arXiv:hep-th/0405080 v2 27 Sep 2004

Q-stars in 2 + 1 dimensions

Athanasios Prikas

Physics Department, National Technical University, Zografou Campus, 157 80 Athens, Greece.^1

Abstract

We study q-stars with one or two scalar fields, non-abelian, and fermion-scalar q-stars in 2 + 1 dimensions in an anti de Sitter or flat spacetime. We fully investigate their properties, such as mass, particle number, radius, numerically, and focus on the matter of their stability against decay to free particles and gravitational collapse. We also provide analytical solutions in the case of flat spacetime and other special cases.

PACS number(s): 11.27.+d, 04.40.-b

1e-mail: aprikas@central.ntua.gr

1 Introduction

The investigation of scalar field configurations coupled to gravity started with the work by Kaup, [1], and Ruffini and Bonazzola, [2]. They regarded a complex scalar field with no self-interactions. Quartic self interactions were taken into account in other works [3, 4]. Scalar fields with a local U(1) symmetry were also investigated [5]. The results were generalized in a series of papers in other gravity theories [6, 7, 8, 9].

Soliton stars appeared in the literature as stable field configurations consisted of abelian or non-abelian scalar fields, containing sometimes fermions or gauge bosons coupled to gravity [10, 11, 12, 19, 20, 21, 22, 24]. These configurations are stable even in the absence of gravity. A certain class of soliton stars are very large field configurations with radius of the order of lightyears [10, 11, 12]. They consist of a very large interior with very low energy density of “kinetic” type resulting from the time variation of the scalar field. On the other hand the potential energy within the soliton is considered to be negligible. Also, the metric and matter fields vary very slowly in the soliton interior. A considerable amount of energy, comparable to that stored in the huge interior, is contained in the thin surface. Within the surface both the potential and the energy resulting from the radial variation of the matter field contribute to the total surface energy, but the contribution of the time variation of the field is very small, as it is supposed to rotate in its internal U(1) space extremely slowly.

Another class of non-topological soliton stars, the q-stars, appeared as relativistic generalizations of a certain family of non-topological solitons, namely q-balls. Q-balls have a certain role in particle theory and especially in the baryogenesis through the flat MSSM directions [17]. They appear in Lagrangians, [13, 14, 15, 16], with a global U(1) or SU(3), SO(3) symmetry, or a local U(1) [18], when the scalar field takes the special value which minimizes the U/ϕ^2 quantity.

The properties of the q-stars have been studied thoroughly in [19, 20, 21, 22, 23, 25]. There are q-stars with one or two scalar fields, [19, 25], q-stars with non-abelian fields, [23], and q-stars with a fermion and a scalar field, [20, 21, 22]. These objects contain a large interior within which both metric and matter fields vary smoothly. The energy within the interior is the sum of the potential energy and of the “kinetic” energy resulting from the time variation of the matter field. In the case of q-balls and, consequently, the case q-stars the potential is always positive. We will name U, W and V the potential energy, the energy resulting from the time variation and the energy resulting from the space variation respectively. There is a crucial relation that roughly describes the q-solitons and differentiates them from other classes of non topological solitons, namely: ω ∼ ϕ ∼ m , (1.1) where ω is the frequency with which the soliton rotates in its internal U(1) space, or, with proper generalizations that we describe, in more complicated spaces, ϕ is a typical value of the or one of the scalar field(s) within the soliton and m is the mass of the free particles. This relation means that W is of the same order of magnitude with U, in contrast with other non-topological solitons for which the U is negligible in the interior and W negligible within the surface. The common feature between q-stars and other soliton stars is the smooth variation of the matter field in the interior and the rapid change, within the surface, from a ϕ_0 value to zero. In non-topological soliton stars, the energy density within the surface is huge compared to the energy density in the interior, and so, although the surface is very thin, the energy, contained within it, is comparable to the energy stored in the interior. This does not hold true for the q-stars. They have an approximately constant energy density in the interior, the sum of W and U. At the surface, these quantities retain the same order of magnitude and V in now added with the same order of magnitude as well. Because the energy density is everywhere of the same order of magnitude, either in the interior, or in the surface, and because the surface is of width of m^{−1}, the total energy of the thin surface is negligible. It has been proved that q-stars are smaller than non-topological soliton stars but larger than boson stars with no soliton features in the absence of gravity.

Gravity in 2 + 1, [29, 30], dimensions coupled to scalar fields is studied for many reasons. One of them is the theoretical interest for a theory qualitatively different from the corresponding theory in 3 + 1 dimensions. The solutions in a 3−dimensional theory of gravity are much more simpler because there is no A/r^2 − 1 term in the Einstein tensor, where A is a metric field as we will see. This can lead even to analytical solutions for special field configurations composed of scalar fields (or fermion-scalar) coupled to 3−dimensional gravity [26, 27, 28].

The aim of the present article is to study the formation of q-stars in 2 + 1 dimensions in anti anti de Sitter or flat spacetime, as a limiting case. We want to investigate the matter of their stability with respect to gravitational collapse and to fission into free particles and to study the influence of the global spacetime curvature in the features of the q-star. We study four different kinds of q-stars, namely, with one and two scalar fields, non-abelian q-stars and fermion-scalar q-stars. We thoroughly investigate their properties, such as soliton radius, mass, particle number, as functions of either the cosmological constant, which is an absolutely independent parameter, or as functions of their internal frequency, a quantity with crucial role in the theory of non-topological solitons. We also give analytical solutions for the important case that the cosmological constant tends to zero and also for other cases, which show a very close similarity in their behavior, when compared to solutions obtained with the usual numerical methods.

2 A q-star with one scalar field

We consider a static, spherically symmetric metric:

ds^2 = −e^ν dt^2 + e^λdρ^2 + ρ^2dα^2 , (2.1)

with g_{tt} = −e^ν . We regard a scalar field with the minimum-energy time dependence: ϕ(⃗ρ, t) = σ(ρ)e^{−ıωt} . (2.2) The action in natural units for a scalar field coupled to gravity in 2+1 dimensions is: S = ∫ d^3x √ −g [ R − 2Λ 16πG + g^{μν} (∂_μϕ)^∗(∂_ν ϕ) − U ] , (2.3)

where Λ stands for the cosmological constant, regarded here to be negative, or zero, as a limiting case. The energy-momentum tensor is:

T_{μν} = (∂_μϕ)^∗(∂_ν ϕ) + (∂_μϕ)(∂_ν ϕ)^∗ − g_{μν} [g^{αβ}(∂_αϕ)^∗(∂_βϕ)] − g_{μν} U . (2.4)

The theory need not be fundamental and, thus, renormalizable but effective. The Euler-Lagrange equation for the matter field is: [ 1/ √ |g|∂_μ( √ |g|g^{μν} ∂_ν ) − dU d|ϕ|^2 ] ϕ = 0 , (2.5)

taking now the form:

