ^{+α}∂_{+α})A + [A, λ_ϵ]_⋆ . (3.43) Here, λ_ϵ = 2(ϵ^−θ^+)ϕ̄ is just the chiral part of the compensating gauge transformation parameter Λ_ϵ given in (3.11).

Using (3.39) or (3.41), the deformed U(1) superfield gauge action (3.19) can be expressed in terms of the Abelian undeformed object W_0 (modulo a total spinor derivative in the integrand, see the Appendix), S = 1 4 ∫ d^4x_Ld^4θ A^2 = 1 4 ∫ d^4x_Ld^4θ (1+4Iϕ̄)^2W^2_0 . (3.44)

This also yields the component action (3.30), (3.31) directly. The chiral superfield action of the deformed U(1) gauge theory can readily be recast as an integral over the full superspace, by using the expression of W_0 via the undeformed harmonic connection V^{−−}_0 .

4 QS-deformation of non-Abelian gauge theory

4.1 Gauge and N=(1,0) supersymmetry transformations

We shall use the deformed U(n) matrix potential V^{++} and gauge parameter Λ, which for the example of U(2) read

V^{++} = V^{++}_0 +^1_2 V^{++}_b τ_b, Λ = Λ_0 +^1_2 Λ_bτ_b (4.1)

where τ_b with b = 1, 2, 3 are the Pauli matrices. The component decomposition for the matrix superfields V^{++}_{W Z} can be analyzed in analogy with the U(1) case (3.4). Once again, the WZ form of the U(n) gauge transformation of the potential is specified by the residual analytic matrix parameter

Λ_r = ia(x_A) = [i + 2(θ^−σ_mθ̄^+)∂_m − i(θ^−)^2(θ̄^+)^2□]a(x_L), D^{++} Λ_r = 2(θ^+σ_mθ̄^+)∂_ma − 2i(θ^+θ^−)(θ̄^+)^2□a, ∂_{+α}Λ_r = 0, ∂_{−α}Λ_r = 2(σ_mθ̄^+)_α∂_ma − 2iθ^−_α (θ̄^+)^2□a, (∂_−)^2Λ_r = 4i(θ̄^+)^2□a (4.2)

and reads

δV^{++}_{W Z} = D^{++} Λ_r + [V^{++}_{W Z} , Λ_r] + I [∂^α_+V^{++}_{W Z} , ∂_{−α}Λ_r] −^1_4 I^2[(∂_+)^2V^{++}_{W Z} , (∂_−)^2Λ_r] . (4.3)

The corresponding deformed component gauge transformations have the following form:

δ_rϕ̄ = −i[a, ϕ̄], δ_rΨ̄^k_{α̇} = −i[a, Ψ̄^k_{α̇}], δ_rD^{kl} = −i[a, D^{kl}] , δ_rA_m = ^∇_ma + 2I{ϕ̄, ∂_ma} , δ_rϕ = −i[a, ϕ] − 4I{A_m, ∂_ma} − 4iI^2[□a, ϕ̄] , δ_rΨ^k_α = −i[a, Ψ^k_α] − 2I(σ_m)_{αα̇}{Ψ̄^{α̇k}, ∂_ma} (4.4)

where ^∇_m = ∂_m + i[A_m, ] . (4.5) The necessary presence of anticommutators in (4.4) is not compatible with the standard tracelessness conditions for the deformed matrix fields and so implies that the gauge group should contain an Abelian U(1) factor. For this reason we choose U(n) as the natural gauge group. Nevertheless, as will be argued below, the deformed U(n) theory can be covariantly reduced to a SU(n) one, at the cost of a nonlinear elimination of the trace (i.e. U(1)) parts of the involved fields in terms of the traceless SU(n) parts.

Like in the Abelian case, the N=(1, 0) supersymmetry transformations of fields in WZ gauge can be found from (3.10) with the same matrix compensating parameter (3.11). It is easy to show that the deformed matrix commutator term contains terms of the orders 1, I and I^2:

[V^{++} , Λ_ϵ]_⋆ = [V^{++} , Λ_ϵ] − I[∂^α_+Λ_ϵ, ∂_{−α}V^{++}] + I[∂^α_−Λ_ϵ, ∂_{+α}V^{++}] −^1_4 I^2[(∂_−)^2Λ_ϵ, (∂_+)^2V^{++}] +^1_4 I^2[∂^β_+∂^α_−Λ_ϵ, ∂_{+α}∂_{−β}V^{++}] (4.6) where the condition (∂_+)^2Λ_ϵ = 0 was used. The resulting transformations of the deformed non-Abelian components under N=(1, 0) supersymmetry can be obtained from these relations:

δ_ϵϕ = −2(ϵ_kΨ^k ) , δ_ϵϕ̄ = 0 , δ_ϵA_m = −(ϵ_kσ_mΨ̄^k ) , δ_ϵΨ^k_α = −ϵ_{αl}D^{kl} −^1_2 ϵ^k_α[ϕ, ϕ̄] +^1_2 (σ_{mn}ϵ^k)_αF_{mn} + I [ (σ_{mn}ϵ^k)_α{ϕ̄, F_{mn}} − 2iϵ^k_α{A_m, ∂_mϕ̄} ] − 2I^2 ( ϵ^k_α[ϕ̄, □ϕ̄] + i(σ_{mn}ϵ^k)_α[∂_mϕ̄, ∂_nϕ̄] ) , δ_ϵD^{kl} = 2iϵ^{(k}σ_m ^∇_mΨ̄^{l)} + 2ϵ^{(k}[Ψ^{l)}, ϕ̄] + 4iIϵ^{(k}σ_m∂_m{Ψ̄^{l)}, ϕ̄} , δ_ϵΨ̄^k_{α̇} = −i(ϵ^kσ_m)_{α̇} ^∇_mϕ̄ − 2iI(ϵ^kσ_m)_{α̇}{ϕ̄, ∂_mϕ̄} (4.7)

where F_{mn} = F_{mn} + i[A_m, A_n] . (4.8)

