arXiv:hep-th/0405164 v2 10 Sep 2004

CERN-TH/2004-090 IFIC/04-20 FTUV-04/0518

Scherk–Schwarz Reduction of D = 5 Special and Quaternionic Geometry

L. Andrianopoli^♭, S. Ferrara^{♭,♯} and M. A. Lledó^♮.

♭ CERN, Theory Division, CH 1211 Geneva 23, Switzerland.

e-mail: Laura.Andrianopoli@cern.ch, Sergio.Ferrara@cern.ch

♯INFN, Laboratori Nazionali di Frascati, Italy.

♮ Departamento de Física Teórica, Universidad de Valencia and IFIC C/Dr. Moliner, 50, E-46100 Burjassot (Valencia), Spain. e-mail: Maria.Lledo@ific.uv.es

Abstract

We give the N = 2 gauged supergravity interpretation of a generic D = 4, N = 2 theory as it comes from generalized Scherk–Schwarz reduction of D = 5, N = 2 (ungauged) supergravity. We focus on the geometric aspects of the D = 4 data such as the general form of the scalar potential and masses in terms of the gauging of a “flat group”. Higgs and super-Higgs mechanism are discussed in some detail.

1 Introduction

New gaugings of extended supergravity have recently been considered, especially in connection to compactifications of M-theory and superstring theories involving generalized Scherk–Schwarz reduction [1] or flux vacua [2].

In the present investigation we would like to give some general features of Scherk–Schwarz (SS) reduction of D = 5, N = 2 ungauged supergravity [3], in terms of what is generally known for D = 4, gauged supergravity [4, 5].

This investigation can be regarded as the N = 2 counterpart of a similar analysis [6] performed for the case of N = 8 SS spontaneously broken supergravity [7, 8]. N = 8, N = 4 and N = 2 supergravity with SS reduction have been considered in the literature [9, 10, 11], also in connection with Randall–Sundrum brane scenarios [12, 13, 14, 15, 16, 17, 18, 19, 20, 21].

Following Scherk and Schwarz, we are going to consider in the following only flat groups obtained by SS reduction of a D = 5 theory, thus getting, in D = 4, a semi-positive definite scalar potential which generally has some flat directions, irrespectively if supersymmetry is broken or not. Therefore the SS reduction always defines no-scale models [22], which were first considered, in the context of N = 1 supergravity, in the early 80’s [23, 24]. No-scale models also appear in warped superstring compactifications where “internal” fluxes are turned on [25, 26, 27, 28, 29].

At the supergravity level the difference between Scherk–Schwarz and flux compactifications mainly resides in the fact that, when supersymmetry is broken, massive multiplets are BPS saturated in the former case, while they are long in the latter.

The BPS U(1) central charge is gauged by the graviphoton which, together with the other matter gauge fields, defines a non-abelian gauge algebra corresponding to a flat group.

In N = 8 supergravity the flat Lie algebra is a subalgebra of E_{7(7)}, while in N = 2 it depends on the structure of the D = 5 real-special geometry underlying the vector multiplet couplings [6].

We find that the structure of the flat group gauged in D = 4 is universal, in the sense that its structure is common to all N = 2 models. It is of the form U(1)Ⓢ R^{nv+1}, where n_v is the total number of D = 5 vector multiplets, and in the most general case the U(1) symmetry, which is gauged by the four-dimensional graviphoton B_μ,^1 acts on both the special manifold as well

1By graviphoton we call the four-dimensional vector coming from the five-dimensional

as the quaternionic manifold.

If the U(1) has a component on the SU(2) R-symmetry of the D = 5 theory, then supersymmetry is broken. When the quaternionic manifold is involved in the gauging, this is realized when the pull-back on space-time of the SU(2) connection ω^B_A is non vanishing, with in particular^2

ω_5^B_A ≠ 0 ; (A, B = 1, 2).

In absence of hypermultiplets, for supersymmetry to be broken the U(1) must have a component on the global SU(2) R-symmetry of the D = 5 theory, and this originates a four-dimensional N = 2 Fayet–Iliopoulos term.

On the other hand, if no SS phase is introduced in the real-special manifold, then the U(1) has no component on the vector multiplet directions and the flat group is abelian, with all the vectors remaining massless.

In the general case, the U(1) charge has components on the isometries of both special and quaternionic manifolds.

We denote by Γ^{ab} = −Γ^{ba} (a, b = 1, · · · n_v ) and Δ^{αβ} = Δ^{βα} (α, β = 1, · · · 2n_h) respectively the SO(n_v) spin-connection one form on the realspecial manifold and the USp(2n_h) symplectic connection one-form on the quaternionic manifold. For a Higgs mechanism to take place the following conditions for the pull-back on 5D space-time of these connections must be met Γ_5^{ab} ≠ 0 , Δ_5^{αβ} ≠ 0 .

Note that, if ω_5^B_A = 0, then supersymmetry remains unbroken and a pure supersymmetric Higgs mechanism occurs. Then massive BPS multiplets are generated for both vector- and hypermultiplets in four dimensions.

In Section 2 we discuss the general form of the scalar potential and the fermionic bilinear of a generic compactification, as they come from D = 5 SS reduction.

In Section 3 we give the basic gauge groups and discuss the SS reduction in terms of D = 4, N = 2 data based on the gauging of a “flat group”.

In Section 4 we apply this general pattern to different models, covering the different cases with n_v, n_h = 0; n_v ≠ 0, n_h = 0; n_v = 0, n_h ≠ 0; n_v , n_h ≠ 0. We mostly confine our analysis to symmetric coset spaces.

metric. This is not the same as the vector partner of the metric in the N = 2, D = 4 gravity supermultiplet.

2Here and in the following we refer, for the definitions of D = 4, N = 2 fields, to the ones given in [5].

We give in two appendices further relations between SS D = 5 dimensionally reduced quantities and their D = 4 gauged supergravity counterparts.

Further extensions of the present investigation, which will be considered elsewhere, include the presence of a more general lagrangian in D = 5, as, for example, a non-abelian gauge group already in D = 5, opening the possibility of having a D = 4 boundary, as in the Randall–Sundrum kind of scenario, or the inclusion of tensor multiplets in D = 5 [30, 31, 32], through which one would retrieve in D = 4 a more general N = 2 matter coupling discussed in reference [33].

2 On the Scherk–Schwarz reduction of the D = 5, N = 2 lagrangian

The basic quantities of the D = 5 lagrangian which become relevant in the discussion of the SS reduction are the kinetic terms for the scalars and for the spin^1_2 ,^3_2 fields, which are related to the scalar potential and the fermionic mass terms of the D = 4 dimensionally reduced theory.

These kinetic terms contain, in the fermionic covariant derivatives, the real-special geometry spin-connection [34], as well as the symplectic USp(2n_h) and SU(2) connections of the quaternionic manifold [35, 5].

Upon SS reduction, the pull-back on space-time of such one-form connections contribute the terms

Δ_{5αβ} ; ω_{5AB} ; Γ_5^{ab} (ω_{5AB} = ω_5^C_A ϵ_{BC})

which will determine the quadratic mass terms of the fermions.

Similarly, the D = 4 scalar potential is [8] V (σ, φ, q) = e^{−3σ} [ 1 2 P^a_5 (φ)P_{5a}(φ) + U^{αA}_5 (q) U^{βB}_5 (q)C_{αβ} ϵ_{AB} ] (1) where √ g_{55} = e^σ = ϕ_5, P^a_5 (φ) = P^a_i ∂_5φ^i and U^{αA}_5 (q) = U^{αA}_u ∂_5q^u denote the 5th components of the pull-back on space-time of the scalar vielbeins of the theory in D = 5, with P^a_i the vielbein of the real-special manifold in D = 5 and U^{αA}_u the vielbein of the quaternionic manifold (with i = a = 1, · · · n_v; A = 1, 2; α = 1, · · · 2n_h and u = 1, · · · 4n_h). ϕ_5 = e^σ = √ g_{55} is the Kaluza– Klein mode from the metric.