σ^{′′} + [1/ρ + (1/2)(ν^′ − λ^′)]σ^′ + e^λω^2e^{−ν} σ − e^λ dU dσ^2 σ = 0 . (2.6)

The Einstein equations are: G^μ_ν ≡ R^μ_ν − 1 2 δ^μ_ν R = 8πGT^μ_ν − Λδ^μ_ν . (2.7)

With the above assumptions the Einstein equations take the form: −e^{−λ} λ^′ 2ρ = 8πG(−W − V − U) − Λ , (2.8)

e^{−λ} ν^′ 2ρ = 8πG(W + V − U) − Λ , (2.9)

where W ≡ e^{−ν} ( ∂ϕ ∂t )_∗ ( ∂ϕ ∂t ) = e^{−ν} ω^2σ^2, V ≡ e^{−λ} ( ∂ϕ ∂ρ )_∗ ( ∂ϕ ∂ρ ) = e^{−λ}σ^{′2} . (2.10)

There is a Noether current:

j^μ = √ −gg^{μν} ı(ϕ^∗∂_ν ϕ − ϕ∂_ν ϕ^∗) . (2.11) The current is conserved according to the equation:

j^μ_{;μ} = 0 . (2.12)

The total charge is defined as: Q = ∫ d^2xj^0 , (2.13)

now taking the form Q = 4π ∫ ρdρωσ^2e^{−ν/2}e^{λ/2} . (2.14) This charge represents the total particle number if the charge of each particle is unity. In the present case the energy of the free particles with the same charge is mQ, where m is the mass of the free particles. We rescale all the parameters of the Lagrangian with respect to the mass, and set m eqaul to unity. So, if the total charge is less than the total mass of the field configuration, the star is stable with respect to decay into free particles. We define for convenience:

B = e^{−ν} , A = e^{−λ} , (2.15) and rescale: ρ̃ = ρm , ω̃ = ω/m , σ̃ = σ/m^{1/2} , ~U = U/m^3 , ~W = W/m^3 , ~V = V/m^3 , (2.16)

where m in generally is a mass scale, here the mass of the scalar field. We also make the rescalings ~Λ8πGm^3 ≡ Λ, r̃ = √ 8πGmρ̃ . (2.17) Inside the soliton both metric and matter fields vary very slowly with respect to the radius. This leads to a considerable simplification to both Einstein and Lagrange equations. We see that V ∝ ϕ(0)^2/P^2 ∝ m^3σ̃(0)^2/P̃^2 ∝ Gm^4σ̃^2/R̃^2 which is very small compared to the other energy quantities. P is the (unrescaled) soliton radius and P̃ and R̃ correspond to the rescaled radii, according to the rescalings under 2.16 and 2.17 respectively.

So, ignoring the O(Gm^4) quantities and dropping the tildes the Einstein equations take the form: − dA dr 1 2r = ω^2σ^2B + U + Λ , (2.18)

− A B dB dr 1 2r = ω^2σ^2B − U − Λ , (2.19)

and the Euler-Lagrange equation is: ω^2σB − 1 2 dU dσ = 0 . (2.20)

A rescaled potential admitting q-ball type solutions in the absence of gravity is: U = |ϕ|^2 − |ϕ|^4 + 1 3 |ϕ|^6 = σ^2 ( 1 − σ^2 + 1 3 σ^4 ) . (2.21)

The solution to the eq. 2.20 is:

σ^2 = 1 + ω √ B (2.22)

and U is: U = 1 3 (1 + ω^3B^{3/2}) . (2.23)

Within the thin surface the metric and matter fields change rapidly. We can write the Lagrange equation in the following form (unrescaled quantities): ( A ρ − 1 2 A B dB dρ ) dσ dρ = 1 2 δ(U − W − V ) δσ . (2.24)

There is a certain form for the g_{11}(r) metric component (unrescaled quantities), [31], [32]:

−g^{−1}_{11} (ρ) ≡ A(ρ) = 1 − 2GE_ρ ρ^{D−3} − 2Λρ^2 (D − 2)(D − 1)

, (2.25)

where E_ρ is the total energy density contained within a sphere of radius ρ and D is the spacetime dimensionality, here equal to 3. The above relation can be verified numerically and will be discussed more extensively when dealing with q-stars with two scalar fields, which offer a richer variety of analytical solutions. Using the relation holding within the surface approximately namely the: A ∼ 1/B and rescaling in the usual way, we find that: 1 2 δ(U − W − V ) δσ ∼ √ 8πGm 1 −^1_π ∫_{r̃} 0 d^2r̃ε̃ −^1_π r̃^d_{dr̃} ∫_{r̃} 0 d^2r̃ε̃ − 2~Λr̃^2 r̃ m^4 , (2.26) where we regarded that within the surface the field decreases from a σ_0 value to zero and that σ_0 ∼ m^{1/2}. Also, the surface width is ∼ m^{−1}. So, dropping the O( √ Gm) quantities, we find: δ(W − U − V ) δσ = 0 . (2.27)

Because at the outer edge of the surface all energy quantities are zero, we find a first integral to the above equation:

V + U − W = 0 . (2.28)

Eqs. 2.26-2.28 hold true only within the surface. At the inner edge of the surface σ^′ is zero in order to match the interior with the surface solution. So, at the inner edge of the surface the equality U = W , together with eqs. 2.22, 2.23, gives the eigenvalue equation for ω: ω = B^{−1/2}sur 2 = A^{1/2}sur 2 . (2.29)

which has the right limiting value when gravity is absent, i.e.: A_{sur} → 1. So, ω, apart from a certain parameter referring to the soliton properties, is also a measure for the gravity strength, equivalent to the metrics. The same discussion, eqs. 2.24-2.29, holds true in any case of q-star.

Solving the Einstein equations and in order to find the soliton parameters, we use the G^0_0 component of the Einstein tensor for the calculation of the energy or, equivalently, the form E = π(1 − A(r) − Λr^2) , r → ∞ , (rescaled quantities) arising from eq. 2.25, and eq. 2.14 for the calculation of the charge. The thin surface has a negligible energy and charge contribution. The independent variables are two: The cosmological constant, a global feature of the spacetime, and the soliton frequency.

Outside the soliton the energy quantities are all zero. Einstein equations can be solved analytically:

A(r) = A_{sur} − Λr^2 + ΛR^2 = 1 − E π − Λr^2 , (2.30)

B(r) = A_{sur} − Λr^2 + ΛR^2

A^2_{sur} = ( 1 − E π − Λr^2 )_{−1} , (2.31)

with R the star radius and E the total mass. The same relations hold true for every case of q-star we discuss.

