arXiv:hep-th/0405202 v3 21 Oct 2004

May 24, 2004

KEK-TH-956, Toho-CP-0475

Wess-Zumino terms for AdS D-branes

Machiko Hatsuda^{∗†} and Kiyoshi Kamimura^⋆

∗Theory Division, High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki, 305-0801, Japan †Urawa University, Saitama 336-0974, Japan e-mail: mhatsuda@post.kek.jp

⋆ Department of Physics, Toho University, Funabashi, 274-8510, Japan e-mail: kamimura@ph.sci.toho-u.ac.jp

Abstract

We show that Wess-Zumino terms for D-p branes with p > 0 in the Anti-de Sitter (AdS) space are given in terms of “left-invariant” currents on the super-AdS group or the “expanded” super-AdS group. As a result there is no topological extension of the super-AdS algebra. In the flat limit the global Lorentz rotational charges of the AdS space turn out to be brane charges of the supertranslation algebra representing the BPS mass. We also show that a D-instanton is described by the GL(1) degree of freedom in the Roiban-Siegel formalism based on the GL(4|4)/[Sp(4) × GL(1)]^2 coset.

PACS: 11.30.Pb;11.17.+y;11.25.-w

Keywords: Wess-Zumino term; AdS background; Superalgebra

1 Introduction

Dynamics of supersymmetric extended objects play essential roles in nonperturbative aspects of superstring theories. A supersymmetric p-brane is described by an action with a Wess-Zumino (WZ) term. In contrast to that geometrical interpretation of flat p-branes are discussed well in [1] and [2], the one for AdS p-branes has not been clarified. The WZ term for a flat p-brane is characterized by the nontrivial element of the (p + 2)-th Chevalley-Eilenberg cohomology of the super-translation group [1], and the superalgebra contains topological charges originated from the WZ term [2]. The superalgebra gives a BPS condition with the BPS mass determined by the topological charge.

Chevalley and Eilenberg formulated cohomology theory of Lie algebras [3]: let C^q(G, P ) be a vector space of q-th cochain for a representation P of a Lie algebra G over a field of characteristic 0. In our case c ∈ C^q(G, R) is a left-invariant (LI) differential q form on the group G mapping to real space R, and then the cohomology group is defined as H^q(G, R) = Z^q(G, R)/B^q(G, R) with Z^q(G, R) = {c ∈ C^q(G, R) | dc = 0} and B^q(G, R) = {dc | c ∈ C^{q−1}(G, R)}. A super-p-brane in a flat space is described by the (p + 1)-form WZ term c, and is classified by the nontrivial class of the (p + 2)-th CE cohomology of G = the “supertranslation” group dr = 0, r = dc, r ∈ C^{p+2}(G, R), c /∈ C^{p+1}(G, R) . (1.1) The WZ term is not manifestly superinvariant but pseudo-invariant so the supercharge is modified, and this modification contributes to topological terms in the flat superalgebra.

Recently brane dynamics in AdS spaces have been examined widely following the early works by Metsaev and Tseytlin [4, 5]. In these references the WZ terms of p-branes for p = 1, 3 are given as a (p + 2)-dimensional integration of the closed (p + 2)-forms. On the other hand it was shown that in AdS spaces the WZ terms for p-branes can be written in terms of the left-invariant (LI) currents for p = 1 cases [6, 7, 8, 9], and for a p = 0 case [10]. These WZ terms are manifestly superinvariant so there is no modification of the supercharges, therefore no topological charge in the superalgebras appears. It was also shown that the topological brane charges in a flat superalgebra can be traced back into the super-AdS algebra through the limiting procedure. For a BPS 0-brane in AdS_2×S^2 space the origin of the 0-brane charge is the Lorentz rotation charge of the AdS algebra [10]. To clarify these issues for more general cases, in this paper we focus on Dp-branes for p = −1, 1, 3 in the AdS_5×S^5 space.

The closed 5-form for an AdS D3-brane is obtained in the reference [5]. It is not simple enough to find the explicit local form of the WZ term to examine the superalgebra and the brane charges. In this paper we use “expansion” technique. It was originally introduced in [8, 11] as a generalization of the Inönü-Wigner (IW) contraction [12], and further developed in [13]. The IW contraction relates the super-AdS algebra with the supertranslation algebra, while the generalized IW contraction is useful to relate the WZ term in the AdS space and the one in the flat space [8]. This generalization is a contraction in which the next to leading terms in the expansion parameter, inverse of the AdS radius, are kept. It was also shown that the expansion truncated at certain order gives another closed algebra [11]. In this paper we will show that this “expansion” procedure without truncation is useful to analyze the WZ term.

