arXiv:hep-th/0405120 v1 13 May 2004

Description of Black Hole Microstates by Means of a Free Affine-Scalar Field

A. Giacomini^∗ Dipartimento di Fisica, Università di Trento

Abstract

In this article we will invetsigate the origin of central charges in the Poisson algebra of charges, which arise in dimensionally reduced theories describing black holes. In order to do this we will analyze the equations of motion arising from the dimensionally reduced Einstein- Hilbert action with the ansatz of spherical symmetry. We will show that the equations of motion and the constraints, which involve two fields, namely the dilaton (i.e. the radial coordinate) and the conformal factor of the 2-metric can be integrated by means of a free field. The transformation properties of this field must be found. The solution of the free field, which gives the Rindler space-time, which is the near-horizon approximation of the Schwarzschild solution, is equivalent to the solution of the conformal factor of the 2-metric. The conformal factor is a piece of a metric and therefore under conformal transformations it transforms like an affine scalar. The free field being in this case equivalent to the conformal factor must therefore also behave like an affine scalar. The stress-energy tensor generating such an affine transformation is the improved stress-energy tensor. The second derivative term in this tensor gives origin to the central term in the charges algebra. It is therefore the affine transformation property of the field that gives origin to the central charge used to compute the black hole entropy via Cardy formula.

∗e-mail: giacomin@science.unitn.it

1 Introduction

Great efforts have been done in order to find a microscopic interpretation of black hole entropy given by the Bekenstein-Hawking formula [1] [2] [3] [4]. Such a microscopic interpretation should be given by a quantum theory of gravity. The problem is that up to now there does not exist a complete quantum theory of gravity. There are therefore two different approaches to the problem. One approach is to use one of the the several specific models like superstrings [5], loop quantum gravity [6] or Sakharov induced gravity [7], to count the black hole microstates for some classes of black holes. This approaches give always the same Bekenstein-Hawking result, also being conceptually very different.

The second approach is to try to count the black hole microstates in a way that is independent from a specific model. An interesting approach in this direction is to try to find a 2-dimensional conformal field theory that describes the black hole already at classical level. If the charges algebra of such a theory admits a nonzero classical central charge the black hole microstates can be counted by means of the Cardy [8] formula. This computation is then completely independent from the specific model of quantum theory of gravity.

There are different ways of how such a classical central charge can arise. The first approach is the one done by Carlip et al. [9], [10], [11], [12] , where the central charge arises because of the presence of boundary terms in the canonical generators needed to make them differentiable. This approach seems to have some technical problems [13] [14] especially for the Schwarzschild case. It was then also shown by A. Giacomini [15] that the Poisson algebra for diffeomorphism generators that preserve the metric of the black hole bifurcation metric or its surface gravity has zero central charge. This approach seems to work therefore only in the case of the BTZ [16] black hole but in this case the asymptotic structure of AdS_3 at infinity is used instead of the near horizon structure of the black hole becoming a specific case of the AdS/CF T conjecture [17].

There is also another way of how to find a classical central charge i.e. studying the dimensionally reduced Einstein-Hilbert action with spherical symmetry. One obtains a theory with 2 degrees of freedom namely the dilaton field and the 2-metric of the r − t plane.One can therefore focus on the dilaton field like in [18], [19] and and see if in a near horizon approximation it becomes a 2-D CFT. A generalization to Gauss Bonnet gravity and higher curvature

Lagrangians can be found in [20] [21]. The other possibility is, as done by A.Giacomini and N. Pinamonti [22] and A. Giacomini [23] [24] , to focus on the 2-metric, which can be written in conformally flat form.

g^{(2)}_{ij} = exp(−2ρ)η_{ij} (1)

In this case all the geometry of the r − t plane of the black hole is encoded in the conformal factor ρ. In the last cited articles it was shown that in the near horizon approximation the dilaton field is constant and therefore the only equation of motion that survives is the one for the conformal factor, which becomes a Liouville theory. The charges Poisson algebra of the Liouville theory has a classical nonzero central charge. It is therefore possible to compute the black hole entropy via Cardy formula.