It is obvious from (1) that the potential V is positive definite and it has an extremum at the points for which

P^a_5 (φ) = U^{αA}_5 (q) = 0. (2)

These are the vacua of the theory.

As we already know from the N = 8 example, these vacua may have a non trivial moduli space (other than the σ direction). Also, the scalar potential (1) can be recast in a N = 2, D = 4 gauged supergravity form, by giving the gauged isometries which correspond to the SS compactification.

It is important to observe that, in view of the real-special geometry relations discussed in Appendix A [36, 37], the first term in the potential can also be written as − 3 2 e^{−3σ}∂_5t^I ∂_5t^J t^K d_{IJK} (3)

where t^I (φ) (I = 1, · · · n_v + 1) are D = 5 special coordinates, subject to the constraint t^I t^J t^Kd_{IJK} = 1. (4) They form a representation of the full duality group of the D = 5 theory.

Let us consider the term ∂_5t^I (φ) = t^I_{,i}∂_5φ^i. When applying the SS generalized dimensional reduction it gives, at x^5 = 0,

∂_5t^I (φ)|_x5_{=0} = t^I_{,i}M^i_j φ^j , (5)

where M^i_j is a matrix parametrizing the global symmetries of the D = 5 action. We restrict our discussion to the case where M^i_j only contains the compact symmetries. In a more general sense, ∂_5φ^i = k^i_0 is the Killing vector for an arbitrary U(1) in the Cartan subalgebra of the global compact symmetry H_R of real-special geometry, it is therefore a generator U(1) depending on n = rank (H_R) parameters.

With the position (5) the vector multiplet sector of the D = 4 scalar potential then becomes 1 2 e^{−3σ}g_{ij} M^i_k M^j_ℓ φ^kφ^ℓ (6)

where (see Appendix B) g_{ij} = −3d_{IJK} t^K t^I_{,i}t^J_{,j} = G_{IJ} t^I_{,i}t^J_{,j} (7) is the real-special manifold metric.

We are interested in comparing the above expression with the D = 4 gauged supergravity result.

3 Gauged N = 2, D = 4 interpretation

3.1 Vector multiplet sector

In the D = 4 framework, mass terms and scalar potential arise from the gauging procedure. This was fully exploited for the N = 8 case in [6], and the same procedure was indicated for the N = 2 case in Section 4 of the same reference.

The crucial ingredient to be used here is that the dimensional reduction of real-special geometry [3] gives a cubic holomorphic prepotential at D = 4 of the form F (z) = d_{IJK} z^I z^J z^K (8)

where ℑz^I = v^I = t^I ϕ_5, ℜz^I = −A^I_5, with A^I_5 being the 5th components of the D = 5 vectors. The special Kähler manifolds with the specific form (8) for the prepotential are named very-special manifolds [38] (or d-manifolds) [34]^3.

Note that the D = 4 moduli v^I (corresponding to the imaginary part of the scalars in the vector multiplets) obey the relation

V(v) ≡ d_{IJK} v^I v^J v^K = e^{3σ} (9)

which immediately follows from equation (4) by using v^I = t^I e^σ.

Moreover, since the quantity g_{ij} φ^kφ^ℓ in (6) is scale invariant, we can read the factor e^{−3σ} as e^{−3σ} = e^K (10)

which defines the very-special Kähler potential K = − log V = −3 log σ.

The D = 4 vectors are B_μ (the Kaluza–Klein graviphoton) and Z^I_μ = A^I_μ − A^I_5B_μ. This in particular shows that the five-dimensional graviphoton belongs, together with ϕ_5 = √ g_{55}, to an additional vector multiplet in four dimensions, while the D = 4 graviphoton comes from the Kaluza–Klein vector, corresponding to the decomposition of the five-dimensional spacetime vielbein as ( V̂^a_μ = e^{− σ}2 V^a_μ ; V̂^5_μ = e^σB_μ; V̂^5_5 = e^σ ) . (11)

3A d-manifold can be real (at D = 5, with n_R= n_v), Kähler (at D = 4, with n_C = n_v + 1), or quaternionic (at D = 3, with n_h = n_v + 2), where n_R, n_C and n_h denote the real, complex and quaternionic dimension respectively.

This is merely due to the choice of D = 4 special coordinates X^Λ (see Appendix A) which set X^0 to correspond to B_μ. This is not the same as the “free” supermultiplet assignment.

The very-special manifold M_C in D = 4 has R^{nv+1} isometries (corresponding to the A^I_5 shift invariance of the lagrangian)

δA^I_5 = r^I , I = 1, · · · n_v + 1. (12)

They act on the n_v + 2 vectors in D = 4 as follows

δZ^I_μ = −r^I B_μ ; δB_μ = 0. (13)

Let us now consider B_μ to gauge a U(1) group belonging to the maximal compact subgroup of the isometry group of the very-special manifold, and in particular let us take it in its Cartan subalgebra H_C .

If t^I is a representation of H_C , then we may consider the following flat group [ t^I , t^0 ] = M^I_J t^J [ t^I , t^J ] = 0 (14)

that is, by setting t^Λ = (t^0, t^I ) , [ t^Λ, t^Σ ] = f^{ΛΣ}_Δt^Δ , Λ = (0, I) (15)

with f^{I0}_J = M^I_J , the others vanishing. The U(1) isometry gauged by the B_μ gauge field may have components both on the very-special manifold and on the quaternionic manifold, that is^4

t^0 = I^{SG} + I^Q_{USp(2nh)} + I^Q_{SU(2)}.

The charges corresponding to gauging some special geometry isometries I^{SG} are given by the SS phase M^I_J , while the ones corresponding to gauging quaternionic isometries I^Q are labeled by a matrix M^u_v which will be better specified in Section 3.3 (see in particular equation (33)).

The gauge transformation of the z^I coordinates is holomorphic and has the form δz^I = M^I_J ( z^J ξ^0 − ξ^J ) (16)

4By I^Q_{USp(2nh)} and I^Q_{SU(2)} we mean the SS phase with flattened indices [8].

Of course, as the gauge parameters ξ^Λ are real, the non-homogeneous part only affects ℜz^I .

From the structure constants of the non abelian gauge algebra we also get the gauge transformation of the vectors

δZ^I_μ = ∂_μξ^I + M^I_J ( ξ^0Z^J_μ − ξ^J B_μ ) δB_μ = ∂_μξ^0 (17)

and the expression for the vector field-strengths

F^I_{μν} = ∂_μZ^I_ν − ∂_ν Z^I_μ + M^I_J ( Z^J_μ B_ν − Z^J_ν B_μ ) B_{μν} = ∂_μB_ν − ∂_ν B_μ. (18)

Note that, because of the gauged translations, a Chern–Simons-like term is present in the D = 4 lagrangian [4] 1 3 ϵ^{μνρσ} d_{IJK} M^K_L Z^I_μZ^L_ν ∂_ρZ^J_σ . (19)

It comes by dimensional reduction of the D = 5 Chern–Simons term [6]

d_{IJK} A^I ∧ F^J ∧ F^K . (20)

Note that d_{(IJK} M^K_{L)} = 0 and that the non-abelian contributions vanish identically [6].