The organization of this paper is the following. In the next section we will review the Roiban-Siegel formulation [7] which makes these computation possible. In the section 3 after reviewing the closed 3-form and its 2-form WZ term for an AdS superstring, we examine the ones for an AdS D-string. By taking care of GL(1) degree of freedom carefully, the field strength for an AdS D-instanton is obtained. In the section 4, we first examine the closed 5-form and the 4-form WZ term for an bosonic D3-brane. We will show that it can not be written in terms of LI currents of AdS_5 algebra. We analyze it by using the “expansion” procedure. It turns out that the 4-form potential can be written in terms of the “expanded” currents of the AdS_5 LI currents. Next we examine the ones for an super D3-brane. In the section 5 the flat limit is discussed. We will discuss that there is no topological extension of the super-AdS algebra by examining the super-variation of the WZ term concretely. We will also discuss the origin of the topological terms of the flat superalgebra in the super-AdS algebra.

2 Notations

The non-linear realization of the super AdS_5×S^5 group has been discussed in [4, 5] using P SU(2, 2|4) SO(5, 1) ⊗ SO(6) . (2.1)

In an alternative formulation of it Roiban and Siegel used the coset [7] G = GL(4|4) [Sp(4) ⊗ GL(1)]^2 ∼ P SU(2, 2|4) SO(5, 1) ⊗ SO(6) . (2.2)

It requires a Wick rotation for the matrix valued coordinate of G to be the real coordinates, and introduces scaling factors of [GL(1)]^2. This formulation made computations of the equations of motion and the symmetry algebras much easier [14]. We follow the notations of [7] and [14] in this paper.

An element of the coset Z_M^A is transformed under a global GL(4|4) group element g with the indices M = m, m̄, (m, m̄ = 1, · · · , 4) as

Z_M^A → g_M^N Z_N^B h_B^A (2.3)

where h is a local [Sp(4) ⊗ GL(1)]^2 group element with A = a, ā, (a, ā = 1, · · · , 4). The LI 1-form current is given by

J_A^B = Z_A^M dZ_M^B (2.4)

and transforms as

J → h^{−1} J h + h^{−1} d h. (2.5)

The bosonic components are decomposed as J^{ab} = J^{⟨ab⟩} + J^{(ab)} − 1 4 C^{ab}trJ ≡ ⟨J⟩ + (J) − 1 4 C trJ (2.6)

J^{āb̄} = J^{⟨āb̄⟩} + J^{(āb̄)} − 1 4 C^{āb̄}trJ ≡ ⟨J̄⟩ + (J̄) − 1 4 C trJ̄

The index ⟨ab⟩ denotes antisymmetric traceless index which can be expanded by (Cγ_α)^{ab}, and the index (ab) denotes symmetric index expanded by (Cγ_{αβ})^{ab} with the 5-dimensional gamma matrices γ_α, (α = 0, · · · , 4). The Sp(4) invariant antisymmetric metric C, denoted by “Ω” in [7], is the charge conjugation matrix, with C^{−1} = C^T = −C, in this paper. Trace is taken as trM = M^a_a = M^{ab}C_{ba}. The fermionic components of J in (2.4) will be denoted by small characters;

J^{ab̄} = j^{ab̄} , J^{āb} = j̄^{āb} . (2.7)

These LI 1-forms satisfy the Maurer-Cartan (MC) equations, −dJ_A^B = J_A^C J_C^B, more explicitly −d⟨J⟩ = (J)⟨J⟩ + ⟨J⟩(J) + ⟨jj̄⟩ = {(J), ⟨J⟩} + ⟨jj̄⟩ −d(J) = ⟨J⟩⟨J⟩ + (J)(J) + (jj̄) = ⟨J⟩^2 + (J)^2 + (jj̄) −dj = ⟨J⟩j + (J)j + j⟨J̄⟩ + j(J̄) −^1_4 (StrJ)j −dj̄ = ⟨J̄⟩j̄ + (J̄)j̄ + j̄⟨J⟩ + j̄(J) +^1_4 (StrJ)j̄

(2.8)

and similar expressions for barred sectors. It is noted that we use a notation in which the exterior derivative “d” commutes with both Grassman even and odd components of “Z_M^A”.