We will now give the analytic solution holding true when Λ → 0. In this case the metric B is constant everywhere and the other parameters of the soliton are given in the following equations:

B(r) = 1/A_{sur} = 1 4ω^2

, (2.32)

A(r) = 1 − 3 4 r^2 , (2.33)

R = √ 4 3 (1 − A_{sur}) = √ 4 3 (1 − 4ω^2) , (2.34)

E = π(1 − A_{sur}) = π(1 − 4ω^2) , (2.35)

Q = 4π(1 − √ A_{sur}) = 4π(1 − 2ω) . (2.36) In the above equations R is the soliton radius determined when A(r) = 1/B(r) and A_{sur} is the value of the A(r) at the surface of the star. There

Figure 1: Energy as a function of charge for several values of the cosmological constant for a q-star with one scalar field. The numbers within the figures 1, 6, 11 and 17-20 denote the absolute value of the cosmological constant. We start from a large value of the metric at the surface, A_{sur}, near unity, corresponding to the weak gravity limit . The values of the energy and charge are small. As we decrease the metric the values of energy and charge increase. If Λ ≠ 0 and when reaching a certain value of A_{sur}, then energy and charge decrease. The initial increase in the energy and charge values is not visible in the Λ = −2.5 case, because it takes place nearly to the maximum energy and for a short range of the surface gravity parameter.

Figure 2: The matter field value at the center of the soliton as a function of the cosmological constant for a q-star with one scalar field for four different values of A_{sur}. The frequency can be obtained using relation 2.29. For zero cosmological constant the field is everywhere constant within the soliton, equal to (1 + ω/A^{1/2}sur )^{1/2} = 1.5^{1/2}. As the cosmological constant increases in absolute values the field takes larger values as a reflection of the increase in the gravity strength. Also, the field has larger values when ω decreases, because small ω indicates stronger gravity.

Figure 3: The soliton radius as a function of the cosmological constant for a q-star with one scalar field for four different values of A_{sur}.

Figure 4: The total soliton mass as a function of the cosmological constant for a q-star with one scalar field for four different values of A_{sur}.

Figure 5: The particle number as a function of the cosmological constant for a q-star with one scalar field for four different values of A_{sur}. We find that radius, energy and charge increase for small absolute values of the cosmological constant but for larger values they decrease.

are some interesting results obtained when investigating the properties of the analytical solution. The total soliton energy is: E = 3π 4 R^2 . (2.37)

This agrees with the intuitive result that the total energy is analogous to the “volume” of the field configuration. Also, E/Q < 1 = the rescaled mass of the free particles for every 0 < A_{sur} ≤ 1 for the case of zero cosmological constant. This means that there is no possibility for the soliton fission to free particles, because this procedure is energetically forbidden. From the σ^2 = 1 + ωB^{1/2} relation and eq. 2.32 we find that in a flat spacetime, the scalar field has an everywhere constant absolute value, here equal to 1.5. So, when A_{sur} → 0, i.e.: when a horizon is going to be formed, there is no anomaly at the center of the star.

In our figures, every dashed line corresponds to an analytical solution. The total energy is in 8πG units, the particle number in 8πGm̃ units, with m̃ = 1 and the soliton radius in (8πGm̃^3)^{1/2} units. In figures 2-5 starting with an initial zero value of the cosmological constant, we increase its absolute value and terminate our calculations when the soliton energy equates to the energy of free particles with the same charge. In figure 1 we start from a large value of the metric field A_{sur}, near unity, or, equivalently, a large value of the characteristic soliton frequency, near 1/2 (which according to eq. 2.29 is the maximum limiting value of the frequency when gravity is absent, i.e., when A_{sur} → 1) and gradually decrease the frequency.

We can observe, as a general comment of our numerical results depicted in figures 1-5, that the effect of the increase, in absolute values, of the cosmological constant causes a consequent increase in the energy, charge and radius of the q-star. This is a counter-balancing effect: Negative cosmological constant means that different particles within the soliton, corresponding to the ϕ field, tend to move along deviating geodesics. So, the increase in mass and the other soliton parameters is necessary in order the object to avoid this kind of “deviation”, or, in other words, to generate “positive” gravity as opposed to the “negative” gravity, generated by the negative cosmological constant. But when cosmological constant becomes considerably large (i.e. when Λ is larger than 8πGU or 8πGW or, equivalently, when ~Λ is larger than ~U or ~W ) then no soliton energy contribution can prevent this “deviation”, apart from a shrinking in the soliton magnitude and a consequent decrease in the soliton mass and particle number.

Figure 1 gives more interesting results. We start from an ω near the critical value 1/2 holding true in the absence of gravity. The field configuration is a small one, with small energy and charge. When decreasing ω (or A_{sur}) gravity becomes more important and the soliton becomes larger and more massive. There is an interesting point, common in similar diagrams of other kinds of q-stars. Decreasing frequency both energy and charge increase, but only until the frequency reaches a certain point, below which the two quantities decrease. So for a certain charge there are usually two values of the energy, the lower one corresponding to high frequency (lower branch of the E = E(Q) diagram) and the higher one corresponding to low frequency (upper branch of the E = E(Q) diagram). So, a soliton star with a certain charge and a high energy amount can emit the energy excess, falling down to the lower branch, changing of course its frequency. We will study this case in more details when treating fermion-scalar q-stars, for which there is an analytical solution for a special Λ ≠ 0 case and the obtained relations are simpler than in the case of q-stars with two scalar fields. This change in the energy and charge variation with respect to the frequency happens only when the cosmological constant differs from zero. The above analytical solution given for the zero cosmological constant case predicts that both energy and charge are monotone decreasing functions of the frequency. When A_{sur} → 0 one expects that a black hole is formed. But the calculations depicted in figure 1 interrupted for an A_{sur} > 0 value, because below that certain value the star decays into free particles as the energetically favorable choice. This means that before the formation of an horizon, the q-star decays. So, when Λ ≠ 0 gravitational collapse is impossible, at least in the usual way of decreasing frequency holding true for q-stars in 3 + 1 dimensions, [19]-[23]. There may be a possibility of forming q-type black holes, if one takes into account the spatial variation of the scalar field, but this demands a considerably different way of solving the equations of motion to the one known so far. The same discussion holds true for any sort of q-star.