4.2 Basic chiral superfield and invariant action

We start with the covariantly chiral superfield strength of the undeformed U(n) gauge theory in the harmonic N=(1, 1) superspace [15], W (Z_C , u) = − 1 4 (D̄^+)^2V^{−−} = A + θ̄^+_{α̇} τ^{−α̇} + (θ̄^+)^2τ^{−2} (4.9)

where V^{−−} is the undeformed harmonic connection and A, τ^{−α̇} and τ^{−2} are the corresponding matrix chiral superfunctions living on the subspace (z_C , u) = (x_L, θ^±, u). The undeformed U(n) gauge theory action can be constructed in the chiral superspace as

S_n = 1 4 ∫ d^4x_Ld^4θ Tr W^2 = 1 4 ∫ d^4x_Ld^4θ Tr A^2 . (4.10)

The undeformed harmonic chiral U(n) superfield A has the component expansion

A = φ + 2θ^+ψ^− − 2θ^−ψ^+ + (θ^+)^2d^{−−} + (θ^+θ^−)([φ, ϕ̄] − 2d^{+−} ) + (θ^−)^2d^{++} + (θ^+σ_{mn}θ^−)f_{mn} + 2(θ^−)^2θ^+ ( iξ^+ − [ϕ̄, ψ^+] ) + 2i(θ^+)^2θ^−ξ^− − (θ^+)^2(θ^−)^2 ( p + [ϕ̄, d^{+−}] ) (4.11)

where all component fields are n×n matrices and the following short-hand notation is used:

∇_m = ∂_m + i[a_m, ] , f_{mn} = ∂_ma_n − ∂_na_m + i[a_m, a_n] , ξ^k_α = (σ_m)_{αα̇}∇_mψ̄^{α̇k} , p = ∇^2_mϕ̄ + {ψ̄^{α̇k} , ψ̄_{α̇k}} +^1_2 [ϕ̄, [ϕ̄, φ]] . (4.12)

Note that last two terms in p are traceless, i.e. belong to the su(n) algebra. So p can be decomposed into trace and traceless parts as

p = p_0 + p̂ = □ϕ̄_0 + ∇^2_m ^̄ϕ + {ψ̄^{α̇k}, ψ̄_{α̇k}} +^1_2 [ϕ̄, [ϕ̄, φ]] , Tr p̂ = Tr ^̄ϕ = 0 . (4.13)

In the WZ gauge, the harmonic chiral superfield A satisfies the condition D^{++} A + [v^{++}, A] = D^{++} A + (θ^+)^2[ϕ̄, A] = 0 . (4.14) The undeformed N=(1, 0) supersymmetry transformation of this chiral superfield is δ_ϵA = (ϵ^{−α}∂_{−α} + ϵ^{+α}∂_{+α})A + 2(ϵ^−θ^+)[ϕ̄, A] . (4.15) The corresponding component transformations are written down in the Appendix.

The harmonic zero-curvature equation for the deformed U(n) harmonic connections (2.10) contains terms of all orders in the deformation parameter, i.e. ∼ 1, I, I^2, I^3, I^4. It is convenient to use the chiral expansions (3.4) and (3.21) for this case, since then one obtains the proper set of harmonic equations for the U(n)-matrix chiral components. The most important equations of actual need for restoring the non-Abelian analog of the action (3.30) are

∇^{++}v^−_{α̇} − v^+_{α̇} + I^2[ϕ̄, (∂_−)^2v^−_{α̇} ] = 0 , (4.16) ∇^{++}A + I^2[ϕ̄, (∂_−)^2A] = 0 , (4.17) ∇^{++}φ^{−−} + 2A − 2v +^1_2 {v^−_{α̇} , v^{+α̇}} +^1_2 I [ {∂^α_+v^+_{α̇} , ∂_{−α}v^{−α̇}} − {∂^α_−v^+_{α̇} , ∂_{+α}v^{−α̇}} ] + I^2[ϕ̄, (∂_−)^2φ^{−−}] −^1_8 I^2{(∂_−)^2v^−_{α̇} , (∂_+)^2v^{+α̇}} −^1_2 I^2{∂^α_+∂^β_−v^−_{α̇} , ∂_{+β}∂_{−α}v^{+α̇}} +^1_8 I^3{∂^α_−(∂_+)^2v^+_{α̇} , ∂_{+α}(∂_−)^2v^{−α̇}} = 0 (4.18) where ∇^{++} = D^{++} + (θ^+)^2[ϕ̄, ] + 2Iθ^{+α}∂_{−α}{ϕ̄, } . (4.19) All these equations contain commutators and anticommutators with the matrix field ϕ̄. The matrix solutions of these equations can be obtained by exploiting the method of generating operators (functions) which allows one to explicitly calculate coefficients in matrix series. The basic quantities of this method are operators X and Y which generate the left and right matrix multiplication with ϕ̄, XM = ϕ̄M, Y M = Mϕ̄, X^k Y^lM = ϕ̄^kMϕ̄^l, [X, Y ] = 0 (4.20) where M is some arbitrary matrix ([ϕ̄, M] ≠ 0) and k, l are positive integers. A linear inhomogeneous equation F (X, Y ) M = B (4.21) for a matrix M, with a given matrix B and some invertible operator F (X, Y ) introducing a dependence on the matrix ϕ̄ via (4.20), can be solved by M = F^{−1}(X, Y ) B , F^{−1}(X, Y ) F (X, Y ) = 1 . (4.22)

The homogeneous equation (4.17) contains ϕ̄-matrix operators which can be represented in terms of the two generating functions X − Y and L(X, Y ) = 1 + 2I(X + Y ) . (4.23)