3 2-form WZ terms

3.1 Superstring

The κ-symmetry of a superstring requires the 2-form WZ term. It was shown in [7] that the WZ term for an AdS-string is given as

L_{W Z,AdS,F1} = B^{NS}_{[2]} = B_{[2]−} (3.1)

with

B_{[2]±} = 1 2 { E^{1/2}J^{ab̄}J_a¯_b ± E^{−1/2}J^{āb}J_{āb} } = 1 2 tr { E^{1/2}jj ± E^{−1/2}j̄j̄ } (3.2)

and it has the correct flat limit. The invariance under the local GL(1) scaling transformations requires introducing E = SdetZ_M^A factors. In the gauge E = 1 the coset G = GL(4|4)/[Sp(4)⊗GL(1)]^2 reduces into P SL(4|4)/[Sp(4)]^2. The closed three form is given by

dB^{NS}_{[2]} = H^{NS}_{[3]} , H^{NS}_{[3]} = H_{[3]+} (3.3)

with

H_{[3]±} = ⟨J⟩^{ab} { E^{1/2}⟨J_a^{b̄}J_b¯_b⟩ ± E^{−1/2}⟨J^ā_aJ_{āb}⟩ } − ⟨J⟩^{āb̄} { E^{1/2}⟨J^a_āJ_a¯_b⟩ ± E^{−1/2}⟨J_ā^aJ¯_{ba}⟩ } = −tr [ ⟨J⟩ { E^{1/2}⟨jj⟩ ± E^{−1/2}⟨j̄j̄⟩ } − ⟨J̄⟩ { E^{1/2}⟨jj⟩ ± E^{−1/2}⟨j̄j̄⟩ }] (3.4)

satisfying

d(B_{[2]∓}) = H_{[3]±} . (3.5)

Then the 3-form field strengths in the super-AdS space (3.5) are trivial elements of the 3-rd CE cohomology of G,

dH_{[3]} = 0, H_{[3]} = dB_{[2]}, H_{[3]} ∈ C^3(G, R), B_{[2]} ∈ C^2(G, R) . (3.6)

Since these left invariant 2-forms are manifestly global superinvariant, the supercharges do not contain additional shift from the WZ action. So there is no topological extension of the superalgebra for a AdS-superstring.

3.2 D-string and D-instanton

The WZ term for Dp-brane is given as the integral of the closed and invariant (p+2) -form, dL_{W Z} , dL_{W Z} = e^F R = e^{dA}R̂ , F = dA − B^{NS}_{[2]} , R̂ = e^{−BNS[2]} R (3.7) where R̂ satisfies dR̂ = 0 while dR = H^{NS}_{[3]} R. We comment that the Dirac-Born-Infeld U(1) gauge field A and B^{NS}_{[2]} are separately superinvariant, δ_ϵA = δ_ϵB^{NS}_{[2]} = 0, in our formulation. This is possible by the existence of total derivative bilinear term, d (θdθ̄), in B^{NS}_{[2]} which can not be introduced in the conventional 2-form ∫ H^{NS}_{[3]} as discussed in [8].

Recently it is observed that P SU(2, 2|4) is extended to SU(2, 2|4) by an external automorphism U(1)_B under the circumstance of the existence of BPS multiplets in the N = 4 SYM [15]. In our description the E = 1 gauge fixing of GL(1) plays the similar role, so we also keep the GL(1) field unfixed. In the reference [7] the auxiliary GL(1) field, E, is introduced to preserve the local GL(1) invariance of the action (3.1) and (3.2), and the resultant three-form field strength includes E (3.3) and (3.4) . For the R/R two-form we instead break the local GL(1) invariance to take into account the BPS effect as observed above. The 3-form field strength is determined in such a way that it does not depend on E, Ĉ_{[2]} = B̌_{[2]+} , B^{NS}_{[2]} = B̌_{[2]−} , B̌_{[2]±} = 1 2 tr {jj ± j̄j̄} (3.8) satisfying

dB̌_{[2]±} = Ȟ_{[3]∓} + 1 2 StrJ B̌_{[2]∓} , Ȟ_{[3]±} = −tr [ ⟨J⟩ {⟨jj⟩ ± ⟨j̄j̄⟩} − ⟨J̄⟩ {⟨jj⟩ ± ⟨j̄j̄⟩} ] .(3.9)