In D = 4 very-special geometry, as it comes from dimensional reduction of D = 5 real-special geometry, the choice of symplectic basis is dictated by the fact that the D = 5 duality group does not mix electric with magnetic vector potentials, so that the flat group is entirely electric. For infinitesimal transformations it has then a symplectic Sp(2n_v + 4, R) action [39] of the type ( a 0 c −a^T ) (with c = c^T ) (21)

In (21), the submatrix a corresponds to the adjoint action on the vectors, while c is the matrix which transforms, non linearly, the axion fields. Setting all together, the entries of a, c for the (n_v + 2)-dimensional gauge algebra are

a_{(nv +2)×(nv+2)} = ( M^I_J ξ^0 −M^I_J ξ^J 0_{(nv +1)×(nv +1)} 0 ) , c_{(nv +2)×(nv+2)} = ( d_{IJK} M^K_L ξ^L 0_{(nv +1)×1} 0_{(nv +1)×(nv +1)} 0 ) (22)

In particular, c determines the non-homogeneous shift for the vector kinetic matrix of very-special geometry (which can be computed with the standard special-geometry formulae)^5 δℜN_{IJ} = d_{IJK} M^K_L ξ^L which is related to the gauged axion symmetry δz^I = −M^I_J ξ^J . 3.2 Killing vectors and the scalar potential

The N = 2 scalar potential for a generic gauged supergravity is given by the following expression [5] V = ( g_I¯_J k^I_Λk^{J̄}_Σ + 4h_{uv} k^u_Λk^v_Σ ) L̄^ΛL^Σ + (U^{ΛΣ} − 3L̄^ΛL^Σ) P^x_Λ P^x_Σ (23)

Here k^I_Λ, k^u_Λ are the Killing vectors of the special and quaternionic manifold respectively, g_I¯_J , h_{uv} the corresponding metrics on the two manifolds, L^Λ is the covariantly holomorphic section of special geometry, P^x_Λ is the quaternionic Killing-prepotential, and U^{ΛΣ} = D_I L^ΛD¯_J L̄^Σg^{IJ̄} = −^1_2 (ℑN )^{−1ΛΣ} − L̄^ΛL^Σ.

We refer to [5] for the complete definitions; however, note in particular the relations g_I¯_J k^{J̄}_Σ = ∂_I P_Λ, k^I_ΛL^Λ = P_ΛL^Λ = 0 (P_Λ is the special-Kähler Killing prepotential) and Ω^x_{uv} k^v_Λ = D_uP^x_Λ , P^x_Λ =^1_{2nh} D_uk^v_Λ(Ω^x)^u_v.

We note that, for the kind of gauging under consideration, the scalar potential, as expected by comparison with (1), is positive semidefinite. This is a consequence of the fact that in these models only compact quaternionic isometries, corresponding to a SS phase, are gauged, with the U(1) graviphoton as gauge vector, so that P^x_0 ≠ 0, P^x_I = 0. Then, in the special coordinates, where L^0 = e^{K2} ; L^I = e^{K2} z^I , one can prove the basic relation [40, 41]

U^{00} − 3L̄^0L^0 ≡ 0,

so that the scalar potential reduces to V = e^K ( g_I¯_J k^I_Λk^{J̄}_Σ + 4h_{uv} k^u_Λk^v_Σ ) z̄^Λz^Σ. (24)

The two contributions in (24) have now to be compared with the two terms in (1).

5Note that such possibility extends the results of [5], following [4].

No hypermultiplets

Let us first consider the case k^u_Λ = 0, where the graviphoton has no components on any U(1) isometry of the quaternionic manifold. First of all, from (16) we know the form of the very-special manifold Killing vectors:

k^I_J = −M^I_J ; k^I_0 = M^I_J z^J (25)

which implies that the following properties of special geometry are true

k^I_ΛL^Λ = e^{K2} ( k^I_J z^J + k^I_0 ) = 0 (26)

k^I_ΛL̄^Λ = 2ie^{K2} M^I_J ℑz^J . (27)

Equation (27) is the basic identity which allows to relate such an expression to ∂_5t^i, as defined in (5).

Then the scalar potential is independent of ℜz^I

V (σ, φ) = e^K g_I¯_J k^I_Λk^{J̄}_Σz̄^Λz^Σ = 2e^K G_{IJ} M^I_K M^J_L ℑz^K ℑz^L. (28)

Note that, when the set of indices I, J... = 1, · · · n_v + 1 is restricted to the subset i, j, ... = 1, · · · n_v , then (28) does coincide with (6).

The extrema are at M^I_J ℑz^J = 0,

that is they correspond to the vanishing eigenvalues of the Cartan matrix M^I_J .

Since the matrix M^I_J is taken on a compact subgroup of the isometry group, it is anti-hermitean, with imaginary eigenvalues (±im_i, 0). The nonvanishing eigenvalues provide massive BPS N = 2 vector multiplets, where ℑz^I is the scalar partner of the massive vector Z^I_μ and ℜz^I the corresponding would-be Goldstone boson.

The vanishing eigenvalues give the moduli space of the SS theory. If supersymmetry is unbroken (P^x_Λ = 0), they exactly correspond to the number of residual massless vector multiplets.

Let us consider now a similar situation, without hypermultiplets, but with a non-zero Fayet–Iliopoulos term P^x_Λ = const. As for an ordinary quaternionic prepotential, it must satisfy the constraint [5] − 1 2 ϵ^{xyz} P^y_I P^z_0 + 1 2 f^J_{I0} P^x_J = 0 which is solved for P^x_I = 0, P^x_0 arbitrary. Let us then set P^{x=3}_0 = m ≠ 0. Supersymmetry is broken, but the vacuum is the same as before, since m does not contribute to the scalar potential. However, it gives a mass term to the gravitinos and to the gauginos.

This is a no-scale model with N = 2 → N = 0 broken supersymmetry. The two fermionic partners of the matter vector multiplet which was not present in D = 5 (ψ_{5A} component of the gravitino) are the goldstinos which make the gravitinos massive. In this case, the U(1) gauged by the B_μ field is a combination of the special-manifold isometry and of the R-symmetry.

We note that if in this model we set to zero the matrix M^I_J , we retrieve the vanishing potential model discussed long-ago in [40].

Inclusion of hypermultiplets

The most general case of SS gauging is obtained when the B_μ field has also a component on a U(1) isometry of the quaternionic manifold. In this case the SS phase takes values also on the isometries of the quaternionic geometry.

The scalar potential is given by (1) or, in the D = 4 language, by (24). Moreover, since on the quaternionic manifold k^u_0 ≠ 0 is the only non-vanishing Killing vector, also the hypermultiplet contribution to the scalar potential is independent from the axions in the vector multiplets (as expected), and is given by 4e^K h_{uv} k^u_0 k^v_0 (29) where the factor e^K correctly reproduces the radial factor e^{−3σ}, as discussed in (9).

The flat vacuum corresponds to k^u_0 = 0.

From the hypermultiplet σ-model we have that the five-dimensional kinetic lagrangian which originates the scalar potential is nothing but

h_{uv}∂_5q^u∂_5q^v (30)

which, assuming a non-trivial SS phase in the quaternionic direction

∂_5q^u = M^u_pq^p ; (M^u_p = −M^u_p )

becomes h_{uv} M^u_pM^v_rq^pq^r. (31) Comparing (29) with (31), and sending M → 2M in the SS phases, we have the identification k^u_0 = M^u_pq^p (32) with, in the general case where the SS phase takes value on all the SU(2) × USp(2n_h) holonomy,

M^u_p = U^u_{αA}U_{p|βB} [M_{AB} C_{αβ} + M_{αβ}ϵ_{AB}] (33)

where M_{AB} = M_{BA}, M_{αβ} = M_{βα}.

The flat directions of k^u_0 = 0 correspond to the vanishing eigenvalues of the matrix M^u_p. The hypermultiplet scalars which become massive belong to massive BPS hypermultiplets^6.

3.3 Mass terms and critical points of the scalar potential

The strategy for finding mass terms in fermion bilinears, as they come from the five-dimensional theory compactified à la Scherk–Schwarz, is to consider all terms in the lagrangian which include either P_5 and ω_5 (the 5th component on space-time respectively of the vielbein and of the spin-connection on the scalar manifolds).