The aim of this article is to understand the origin of such a classical central charge. In fact we will see that the relevant point for such entropy computations, which use the existence of a classical central charge, is not the existence of a Liouville theory i.e. a field theory with an exponential potential, which describes the near horizon black hole. The relevant point is that this field does not transform as a scalar field, under Weyl transformations, g_{ij} → e^ωg_{ij} , (2) but as an affine scalar field γρ → γρ − ω , (3) where γ is a constant. In the case of the conformal factor ρ it is obvious that this field cannot be a scalar field being a piece of a metric. It must therefore transform as an affine scalar. The same situation we have in Liouville theory. In fact one obtains the Liouville equation from the equation of constant negative curvature surfaces R[g] = −λ (4)

by putting the metric g in conformally flat form and using the conformal transformation properties of the curvature scalar. The Liouville field is therefore also an affine scalar field under conformal transformations. It will be shown that it is this transformation property that is the origin of the central charge in the Poisson algebra, and not the exponential potential. Indeed we will see that the black hole microstates can be described by a free affine-scalar field.

In order to do this we will show in the first section that the equations of motion and constraints of the dimensionally reduced gravitational action with spherical symmetry, which imply two fields i.e. the dilaton and the conformal factor, can be integrated in terms of a free field. We want to investigate the near horizon physics of the black hole, therefore in the second section we will analyze the the form of the free field that produces the Rindler metric. We will see that this field is equivalent up to a rescaling to the conformal factor of the Rindler metric, written in conformal flat gauge. This means that the free field must transform as an affine scalar field under conformal transformations. The stress-energy tensor which generates such field transformations is not the usual one of the free field but the so called improved energy stress tensor it is the second derivative term in this tensor, that is responsible for the appearing of a central term in the Poisson algebra of the charges.. This improved stress-energy tensor has in fact in light coordinates the same form as the Liouville stress-energy tensor. Therefore the central charge and the black hole entropy can be computed easily using the results of previous articles of the author. The difference to the previous articles is that we don’t need Liouville theory (i.e. an affine scalar theory with exponential potential) in order to compute the black hole entropy. In fact only the affine transformation property is relevant for the computation and therefore it possible to describe the near horizon microstates by means of a free field. In this situation it becomes also clear why the two different approaches to consider or the fluctuations of the dilaton field or the fluctuations of the conformal factor give always the correct Bekenstein Hawking result. In fact both fields can be integrated by means of the free field.

2 Dimensional reduction and integration of the equations of motion

Let us begin with the usual Einstein-Hilbert action I = 1 16π ∫ √ −gRd^4x . (5) Making the ansatz of spherical symmetry for the static black hole

ds^2 = g^{(2)}_{ij} dx^idx^j + Φ^2(x_1, x_2) ( dθ^2 + sin^2 θdϕ^2 ) , (6) and performing the dimensional reduction we obtain the effective action I = 1 4 ∫ d^2x √ −g^{(2)} ( 2(∇Φ)^2 + Φ^2R^{(2)} + 2 ) . (7)

We can redefine the 2-metric and the dilaton field Φ

Φ^2 = η ; g^{(2)}_{ab} = 1 √ η g̃_{ab} (8)

obtaining so the action of a dilatonic two dimensional theory in the usual form I = 1 2 ∫ √ −g̃ [ η 2 R[g̃] + V (η) ] , (9)

where the dilatonic potential is given by

V (η) = 1 √ η . (10)

We will see that the explicit form of the potential is not relevant for the integration of the equations of motion. In two dimension we can write the metric in conformally flat form

g̃_{ab} = e^{−2ρ}γ_{ab} , (11)

where γ_{ab} is as usual the Minkowski metric. The action (9) becomes now I = 1 2 ∫ d^2x ( 1 2 ηR[γ] − ∂_aη∂^aρ + V (η)e^{−2ρ} ) . (12)