Then the exterior derivative of the R/R two-form becomes

R̂_{[3]} ≡ dĈ_{[2]} = Ȟ_{[3]−} + 1 2 StrJ B̌_{[2]−} . (3.10)

On the other hand it is also written as

R̂_{[3]} = R_{[3]} − B^{NS}_{[2]} R_{[1]} , { R_{[3]} = Ȟ_{[3]−} R_{[1]} = −^1_2 StrJ

(3.11)

from (3.7). If we identify R_{[1]} as the field strength of a D-instanton, then the WZ term is given as

L_{W Z,AdS,D instanton} = C_{[0]} , C_{[0]} = 1 2 lnE (3.12)

where StrJ = −d lnE = 0 is used. With this degree of freedom, the WZ term for an AdS-D-string is given by

L_{W Z,AdS,D1} = Ĉ_{[2]} + dA C_{[0]} . (3.13)

The WZ terms for AdS D-string and AdS D-instanton are written in terms of the LI 1-form currents or E = SdetZ_M^A which are manifestly superinvariant. So there is no contribution to the supercharges from these WZ terms, then no topological term is produced in the AdS superalgebra.

4 4-form WZ term

In the AdS_5 space the closed 5-form has a contribution from the 5-form RR flux [5]. At first we will concentrate on this bosonic 5-form RR flux effect and then we will extend it to the supersymmetric case.

4.1 Bosonic D3-brane

We begin with the bosonic AdS_5 background where z_m^a is an element of the bosonic coset G = GL(4)/[Sp(4) ⊗ GL(1)] and the LI current is j_a^b = z_a^mdz_m^b. These currents are basis of the q-forms on G. They satisfy the following MC equations { −d⟨j⟩ = {(j), ⟨j⟩} −d(j) = (j)^2 + ⟨j⟩^2

(4.1)

Using them the closed and invariant “bosonic” 5-form is

R̂_{[5]} = tr ⟨j⟩^5 . (4.2)

The corresponding 4-form potential

R̂_{[5]} = dĈ_{[4]} , Ĉ_{[4]} = ∫ R̂_{[5]} (4.3)

can be evaluated explicitly as follows. We take the local Lorentz Sp(4) and the GL(1) gauge choice as a “unitary gauge”

z_m^a = 1 √ 1 − x^2

1_m^b {1 + x^αγ_α}_b^a, z_a^m = 1 √ 1 − x^2

{1 − x^αγ_α}_a^b1_b^m , (4.4)

where x^α(α = 0, · · · , 4) are the AdS_5 coordinates. The LI currents, j_a^b = z_a^mdz_m^b, are

⟨j_{unitary}⟩_a^b = dx^α 1 − x^2

(γ_α)_a^b , (j_{unitary})_a^b = − x^αdx^β 1 − x^2

(γ_{αβ} )_a^b , tr j_{unitary} = d { ln(1 − x^2) } (4.5)

and they satisfy the MC equations (4.1). Using the Cartan’s homotopy formula [16], where x_t = tx , k_tx_t ≡ 0 and k_tdx_t ≡ x , the “bosonic” 4-form potential is given as

Ĉ_{[4]} =

∫_1 0 dt k_t R_{[5]}(x_t) = ∫_1 0 dt 5t^4 (1 − t^2x^2)^5 x^αdx^βdx^γ dx^δdx^ϵε_{αβγδϵ} = f(x) x^αdx^β dx^γ dx^δdx^ϵε_{αβγδϵ} (4.6) with f(x) = ∫_1 0 dt 5t^4 (1 − t^2x^2)^5 = 5 128|x|^5(1 − |x|^2)^4 [ −3|x|(1 + |x|^6) + 11|x|^3(1 + |x|^2) + 3(1 − |x|^2)^4arctanh|x| ]

= 1 (1 − x^2)^4 [ 1 − 3 7 x^2 + o(x^4) ] ≡ 1 (1 − x^2)^4

[1 + α(x^2)] . (4.7)

The relation (4.3) is checked by the following relation

f(x^2) + 2 5 x^2 d dx^2 f(x^2) = 1 (1 − x^2)^5

. (4.8)