3 A q-star with two scalar fields

A first simple generalization to the above described soliton is a field configuration with two scalar fields, one N-carrying ϕ, and, consequently, complex, and the other, σ, used to constrain the N-carrying field within a certain region, generating an appropriate potential, taken to be real for simplicity. The Lagrangian in the case under discussion is:

L = g^{μν} (∂_μϕ)^∗(∂_ν ϕ) + 1 2 g^{μν} (∂_μσ)(∂_νσ) − U , (3.1) and the metric is supposed to have the same form as in the q-star with one scalar field, i.e. to be static and spherically symmetric. The potential has the general form:

U = aϕ^2σ^2 + bϕ^4 + c(σ^2 − d)^2 . (3.2)

We paramertize d as:

d = μ^{−3/2}a^{−1/2}b^{1/2} , (3.3) where the parameter μ has mass dimensions, is nothing more than a way of re-expressing d, is of the same order of magnitude as the potential parameters and will simplify the rescalings of the energy quantities. We now rescale the matter fields

ϕ̃ = (2b)^{1/4}μ^{−4/3}ϕ, σ̃ = a^{1/2}(2b)^{−1/4}μ^{3/4}σ . (3.4)

We also define:

λ = a^{−1}bc , (3.5) and the potential takes the simple form:

U = ~U /μ^3 , ~U = ϕ̃^2σ̃^2 + 1 2 ϕ̃^4 + λ 2 (σ̃^2 − 1)^2 . (3.6)

The rescalings in the other quantities (spacetime and frequency) are the same as in eq. 2.16.

We use a simple ansatz for the matter fields, namely we regard that within the soliton holds: ϕ̃(~⃗ρ, t) = φ̃(ρ̃)e^{−ıω̃t} , σ̃ ∼= 0 . (3.7) Redefining: r̃ = ρ̃8πGμ, we have: ~V = A [( dφ̃ dρ̃ )_2 + ( dσ̃ dρ̃ )_2] ∼= ( dφ̃ dρ̃ )_2 ∝ ( dφ̃ dr̃ )_2 8πGμ ≪ ~W , ~U , (3.8) with ~W = Bω̃^2φ̃^2 . (3.9)

The Euler-Lagrange equation for the complex field is: A [ d^2φ̃ dr̃^2 + ( 1 r̃ + 1 2 d(A − B) dr̃ ) dφ̃ dr̃ ] 8πGμ = 1 2 δ( ~U − ~W ) δφ̃ . (3.10)

Regarding the metric and matter fields as smoothly varying within the star, we find from the Lagrange equation for the φ field:

φ̃^2 = ω̃^2B , (3.11)

~U = 1 2 (ω̃^4B^2 + λ) ~W = ω̃^4B^2 .

(3.12)

Within the surface the metric and matter fields vary rapidly. Repeating the discussion (eqs 2.24-2.28) of the previous section we find the eigenvalue equation for the frequency:

ω̃ = ( λ B^2_{sur} )_{1/4} . (3.13)

We will choose λ = 1/9 for simplicity. Dropping from now on the tildes, the Einstein equations take the form: − 1 2r dA dr = 3 2 ω^4B^2 + 1 2 λ + Λ , (3.14)

− 1 2r A B dB dr = 1 2 ω^4B^2 − 1 2 λ − Λ . (3.15)

The soliton mass is given by the G^0_0 component of the Einstein tensor and the particle number is: Q = 4π ∫ drrωφ^2 √ B A = 4π ∫ drrω^3B^{3/2}A^{−1/2} . (3.16)

Outside the soliton we take φ to be everywhere zero and σ equal to unity, so that both the energy density and Noether current are zero. These values are also solutions to the Lagrange equations of the matter fields.

We will now find some analytical solutions. The case of zero cosmological constant is one of them. In this case holds:

B(r) = 1/A_{sur} , A(r) = 1 − 2λr^2 . (3.17)

The soliton radius R can be found equal to: R = ( 1 − A_{sur} 2λ )_{1/2} = ( 1 − ω^2/λ^{1/2} 2λ )_{1/2} , (3.18)

Figure 6: The total mass of the field configuration as a function of the particle number for several values of the cosmological constant for a q-star with two scalar fields. Dashed lines depict analytical solutions.

Figure 7: The absolute value of the N−carrying field at the center of the field configuration as a function of the cosmological constant for a q-star with two scalar fields for four values of A_{sur}, or equivalently, the frequency. For flat spacetime the field ϕ has a constant value equal to λ^{1/4} (here 1/9^{1/4}) in the soliton interior.

Figure 8: The radius of a q-star with two scalar fields as a function of the cosmological constant for four values of A_{sur}.

Figure 9: The total mass as a function of the cosmological constant for a q-star with two scalar fields for four values of A_{sur}.

Figure 10: The particle number as a function of the cosmological constant for a q-star with two scalar fields for four values of the A_{sur}.

and the energy and charge E = (1 − A_{sur})π = (1 − ω^2/λ^{1/2})π , (3.19)

Q = 2 √ 3π(1 − A^{1/2}_{sur} ) = 2 √ 3π(1 − ω/λ^{1/4}) . (3.20) We can see that the equation E = Q has no solution, so, the soliton energy can not be equal to the energy of free particles and consequently the star can not decay into free particles. We can also find the relation for the energy E_r stored within a surface of radius r: E_r = 2λπr^2 , (3.21) which verifies relation 2.25, when combined with eq. 3.17.

We will now examine a different case admitting analytical solutions. The case: 1 2 λ + Λ = 0 . (3.22)

If R is the soliton radius (i.e. the solution to the equation: A(r) = 1/B(r)) the soliton parameters take the form:

R = 3 √ 2(A^{2/3}_{sur} − A_{sur})^{1/2} = 3 √ 2(−3ω^2 + 3^{2/3}ω^{4/3})^{1/2} , (3.23)

A(r) = (18A_{sur} − r^2 + R^2)^3 5832A^2_{sur} = (18A^{2/3}sur − r^2)^3

5832A^2_{sur} = (−r^2 + 18 · 3^{2/3}ω^{4/3})^3 52488ω^4 , (3.24)

B(r) = 18A_{sur} − r^2 + R^2

18A^2_{sur} = 18A^{2/3}sur − r^2 18A^2_{sur} = −r^2 + 18 · 3^{2/3}ω^{4/3} 162ω^4

, (3.25)

E = (1 + A^{2/3}_{sur} − 2A_{sur})π = (1 − 6ω^2 + 3^{2/3}ω^{4/3})π , (3.26)

Q = 4 √ 3π(A^{1/6}_{sur} − A^{1/2}_{sur} ) = 4 √ 3π(3^{1/6}ω^{1/3} − 3^{1/2}ω) . (3.27) The equation E = Q admits analytical solution numerically equal to A_{sur} = 1.03484 · 10^{−5}. Then, E ∼= Q ∼= π and below this value of the surface metric the energy of the free particles with the same charge is less than the soliton energy, making in this way stars with A_{sur} below that critical value unstable. We can also find E_r:

E_r = πr^2(792A^{4/3}_{sur} + 324A^2_{sur} − 54A^{2/3}_{sur} r^2 + r^4) 5832A^2_{sur}

. (3.28)

It is a matter of simple algebra to verify equation 2.25.

As one can see from figure 6, the analytical solutions behave in the same way as the solutions obtained in numerical methods. Summarizing our results, we see that decay into free particles is forbidden for the flat spacetime case, energetically favorable for an anti de Sitter spacetime, but only below a certain value of the frequency. Solitons can not be extremely large. For any value of the independent parameters (ω and Λ) there is a certain region in the E-Q phase space, fully depicted in our figures, 6-10.