The solution for A can be found in terms of powers of these operators acting on the undeformed matrix component fields of the superfield A defined in (4.11). We obtain

A = L^2φ − 4I^2p̂ + 4I^2(X − Y )d^{+−} + 2θ^+{[L^2 − 4I^2(X − Y )^2]ψ^− + 4iI^2(X − Y )ξ^−} − 2θ^−Lψ^+ + (θ^+σ_{mn}θ^−)Lf_{mn} + (θ^−)^2d^{++} + (θ^+)^2[L^2 − 4I^2(X − Y )^2]d^{−−} − (θ^+θ^−)[(X − Y )Lφ + 2Ld^{+−} ] + 2(θ^−)^2θ^+[iξ^+ − (X − Y )ψ^+] + 2i(θ^+)^2θ^−Lξ^− − (θ^+)^2(θ^−)^2[p + (X − Y )d^{+−} ] (4.24)

where ξ^k_α, p and p̂ are the composite components of A defined in (4.12) and (4.13). Our short-hand notation for the matrix operators expands as L^2φ = φ + 2I{ϕ̄, φ} + 4I^2{ϕ̄, {ϕ̄, φ}}, (X − Y )φ = [ϕ̄, φ] , Lf_{mn} = f_{mn} + 2I{ϕ̄, f_{mn}}, (X − Y )^2ψ^k_α = [ϕ̄, [ϕ̄, ψ^k_α]] . (4.25)

It is worth noting that solutions of the homogeneous equation (4.17) are defined up to an arbitrary invariant operator multiplier N(ϕ̄). In order to uniquely fix this normalization matrix one can make use of the inhomogeneous equation (4.18) and one of the relations between the deformed and undeformed U(n) component fields. For two types of component fields these relations can be directly deduced from the N=(1, 0) supersymmetry transformation law (4.7) and have the especially simple form

(a) A_m = La_m, (b) Ψ̄^k_{α̇} = Lψ̄^k_{α̇} . (4.26)

Substituting the inverse relation a_m = L^{−1}A_m into our solution (4.24) (corresponding to the choice N(ϕ̄) = 1), one can express the θ^+σ_{mn}θ^− component in A via the deformed fields Lf_{mn} = L(∂_ma_n − ∂_na_m + i[a_m, a_n]) = ∂_mA_n − ∂_nA_m + . . . (4.27)

where the omitted higher-order terms contain no derivatives on A_m. Just this normalization of the term θ^+σ_{mn}θ^−(∂_mA_n − ∂_nA_m) in A is compatible with the inhomogeneous equation (4.18). Indeed, only with its choice this term is canceled in (4.18) by the same structure coming from the superfield v defined in (3.5). Thus the choice N(ϕ̄) = 1 is the correct one.

The N=(1, 0) supersymmetry transformation of A can be obtained from the superfield transformation (3.10) (which has the same form both for the Abelian and non-Abelian cases),

δ_ϵA = (ϵ^{−α}∂_{−α} + ϵ^{+α}∂_{+α})A + [λ_ϵ, A]_⋆ + I[∂^α_+λ_ϵ, ∂_{−α}A]

= 2(ϵ^−θ^+)[ϕ̄, A] + Lϵ^{−α}∂_{−α}A + ϵ^{+α}∂_{+α}A (4.28)

where λ_ϵ=2(ϵ^−θ^+)ϕ̄ and ∂_{+α}λ_ϵ=2ϵ^−_α ϕ̄ as follows from (3.11). Note that this deformed superfield transformation could equally be deduced from the undeformed N=(1, 0) transformations of the component fields given in (A.21).

The deformed chiral U(n) superfield (4.24) can be written as a sum of two N=(1, 0) covariant objects, A(x_L, θ^+, θ^−, u) = [ L^2 + L(1−L)(θ^−∂_−) −^1_4 (1−L)^2(θ^−)^2(∂_−)^2 ] A(x_L, θ^+, θ^−, u) − 4I^2Â(x_L, θ^+, u) (4.29)

where A is the undeformed U(n) superfield (4.11). The matrix operator L in (4.29) acts on all quantities standing to the right. The second part Â is a traceless chiral-analytic N=(1, 0) superfield,

Â(x_L, θ^+, u) = p̂ − [ϕ̄, d^{+−}] + 2θ^+(i[ϕ̄, ξ^−] − [ϕ̄, [ϕ̄, ψ^−]]) + (θ^+)^2[ϕ̄, [ϕ̄, d^{−−}]],

δ_ϵÂ = ϵ^{+α}∂_{+α}Â + 2(ϵ^−θ^+)[ϕ̄, Â] , ∂_{−α}Â = 0 . (4.30)

The relation (4.29) constitutes a non-Abelian analog of the U(1) superfield SW map (3.39). It is obvious that the WZ gauge transformation of the deformed chiral superfield A defined by (4.24) is of the same form as the transformation of A, i.e. δ_rA = −i[a(x_L), A] , δ_rA = −i[a(x_L), A] . Thus, like in the Abelian case, the map (4.29) does not imply a redefinition of the parameters a(x_L) of the residual gauge transformations of the component fields, in contrast to the standard bosonic SW map [16].

As noticed above, the components of A can be expressed through the original deformed fields via the inhomogeneous equation (4.18). The equation (4.16) for v^{−α̇} can also be solved easily. The explicit relations between the deformed and undeformed U(n) fields are much more complicated as compared to the U(1) case. They are rather intricate even in the simplest U(2) case (see Subsection 4.3).

It is worth emphasizing that the tracelessness condition TrW =0 for the undeformed covariantly chiral U(n) superfield strength W defined in (4.9) is covariant with respect to both gauge transformations (which are the same for deformed and undeformed fields) and supersymmetry transformations. This constraint eliminates the undeformed U(1) gauge multiplet and so reduces the U(n) gauge group to SU(n). It amounts to the same condition for the chiral superfield A, i.e. TrA=0. The latter, via the nonlinear map (4.29), effectively expresses the trace part of the deformed superfield A in terms of the traceless deformed fields. Thus the existence of the SW map in the non-Abelian case allows one to nonlinearly reduce the deformed U(n) gauge theory to a theory with gauge group SU(n), in which U(1) fields become composite.