In terms of LI currents (4.5) the 4-form is written as Ĉ_{[4]} = −(1 + α(x^2)) tr (j_{unitary})⟨j_{unitary}⟩^3 . (4.9)

The 4-form potential Ĉ_{[4]} in (4.9) cannot be written only in terms of LI currents, but it has explicit dependence on x through “α(x^2)”. Therefore we conclude that

dR̂_{[5]} = 0, R̂_{[5]} = dĈ_{[4]}, R̂_{[5]} ∈ C^5(G, R), Ĉ_{[4]} /∈ C^4(G, R) , (4.10)

and the bosonic 5-form belongs to a nontrivial class of the 5-th CE cohomology group for G = {GL(4)/[Sp(4) ⊗ GL(1)]}. Now we analyze the 5-form and 4-form by “expansion” procedure. This procedure realizes systematic computation not only for the leading term in the flat limit but also for all order terms. We begin with a rescaling

x^α → sx^α , (4.11)

then LI currents are expanded as

j_{unitary}(x) → j_{unitary}(sx) = ∞∑ n=1 s^nj_{unitary,n}(x). (4.12)

The MC equations (4.1) is satisfied at each power in s, and they are expanded as

−d⟨j_{unitary,1}⟩ = 0 −d(j_{unitary,2}) = ⟨j_{unitary,1}⟩^2 −d⟨j_{unitary,3}⟩ = {(j_{unitary,2}), ⟨j_{unitary,1}⟩} . . . (4.13)

From these MC equations we read off the structure constant, [T_a, T_b] = f_{ab}^cT_c ↔ dJ^c = −^1_2 f_{ab}^cJ^aJ^b, and recognize it as the structure constant of the “expanded” algebra. It is important that the expanded currents are no more left-invariant, since the AdS transformations depend on s as δ_{AdS} = δ_0 +sδ_1 +· · ·. The global Lorentz and scaling transformations include δ_0 only while the AdS translations includes δ_0 and δ_1, · · · in the unitary gauge. Expanded currents transform by themselves only under δ_0x = Λx as j_n → h^{−1}(−Λ)j_nh(−Λ).

The closed 5-form and the 4-form potential are also expanded in the power of s as

R̂_{[5]} = ∞∑ n=5 s^nR̂_{[5],n} , Ĉ_{[4]} = ∞∑ n=5 s^nĈ_{[4],n} , R̂_{[5],n} = dĈ_{[4],n} . (4.14)

A clue of the analysis is that “expanded” 4-form potentials Ĉ_{[4],n} can be written in terms of the “expanded” currents j_n’s. At the lowest s^5 order R̂_{[5],5} and Ĉ_{[4],5} satisfying dR̂_{[5],5} = 0 and R̂_{[5],5} = dĈ_{[4],5} are R̂_{[5],5} = tr ⟨j_{unitary,1}⟩^5 , Ĉ_{[4],5} = −tr (j_{unitary,2})⟨j_{unitary,1}⟩^3 . (4.15)

This relation can be generalized for all n > 5 as R̂_{[5],n} = dĈ_{[4],n}, where both R̂_{[5],n} and Ĉ_{[4],n} are written in terms of expanded currents. Therefore it leads to that the expanded 5-forms belong to trivial class of the 5-th CE cohomology group on G^′ = {the “expanded” GL(4)/[Sp(4) ⊗ GL(1)]}: dR̂_{[5],n} = 0, R̂_{[5],n} = dĈ_{[4],n}, R̂_{[5],n} ∈ C^5(G^′, R) , Ĉ_{[4],n} ∈ C^4(G^′, R) . (4.16)

In general gauge, we introduce full 16 variables of the GL(4) matrix z_m^a. The Sp(4) and GL(1) gauge invariance removes 10 + 1 degrees of freedom leaving 5 physical coordinates. For example we parameterize it as z_m^a = z_m^a e^ϕe^{φ[αβ]γαβ} , z_a^m = e^{−ϕ}e^{−φ[αβ] γαβ} z_a^m (4.17) with z_m^a and z_a^m in (4.4), then the LI currents contain ϕ and φ^{αβ} dependent terms. The following rescaling φ^{[αβ]} → φ^{[αβ]}, ϕ → ϕ, x^α → sx^α (4.18) leads to the expansion of the LI currents as ⟨j⟩ → ⟨j_1⟩, ⟨j_3⟩, ⟨j_5⟩, · · · (j) → (j_0), (j_2), (j_4), · · · (4.19) tr j → tr j_0, tr j_2, tr j_4, · · · .