4 Non-abelian q-stars

The Lagrangian in this case is: L = 1 2 Tr(∂_μϕ)(∂_ν ϕ) − TrU(ϕ) . (4.1)

The Enstein equations are: − 1 2ρ dA dρ = 8πG [ U + Tr 1 2 B ( ∂ϕ ∂t )_2

+ Tr 1 2 A ( ∂ϕ ∂ρ )_2] + Λ , (4.2)

− 1 2ρ A B dB dρ = 8πG [ Tr 1 2 B ( ∂ϕ ∂t )_2

+ Tr 1 2 A ( ∂ϕ ∂ρ )_2 − U ] − Λ , (4.3) with a general renormalizable potential U = μ^2 2 ϕ^2 + g 3! ϕ^3 + λ 4! ϕ^4 , (4.4)

with ϕ in the SO(3) 5 representation. We make the following rescalings:

g = μg̃ , ϕ = (μ/g̃)ϕ̃ , λ = g̃^2λ̃ , ρ = ρ̃μ^{−1} , ω = μω̃ . (4.5)

All energy quantities are rescaled by μ^4/g̃^2. The potential takes the simple form: U = μ^4 g̃^2 ~U , ~U = ϕ̃2 2 + ϕ̃3 3! + λ̃ 4! ϕ̃^4 , (4.6)

where λ̃ = λ/g̃^2 Redefining r̃ = ρ̃ √ 8πG μ^2 g̃^2 ,

8πG μ^4 g̃^2

~Λ = Λ ,

the independent Einstein equations take the simple form: − 1 2r̃ dA dr̃ = U + W + V + ~Λ , (4.7)

− 1 2r̃ A B dB dr̃ = W + V − U − ~Λ , (4.8)

where: U = Tr ~U , W = Tr 1 2 B ( ∂ϕ̃ ∂t̃ )_2

= TrB[~Ω, ϕ̃]^2 ,

V = Tr 1 2 A ( ∂ϕ̃ ∂ρ̃ )_2

= Tr 1 2 A ( ∂ϕ̃ ∂r̃ )_2 8πG μ^2 g̃^2 . (4.9)

It is obvious that for a large soliton with smoothly varying fields within the interior the V terms are of O(G) order and, thus, can be neglected. We define Ω through: ∂ϕ ∂t = ı[Ω, ϕ] . (4.10)

We also define: Ω ≡ μ ~Ω ≡ −ıω̃μ 0 0 1 0 0 0 −1 0 0

. (4.11)

With the above definitions, the Euler-Lagrange equation takes the form: − B[~Ω, [~Ω, ϕ̃]] + ∂U ∂ϕ̃ − 1 3 1Tr ( ∂U ∂ϕ̃ ) = 8πG μ^2 g̃^2 [ ∂^2ϕ̃ ∂r̃^2 + ∂ϕ̃ ∂r̃ ( 1 r̃ + 1 2A dA dr̃ − 1 2A dA dr̃ )] , (4.12)

where 1 is the unity matrix. We can always diagonalize ϕ = e^{ıR}ϕ_{diag}e^{−ıR}. The rigid rotation condition means that R(ρ, t) = Ωt + C where we can eliminate the constant C through a global SO(3) rotation and write: ϕ = − 1 2 ϕ_2 ·diag(1+y, −2, 1−y) ⇔ ϕ̃ = − 1 2 ϕ̃_2 ·diag(1+y, −2, 1−y) . (4.13)

The charge is defined by the equation: Q = ∫ d^2ρ √ −gj^0 = −ı ∫ d^2ρ √ −gB[ϕ, ϕ̇] . (4.14) The equation of motion for the matter field within the soliton dropping the O(8πGμ^2/g̃^2) takes the form:

ϕ̃+ 1 2 ϕ̃^2 + 1 6 λ̃ϕ̃^3 − 1 3 1Tr ( 1 2 ϕ̃^2 + 1 6 ϕ̃^3 ) = 2ω̃^2B(ϕ̃_1 −ϕ̃_3)diag(1, 0, −1) . (4.15)

At the inner edge of the surface we obtain the usual relation (repeating eqs 2.24-2.28):

(U − W)_{sur} = 0 . (4.16) The usual relation δ(W = U)/δϕ = 0 is no longer valid. We can see that that neglecting the O(8πGμ^2/g̃^2) in the Euler-Lagrange equation, multiplying by ϕ̃ and tracing yields 2W = Tr(ϕ̃ · ∂U/∂ϕ̃). Applying equation 4.16 we obtain for the fields at the inner edge of the surface, with R the soliton radius:

ϕ̃_2(R) = 12 λ̃ ( y^2 − 1 (y^2 + 3)^2 ) sur , (4.17)

ω̃^2B(R) = [ 1 4 ( 1 + 3 y^2 ) − 3 4λ̃ 1 y^2

(y^2 − 1)^2 (y^2 + 3)^2 ] sur . (4.18)

Taking the (2, 2) component of the Euler-Lagrange, eq. 4.15 we take:

y^2(r̃) = 3 ϕ̃_2 λ̃ϕ̃2 + 2ϕ̃_2 + 8 2 − λ̃ϕ̃_2

. (4.19)

Using the above equation combined with the 2W = Tr(ϕ̃ · ∂U/∂ϕ̃) relation, we find for the ϕ̃_2 field:

ϕ̃_2(r̃) = 1 − 4 λ̃ω̃2B(r̃) 2λ̃ + 1 2λ̃ ( [1 − 4λ̃ω̃^2B(r̃)]^2 + 8λ̃[4ω̃^2B(r̃) − 1] )_{1/2} . (4.20) Using now eqs 4.17, 4.19 we find:

[(λ̃ − 1)(y^2 + 3)^3 + 16(y^2 + 3)^2 − 72(y^2 + 3) + 96]_{sur} = 0 . (4.21) λ̃ < 1 holds in order 4.19 to have real solutions. The solution to the above equation is:

y^2(R) = −3 + 16 3(1 − λ̃) + 2 3 2^{1/3} −1 + λ̃ −13 + 162λ̃ − 81λ̃^2 + 9(−1 + λ̃)^2

−1 + 81 λ̃2 (−1 + λ̃)^2 1/3 +

+ 2 3 2^{1/3} 1 − λ̃ 13 + 162λ̃ + 81λ̃^2 + 9(−1 + λ̃)^2 −1 + 81λ̃2 (−1 + λ̃)^2 1/3 . (4.22)

The idea for the non-abelian solitons is the following: We give a certain value to the free parameter λ̃, in our calculations λ̃ = 2/3, and using eq. 4.22 we find y^2(R). Substituting in eq. 4.18 we find the eigenvalue for the frequency, in our case equal to 0.4956A^{1/2}_{sur} . We then substitute the values of the ϕ̃_2 and y_2 matter fields (eqs 4.19-4.20) in Einstein equations and solve them numerically.