This is a theory of two fields propagating in flat spacetime. Notice that the piece containing the curvature scalar R is zero in the flat gauge case and therefore does not contribute to the equations of motion. But it gives a contribution to the constraints, which does not vanish also if we choose then the flat background. Having fixed the gauge in fact the equations of motion must be implemented by the constraints δI δg^{ab} = T_{ab} = 0 , (13)

where the variation in made before choosing the flat background. In light coordinates the equations of motion and the constraint become ∂_+∂_−ρ − ∂_ηV (η) 4 e^{−2ρ} = 0 (14)

∂_+∂_−η + V (η) 2 e^{−2ρ} = 0 (15) and for the two constraints T_{±±} = T_{11} + T_{22} ± T_{12} = 0 T_{±±} = ∂_±∂_±η + 2∂_±ρ∂_±η = 0 . (16) Therefore in light coordinates the constraints do not depend on the dilatonic potential.

The constraints can be easily integrated ∂_±η = exp (−2ρ + C_∓(x_∓)) , (17) where the function C_∓ is an arbitrary function of x^∓. Let us introduce a function ϕ_±(x^±) of x^± defined as ∂_±ϕ_± ≡ exp (−C_±) . (18) So the eq. (17) becomes ∂_±η = e^{−2ρ} e^{+C∓} = e^{−2ρ} ( e^{−C∓} )_{−1} = e^{−2ρ} (∂_∓ϕ_∓)^{−1} (19) and therefore we can write e^{−2ρ} − ∂_±η∂_∓ϕ_∓ = 0 . (20) Inserting this in the second equation of motion(15) we obtain ∂_+∂_−η + V (η) 2 ∂_±η∂_∓ϕ_∓ = 0 . (21) Let us now introduce a function of the field η F (η) defined as ∂_ηF (η) ≡ V (η) (22) Using then the fact that ϕ_± is function only of x^± we can write (21) as ∂_+∂_−η + ∂_∓ ( F (η)∂_±ϕ 2 ) = 0 . (23) Integrating now with respect to x^∓ we obtain ∂_±η + F (η)∂_±ϕ_± 2 = I_± , (24) where I_± is a function of x^± . This function is not completely arbitrary. Let us determinate the form of I_±. In order to do this consider (21), and let us write down explicitly the 2 equations it contains 2 V (η) ∂+∂−η = −∂+η∂−ϕ− 2 V (η) ∂+∂−η = −∂−η∂+ϕ+ . (25)

We have then ∂_+ϕ_+∂_−η = ∂_−ϕ_−∂_+η . (26) Let us now take again (24) which contains also 2 equations ∂_+η +^{F (η)}_2 ∂_+ϕ_+ = I_+ ∂_−η +^{F (η)}_2 ∂_−ϕ_− = I_−

(27)

Let us multiply the first one with ∂_−ϕ_− and the second one with with ∂_+ϕ_+ obtaining ∂_−ϕ_−∂_+η +^{F (η)}_2 ∂_+ϕ_+∂_−ϕ_− = I_+∂_−ϕ_− ∂_+ϕ_+∂_−η +^{F (η)}_2 ∂_−ϕ_−∂_+ϕ_+ = I_−∂_+ϕ_+

(28)

Using now (26) we obtain the equation I_+∂_−ϕ_− = I_−∂_+ϕ_+ . (29) In order to satisfy the last equation the function ϕ must have the form I_± = C_1∂_±ϕ_± , (30) where C_1 is a arbitrary constant. We have so eventually determined the form of I_±. Using the definition of F (η) (22), we notice that F (η) is defined up to an additive constant. We can therefore redefine F (η) as F_{C1} = F (η) − 2C_1 , (31) where the constant C_1 is the one introduced in (30). Using the redefinition (31) and (30) we can eliminate the function I_± in (24) which becomes ∂_+η = −^{FC1}_2 ∂_+ϕ_+ ∂_−η = −^{FC1}_2 ∂_−ϕ_−

(32) which can be integrated 2 ∫_{∂+η} F_{C1} (η) dx + = −ϕ_+ 2 ∫_{∂−η} F_{C1} (η) dx − = −ϕ_− . (33)