They satisfy the following “expanded” MC equations: −d(j_0) = (j_0)^2 −d⟨j_1⟩ = {(j_0), ⟨j_1⟩} −d(j_2) = {(j_0), (j_2)} + ⟨j_1⟩^2 . . (4.20)

The first relation represents the Lorentz algebra Sp(4), and all expanded currents except (j_0) are transformed as bi-spinors under it. Both the expanded 5-forms R̂_{[5],n} and the expanded 4-forms Ĉ_{[4],n} do not contain (j_0) to guarantee the local Lorentz invariant 4- forms. In this gauge the IW contraction is easily seen by the truncation of the expanded MC equations, because of the manifestation of the subgroup, (j_0). The IW contraction “AdS → Lorentz” corresponds to the truncation of the (4.20) at the first level in such a way that the first equation is kept. The IW contraction “AdS → Poincaré” corresponds to the truncation at the second level. The property of (4.16) is also the same in this gauge.

4.2 Super D3-brane

Now we will extend the bosonic analysis to the supersymmetric case. We first find a closed and invariant 5-form in terms of the LI one forms. The leading term includes supersymmetric version of the ⟨J⟩^5 term (4.2). The five form R̂_{[5]} is obtained as

R̂_{[5]} = −tr [ 16 15 ( ⟨J⟩^5 − ⟨J̄⟩^5 )

+ 8 ( 1 3 ⟨J⟩^3(Y ) + ⟨J⟩^2j 1_2 ⟨J̄⟩j̄ 1_2 − ⟨J̄⟩^2j̄ 1_2 ⟨J⟩j 1_2 − 1 3 ⟨J̄⟩^3(Ȳ ) )

+2 ( ⟨J⟩(Y )^2 − 2⟨J⟩j⟨Ȳ ⟩j̄ + 2⟨J̄⟩j̄⟨Y ⟩j − ⟨J̄⟩(Ȳ )^2 ) ] , (4.21)

with

Y^{ab} = j^{ac̄}j̄_{c̄}^b , Ȳ^{āb̄} = j̄^{āc}j_c^{b̄} . (4.22)

The closure of the 5-form R̂_{[5]} is shown by using the MC equations (2.8). It is not only closed but also manifestly invariant under the local h transformations (2.5).

It is important that (4.21) can be rewritten as

R̂_{[5]} = R_{[5]} − B^{N S}_{[2]} R_{[3]} (4.23)

R_{[5]} = −tr [ 16 15 ( ⟨J⟩^5 − ⟨J̄⟩^5 )

+ 8 ( 1 3 ⟨J⟩^3(Y ) + ⟨J⟩^2j⟨J̄⟩j̄ − ⟨J̄⟩^2j̄⟨J⟩j − 1 3 ⟨J̄⟩^3(Ȳ ) )] (4.24)

with R_{[3]} given in (3.10). We take the E = 1 gauge, i.e. D-instanton free background, so R̂_{[3]} = R_{[3]}. In order to write the last line of (4.21) as −B^{N S}_{[2]} R_{[3]} we use an identity tr [ ⟨J⟩(Y )^2 − 2⟨J⟩j⟨Ȳ ⟩j̄ ] = 1 4 { tr [⟨J⟩⟨jj⟩] trj̄j̄ + tr [ ⟨J̄⟩⟨j̄j̄⟩ ] trjj } . (4.25)

The last line of (4.21) is combined with dA R_{[3]} to give F R_{[3]} in (4.26)

dL_{W Z,AdS,D3} = R̂_{[5]} + dAR_{[3]} = R_{[5]} + FR_{[3]} (4.26)

and is consistent with the result in [5].