From the figures 11-15 we see that for larger values of the cosmological constant the matter field (ϕ̃_2) is larger, but the soliton radius, charge and energy decrease with the increase of the cosmological constant in absolute values as in other kinds of q-stars.

We now investigate the analytical solution to the Einstein equations in the case of zero cosmological constant. We find:

A = 1 − 2.82529r̃^2 , (4.23)

Figure 11: Energy as a function of the particle number for four values of the cosmological constant, for a non-abelian q-star.

Figure 12: The matter field value (ϕ̃_2(0)) at the center of the field configuration as a function of the cosmological constant for a non-abelian q-star for four values of the A_{sur}.

Figure 13: The soliton radius as a function of the cosmological constant for a non-abelian q-star for four values of the A_{sur}.

Figure 14: The total mass as a function of the cosmological constant for a non-abelian q-star for four values of the A_{sur}.

Figure 15: The particle number as a function of the cosmological constant for a non-abelian q-star for four values of the A_{sur}.

R = [(1 − A_{sur})/2.8259]^{1/2} , (4.24)

E = π(1 − A_{sur}) , (4.25)

Q = 16.7482(1 − A^{1/2}_{sur} ) . (4.26)

5 Fermion-Scalar q-stars

Fermion-scalar q-stars are realistic field configurations of a scalar and a fermionic field. These field configurations are supposed, [21], to describe certain stellar objects known as neutron stars. The fermionic field carries the charge needed to stabilize the soliton and the real scalar field generates an everywhere positive potential. In the star interior the scalar field is approximately zero but outside the soliton takes a certain value σ_0, vanishing the potential. The potential energy density outside the soliton vanishes in this way (eq. 5.9) and the fermion mass acquires its vacuum value m.

We regard the fermion-scalar q-star as a zero temperature fermionic sea with local Fermi energy and momentum ε^2_F + k^2_F + m^2(σ). With spherical symmetry, the local fermion density is: ⟨ψ^†ψ⟩ = 1 4π^2 ∫ n_kd^2k = k^2_F 4π , (5.1) and the scalar density: ⟨ψ̄ψ⟩ = 1 4π^2 ∫ n_kd^2k m 2(k^2 + m^2)^{1/2} = m(−m + ε_F ) 2π . (5.2)

We also find using the definitions for the energy and pressure density: P_ψ ≡ 1 2 ∫ n_kd^2k k^2 2(k^2 + m^2)^{1/2} = 1 3 (ε_F ⟨ψ^†ψ⟩ − m⟨ψ̄ψ⟩) , (5.3)

E_ψ ≡ 1 4π^2 ∫ n_k d^2k(k^2 + m^2)^{1/2} = 2P_ψ + m⟨ψ̄ψ⟩ . (5.4)

The Lagrangian density is: L = ψ̄(ı∂/ − m(σ))ψ − 1 2 (∂_μσ)^2 − U(σ) , (5.5)

with m(σ) = gσ . (5.6) We choose g = 2 for our calculations. The Euler-Lagrange equation for the scalar field is: d^2σ dρ^2 + 1 ρ dσ dρ = − ∂ ∂σ (P_ψ − U) . (5.7)

An appropriate form for the potential is: U = 1 4 λ(σ^2 − σ^2_0)^2. (5.8)

The proper generalization in order to include gravity in our discussion is to replace the Fermi energy with a global chemical potential, according to the equation 5.14, [12]. In this way the Fermi energy takes the proper generally covariant form, being the zero component of the energy-momentum 4−vector. The generalization of the Lagrangian with the inclusion of gravity is straightforward: L/ √ −g = ı 2 (ψ̄γ^μψ_{;μ} − ψ̄_{;μ}γ^μψ) − m(σ)ψ̄ψ + 1 2 σ_{;μ}σ^{;μ} − U(σ) . (5.9)

The proper rescalings for the case under discussion are made with respect to a new mass scale μ equal to σ^2_0, simplifying in this way the potential and extracting a μ^3 factor from the Lagrangian. So the quantities in the Lagrangian are rescaled in the following way:

σ̃ = σ σ_0 , ~ψ = ψ σ^2_0 , λ̃ = λ σ^2_0 , ~m = m σ^2_0

, ρ̃ = ρσ^2_0 , ~L = L σ^6_0

. (5.10)

We also make two new redefinitions:

r̃ = 8πGσ^2_0 , ~Λ = Λ 8πGσ^6_0

. (5.11)

So, dropping the tildes we can regard that inside the soliton the matter field derivative with respect to the radius is of order of O(Gμ^2) so the Euler- Lagrange equation for the scalar field can be written: ∂ ∂σ (P_ψ − U) = 0 . (5.12)

The energy-momentum tensor is:

T^{μν} = 1 2 ı(ψ̄γ^{(μ}ψ^{;ν)} − ψ̄^{;(μ}γ^{ν)}ψ) + σ^{;μ}σ^{;ν} − g^{μν} [1/2σ_{;α}σ^{;α} − U(σ)] . (5.13)

We define a global chemical potential ω_ψ through the equation:

ω^2_ψ = ε^2_F B^{−1}(r) . (5.14)

This quantity retains a role similar to the frequency of the other kinds of soliton stars. The particle number is:

Q_ψ = ∫ √ −gdx^1dx^2j^0 = 2π ∫ rdr √ 1 A ⟨ψ^†ψ⟩ . (5.15) The Einstein equations take the form: − 1 2r dA dr = E_ψ + U + Λ , (5.16)

− 1 2r A B dB dr = P_ψ − U − Λ . (5.17)

Within the surface we repeat the discussion of eqs. 2.24-2.28 and find from eq. 5.12: U = P_ψ ⇒ λ 4 = 1 12π ω^3_ψB^{3/2}_{sur} . (5.18)

Figure 16: Energy as a function of charge for four values of the A_{sur} or, equivalently, the chemical potential for a fermionic q-star. We start from a small value of the cosmological constant. Both energy and charge have small values. When increasing the cosmological constant, in absolute values, both energy and charge increase in order the soliton to generate “positive” gravity as a counter effect to the “negative” gravity from the spacetime structure. But when Λ takes very large absolute values, a large soliton can not be stable and mass, charge and radius decrease as one can see from figures 16-19.

This is the eigenvalue equation for the chemical potential. The Einstein equations take the soluble form: − 1 2r dA dr = 1 6π ω^3_ψ B^{3/2} + λ 4 + Λ , (5.19)

− 1 2r A B dB dr = 1 12π ω^3_ψ B^{3/2} − λ 4 − Λ , (5.20)

The total charge is: Q = 1 2 ∫ drrω^2_ψ BA^{−1/2} . (5.21)

For our numerical calculations we use λ = 1/2.