The component action of the QS-deformed U(n) gauge theory can be obtained from the superfield chiral action by making use of the relations (4.24), (4.29). One arrives at

S_n = 1 4 ∫ d^4x_Ld^4θ Tr A^2 = ∫ d^4x_Ld^4θ Tr {^1_4 (LA)^2 − 2I^2ÂA} . (4.31)

As follows from (4.17) (and the explicit expression (4.24) for A), the harmonic-dependent terms of the superfield Tr A^2 cancel between themselves in the coefficient of (θ^+)^2(θ^−)^2 .

The first term of the deformed U(n) action S_n in (4.31) contains the L-rescaled undeformed superfields in complete analogy with the U(1) action (3.44): 1 4 ∫ d^4x_Ld^4θ Tr (LA)^2 = ∫ d^4x_L Tr

[_1 4 (Lf_{mn})^2 +^1_8 ε_{mnrs}Lf_{mn}Lf_{rs} −^1_2 LφL∇^2_mϕ̄

+^1_4 (L[ϕ̄, φ])^2 +^1_4 (Ld^{kl})^2 −^1_2 LφL{ψ̄^{α̇k}, ψ̄_{α̇k} } − iLψ^α_k L∇_{αα̇}ψ̄^{α̇k} +^1_2ϕ̄{Lψ_{αk}, Lψ^{αk}} ] . (4.32)

The second term of S_n in (4.31) has no analog in the U(1) case. It contains higher derivative terms for the traceless parts of the fields ϕ̄ and ψ̄^{α̇}_k ,

−2I^2 ∫ d^4x_Ld^4θ Tr (ÂA) = 2I^2 ∫ d^4x_L Tr [ p̂^2 +^1_2 [ϕ̄, d^{kl}]^2 + ϕ̄{ξ_{αk}, ξ^{αk} } − 2[ϕ̄, ψ_{αk}][ϕ̄, ξ^{αk}] + ϕ̄ { [ϕ̄, ψ_{αk}], [ϕ̄, ψ^{αk}] }] (4.33)

where

p̂^2 = (∇^2_m ^̄ϕ)^2 + ∇^2_m ^̄ϕ[ϕ̄, [ϕ̄, φ]] +^1_4 [ϕ̄, [ϕ̄, φ]]^2

+ {ψ̄^{α̇k}, ψ̄_{α̇k} }^2 + {ψ̄^{α̇k} , ψ̄_{α̇k}}[ϕ̄, [ϕ̄, φ]] + 2∇^2_m ^̄ϕ{ψ̄^{α̇k}, ψ̄_{α̇k}}, (4.34) ϕ̄{ξ_{αk}, ξ^{αk} } = ϕ̄ε^{αβ}{∇_{αα̇}ψ̄^{α̇}_k , ∇_{ββ̇}ψ̄^{β̇k} } . (4.35) The appearance of higher-derivative interactions of ϕ̄ and ψ̄^{α̇k} in (4.33) can be attributed to the specific feature of the relation between deformed and undeformed field variables in the non-Abelian case. Namely, as follows from (4.24), terms with higher derivatives are present in this relation already at the linearized level. An example of such a term is −4I^2□ ^̄ϕ + 8iI^2θ^{+α}u^−_k [ϕ̄, ∂_{αα̇}ψ̄^{α̇k}] . (4.36)

Being rewritten in terms of the initial deformed fields, the component action will hopefully be of the correct order in derivatives (two on physical bosons and one on fermions). We did not analyze this issue in more detail. The only statement we can be sure of is that no such terms appear at the linearized level after field redefinitions. Indeed, inspecting (4.33), (4.34) and (4.35), it is easy to observe that many higher-derivative terms can be absorbed into a redefinition of the fields φ and ψ^k_α, leaving us with the correct free part for the entire action.

4.3 Seiberg-Witten map for the gauge group U(2)

It is interesting to obtain the explicit form of the SW map for the non-Abelian case. It is easy to check that the transformations (4.4) have the same Lie-bracket structure as the standard U(n) gauge transformations, so the existence of a transform to fields with conventional gauge transformation properties is evident from the very beginning. While in the general case we are still not aware of an explicit closed form for such a field redefinition, it can be easily found in the particular case of the gauge group U(2). We will present firstly the non-Abelian analog of the “minimal” SW transform (3.8) for this case and secondly its modification which is an analog of the field redefinition (3.28) and relates the original deformed fields to those possessing undeformed gauge and N=(1, 0) supersymmetry transformation properties. The derivation below does not appeal to any superfield considerations and uses as an input the component transformation rules (4.4) and (4.7).

We decompose A_m = A^0_m1 +^1_2 A_m · τ . (4.37)

The deformed part of the gauge transformations (4.4) for this particular case amounts to

δA^0_m = (1+4Iϕ̄^0)∂_ma^0 + I (ϕ̄ · ∂_ma) , δA_m = ∇_ma + 4I(ϕ̄^0∂_ma + ϕ̄∂_ma^0) , (4.38) δϕ^0 = −8I ( A^0_m∂_ma^0 +^1_4 A_m · ∂_ma ) , δϕ̃ = −ϕ̃×a − 8I ( A∂_ma^0 + A^0_m∂_ma ) + 8I^2 ∂_mϕ̄×∂_ma (4.39)

where ϕ̃ = ϕ − 4I^2 □ϕ̄ . (4.40)

The transformation law of Ψ^k_α can be easily cast in the standard form by the appropriate shift of Ψ^k_α (see (4.44) below).