Let us remind the reader that in D = 5 the vector multiplet geometry has a Riemannian connection Γ^j_i while the hypergeometry has SU(2)×USp(2n_h) holonomy, with connections ω^B_A and Δ^β_α respectively. We denote the pullback on space-time of the corresponding scalar vielbein as P^a_{μ̂} = P^a_j ∂_{μ̂}φ^j (such that P^a_j P_{ak} = g_{ik} , with μ̂ = 0, 1, 2, 3, 5 = (μ, 5)) and U^{Aα}_{μ̂} = U^{Aα}_u ∂_{μ̂}q^u (U^{Aα}_u U^{Bβ}_v ϵ_{AB} C_{αβ} = h_{uv} ). For what concerns the quaternionic vielbein U^{αA}_{μ̂} , under SS dimensional reduction we have

U^{αA}_5 = U^{αA}_u ∂_5q^u = U^{αA}_u k^u_0

where k^u_0 = ∂_5q^u = m^u_vq^v is the Killing vector corresponding to a U(1) isometry with components on both symplectic and SU(2) indices.

The contribution to the scalar potential from the quaternionic sector of the SS reduced lagrangian is

V_Q = e^{−3σ}U^{αA}_5 U^{βB}_5 C_{αβ} ϵ_{AB} = e^{−3σ}U^{αA}_u U^{βB}_v k^u_0 k^v_0 C_{αβ} ϵ_{AB} = e^{−3σ}h_{uv} k^u_0 k^v_0

6Note that a massive hypermultiplet (unlike the vector multiplets) is necessarily BPS saturated.

which is indeed the N = 2 expression for a U(1) isometry on the quaternionic manifold gauged by the graviphoton.

By the general discussion on SS dimensional reduction we know that, if a SS phase in the R-symmetry direction is switched on (so that, in the N = 2 cases considered here, ω_5^B_A ≠ 0) then supersymmetry is spontaneously broken. Note that from the five-dimensional gravitino kinetic term we can read-off its four-dimensional bilinear S^{AB}ψ̄_{Aμ}γ^{μν} ψ_{Bν} if we interpret, in analogy to [8], S_{AB} = i 2 e^{− 32 σ} (ω_5)_{AB} . (34)

Comparing (34) with the general four-dimensional expression for S_{AB}, which in our case is S_{AB} = i 2 P^x_Λ (σ^x)_{AB} L^Λ = P^x_0 (σ^x)_{AB} e^{K2} (35)

we get, recalling (10), P^x_0 = iω^x_5 . (36) Making use of the general formulae for quaternionic geometry, we can find an explicit expression for the Killing prepotential P^{AB}_0 which gives a mass term to the gravitinos. Let us recall in particular the relations:

Ω^x_{uv} ≡ iU^{αA}_u U^{βB}_v C_{αβ} (σ^x)_{AB} , (37) Ω^x_{uv} Ω^{y v}_p = −h_{up}δ^{xy} − ϵ^{xyz} Ω^z_{up} (38) and P^x_Λ = − 1 2n_h ∇^uk^v_ΛΩ^x_{uv} . (39)

From the analysis of the previous subsection, we know that a SS-induced quaternionic Killing vector must be of the form (32). In order for it to break supersymmetry, the mass matrix M^u_p (33) must have a non trivial phase on the SU(2) isometry (M_{AB} ≠ 0), that is

M^u_p = M^x(σ^x)^{AB} C^{αβ} U^u_{αA}U_{βB|p} = −iM^xΩ^{xu}_p

with M^{AB} ≡^1_2 M^x(σ^x)^{AB} , so that (39) gives, for our case

P^x_0 → − 1 2n_h ∇^uk^v_0 Ω^x_{uv} = i 2n_h M^y Ω^x_{uv} Ω^{y v}_p∇^uq^p. (40)

Using now ∇_uq^v = δ^v_u + O(q) and (38) we have, for q^u → 0,

P^x_0 = −2iM^x (41)

in accordance with the fact that, for q^u → 0, ω^{AB}_5 → M^{AB} .

We therefore see as expected that in absence of hypermultiplets the M^{AB} parameter is the Fayet–Iliopoulos term, while in presence of hypermultiplets it is related to the Killing vector

k^u_0 = −iM^x(Ω^x)^u_vq^v

corresponding to a U(1) ⊂ SU(2) quaternionic isometry gauged by the graviphoton.

From equations (30) and (31) we see that in this case a mass term for the hypermultiplet scalars appears which stabilizes all of them, since, from (32), the extrema of the potential are found here for q^u = 0.

The presence of a Fayet-Iliopoulos term is understood, from the SS point of view, from the fact that (see (36)) the quaternionic prepotential is identified with the SU(2) connection, so that, under a holonomy transformation U, it transforms inhomogeneously as

Γ → Γ^′ = U^{−1}ΓU + U^{−1}dU.

For a holonomy transformation corresponding to an SU(2) SS phase, we have

ω^{AB}_5 = ω^{AB}_u M^u_v q^v + M^{AB} = ω^{AB}_u k^u_0 + M^{AB} = P^{AB}_0 .

Analogously, for a holonomy tranformation corresponding to a symplectic SS phase, we have

Δ^{αβ}_5 = Δ^{αβ}_u M^u_v q^v + M^{αβ} = Δ^{αβ}_u k^u_0 + M^{αβ} .

The leading terms in the connections Γ_5^I_j , Δ_5^α_β, ω_5^A_B , giving the SS phases on M_C × M_Q, are M^I_j , M^α_β , M^A_B respectively.

On the other hand, the leading terms in the scalar vielbein are

P^i_5 ∼ M^i_j φ^j ; U^{αA}_5 ∼ M^α_βq^{βA} + M^A_B q^{αB}.

The scalar potential is extremized at

U^{αA}_u k^u_0 = 0 that is for [M_{AB} C_{αβ} + M_{αβ}ϵ_{AB} ] U^{βB}_v q^v = 0. (42)

If M_{AB} = 0, then the vanishing eigenvalues of M_{αβ} leave massless some of the hypermultiplets. On the other hand, if M_{AB} ≠ 0, then the extremum is at q^u = 0. In this case, all the scalars in the hypermultiplets are massive, thus breaking supersymmetry.

4 Some illustrative examples

We are going to consider in this section specific models as illustrative examples.

For all symmetric real-special manifolds M_R = G_R/H_R, the duality transformations acting linearly on the vector potentials belong to

[G_R × SO(1, 1)]Ⓢ T^{nv+1}

which is a non-semisimple subgroup of G_C (the isometry group of the corresponding D = 4 symmetric space). Under G_R × SO(1, 1), G_C decomposes as g_C = g_R ⊕ so(1, 1) + t^{nv+1}_{−2} + t^{′nv+1}_2

where n_v + 1 is a representation of G_R. Note that the D = 4 vectors are in a 2(n_v + 2)-dimensional symplectic representation R_C of G_C which, under G_R, decomposes as follows

R_C = ( R^{+1}_R + 1^{+3} ) ⊕ ( R^{′−1}_R + 1^{−3} ) . The (n_v + 2)-dimensional gauge algebra is U(1) × T^{nv+1}, where U(1) is a Cartan generator of the maximal compact subgroup H_R ⊂ G_R.

The ((n_v + 1) × (n_v + 1)) SS phase matrix has always one vanishing eigenvalue, because there is always one singlet of the global symmetry G_R under its maximal compact subgroup H_R (corresponding to the D = 5 graviphoton). Other vanishing eigenvalues come from the Cartan subalgebra of H_R, depending on the specific symmetric-space under consideration.

We also give an example of SS phase for a homogeneous non-symmetric special manifold [42, 43, 34]. Here the number of vanishing eigenvalues of the SS phase may be larger than in the symmetric case.

For a generic non-symmetric, non-homogeneous, real-special manifold, the number of vanishing eigenvalues of the SS phase can be rather large, because the compact isometry may act on a reduced set of special coordinates.