Let us now define the field ϕ as ϕ ≡ ϕ_+ + ϕ_− . (34) Using the fact that dη(x^+, x^−) = ∂_+ηdx^+ + ∂_−ηdx^− (35) equations (33) can be written as − ϕ = 2 ∫ dη F_{C1} (η)

+ C_2 ≡ 2G_{C1 ,C2} , (36) where C_2 is an integration constant. The function ϕ as defined in (34) satisfies obviously the free field equation □ϕ = 0 . (37) We have expressed the dilaton field η in function of a free field. We can also express the Liouville field ρ in function of ϕ. Using in fact (20) and (32) we obtain e^{−2ρ} = ∂_±ϕ∂_∓η = − F_{C1} (η) 2 ∂_±ϕ∂_∓ϕ (38) Using (26) we see that we need to keep only one of the two equations e.g. e^{−2ρ} = − F_{C1} (η) 2 ∂_+ϕ∂_−ϕ . (39) We started from the equations of motion and the constraints derived from the action (12) without any near horizon approximation, which involved 2 fields namely η and ρ. We have shown that this two fields can be expressed by means of one free field. Notice that a free field in two dimensions (and only in two) is conformal field theory. Summarizing we obtained □ϕ = 0 −ϕ = 2G_{C1 ,C2} (η) e^{−2ρ} = −^{FC1 (η)}_2 ∂_+ϕ∂_−ϕ

(40)

Therefore in order to find a conformal field theory with a classical central charge, which can be used to count the microstates of the black hole, instead of focosing on the Dilaton field or the conformal factor as in previous papers we can focus directly on the free field theory. For a scalar free field the charges algebra does not admit a central extension. The things change if we are dealing with an affine-scalar field as we will see in the next section.

3 Near horizon approximation and transformation property of the free field

Up to now we have found that the reduced equations of motion can be integrated by means of a free field. But we have said nothing about the transformation properties of this field. Looking at (40) we see that the conformal factor is function of the free field. The conformal factor is not a scalar and therefore also the free field cannot be a scalar.

Let us now make a near horizon approximation. Near horizon the Schwarzschild r − t plane metric, expanding the lapse function as

N^2(r) = 2κ(r − r_0) + O ( ((r − r_0))^2 ) , (41)

can be approximated by the Rindler metric

ds^2 = −κ^2y^2dt^2 + dy^2 , (42)

which in conformally flat gauge takes the form

ds^2 = −dx^+dx^− exp(x^+ − x^−) . (43)

Here we have introduced the usual tortoise coordinates x^± = κt ± log y. Observing the integrated constraints (17) we see immediately that in the near horizon limit the dilaton and therefore also the dilatonic potential can be considered constant. Let us therefore study the equations (40) in the case of constant dilatonic potential. Taking

V (η) = λ = const . (44)

Therefore from (22) we get F (η) = λη . (45)

Using (40) G(η) = 1 λ log(λη) . (46)

Let us now take a free field solution for ϕ. A possible choice is e.g.

ϕ = ax^+ − bx^− , (47)

with constant a and b. Using this choice from the second equation of (40) we get 2 λ log(λη) = −ϕ = −(ax^+ − bx^−) (48)

and so we get for η η = 1 λ exp ( − λ 2 [ax^+ − bx^−] ) . (49)

Taking now the third equation of (40) we obtain

exp(−2ρ) = λ η 2 ab = ab 2 exp ( λ 2 [ax^+ − bx^−] ) , (50)

Taking now for example a = b = √ 2 we have

exp(−2ρ) = exp ( λ √ 2 2 [x^+ − x^−] ) = exp( λ 2 ϕ) (51)

This choice of ϕ therefore gives as solution for the conformal factor the Rindler metric (up to a rescaling). We see therefore that up to rescaling the free field (47) is equivalent to the conformal factor ρ of the metric and therefore transforms in the same way under conformal transformations, namely as an affine scalar (3).