The “minimal” SW map (a non-Abelian analog of (3.8)) is given by the following relations,

A^0_m = ( 1+4I ϕ̄^0 ) a^0_m + I (ϕ̄ · a_m) , A_m = ( 1+4I ϕ̄^0 ) a_m + 4I ϕ̄ a^0_m , (4.41)

ϕ^0 = ϕ̂^0 − I ( 1+4I ϕ̄^0 ) ( a_m · a_m + 4a^0_ma^0_m ) − 8I^2 (a_m · ϕ̄) a^0_m , ϕ̃ = ϕ̂ − 8I (1+4I ϕ̄^0) a_ma^0_m − 4I^2 ϕ̄ (a_m · a_m + 4a^0_ma^0_m) + 8I^2 ∂_mϕ̄×a_m .(4.42)

Here a^0_m, a_m are U(2) gauge fields and ϕ̂^0, ϕ̂ are “matter” fields with the standard gauge transformation properties

δa^0_m = ∂_ma^0 , δa_m = ∂_ma − a_m×a , δϕ̂^0 = 0 , δϕ̂ = −ϕ̂×a . (4.43)

It is straightforward to check that (4.43) generate just the transformations (4.38) and (4.39) of the original fields. It is obvious that the map (4.42) is invertible, but inverse relations look not too illuminating.

Taking for granted that an analogous “minimal” SW map exists in the general U(n) case too, the shifted field Ψ^k_α with the standard gauge transformation law is constructed as Ψ̂^k_α = Ψ^k_α + 2I(σ_m)_{αα̇}{Ψ̄^{kα̇}, a_m} , δa_m = ∂_ma + i[a_m, a] . (4.44)

It remains to see whether it is possible, as in the Abelian case, to combine the “minimal” SW transform (4.42) with some additional field redefinition, so as to convert (4.7) into the standard form of undeformed N=(1, 0) supersymmetry.

It is straightforward to check that the fields ψ̄^{k 0}_{α̇} and ψ̄^k_{α̇} related to Ψ̄^{k 0}_{α̇} and Ψ̄^k_{α̇} by an invertible relation similar to (4.41),

Ψ̄^{k 0}_{α̇} = (1+4I ϕ̄^0) ψ̄^{k 0}_{α̇} + I (ϕ̄ · ψ̄^k_{α̇}) , Ψ̄^k_{α̇} = (1+4I ϕ̄^0) ψ̄^k_{α̇} + 4I ϕ̄ ψ̄^{k 0}_{α̇} , (4.45)

undergo, together with a^0_m, a_m, just the undeformed N=(1, 0) supersymmetry transformations δ_ϵa_m = −ϵ_kσ_mψ̄^k , δ_ϵψ̄^k_{α̇} = −i(ϵ^kσ_m)_{α̇}(∂_mϕ̄ + i[a_m, ϕ̄]) . (4.46) Note that the field redefinition (4.41), (4.45) is the particular U(2) case of the general U(n) relations (4.26).

In a similar direct way one can find the corresponding “full” SW maps for the remaining U(2) fields ϕ, Ψ^k_α and D^{kl} which transform under N=(1, 0) supersymmetry according to the deformed laws (4.7). These relations look rather ugly even in the U(2) case. As an example we give here how the singlet auxiliary field d^{kl 0} with the standard N=(1, 0) transformation law is expressed through the deformed components as

d^{kl 0} = α(ϕ̄)D^{kl 0} − 2Iβ(ϕ̄) (ϕ̄ · D^{kl}) + 8γ(ϕ̄)(ψ̄^{k 0}ψ̄^{l 0}) + 2Iσ(ϕ̄)(ψ̄^k · ψ̄^l)

− 16I^2ω(ϕ̄)(ψ̄^{(k 0}ϕ̄ · ψ̄^{l)}) − 8I^3β(ϕ̄)(ϕ̄ · ψ̄^k )(ϕ̄ · ψ̄^l) . (4.47)

Here, ψ̄^{k 0}_{α̇} and ψ̄^k_{α̇} should be expressed through Ψ̄^{k 0}_{α̇} and Ψ̄^k_{α̇} from (4.45), and the functions α, β, γ, σ and ω are given by the expressions

α = G_+ (G_−)^{−2} , β = g (G_−)^{−2} , γ = g (G_−)^{−1} , σ = g^3 (G_−)^{−2} , ω = (G_−)^{−1} , with g ≡ 1 + 4I ϕ̄^0 and G_± ≡ g^2 ± 4I^2 (ϕ̄ · ϕ̄) . (4.48)

In accordance with the discussion in Subsection 4.2, in the general U(2) SW map one can covariantly set undeformed U(1) fields equal to zero, thus reducing the gauge group U(2) to SU(2). Then the deformed U(1) fields will become composite functions of the undeformed SU(2) fields but of course they can be re-expressed as well through the deformed SU(2) fields.

5 Relation to the string background

In this section we comment on a possible interpretation of the superspace deformation discussed in this paper as arising in string theory with a specially chosen constant background, along the lines of [4, 5]. We start by briefly recalling the N=1 case. There one chooses a background consisting of a constant self-dual two-form F^{αβ} (the graviphoton field strength). This choice is consistent with the background supergravity field equations since the self-dual field strength does not contribute to the stress tensor and thus does not create a back reaction of the metric. The coupling of an N=2 superstring propagating in four space-time dimensions to this constant background leads to the effective Lagrangian

L_{eff} = ( 1 α^{′2}F ) αβ ∂θ̃^α ¯∂θ^β . (5.1)

Imposing the appropriate boundary conditions which halve the number of Grassmann variables and solving for the θ propagators, one finds that they lead to the deformed anticommutator {θ^α, θ^β} = α^{′2}F^{αβ} , (5.2)

where the constant tensor F plays the rôle of the deformation parameter.