For the symmetric quaternionic manifolds G_Q/[H_Q×SU(2)_R], we find that the SS phase matrix has no vanishing eigenvalues, for a generic element of the Cartan subalgebra of the maximal compact subgroup H_Q ⊂ G_Q commuting with SU(2)_R. If no SU(2)_R phase is introduced, then the SS mechanism give supersymmetric masses to BPS hypermultiplets. On the other hand, if a SU(2)_R phase is switched on, then supersymmetry is broken and a splitting in the masses of the various fields, due to this phase, occurs in all the multiplets of the supergravity theory. In particular, the splitted fields are the gauginos in the vector multiplet sector, and the quaternionic scalars in the hypermultiplet sector. The two gravitinos acquire a common mass.

4.1 Symmetric spaces

Let us consider the models based on symmetric spaces [44]. All the possible N = 2 D = 4 symmetric space σ-models for vector multiplets, which have a D = 5 counterpart [3], are listed in Table 1, while the symmetric quaternionic manifolds [35] are indicated in Table 2.

We are going to sketch the various models, giving for each one the mass spectrum of the four dimensional theory, when all the possible SS phases are switched on. M_R M_C SG^{SU(1,1)}_{U(1)}

SL(3,R) SO(3)

Sp(6,R) U(3) SL(3,C) SU(3 )

U(3,3) U(3)×U(3) SU^∗(6) USp(6)

SO^∗(12)

U(6) E_{6,−26} F_4

E_{7,−25} E_6 ×SO(2)

SO(1, 1) ×^{SO(1,nv−1)}

SO(n_v −1)

SU(1,1) U(1) ×

SO(2,n_v) SO(2)×SO(n_v )

Table 1: All the symmetric cosets participating to N = 2 SS mechanism in the vector multiplet sector: the real-special manifolds in D = 5 (M_R) and the corresponding very-special manifolds in D = 4 (M_C ).

4.1.1 Vector multiplet sector

• The first case is quite degenarate, since it corresponds to M_R = 0 (pure supergravity); M_C =^{SU(1,1)}_{U(1)} ; dim_C (M_C ) = 1.

In this case one may still build a SS phase in the Cartan subalgebra (CSA) of the global R-symmetry SU(2)_R.

As discussed in Section 3, this correspond to having a Fayet–Iliopoulos term in D = 4, which breaks supersymmetry. In this case, which is the N = 2 analogue of the no-scale model of [23], the scalar potential is identically zero.

All fermions take a mass equal to the phase, while the bosons stay massless. A situation like the one described for this model, with SS phase in the R-symmetry breaking supersymmetry, may also occur for all the other models listed in this subsection, and will not be repeated.

• M_R =^{SL(3,R)}_{SO(3)} ⊂^{Sp(6,R)}_{U(3)} = M_C ; dim_R(M_R) = 5, dim_C (M_C ) = 6.

SS phase: m ∈ CSA of SO(3).

In D = 5: 6 vectors in the two-fold symmetric representation of SL(3, R). 6 → 5 + 1 under SO(3).

Mass eigenvalues: (−2m, −m, 0, m, 2m).

D = 4 spectrum of 6 vector multiplets + one graviphoton: 2 massless vector multiplets 1 massive BPS vector multiplet, mass |m| 1 massive BPS vector multiplet, mass |2m| 1 massless graviphoton.

• M_R =^{SL(3,C)}_{SU(3)} ⊂^{U(3,3)}_{U(3)×U(3)} = M_C ; dim_R(M_R) = 8, dim_C (M_C ) = 9.

SS phases: (m_1, m_2) ∈ CSA of SU(3). In D = 5: 9 vectors in the (3, ¯3) ∈ SL(3, C ). (3, ¯3) → 8 + 1 under SU(3).

D = 4 spectrum of 9 vector multiplets + one graviphoton: 3 massless vector multiplets 2 massive BPS vector multiplets, mass |m_1 ± 3m_2| 1 massive BPS vector multiplet, mass |2m_1| 1 massless graviphoton.

• M_R =^{SU∗(6)}_{USp(6)} ⊂^{SO∗((12)}_{U(6)} = M_C ; dim_R(M_R) = 14, dim_C (M_C ) = 15.

SS phases: (m_1, m_2, m_3) ∈ CSA of USp(6)

In D = 5: 15 vectors in the two-fold antisymmetric rep. of SU^∗(6). 15 → 14 + 1 under USp(6).

D = 4 spectrum of 15 vector multiplets + one graviphoton:

3 massless vector multiplets 6 massive BPS vector multiplets, mass |m_i ± m_j |, (i < j = 1, 2, 3) 1 massless graviphoton.

• M_R =^{E6(−26)}_{F4} ⊂^{E7(−25)}_{U(1)×E6} = M_C ; dim_R(M_R) = 26, dim_C (M_C ) = 27.

SS phases: (m_1, m_2, m_3, m_4) ∈ CSA of F_4.

In D = 5: 27 vectors in the two-fold antisymmetric rep. of E_{6(−26)}. 27 → 26 + 1 under F_4.

D = 4 spectrum of 27 vector multiplets + one graviphoton: 3 massless vector multiplets 8 massive BPS vector multiplets, mass |m_1 ± m_2 ± m_3 ± m_4|, 4 massive BPS vector multiplets, mass |2m_i|, (i = 1, · · · , 4) 1 massless graviphoton.

• M_R = SO(1, 1) ×^{SO(1,nv−1)}_{SO(nv−1)} ⊂^{SU(1,1)}_{U(1)} ×^{SO(2,nv)}_{SO(2)×SO(nv )} = M_C ;

dim_R(M_R) = n_v, dim_C (M_C ) = n_v + 1. SS phases: (m_1, · · · , m_[ nv−1_{2 ]}) ∈ CSA of SO(n_v − 1).

In D = 5 we have n_v + 1 vectors. However, in this case the D = 5 graviphoton together with n_v − 1 vectors of the matter multiplets compose the vector representation of SO(1, n_v −1), while 1 vector multiplet is inert, so that n_v + 1 → (n_v − 1) + 1 + 1 under SO(n_v − 1).

There are always 2 singlets, corresponding to 2 massless vectors; then 2 different cases:

– n_v even In this case the (n_v − 1)-vector has one vanishing eigenvalue so that we then have:

3 massless vector multiplets (n_v −2)/2 massive BPS vector multiplets, mass |m_i|, (i = 1, · · · ,^{nv −2}_2 ) 1 massless graviphoton.

– n_v odd:

In this case the (n_v − 1)-vector has no vanishing eigenvalues so that we then have:

2 massless vector multiplets (n_v − 1)/2 massive BPS vector multiplets, mass |m_i|, (i, .. = 1, · · · ,^{nv −1}_2 ) 1 massless graviphoton.

To summarize, looking to the D = 5 SS compactifications which give D = 4 symmetric spaces we find in two cases a spectrum with only two massless multiplets left (the rest being massive BPS Higgs supermultiplets), while in all the other cases three vector multiplets stay massless.

4.1.2 The hypermultiplet sector

We have listed in Table 2 all the symmetric-space quaternionic manifolds. Each of them could in principle participate to the SS mechanism, since they fulfill the requirement of having a compact isometry which may be gauged by the graviphoton.^7

M_Q dim_Q(M_Q)

G_{2(+2)} SO(4) 2 F_{4(+4)} USp(6)×SU(2) 7 E_{6(+2)} SU(6)×SU(2) 10 E_{7(−5)} SO(12)×SU(2) 16 E_{8(−24)} E_7 ×SU(2) 28 SO(4,n) SO(4)×SO(n) n U(2,n) U(2)×U(n) n USp(2,2n) SU(2)×USp(2n) n

Table 2: All the quaternionic symmetric coset-manifolds participating to N = 2 SS mechanism. In particular, the first 6 are the c-map of the veryspecial manifolds of Table 1.

7Note that the same observation is true for all the quaternionic manifolds (not necessarily cosets) which are obtainable as the c-map [45] of some special Kahler manifold, since the c-map construction implies that a U(1) ⊂ SL(2, R) isometry is always present on the final quaternionic manifold. We are not going to discuss these more general cases here.

For all the models we find that, in the general case where all the SS phases in the symplectic part of the isometry are switched on, all the hypermultiplets become massive BPS multiplets.