Now the stress energy tensor of such an affine-scalar field is different from the stress-energy tensor of a scalar field. Notice in fact that the usual free field action in two dimensions I_{sc} = C ∫ d^2xγ^{μν} ∂_μϕ∂_ν ϕ (52)

is Weyl invariant if the field ϕ transforms as a scalar. Let us analyze this type of action I_{as} = C ∫ 1 2 g^{μν} ∇_μϕ∇_ν ϕ + R[g]ϕ , (53) where the background metric g is arbitrary. In our case we have chosen the flat background metric, so that the Rϕ coupling does not change the equations of motion. What changes is the form of the stress energy tensor T_{ab} = δI_{as} δg_{ab} because the variation of the Rϕ term must be taken before choosing the flat background. In literature this tensor is also called improved stress-energy tensor. In light coordinates x^± = x^1 ± x^2 it takes the identical form of the Liouville stress tensor namely T_{±±} = C ( (∂_±ϕ)^2 + ∂^2_±ϕ ) (54)

It differs from the usual T_{±±} of the free field by the last term which has a second derivative. It is easy to check that if we smear this tensor with a function f i.e. Q_f = ∫ T_{±±}f then the Poisson bracket {Q_f , ϕ} generates an affine transformation of ϕ [25].

Therefore the action I_{as} that describes correctly the free affine scalar field once one chooses the flat background. This action in fact is Weyl invariant only if the field transforms in an affine way (3). This affine transformation property reflects also in the transformation property of the stress energy tensor and this is the origin of the classical central charge in the Poisson algebra of the charges.

4 Virasoro algebra and microstates counting

We can now proceed to construct the Virasoro algebra of the charges. Being the stress tensor (54 ) identical to the Liouville one the computation is identical as in [22] and will be therefore only briefly sketched. We must first of all determinate the constant C in front of the action (53). Being this an effective model describing a black hole we set the constant in such a way that the energy of the system equals the mass of the black hole M_{BH} . ∫_{l/}^√_2 −l/ √ 2 T_{11}dx^2 = M_B ⇒ C = κA 2πl . (55)

The parameter l is a cutoff parameter, that eventually must tend to infinity. Now we can define the generators

L^±_n = ∫_{l/2κ} −l/2κ κdx^±ξ^±_n T_{±±} , (56) where the factor 2κ in the integration is used to match the Euclidean periodicity. The ξ_n are smearing fields defined as

ξ^±_n = l 2κπ exp ( −i 2πκ l nx^± ) . (57)

We can now compute easily the Poisson brackets of the generators { L^±_n , L^±_m } P B = i(n − m)L^±_{m+n} + i c 12 n^3δ_{m+n,0} , (58)

with L^+_0 = Al 16π^2 c = 3A 2l (59)

where having introduced dimensional charges we have redefined the Poisson brackets as {. . .} →^{2πl}_{Aκ} {. . .}. Now for every fixed value of the cutoff l we are able to compute the entropy with the logarithm of the Cardy formula S = 2π √ c^+L^+_0 6 = A 4 , (60)

which is exactly the Bekenstein-Hawking entropy. The product L_0c in the Cardy formula does not depend on the cutoff parameter and therefore we can take the limit l → ∞ also if the L_0 generator diverges.

5 Conclusions

We have analyzed the equations of motions and constraints, which arise from the gravitational action with spherical symmetry. The two fields involved namely the dilaton and the conformal factor can be integrated in terms of a free field. We concluded therefore that in order to compute the black hole entropy by means of a classical central charge via Cardy formula, instead of focusing on the dilaton or the conformal factor we can analyze directly this free field.

In order to do this we studied the transformation properties of this field. In the near horizon approximation we found that the free field must transform like an affine scalar. The stress energy tensor which generates such transformations is the improved stress energy tensor. In light coordinates this is identical to the stress tensor of the Liouville theory. Having found that, it is easy to find the central charge and the black hole entropy using the result of previous papers where near horizon the equation of motion of the conformal factor became a Liouville equation. The new point in this article is that we found that the relevant fact for finding the central charge is the affine transformation property of the field and not the existence of an exponential potential.

Therefore in order to find a quantum theory of the black hole microstates one can start from this free-affine scalar field instead of the Liouville field, which will be object of further investigations in future.