From the point of view of the compactification of the type IIB background one may say^5 that the self-dual tensor F^{αβ} originates from the Ramond-Ramond sector, more precisely, from the five-form in ten dimensions wrapped around the (3,0)-form of the Calabi-Yau manifold viewed as an orbifold C^3 /Z_2 × Z_2. If we want to find the origin of the singlet scalar deformation parameter discussed in this paper, we should look in a different part of the Ramond-Ramond sector, namely at the one-form. This time we should imagine a compactification on C × C^2 /Z_2. The one-form is the derivative of the axion field, F_μ = ∂_μC. After the compactification we restrict it to just the two dimensions of the torus, F_a = ∂_aC, a = 4, 5, or in complex notation, F = ∂_τ C, τ = x^4 + ix^5. Further, the kinetic term of the axion is of the form

∂_aC∂_aC = ∂_τ C∂_{τ̄} C . (5.3)

Our (Euclidean) choice will be C = τ F_0 (5.4)

where F_0 is a real constant, i.e. C will be a real analytic function. Then, since ∂_{τ̄} C = 0, we see that the kinetic term (5.3), and with it the contribution to the stress tensor, vanishes. We conclude that this is a consistent choice of the background.

The rest closely follows the N=1 case described above. We couple this background to an N=4 superstring and obtain the effective Lagrangian

L_{eff} = ( 1 α^{′2}F_0 ) ϵ_{αβ}ϵ_{ij} ∂θ̃^{iα} ¯∂θ^{jβ} . (5.5) The boundary conditions halve the number of θs, and the resulting propagators lead to the deformed superspace anticommutator {θ^{iα}, θ^{jβ} } = α^{′2}F_0ϵ^{αβ}ϵ^{ij} , (5.6) where the constant F_0 plays the rôle of the deformation parameter.

5We are grateful to A. Lerda for a clarifying discussion of this point (see also [21]).

6 Conclusion

In this paper we have studied the structure of QS-deformed Euclidean N=(1, 1) gauge theories, both in the Abelian and non-Abelian cases. This type of nilpotent Q-deformation is distinguished in that it preserves the “Lorentz” O(4) symmetry and the SU(2) Rsymmetry. It breaks N=(1, 1) supersymmetry down to N=(1, 0) but preserves both chirality and Grassmann harmonic analyticity. Using the harmonic superspace approach, we have obtained the relevant non-linear invariant actions, both in the superfield and component form and to any order in the deformation parameter I, as well as the deformed gauge and N=(1, 0) supersymmetry transformations which leave these actions invariant. We have found that in the non-Abelian case the gauge group naturally contains a U(1) factor, similarly to other non-commutative gauge field theories. We have established the existence of a Seiberg-Witten-type map from the fields with deformed gauge and supersymmetry transformations to those having standard transformation properties. This map implies that the deformed U(n) gauge theory can be covariantly reduced to the SU(n) one, with the deformed U(1) fields becoming nonlinear functions of the traceless SU(n) fields. The explicit form of the SW map has been given for the gauge groups U(1) and U(2). We have also revealed the string theory origin of the QS-deformation considered.

There are several possibilities for extending our results. Firstly, it is of obvious interest to add the couplings to matter and to study the structure of the resulting scalar potential. Secondly, it would be tempting to analyze general Q-deformed N=(1, 1) gauge theories (where both O(4) and R-symmetry SU(2) are broken) along similar lines and to investigate their possible relation to strings. Finally, an obvious and urgent task would be to study the quantum properties of the nilpotently deformed N=(1, 1) gauge theories constructed in [11, 12] and in the present paper.

Acknowledgements

The work of S.F., E.I., E.S. and B.Z. has been supported in part by the INTAS grant No 00-00254. S.F. and E.S. have been supported in part by the D.O.E. grant DE-FG03- 91ER40662, Task C and S.F. by the European Community’s Human Potential Program under contract HPRN-CT-2000-00131 “Quantum Space-Time”. E.I., O.L. and B.Z. are grateful to the DFG grant No 436 RUS 113/669-02 and a grant of the Heisenberg-Landau program. The work of O.L. receives support from the DFG grant LE 838/7-2 in the priority programm “String Theory” (SPP 1096). E.I. and B.Z. also acknowledge support from the RFBR grant No 03-02-17440 and the NATO grant PST.GLG.980302. They thank the Institute of Theoretical Physics of the University of Hannover for the kind hospitality extended to them on different stages of this work.

Appendix: Euclidean harmonic superspace

We use the conventions

ε_{12} = −ε^{12} = ε ˙_1 ˙_2 = −ε^{˙1˙2} = 1 , ε^{αβ}ε_{βγ} = δ^α_γ , (σ_m)_{αα̇} = (i−→σ , 1)_{αα̇} , (σ̄_m)^{α̇α} = ε^{αβ}ε^{α̇β̇}(σ_m)_β˙_β , (A.1) σ_mσ̄_n + σ_nσ̄_m = 2δ_{mn} , σ_{mn} = i_2 (σ_mσ̄_n − σ_nσ̄_m) , Tr σ_nσ̄_m = 2δ_{mn} , Tr (σ_nσ̄_mσ_pσ̄_r) = 2δ_{nm}δ_{pr} − 2δ_{np}δ_{mr} + 2δ_{nr} δ_{pm} − 2ε_{nmpr} for the basic quantities in Euclidean 4D space. It is convenient to describe the Qdeformations in the chiral coordinates Z_L = (x^m_L , θ^α_k , θ̄^{α̇k}) of Euclidean N=(1, 1) superspace. The spinor derivatives in these coordinates are D^k_α = ∂^k_α + 2iθ̄^{α̇k} ∂_{αα̇} , D̄_{α̇k} = − ¯∂_{α̇k} (A.2) while the supersymmetry generators can be chosen as follows, Q^k_α = ∂^k_α , Q̄_{α̇k} = − ¯∂_{α̇k} + 2iθ^α_k ∂_{αα̇} (A.3) where ∂_{αα̇} = (σ^m)_{αα̇}∂_m. The partial harmonic derivatives ∂^{++}u^+_i = 0 , ∂^{++}u^−_i = u^+_i , ∂^0u^±_i = ±u^±_i , ∂^{−−}u^+_i = u^+_i , ∂^{−−}u^−_i = 0, [∂^{++}, ∂^{−−}] = ∂^0 (A.4) are covariant with respect to supersymmetry transformations in these coordinates, [∂^{±±}, Q^k_α] = 0 , [∂^{±±}, Q̄_{α̇k}] = 0 . (A.5) Note that the chiral N=(1, 1) superfield can be chosen as real (see, e.g., [11]).