All the quaternionic scalars are also charged with respect to the Rsymmetry SU(2)_R (in the fundamental representation). So, by introducing the corresponding SS phase m, supersymmetry is broken, giving an extra mass ±m to all the scalars in the hypermultiplets. We are not going to discuss further the SU(2)_R phase m, confining the discussion in the sequel to the SS phase in the USp(2n_h) part. In detail we find

• M_Q =^{G2(2)}_{SO(4)} ; dim (M_Q) = 8; n_h = 2.

SS phase: q in the CSA of SU(2). 8 → (4, 2) under SU(2) × SU(2)_R.

No state is neutral under SU(2), so the 2 multiplets become BPS, one with mass q and the other with mass 2q.

• M_Q =^{F4(4)}

USp(6)×SU(2)_R ; dim(MQ) = 28; nh = 7.

SS phase: (q_1, q_2, q_3) in the CSA of USp(6).

28 → (14^′, 2) under USp(6) × SU(2) (14^′: three-fold antisymmetric representation of USp(6)).

No state is neutral under USp(6); the BPS spectrum is: 4 BPS multiplets with mass |q_1 ± q_2 ± q_3| 3 BPS multiplets with mass |q_i| (i = 1, 2, 3)

• M_Q =^{E6(2)}

SU(6)×SU(2)_R ; dim(MQ) = 40; nh = 10.

SS phase: (q_1, · · · q_5) in the CSA of SU(6).

40 → (20, 2) under SU(6) × SU(2)_R (20: three-fold antisymmetric representation of SU(6)).

No state is neutral under SU(6); the BPS spectrum is: 10 BPS multiplets.

• M_Q =^{E7(−5)}

SO(12)×SU(2)_R ; dim(MQ) = 64; nh = 16.

SS phase: CSA of SO(12).

64 → (32, 2) under SO(12) × SU(2)_R (32: spinor representation of SO(12)).

No state is neutral under SO(12). 16 BPS multiplets.

• M_Q =^{E8(−24)}

E_7×SU(2)_R ; dim(MQ) = 112; nh = 28.

SS phase: CSA of E_7.

112 → (56, 2) under E_7 × SU(2)_R (56: fundamental representation of E_7).

No state is neutral under E_7. 28 BPS multiplets.

• M_Q =^{SO(4,n)}

SO(4)×SO(n) ; dim(MQ) = 4n; nh = n.

SS phase: CSA of SU(2) × SO(n).

4n → (2, n, 2) under SU(2) × SO(n) × SU(2)_R. No state is neutral under SU(2) × SO(n) ⊂ USp(2n) the generic configuration has all massive hypermultiplets. If we set a phase only with respect to SU(2)_D, then, since 2 × 2 = 3 + 1 we have two vanishing eigenvalues in this SU(2)_D phase; if n is odd, we have one zero-eigenvalue also in the SO(n) phase. In this case we finally have 2 massless hypermultiplet scalars, but supersymmetry is broken.

• M_Q =^{U(2,n)}

U(2)×U(n) ; dim(MQ) = 4n; nh = n.

SS phase: CSA of U(1) × U(n).

4n → (n, 2)_+ + (n̄, 2)_− under (U(n) × SU(2)_R)_{U(1)}. No state is neutral under U(1) × U(n) ⊂ USp(2n).

Analogously to the case above, in the generic configuration all hypermultiplets are massive.

• M_Q =^{USp(2,2n)}

SU(2)_R×USp(2n) ; dim(MQ) = 4n; nh = n.

SS phase: CSA of USp(2n).

4n → (2n, 2) under (USp(2n) × SU(2)_R). No state is neutral under USp(2n).

As for the cases above, in the generic configuration all hypermultiplets are massive.

4.2 Non symmetric spaces

For non-symmetric spaces we can still consider SS phases if there are some compact isometries on the manifold. This is generally possible for the case of homogeneous real geometries of D = 5, N = 2 scalar manifolds, that have been classified in the literature [46] and denoted by L(q, P, Ṗ ). The compact isometries of these real manifolds are SO(q + 1) × S_q (P, Ṗ ), where S_q(P, Ṗ ) is the metric preserving group in the centralizer of the Clifford algebra C(q+1, 0) [34].

Let us for instance consider the space L(0, P, Ṗ ), with compact isometry group SO(P )×SO(Ṗ ). Here n_v = 2+P +Ṗ . In the D = 4 theory, if P, Ṗ are both even, we have three massless vector multiplets, if one is even and the other odd, we have 4 massless vector multiplets, while if P, Ṗ are both odd we have 5 massless vector multiplets, all the rest being^1_2 -BPS multiplets..

A similar discussion can be made for homogeneous, non-symmetric, quaternionic spaces which are obtained as c-map of d-geometries. They have the compact group of isometries SO(q + 3) × SO(3) × S_q(P, Ṗ ) [34], and one may again introduce suitable SS phases in this sector.

Acknowledgements

M. A. Ll. wants to thank the Theory Division at CERN for its hospitality during the realization of this work.

The work of S.F. has been supported in part by the D.O.E. grant DE- FG03-91ER40662, Task C, and in part by the European Community’s Human Potential Program under contract HPRN-CT-2000-00131 Quantum Space- Time, in association with INFN Frascati National Laboratories.

The work of M. A. Ll. has been supported by the research grant BFM 2002-03681 from the Ministerio de Ciencia y Tecnología (Spain) and from EU FEDER funds.

A Glossary of very-special geometry and SS Killing prepotentials

In the z^I four-dimensional variables the special coordinates are

X^Λ = (z^0 = 1, z^I ) L^Λ = (e^{K2} , e^{K2} z^I )

therefore

f^Λ_i = e^{K2} (∂_i + K_{,i})X^Λ = ( e^{K2} (δ^I_i + K_{,i}X^I ), e^{K2} K_{,i} ) where I, i here are flat and world indices respectively on the very-special manifold. Moreover, for the Killing vectors one has that k^I_ΛL^Λ = k^I_0 L^0 + k^I_J L^J = 0

is satisfied for k^I_J = −M^I_J k^I_0 = M^I_J z^J which implies the identity, on the corresponding prepotential

P_ΛL^Λ = P_0L^0 + P_I L^I = e^{K2} ( K_{,I} M^I_J z^J − K_{,I} M^I_K z^K ) = 0 and analogously P_ΛL̄^Λ = 0 In the z^I variables, the Kähler potential is invariant under U(1) and Peccei–Quinn symmetries δz^I = M^I_J z^J ξ^0 − M^I_J ξ^J

so that δ_{ξI} K = K_{,I} M^I_J ξ^J + K_,¯_I M^I_J ξ^J = 0 since K_{,I} = −K_,¯_I . Correspondingly, for the ξ^0 transformation δ_{ξ0} K = ( K_{,I} M^I_J z^J + K_,¯_I M^I_Jz̄^J ) ξ^0 = 0

which gives K_{,I} M^I_J ℑz^J = 0 This is because M^I_J is an isometry of the very-special Kähler manifold which has a linear action on the z^J coordinates.

The prepotential P_Λ is therefore given by P_0 = K_{,I} M^I_J z^J , P_J = −K_{,I} M^I_J so that k^K_0 = K^{,KĪ} ∂¯_I P^0 = K^{,KĪ} K_{,I}¯_I M^I_J z^J = M^I_J z^J .

We note that, in the case of symmetric spaces G_C /[U(1) × H_C ] based on d-geometries, the compact symmetry H_C is not manifest (non linearly realized) on the chosen special coordinates z^I . The non-compact symmetry G_R is manifest, and so is the compact symmetry H_R ⊂ H_C .

This fact is already understood for the [^{SU(1,1)}_{U(1)} ×^{SO(2,n)}_{SO(2)×SO(n)} ] series. In this case, for the cubic prepotential it is necessary to choose a symplectic basis where only SO(1, n−1)×SO(1, 1) ⊂ SO(2, n) is manifest [40]. For a choice of special coordinates which makes all SO(2, n) manifest, a prepotential function does not exist [47].