Outside the soliton we regard that σ is everywhere unity and ψ zero, so both energy density and current are zero.

Let us now take Λ → 0. In that case the Einstein equations admit the following analytical solution, also verified numerically:

B(r) = 1/A_{sur} = ( 3π 2 )_{2/3} ω^{−2}_ψ , A(r) = 1 − 3 8 r^2 . (5.22)

Figure 17: The soliton radius as a function of the chemical potential for a fermionic q-star for five values of the cosmological constant. When ω_ψ is large the gravity strength according to the eq. 5.18 is small.

Figure 18: The total soliton mass as a function of the chemical potential for five values of the cosmological constant for a fermionic q-star.

Figure 19: The particle number as a function of the chemical potential for five values of the cosmological constant for a fermionic q-star.

Figure 20: The total mass of the field configuration as a function of the charge for a fermionic q-star with constant cosmological constant when varying the chemical potential. We start from large values of this quantity (i.e: with A_{sur} close to unity, according to eq. 5.18) and, consequently, weak gravity. Then both charge and energy have small values. Decreasing ω_ψ both energy and charge increase up to a certain value of the chemical potential, below which they both decrease.

We can easily find that the parameters of the soliton are:

R = [(1 − A_{sur})8/3]^{1/2} = [( 1 − ( 2 3π )_{2/3} ω^2_ψ ) 8 3 ]_{1/2} , (5.23)

E = (1 − A_{sur})π = [ 1 − ( 2 3π )_{2/3} ω^2_ψ ] π , (5.24)

Q = ( 3π 2 )_{2/3} 4 3 (1 − A^{1/2}_{sur} ) = ( 3π 2 )_{2/3} 4 3 [ 1 − ( 2 3π )_{1/3} ω_ψ ] , (5.25)

where R is the soliton radius, E the total mass and Q the soliton charge.

We will now examine a different case admitting analytical solutions, namely: Λ = − λ 4 (5.26)

In that case Einstein equations take the form − 1 2r dA dr = 2 12π ω^3_ψB^{3/2} (5.27)

− 1 2r A B dB dr = 1 12π ω^3_ψ B^{3/2} (5.28)

We can find the soliton radius:

R = 4(A^{3/4}_{sur} − A_{sur})^{1/2} = 4 √ − ( 2 3π )_{2/3} ω^2_ψ + ( 2 3π )_{1/2} ω^{3/2}_ψ . (5.29)

The metrics take the form: A(r) = (16A_{sur} − r^2 + R^2)^4 65536A^3_{sur} = (16A^{3/4}sur − r^2)^4

65536A^3_{sur} = π^2(3r^2 − 16 √ 6/πω^{3/2}_ψ )^4 2359296ω^6_ψ

, (5.30)

B(r) = 1 256 (16A_{sur} − r^2 + R^2)^2 A^3_{sur} = 1 256 (16A^{3/4}sur − r^2)^2

A^3_{sur} = (3πr^2 − 16 √ 6πω^{3/2}_ψ )^2 1024ω^6_ψ

. (5.31)

We can also find the energy and charge:

E = (1 + 2A^{3/4}_{sur} − 3A_{sur})π = π − 2^{2/3}(3π)^{1/3}ω^2_ψ + 2 √ 2π 3 ω^{3/2}_ψ , (5.32)

Q = 2^{4/3}(3π)^{2/3}(A^{1/4}_{sur} − A^{1/2}_{sur} ) = 2 √ 6πω^{1/2}_ψ − 2^{5/3}(3π)^{1/3}ω_ψ . (5.33)

For both the analytically soluble cases the chemical potential ω_ψ varies from the maximum value obtained by the eq. 5.18 (equal to 3π/2 for these stars) when the minimum value is obtained equating the soliton energy with the energy of the free particles with the same charge. When B = A^{−1}_{sur} = const. this equation has no solution and no decay to free particles is possible. In the latter case the minimum value is ω_ψ = 0.0481.

We will now examine the Λ + λ/4 = 0 analytical solution in more details because in the fermion-scalar soliton stars we face the simpler relations when compared with those resulting from the investigation of the solitons with two scalar fields. With the help of figure 20 we see that the E = E(Q) function has two branches, a lower corresponding to large values of A_{sur}, or, equivalently, ω_ψ , and the upper one corresponding to small values of the above quantities. The boundary separating the two areas is determined by the solution of the equations dE dω_ψ = 0 , dQ dω_ψ = 0 .

The solution to both of the above equations is only one:

ω^{cr}_ψ = 1 4 ( 3π 2 )_{1/3} , A^{cr}_{sur} = 1 16 . (5.34)

For ω_ψ > ω^{cr}_ψ energy and charge are monotone decreasing functions of the chemical potential, but they are both monotone increasing for ω_ψ < ω^{cr}_ψ . The charge shows a more rapid decrease.

Solving eq. 5.33 in terms of A_{sur} for simplicity we find two solutions, called A^{(1)}sur and A^{(2)}sur corresponding to the upper and lower branches respectively of the the E = E(Q) function. These solutions are:

A^{(1)}_{sur} = 1 72π^3 ( 2^{1/3}3^{2/3}Q^2π^{5/3} − 12 · 2^{2/3}3^{1/3}Qπ^{7/3} + 36π^3 − 6 √ 2π^2× √ −2Q^3 − 12 · 2^{2/3}3^{1/3}Qπ^{4/3} + 18π^2 + 5 · 2^{1/3}Q^2(3π)^{2/3} ) (5.35)

A^{(2)}_{sur} = 1 72π^3 ( 2^{1/3}3^{2/3}Q^2π^{5/3} + 12 · 2^{2/3}3^{1/3}Qπ^{7/3} + 36π^3 − 6 √ 2π^2× √ −2Q^3 − 12 · 2^{2/3}3^{1/3}Qπ^{4/3} + 18π^2 + 5 · 2^{1/3}Q^2(3π)^{2/3} ) (5.36)

The metric of the eq. 5.35 is the small one (less than 1/16) when the the metric of eq. 5.36 is the large one. Substituting in eq. 5.32 we find the energies corresponding to the two branches:

E^{(1)} = − π 2 + Q ( 2π 2 )_{1/3} − Q^2 4 · 2^{3/2}(3π)^{1/3} + 1 4 √ −4Q^3 − 24 · 2^{2/3}3^{1/3}Qπ^{4/3} + 36π62 + 10 · 2^{1/3}Q^2(3π)^{2/3} + 1 6 · 2^{1/4}3^{1/2}π^{5/4} ( 2^{1/3}3^{2/3}Q^2π^{5/3} − 12 · 2^{2/3}3^{1/3}Qπ^{7/3} + 6π^2× (6π − √ −4Q^3 − 24 · 2^{2/3}3^{1/3}Qπ^{4/3} + 36π^2 + 10 · 2^{1/3}Q^2(3π)^{2/3}) )_{3/4} ,(5.37)

the large value of the energy corresponding to the upper branch and:

E^{(2)} = − π 2 + Q ( 2π 2 )_{1/3} − Q^2 4 · 2^{3/2}(3π)^{1/3} + 1 4 √ −4Q^3 − 24 · 2^{2/3}3^{1/3}Qπ^{4/3} + 36π62 + 10 · 2^{1/3}Q^2(3π)^{2/3} + 1 6 · 2^{1/4}3^{1/2}π^{5/4} ( 2^{1/3}3^{2/3}Q^2π^{5/3} − 12 · 2^{2/3}3^{1/3}Qπ^{7/3} + 6π^2×

(6π + √ −4Q^3 − 24 · 2^{2/3}3^{1/3}Qπ^{4/3} + 36π^2 + 10 · 2^{1/3}Q^2(3π)^{2/3}) )_{3/4} ,(5.38)

the small one.