The basic concepts of the N=2, D=4 harmonic superspace are collected in the book [15]. The spinor SU(2)/U(1) harmonics u^±_i can be used to construct analytic coordinates (x^m_A , θ^{±α}, θ̄^{±α̇}, u^±_i ) in the Euclidean version of N=(1, 1) harmonic superspace [11, 12]: x^m_A = x^m_L − 2i(σ^m)_{αα̇}θ^{αk}θ̄^{α̇j} u^−_k u^+_j , θ^{α±} = θ^{αk}u^±_k , θ̄^{±α̇} = θ̄^{α̇k}u^±_k . (A.6) The supersymmetry-preserving spinor and harmonic derivatives have the following form in these coordinates:

D^+_α = ∂_{−α} , D^−_α = −∂_{+α} + 2iθ̄^{−α̇}∂_{αα̇} , D̄^+_{α̇} = ¯∂_{−α̇} , D̄^−_{α̇} = − ¯∂_{+α̇} − 2iθ^{−α}∂_{αα̇} , (A.7) D^{++}_A = ∂^{++} − 2iθ^{+α}θ̄^{+α̇}∂_{αα̇} + θ^{+α}∂_{−α} + θ̄^{+α̇} ¯∂_{−α̇} (A.8) where ∂_{±α} ≡ ∂/∂θ^{±α}, ¯∂_{±α̇} ≡ ∂/∂θ̄^{±α̇}. In the analytic coordinates, the N=(1, 0) supersymmetry generators are Q^k_α = u^+_k Q^−_α − u^−_k Q^+_α , Q^+_α = ∂_{−α} − 2iθ̄^{+α̇}∂_{αα̇} , Q^−_α = −∂_{+α} . (A.9) The Grassmann-analytic superfields are treated as unconstrained functions of the coordinates ζ = (x^m_A , θ^{+α}, θ̄^{+α̇}) and u^±_i . (A.10) We shall also consider the combined chiral-analytic (C) coordinates Z_C = (z_C , θ̄^{±α̇}) where the chiral part is z_C = (x^m_L , θ^{±α}) . (A.11) The basic derivatives have the following form in these coordinates: D^+_α = ∂_{−α} + 2iθ̄^{+α̇}∂_{αα̇} , D^−_α = −∂_{+α} + 2iθ̄^{−α̇}∂_{αα̇} , D̄^+_{α̇} = ¯∂_{−α̇} , D̄^−_{α̇} = − ¯∂_{+α̇} , (A.12) D^{++}_C = ∂^{++} + θ^{+α}∂_{−α} + θ̄^{+α̇} ¯∂_{−α̇} , D^{−−}_C = ∂^{−−} + θ^{−α}∂_{+α} + θ̄^{−α̇} ¯∂_{+α̇} , (A.13) and the N=(1, 0) supersymmetry generators are Q^+_α = ∂_{−α} , Q^−_α = −∂_{+α} . (A.14)

The analytic superfields have a decomposition in the C-coordinates:

Λ(ζ, u) = Λ(ζ_C , u) − 2i(θ^−σ_mθ̄^+)∂_mΛ(ζ_C , u) − (θ^−)^2(θ̄^+)^2□Λ(ζ_C , u) (A.15) where ζ_C = (x^m_L , θ^{+α}, θ̄^{+α̇}) and the components of Λ(ζ_C , u) depend on the left vector coordinates x^m_L .

In the analytic and C-coordinates, our conventions are

(θ^+)^2 = θ^{+α}θ^+_α , (θ̄^+)^2 = θ̄^+_{α̇} θ̄^{+α̇} , θ^−σ_{mn}θ^+ = θ^{−α}(σ_{mn})^β_αθ^+_β = −θ^+σ_{mn}θ^− , ∫ d^4θ (θ^+)^2(θ^−)^2 = 1, ∫ du = 1. (A.16)

The U(1)-charge operator reads

[D^{++} , D^{−−} ] = D^0 = ∂^0 + θ^{+α}∂_{+α} + θ̄^{+α̇} ¯∂_{+α̇} − θ^{−α}∂_{−α} − θ̄^{−α̇} ¯∂_{−α̇} . (A.17)

Relations in deformed U(1) gauge theory Let us rewrite the operator relation (3.41) as

L^{−2}A = W_0(x_L, θ^+, L^{−1}θ^−, u) = R_θ W_0(x_L, θ^+, θ^−, u) , L ≡ 1 + 4I ϕ̄ , R_θ = 1 + (L^{−1}−1)(θ^−∂_−) −^1_4 (L^{−1}−1)^2(θ^−)^2(∂_−)^2 , (A.18) via the rescaling operator for θ^{−α},

R_θ θ^{−α} = L^{−1}θ^{−α}, R_θ (θ^−)^2 = L^{−2}(θ^−)^2, R_θθ^{+α} = θ^{+α}. (A.19)

Now one can use this operator in the formula

A^2 = L^4W^2_0 (θ^+, L^{−1}θ^−) = L^4R_θW^2_0 (θ^+, θ^−) = L^2W^2_0 + ∂_{−α}L^4[1 − L^{−1} −^1_2 (L^{−1}−1)^2]θ^{−α}W^2_0 +^1_4 ∂_{−α}L^4(L^{−1} − 1)^2(θ^−)^2∂^α_−W^2_0 , (θ^−∂_−)W^2_0 = −∂_{−α}(θ^{−α}W^2_0 ) + 2W^2_0 , (θ^−)^2(∂_−)^2W^2_0 = ∂_{−α}[2θ^{−α} − (θ^−)^2∂^α_−]W^2_0 − 4W^2_0 , (A.20)

in order to prove (3.44).