The “super ” local 4-form potential shares the same property as the “bosonic” one; it can be written “almost” in terms of LI currents but not completely. The R̂_{[5]} belongs to the nontrivial class of the CE cohomology of G

dR̂_{[5]} = 0, R̂_{[5]} = dĈ_{[4]}, R̂_{[5]} ∈ C^5(G, R), Ĉ_{[4]} /∈ C^4(G, R) . (4.27)

Now we perform the “expansion” analysis for the supersymmetric case to examine the properties in (4.16). A coset parametrization is, for example, taken as Z = ( 1 + x θ θ̄ 1 + x̄ ) (4.28)

where x and x̄ have 4 × 4 components now. θ and θ̄ are 4 × 4 fermionic matrices. Rescale the coordinates as x → sx, θ → s^{1/2}θ (4.29) and similar for barred variables, then it follows the expansion of the LI currents as ⟨J⟩ → ⟨J_1⟩, ⟨J_2⟩, ⟨J_3⟩, · · · (J) → (J_1), (J_2), (J_3), · · · (4.30) tr J → tr J_1, tr J_2, tr J_3, · · ·

j → j 1_2 , j 3_2 , j 5_2 , · · · . (4.31)

The expanded MC equations for the super-AdS_5×S^5 are given as follows:

−dj 1_2 = 0 −d⟨J_1⟩ = ⟨Y_1⟩ −d(J_1) = (Y_1)

−dj 3_2 = (⟨J_1⟩ + (J_1)) j 1_2 + j 1_2 ( ⟨J̄_1⟩ + (J̄_1) ) −^1_4 (StrJ_1)j 1_2 −d⟨J_2⟩ = {(J_1), ⟨J_1⟩} + ⟨Y_2⟩ −d(J_2) = ⟨J_1⟩^2 + (J_1)^2 + (Y_2) . .

(4.32) where

Y_n = ∑ r<n j_{n−r}j̄_r, { n = positive integer, r = positive half integer

, (4.33)

satisfy following MC equations − dY_n = ∑ m<n [J_{n−m}, Y_m] . (4.34)

The invariant closed 5-form R̂_{[5]} (4.21) is expanded as follows. It starts from the s^3 order terms,

R̂_{[5],3} = −tr [ 2⟨J_1⟩(Y_1)^2 − ⟨J_1⟩j 1_2 ⟨Ȳ_1⟩j̄ 1_2 + ⟨J̄_1⟩j̄ 1_2 ⟨Y_1⟩j 1_2 − 2⟨J̄_1⟩(Ȳ_1)^2 ] (4.35) = −B^{N S}_{[2],1}R̂_{[3],2}.

The corresponding 4-form potential satisfying R̂_{[5],3} = dĈ_{[4],3} can be found using the MC equations (4.32),

Ĉ_{[4],3} = −tr [ 1 3 { 2⟨J_1⟩{(J_1), (Y_1)} + (⟨J_1⟩ + (J_1)) j 1_2 ( ⟨J̄_1⟩ + (J̄_1) ) j̄_{12} − 12⟨J_1⟩j_{12} ⟨J̄_1⟩j̄_{12}

− W_2 (⟨Y_1⟩ + (Y_1))} − {barred terms}] (4.36)

where 4-form potentials always contain total derivative term ambiguity. It is also convenient to define

W_n = j_{n−} 1_2 j̄ 1_2 − j 1_2 j̄_{n−} 1_2 , (4.37)

for example W_2 = j 3_2 j̄ 1_2 − j 1_2 j̄ 3_2 and it satisfies

− dW_2 = {J_1, Y_1} + 2j 1_2 J̄_1j̄ 1_2 . (4.38)

At s^4 order the 5-form and the 4-form, satisfying dR̂_{[5],4} = 0 and R̂_{[5],4} = dĈ_{[4],4}, are

R̂_{[5],4} = −tr [{ 8 3 ⟨J_1⟩^3(Y_1) + 8⟨J_1⟩^2j 1_2 ⟨J̄_1⟩j̄ 1_2 + 4⟨J_1⟩(Y_1)(Y_2) + 2⟨J_2⟩(Y_1)^2 −4 ( ⟨J_2⟩j 1_2 ⟨Ȳ_1⟩j̄ 1_2 + ⟨J_1⟩(j 1_2 ⟨Ȳ_2⟩j̄ 1_2 + j 1_2 ⟨Ȳ_1⟩j̄ 3_2 + j 3_2 ⟨Ȳ_1⟩j̄ 1_2 ) )} − {barred terms} ] (4.39) Ĉ_{[4],4} = −tr [ 1 3 { 2⟨J_1⟩^3(J_1) + 3 2 ⟨J_1⟩{(J_1), (Y_2)} + 5 2 ⟨J_1⟩{(J_2), (Y_1)} + 2⟨J_2⟩{(J_1), (Y_1)} − 1 2 ⟨Y_1⟩[(J_2), (J_2)] − 3J_2j 1_2 J̄_1j̄ 1_2 − 12⟨J_2⟩j 1_2 ⟨J̄_1⟩j̄ 1_2 − J_1 ( j 1_2 J̄_1j̄ 3_2 + j 3_2 J̄_1j̄ 1_2 )