6 Conclusions

Our discussion can be summarized as follows:

1. There are stable, gravitating field configurations, in 2 + 1 dimensions, consisted of a N−carrying field, fermionic, or scalar (abelian or non-abelian). An always positive potential, generated either by the the N−carrying field, or by an additional real scalar field, is necessary in order to stabilize the soliton. The potential as a function of the field ϕ increases as ϕ^2 for small values of the field, then slower than ϕ^2 providing in this way a local minimum for some value of the field differing from zero and for large values of the field as ϕ^4, or ϕ^6 usually, in order to ensure the positivity of the potential for large values of the field. The soliton solution lies near this minimum and the total energy of the star is smaller than m^2ϕ^2, i.e. the potential energy of the free particles in any field configuration under consideration . There is always a certain frequency, minimizing the total energy of the configuration, obtained by the equality of the W −energy to the U−energy. This equality holds true in the absence of gravity and is generalized in a generally covariant way.

2. When Λ ≠ 0 and A_{sur} → 0 the particle number decreases rapidly but the total energy decreases slowly, as one can see from figures 1, 6, 11 and 20. So, the A_{sur} = 0 case (formation of horizon) is impossible, because below a certain value of A_{sur} fission into free particles is energetically favorable. This result is supported by both numerical and analytical solutions. Decay into free particles is energetically forbidden for zero cosmological constant, as can be proved by the analytical solutions for every special kind of q-star. For cosmological constant differing from zero, the energy and the charge of the soliton increase when the gravity becomes stronger (i.e.: when A_{sur} decreases) but below a certain value of the frequency energy decreases slowly and charge more rapidly. The result is that for a certain charge there are usually two different values of the energy. So the soliton with the larger energy can emit the energy excess and goes to the lower-energy state. Due to the above behavior of the E = E(Q) function, we found analytically and numerically that below a certain value of the frequency the soliton decay to free particles is energetically favorable, so when the cosmological constant differs from zero there is a certain range of the soliton parameters (the independent parameter, frequency, and the derivative ones, radius, energy and charge) which verify the soliton stability. This range of the phase space parameters is fully depicted in our figures.

3. When the cosmological constant is zero or small with respect to the energy densities (namely U and W ), the soliton parameters, radius, mass and particle number, increase when the frequency decreases, i.e. when the gravity becomes stronger. When the cosmological constant becomes more important than the energy densities, the soliton becomes smaller and the mass and particle number show a corresponding decrease.

Acknowledgments

I wish to thank N.D. Tracas and E. Papantonopoulos for helpful discussions.

References

[1] D.J. Kaup, Phys. Rev. 172, 1331 (1968).

[2] R. Ruffini and S. Bonazzola, Phys. Rev. 187, 1767 (1969). [3] E.W. Mielke and R. Scherzer, Phys. Rev. D 24, 2111 (1981). [4] M. Colpi, S.L. Shapiro and I. Wasserman, Phys. Rev. Lett. 57, 2485 (1986).

[5] Ph. Jetzer and J.J. van der Bij, Phys. Lett. B 227, 341 (1989). [6] D.F. Torres, S. Capozziello and G. Lambiase, Phys. Rev. D 62, 104012 (2000).

[7] A.W. Whinnet and D.F. Torres, Phys. Rev. D 60, 104050 (1999). [8] D.F. Torres, A.R. Liddle and F.E. Schunck, Phys. Rev. D 57, 4821 (1998).

[9] D.F. Torres, Phys. Rev. D 56, 3478 (1997).

[10] R. Friedberg, T.D. Lee and Y. Pang, Phys. Rev. D 35, 3640 (1987). [11] R. Friedberg, T.D. Lee and Y. Pang, Phys. Rev. D 35, 3658 (1987). [12] R. Friedberg, T.D. Lee and Y. Pang, Phys. Rev. D 35, 3678 (1987). [13] S. Coleman, Nucl. Phys. B 262, 263 (1985).

[14] A.M. Safian, S. Coleman and M. Axenides, Nucl. Phys. B 297, 498 (1988).

[15] M. Axenides, E.G. Floratos, G.K. Leontaris and N.D. Tracas, Phys.

Lett. B 447, 67 (1999).

[16] A. Kusenco, Phys. Lett. B 405, 108 (1997). [17] I. Affleck and M. Dine, Nucl. Phys. B 249, 361 (1985).

[18] K. Lee, J.A. Stein-Schabes, R. Watkins and L.M. Widrow, Phys. Rev.

D 39, 1665 (1989).

[19] B.W. Lynn, Nucl. Phys. B 321, 465 (1989).

[20] S. Bahcall, B.W. Lynn and S.B. Selipsky, Nucl. Phys. B 321, 430 (1989). [21] S. Bahcall, B.W. Lynn and S.B. Selipsky, Nucl. Phys. B 325, 606 (1989). [22] B.W. Lynn, A.E. Nelson and N. Tetradis, Nucl. Phys. B 345, 186 (1990). [23] S.B. Selipsky, D.C. Kennedy and B.W. Lynn, Nucl. Phys. B 321, 430 (1989).

[24] F.A. Brito and D. Bazeia, Phys. Rev. D 64, 065022 (2001). [25] A. Prikas, Phys. Rev. D 66, 025023 (2002).

[26] K. Sakamoto and K. Shiraishi, Phys. Rev. D 62, 124014 (2000). [27] K. Sakamoto and K. Shiraishi, Phys. Rev. D 58, 124017 (1998). [28] K. Sakamoto and K. Shiraishi, JHEP, 9807, 015 (1998). [29] S. Deser, R. Jackiw and G. ’t Hooft, Ann. Phys. 152, 220 (1984). [30] S. Deser and R. Jackiw, Ann. Phys. 153, 405 (1984). [31] M. Lubo, M. Rooman and Ph. Spindel, Phys. Rev. D 59, 044012 (1999). [32] D. Astefanesei and E. Radu, Nucl. Phys. B 665, 594 (2003).