B Relation between real-special geometry in D = 5 and very-special geometry in D = 4

The relation between the geometries of the scalar manifolds of vector multiplets in five and four dimensions comes by inspection of the bosonic kinetic terms in the lagrangian, in the D = 4 Einstein frame, as they come by dimensional reduction from five dimensions [3, 37, 36] 1 √ −g_{(4)}

L_{(4)} = − 1 2 R_{(4)} − 1 2 G_{IJ} (t)∂_μt^I ∂^μt^J − 1 12 ∂_μ log (ϕ_5)^3 ∂^μ log (ϕ_5)^3 − 1 2 G_{IJ} (t) (ϕ_5)^{−2} ∂_μA^I_5∂^μA^J_5 − 1 4 G_{IJ} (t) ϕ_5F^I_{μν} F^{J μν} (43)

where ϕ_5 = e^σ is the 5th component of the vielbein (S^1 radius). We have not reported in (43) the contributions from the KK graviphoton and from the 5D Chern–Simons term (see [3]), which are not relevant for the present discussion.

Here G_{IJ} = − 1 2 ∂_I ∂_J log V|_{V=1}

where V ≡ d_{IJK} t^I t^J t^K , with t^I = t^I (φ^i), i = 1, · · · n_v and I = 1, · · · n_v + 1.

The surface V = 1 defines the n_v-dimensional real manifold M^{nv}_R spanned by the scalars in the vector multiplets at D = 5, describing real-special geometry.

Explicitly we have G_{IJ} = −3t_{IJ} + 9 2 t_I t_J where t_I ≡ d_{IJK} t^J t^K, t_{IJ} ≡ d_{IJK} t^K .

the metric on M^R_{nv} is

g_{ij} = G_{IJ} t^I_{,i}t^J_{,j} with t^I_{,i} = ∂t^I ∂φ^i . Note that t^I t_{I,i} = t_I t^I_{,i} = 0, and also g_{ij} = −3d_{IJK} t^I_{,i}t^J_{,j}t^K = − 3 2 t_{I,i}t^I_{,j} .

If we now introduce n_v + 1 variables v^I defined by v^I = ϕ_5t^I , so that d_{IJK} v^I v^J v^K = (ϕ_5)^3 = V, from the lagrangian (43) it immeditely follows 1 √ −g_{(4)}

L_{(4)} = − 1 2 R_{(4)} − 1 2 G_{IJ} (v)∂_μv^I ∂^μv^J − 1 2 G_{IJ} (t) (ϕ_5)^{−2} ∂_μA^I_5∂^μA^J_5 − 1 4 G_{IJ} (t) ϕ_5F^I_{μν} F^{J μν} (44)

where G_{IJ} (v) = − 1 2 ∂ ∂v^I ∂ ∂v^J log V = (ϕ_5)^{−2} G_{IJ} (t). (45)

By combining the axions a^I = A^I_5 with the real scalars v^I to form complex variables z^I = −a^I + iv^I,

the scalar kinetic term of the above lagrangian can be rewritten in the more compact form −g_I¯_J ∂_μz^I ∂^μz̄^{J̄}

with g_I¯_J ≡ −∂_I ∂¯_J log V =^1_2 G_{IJ} the very-special-Kähler metric.

We can now set the relation between 5D and 4D special coordinates. We have, in D = 4 L^Λ = e^{K2} X^Λ , X^Λ = ( X^0, X^I ) with X^0 = 1, X^I = z^I .

This choice identifies the four-dimensional graviphoton with the Kaluza– Klein vector B_μ, in accordance with the gauged supergravity interpretation of the SS reduction.

The n_v + 2 vector fields are ( A^0_μ = B_μ ; Z^I_μ = A^I_μ − A^I_5B_μ ) and the structure constants of the flat group are f^Δ_{ΛΣ} = f^J_{I0} (zero otherwise). The B_μ gauge field gauges a U(1) isometry which may have components both on the very-special manifold and on the quaternionic manifold

B = I^{SG} + I^Q_{USp(2nh)} + I^Q_{SU(2)}.

The contribution to the scalar potential in D = 4 from the real-special geometry isometries also comes from dimensional reduction of the kinetic term of the scalars in the vector multiplets, through the term, in the dimensionally reduced lagrangian 1 2 e^{−3σ}P^a_5 P_{a5}.

By using the fact that P^a_5 , the 5th component of the pull-back on space-time of the real-special geometry vielbein, is P^a_5 = P^a_{,i} ∂_5φ^i = P^a_{,i} k^a_0 , we then obtain

P^a_5 P_{a5} = g_{ij} k^i_0k^j_0

where we used the fact [36] that g_{ij} = P^a_{,i} P_{a,j} = −^3_2 t^I_{,i}t_{I,j} and t_{I,i} = ∂_it_I = 2d_{IJK} t^J t^K_{,i} . Then, recalling (10), the contribution to the scalar potential is V_{SG} = 1 2 e^Kg_{ij} k^i_0k^j_0

or, in terms of the complex variables z^I = −a^I_5 + iϕ_5t^I and of the very-special Kähler metric (45) V_{SG} = 1 2 e^K G_{IJ} k^I_0 k^{J̄}_0 = e^Kg_I¯_J k^I_0 k^{J̄}_0 ,

where k^I_0 ≡ −it^I_{,i}k^i_0 = −k^Ī_0 , which is the N = 2 contribution from the gauged vector multiplets in D = 4 (see eqs. (25) and (28)). We note that this formula agrees with (28) if we send M → 2M in the SS phases.

References

[1] J. Scherk and J. H. Schwarz, “How To Get Masses From Extra Dimensions”, Nucl. Phys. B 153 (1979) 61.

[2] For a comprehensive review, see e.g. A. R. Frey, “Warped strings: Selfdual flux and contemporary compactifications,” hep-th/0308156.

[3] M. Gunaydin, G. Sierra and P. K. Townsend, “The Geometry of N=2 Maxwell-Einstein Supergravity and Jordan Algebras”, Nucl. Phys. B 242 244 (1984); “Exceptional Supergravity Theories and the Magic Square”, Phys. Lett. B 133 72 (1983).

[4] B. de Wit, P.G. Lauwers and A. Van Proeyen, “Lagrangians of N = 2 Supergravity - Matter Systems”, Nucl. Phys. B 255 (1985) 569.

[5] L. Andrianopoli, M. Bertolini, A. Ceresole, R. D’Auria, S. Ferrara, P. Fre and T. Magri, “N = 2 supergravity and N = 2 super Yang-Mills theory on general scalar manifolds: Symplectic covariance, gaugings and the momentum map”, J. Geom. Phys. 23 (1997) 111, hep-th/9605032.

[6] L. Andrianopoli, R. D’Auria, S. Ferrara, M.A. Lledó, “Gauging of Flat Groups in Four Dimensional Supergravity”, JHEP 0207 (2002) 010, hep-th/0203206.

[7] E. Cremmer, J. Scherk and J. H. Schwarz, “Spontaneously Broken N=8 Supergravity”, Phys. Lett. B 84 (1979) 83.

[8] E. Sezgin and P. van Nieuwenhuizen, “Renormalizability Properties of Spontaneously Broken N=8 Supergravity”, Nucl. Phys. B 195 (1982) 325.

[9] L. Andrianopoli, R. D’Auria, S. Ferrara and M. A. Lledo, “Duality and spontaneously broken supergravity in flat backgrounds,” Nucl. Phys. B 640, 63 (2002), hep-th/0204145.

[10] A. Dabholkar and C. Hull, “Duality twists, orbifolds, and fluxes,” JHEP 0309 (2003) 054, hep-th/0210209.

[11] B. de Wit, H. Samtleben and M. Trigiante, “On Lagrangians and gaugings of maximal supergravities,” Nucl. Phys. B 655 (2003) 93, hep-th/0212239.