Acknowledgements

The author wants to thank Dr. Nicola Pinamonti and Dr. Valter Moretti for many suggestions and interesting discussions on this subject.

References

[1] Bardeen , Carter and Hawking, The Four Laws of Black Hole Mechanics.

Comm. Math. Phys. 31; 161 (1973)

[2] Hawking S.W. , Particle Creation by Black Holes. Comm. Math. Phys.

43, 199 (1975)

[3] Bekenstein J. D. , Black Holes and Entropy. Phys. Rev. D7 , 2333, (1973)

[4] Bekenstein J. D., Black holes and the Second Law. Lett. Nouvo Cim. 4, 737 (1972)

[5] Strominger A. and Vafa C., Microscopic Origin of the Bekenstein- Hawking Entropy. Phys. Lett. B379, 99 (1996)

[6] Ashtekar A., Baez J., Corichi A., Krasnov K., Quantum Geometry and Black Hole Entropy. Phys. Rev.Lett. 80, 904 (1998)

[7] Frolov V.P. and Fursaev D.V., Mechanism of Generation of Black Hole Entropy in Sakharov’s Induced Gravity. Phys. Rev D56, 2212 (1997)

[8] Cardy J. A. , Operator Content of Two Dimensional Conformally Invariant Theories. Nuc. Phys. D270 , 186 (1986)

[9] Carlip S. , Black Hole Entropy from Conformal Field Theory in Any Dimension . Phys. Rev. Lett. 82 , 2828 (1999)

[10] Dreyer O. , Ghosh A. and Wisniewski J., Black Hole Entropy Calculations Based on Symmetries. Class. Quant. Grav. 18, 1929 (2001)

[11] Carlip S. , Entropy from Conformal Field Theory at Killing Horizons.

Class. Quant. Grav 16 , 3327 (1999)

[12] Silva S., Black Hole Entropy and Thermodynamics from Symmetries Class. Quant. Grav. 19, 3947 (2002)

[13] Park M. and ho J. , Comments on “ Black Hole Entropy from Conformal field Theory in Any Dimension” . Phys. Rev. Lett. 83 , 5595 (1999)

[14] Soloview V. O. Black Hole Entropy from Poisson Brackets. Phys. Rev.

D61 , 27502 (2000)

[15] Giacomini A. Poisson Algebra of Diffeomorphism Generators in a Spacetime Containing a Bifurcation. hep-th/0403219

[16] Strominger A., Black Hole Entropy from Near-Horizon Microstates.

JHEP 9802, 009 (1998)

[17] Maldacena J., The Large N Limit of Superconformal Field Theories and Supergravity. Adv. Theor. Math. Phys. 2, 231 (1998)

[18] Solodukhin S. N., Conformal description of Horizon’s States. Phys. Lett.

B454, 213 (1999)

[19] Brustein R., Causal Boundary Entropy from Horizon Conformal Field Theory. Phys. Rev. Lett 86, 576 (2001)

[20] Cvittan M., Pallua S., Prester P., Horizon Conformal Entropy in Gauss- Bonnet Gravity. Phys. Lett. B546, 119 (2002)

[21] Cvittan M., Pallua S., Prester P., Microscopic Interpretation of Black Hole Entropy. hep-th/ 0405075

[22] Giacomini A. and Pinamonti N. . Black Hole Entropy from Classical Liouville Theory. JHEP 02 (2003) 014

[23] Giacomini A. . Two Dimensional Conformal Symmetry and the Microscopic Interpretation of Black Hole. Entropy (Ph.D. thesis). hep-th 0403183

[24] Giacomini A. . Classical Liouville Theory and the Microscopic Interpretation of Black Hole Entropy. ( Published in the proceedings of the 5. Int. Conference on Symmetry in Nonlinear Mathematical Physics; Kyiv Ukraine 23.6-29.6.2003). hep-th 0403182

[25] Jackiv R. . Liouville Field Theory: a Two Dimensional Model for Gravity. (Published in Quantum Theory of gravity, Essays in honour of B. de Witt, Editor S. Christensen, Bristol, Hilger 1984, p. 403-420)