Relations in U(n) gauge theory The undeformed N=(1, 0) supersymmetry transformations of the elementary and composite component fields of the chiral U(n) superfield A in (4.11), (4.12) have the following form:

δ_ϵφ = 2ϵ^{αk}ψ_{αk}, δ_ϵψ^k_α = −ϵ_{αl}d^{kl} +^1_2 ϵ^k_βf^β_α +^1_2 ϵ^k_α[ϕ̄, φ] , δ_ϵa_m = ϵ^kσ_mψ̄_k, δ_ϵf_{mn} = ϵ^kσ_n∇_mψ̄_k − ϵ^kσ_m∇_nψ̄_k , δ_ϵf^β_α = −2i(ϵ_{αk}ξ^{βk} + ϵ^β_k ξ^k_α), f^β_α = (σ_{mn})^β_αf_{mn} , δ_ϵd^{kl} = iϵ^{αk}ξ^l_α + iϵ^{αl}ξ^k_α − ϵ^{αk}[ϕ̄, ψ^l_α] − ϵ^{αl}[ϕ̄, ψ^k_α] , δ_ϵψ̄^{α̇k} = iϵ^k_α∇^{αα̇}ϕ̄, δ_ϵξ^k_α = iϵ^k_α(p −^1_2 [ϕ̄, [ϕ̄, φ]]) − i_2 ϵ^k_βf^β_α , δ_ϵp = ϵ^α_k [¯ ϕ , iξ^k_α − [ϕ̄, ψ^k_α] ] . (A.21)

All fields have the standard gauge transformations, e.g. δ_aa_m = ∂_ma + i[a_m, a].

References

[1] M.R. Douglas and N.A. Nekrasov, Noncommutative field theory,

Rev. Mod. Phys. 73 (2001) 977 [hep-th/0106048].

[2] S. Ferrara and M.A. Lledó, Some aspects of deformations of supersymmetric field theories, JHEP 0005 (2000) 008 [hep-th/0002084].

[3] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. Quant. Grav. 20 (2003) 2905 [hep-th/0104190].

[4] H. Ooguri and C. Vafa, The C-deformation of gluino and non-planar diagrams, Adv. Theor. Math. Phys. 7 (2003) 53 [hep-th/0302109]; Gravity induced C-deformation, Adv. Theor. Math. Phys. 7 (2004) 405 [hep-th/0303063].

[5] N. Seiberg, Noncommutative superspace, N =1/2 supersymmetry, field theory and string theory, JHEP 0306 (2003) 010 [hep-th/0305248].

[6] N. Berkovits and N. Seiberg, Superstrings in graviphoton background and N=1/2+3/2 supersymmetry, JHEP 0307 (2003) 010 [hep-th/0306226].

[7] S. Ferrara, M.A. Lledó and O. Maciá, Supersymmetry in noncommutative superspaces, JHEP 0309 (2003) 068 [hep-th/0307039].

[8] L. Brink and J.H. Schwarz, Quantum superspace, Phys. Lett. B 100 (1981) 310.

[9] J.H. Schwarz and P. van Nieuwenhuizen, Speculations concerning a fermionic substructure of space-time, Lett. Nuovo Cim. 34 (1982) 21.

[10] J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078].

[11] E. Ivanov, O. Lechtenfeld and B. Zupnik, Nilpotent deformations of N=2 superspace, JHEP 0402 (2004) 012 [hep-th/0308012].

[12] S. Ferrara and E. Sokatchev, Non-anticommutative N=2 super-Yang-Mills theory with singlet deformation, Phys. Lett. B 579 (2004) 226 [hep-th/0308021].

[13] I.L. Buchbinder and I.B. Samsonov, Noncommutative N=2 supersymmetric theories in harmonic superspace, Grav. Cosmol. 8 (2002) 17 [hep-th/0109130].

[14] A. Galperin, E. Ivanov, S. Kalitzin, V. Ogievetsky and E. Sokatchev, Unconstrained N=2 matter, Yang-Mills and supergravity theories in harmonic superspace, Class. Quant. Grav. 1 (1984) 469.

[15] A. Galperin, E. Ivanov, V. Ogievetsky and E. Sokatchev, Harmonic superspace, Cambridge University Press, Cambridge, 2001, 306 p.

[16] N. Seiberg and E. Witten, String theory and noncommutative geometry, JHEP 9909 (1999) 032 [hep-th/9908142].

[17] C. Sämann and M. Wolf, Constraint and super Yang-Mills equations on the deformed superspace R^{(4|16)}_ℏ , JHEP 0403 (2004) 048 [hep-th/0401147].

[18] T. Araki, K. Ito and A. Ohtsuka, N=2 supersymmetric U(1) gauge theory in noncommutative harmonic superspace, JHEP 0401 (2004) 046 [hep-th/0401012].

[19] T. Araki and K. Ito, Singlet deformation and non(anti)commutative N=2 supersymmetric U(1) gauge theory, Phys. Lett. B 595 (2004) 513 [hep-th/0404250].

[20] B. Zupnik, The action of the supersymmetric N=2 gauge theory in harmonic superspace, Phys. Lett. B 183 (1987) 175.

[21] M. Billo, M. Frau, I. Pesando and A. Lerda, N=1/2 gauge theory and its instanton moduli space from open strings in R-R background, JHEP 0405 (2004) 023 [hep-th/0402160].