[12] L. Randall and R. Sundrum, “An alternative to compactification,” Phys. Rev. Lett. 83 (1999) 4690, hep-th/9906064; “A large mass hierarchy from a small extra dimension,” Phys. Rev. Lett. 83 (1999) 3370, hep-ph/9905221.

[13] R. Barbieri, L. J. Hall and Y. Nomura, “Models of Scherk-Schwarz symmetry breaking in 5D: Classification and calculability,” Nucl. Phys. B 624, 63 (2002), hep-th/0107004.

[14] R. Kallosh and A. D. Linde, “Supersymmetry and the brane world,” JHEP 0002 (2000) 005, hep-th/0001071; E. Bergshoeff, R. Kallosh and A. Van Proeyen, “Supersymmetry in singular spaces,” JHEP 0010 (2000) 033, hep-th/0007044.

[15] M. J. Duff, J. T. Liu and K. S. Stelle, “A supersymmetric type IIB Randall-Sundrum realization,” J. Math. Phys. 42 (2001) 3027, hep-th/0007120.

[16] I. Antoniadis and M. Quiros, Phys. Lett. B 416 (1998) 327 [arXiv:hep-th/9707208].

[17] G. von Gersdorff and M. Quiros, “Supersymmetry breaking on orbifolds from Wilson lines,” Phys. Rev. D 65 (2002) 064016, hep-th/0110132; G. von Gersdorff, M. Quiros and A. Riotto, “Radiative Scherk- Schwarz supersymmetry breaking,” Nucl. Phys. B 634 (2002) 90, hep-th/0204041.

[18] J. Bagger, F. Feruglio and F. Zwirner, “Brane induced supersymmetry breaking,” JHEP 0202, 010 (2002), hep-th/0108010.

[19] R. Rattazzi, C. A. Scrucca and A. Strumia, “Brane to brane gravity mediation of supersymmetry breaking,” Nucl. Phys. B 674 (2003) 171, hep-th/0305184.

[20] A. Pomarol and M. Quiros, “The standard model from extra dimensions,” Phys. Lett. B 438 (1998) 255, hep-ph/9806263.

[21] I. Antoniadis, S. Dimopoulos, A. Pomarol and M. Quiros, “Soft masses in theories with supersymmetry breaking by TeV-compactification,” Nucl. Phys. B 544 (1999) 503, hep-ph/9810410.

[22] A. B. Lahanas and D. V. Nanopoulos, “The Road To No Scale Supergravity,” Phys. Rept. 145 (1987) 1.

[23] E. Cremmer, S. Ferrara, C. Kounnas and D. V. Nanopoulos, “Naturally Vanishing Cosmological Constant In N=1 Supergravity,” Phys. Lett. B 133 (1983) 61.

[24] J. R. Ellis, A. B. Lahanas, D. V. Nanopoulos and K. Tamvakis, “No - Scale Supersymmetric Standard Model,” Phys. Lett. B 134 (1984) 429.

[25] T. R. Taylor and C. Vafa, “RR flux on Calabi-Yau and partial supersymmetry breaking”. Phys. Lett. B 474, 130 (2000).

[26] G. Curio, A. Klemm, D. Lust and S. Theisen, “On the vacuum structure of type II string compactifications on Calabi-Yau spaces with H-fluxes”. Nucl. Phys. B 609, 3 (2001).

[27] S. B. Giddings, S. Kachru and J. Polchinski, “Hierarchies from fluxes in string compactifications,” Phys. Rev. D 66 (2002) 106006, hep-th/0105097.

[28] S. Kachru, M. Schulz and S. Trivedi, “Moduli Stabilization from Fluxes in a Simple IIB Orientifold,” JHEP 0310 (2003) 007, hep-th/0201028.

[29] A. R. Frey and J. Polchinski, “N = 3 warped compactifications,” Phys.

Rev. D 65 (2002) 126009, hep-th/0201029.

[30] M. Gunaydin and M. Zagermann, “The gauging of five-dimensional, N = 2 Maxwell-Einstein supergravity theories coupled to tensor multiplets,” Nucl. Phys. B 572 (2000) 131, hep-th/9912027; “Gauging the full Rsymmetry group in five-dimensional, N = 2 Yang-Mills/Einstein/tensor supergravity,” Phys. Rev. D 63 (2001) 064023, hep-th/0004117; “Unified Maxwell-Einstein and Yang-Mills-Einstein supergravity theories in five dimensions,” JHEP 0307 (2003) 023, hep-th/0304109.

[31] A. Ceresole and G. Dall’Agata, “General matter coupled N = 2, D = 5 gauged supergravity,” Nucl. Phys. B 585 (2000) 143, hep-th/0004111.

[32] E. Bergshoeff, S. Cucu, T. de Wit, J. Gheerardyn, S. Vandoren and A. Van Proeyen, “N = 2 supergravity in five dimensions revisited,” hep-th/0403045.

[33] G. Dall’Agata, R. D’Auria, L. Sommovigo and S. Vaula, “D = 4, N = 2 gauged supergravity in the presence of tensor multiplets,” hep-th/0312210.

[34] B. de Wit, F. Vanderseypen and A. Van Proeyen, “Symmetry structure of special geometries,” Nucl. Phys. B 400 (1993) 463, hep-th/9210068.

[35] J. Bagger and E. Witten, “Matter Couplings In N=2 Supergravity ,” Nucl. Phys. B 222, 1 (1983).

[36] A. H. Chamseddine, S. Ferrara, G. W. Gibbons and R. Kallosh, “Enhancement of supersymmetry near 5d black hole horizon,” Phys. Rev. D 55 (1997) 3647, hep-th/9610155.

[37] A. C. Cadavid, A. Ceresole, R. D’Auria and S. Ferrara, “Elevendimensional supergravity compactified on Calabi-Yau threefolds,” Phys. Lett. B 357 (1995) 76, hep-th/9506144.

[38] A. Van Proeyen, “Special geometries, from real to quaternionic,” hep-th/0110263.

[39] M. K. Gaillard and B. Zumino, “Duality Rotations For Interacting Fields,” Nucl. Phys. B 193, 221 (1981).

[40] E. Cremmer, C. Kounnas, A. Van Proeyen, J. P. Derendinger, S. Ferrara, B. de Wit and L. Girardello, “Vector Multiplets Coupled to N=2 Supergravity: Superhiggs Effect, Flat Potentials and Geometric Structure ”, Nucl. Phys. B 250 385 (1985).

[41] M. Gunaydin, G. Sierra and P. K. Townsend, “Vanishing Potentials In Gauged N=2 Supergravity: An Application Of Jordan Algebras,” Phys. Lett. B 144 (1984) 41.

[42] D. V. Alekseevskii, “Classification of quaternionic spaces with a transitive solvable group of motions”, Izv. Akad. Nauk SSSR Ser. Mat. 9, 315-362 (1975); Math. USSR Izvesstija, 9, 297-339 (1975).

[43] S. Cecotti, “Homogeneous Kahler Manifolds And T Algebras in N=2 Supergravity and Superstrings,” Commun. Math. Phys. 124 (1989) 23.

[44] E. Cremmer and A. Van Proeyen, “Classification Of Kahler Manifolds In N=2 Vector Multiplet Supergravity Couplings,” Class. Quant. Grav. 2 (1985) 445.

[45] S. Cecotti, S. Ferrara and L. Girardello, “Geometry Of Type Ii Superstrings And The Moduli Of Superconformal Field Theories,” Int. J. Mod. Phys. A 4 (1989) 2475.

[46] B. de Wit and A. Van Proeyen, “Special geometry, cubic polynomials and homogeneous quaternionic spaces,” Commun. Math. Phys. 149 (1992) 307, hep-th/9112027.

[47] A. Ceresole, R. D’Auria, S. Ferrara and A. Van Proeyen, “Duality transformations in supersymmetric Yang-Mills theories coupled to supergravity,” Nucl. Phys. B 444, 92 (1995), hep-th/9502072.