+6⟨J_1⟩(j 1_2 ⟨J̄_1⟩j̄ 3_2 + j 3_2 ⟨J̄_1⟩j̄ 1_2 ) − 1 2 J^2_1W_2 + 1 4 (W_3Y_1 + W_2Y_2) } − {barred terms} ]

(4.40)

In this way once we find the closed 5-form R̂_{[5]}, it is expanded as R̂_{[5]} =^∞ ∑ n=3 s^nR̂_{[5],n} , dR̂_{[5],n} = 0 . (4.41)

Each R̂_{[5],n} can be expressed as the exact form by the “expanded” MC equations (4.32) as R̂_{[5],n} = dĈ_{[4],n} . (4.42) Then the 4-form potential is given as Ĉ_{[4]} = ∞∑ n=3 s^nĈ_{[4],n} , dĈ_{[4]} = R̂_{[5]} . (4.43)

It is important that Ĉ_{[4]} can not be written in terms of LI currents J’s, but in terms of “expanded” currents “J_n”’s. From these facts we may deduce that the expanded 5- forms belong to trivial class of the 5-th CE cohomology group on G^′ = {the “expanded” GL(4|4)/[Sp(4) ⊗ GL(1)]^2 }:

dR̂_{[5],n} = 0, R̂_{[5],n} = dĈ_{[4],n}, R̂_{[5],n} ∈ C^5(G^′, R) , Ĉ_{[4],n} ∈ C^4(G^′, R) . (4.44) As a result the WZ term for an AdS D3-brane, which is integration of (4.26), is given as L_{W Z,AdS,D3} = Ĉ_{[4]} + dA Ĉ_{[2]} (4.45) with Ĉ_{[2]} in (3.8).

5 Flat Limit

The super-AdS algebra is reduced into the supertranslation algebra by the IW contraction. In the rescaling of the coset coordinates (4.29) the parameter s plays the role of the inverse of the AdS radius, then the flat limit corresponds to s → 0 limit.

We will see how the WZ term of the D3 brane in the super-AdS_5×S^5 background goes to one in the flat space. In order to get the correct flat limit of the WZ term, the closed (p + 2)-form R̂_{[p+2]} must be reconstructed in such a way that the super-AdS invariance is replaced by the supertranslation invariance. The flat limit of the DBI U(1) potential A must be taken suitably there.

The super-AdS variation mixes up different order in s as δ_{ϵ,AdS} = δ_{ϵ,0} + sδ_{ϵ,1} δ_{ϵ,0}θ^{mb̄} = ϵ^{mn̄}δ^{b̄}_{n̄} , δ_{ϵ,0}x^{mb} = ϵ^{mn̄}θ̄_{n̄}^b , δ_{ϵ,1}θ^{mb̄} = ϵ^{mn̄}x̄_{n̄}^{b̄} (5.1) in the gauge (4.28). Under the flat limit the super-AdS variation reduces to the supertranslation δ_{ϵ,AdS} → δ_{ϵ,flat} = δ_{ϵ,0}. Then expanded currents satisfies the following transformation rules

δ_{ϵ,AdS}J = (δ_{ϵ,0} + sδ_{ϵ,1}) ∑ s^nJ_n → δ_{ϵ,0}j 1_2 = 0 δ_{ϵ,0}j 3_2 + δ_{ϵ,1}j 1_2 = 0 . .

δ_{ϵ,0}J_1 = 0 δ_{ϵ,0}J_2 + δ_{ϵ,1}J_1 = 0 . . (5.2)

The lowest order terms in s of invariant forms are invariant under δ_{ϵ,0}. The following relations are also useful δ_{ϵ,0}R̂_{[5]3} = 0 δ_{ϵ,0}R̂_{[5]4} + δ_{ϵ,1}R̂_{[5]3} = 0 . . δ_{ϵ,0}R_{[3]2} = 0 δ_{ϵ,0}R_{[3]3} + δ_{ϵ,1}R_{[3]2} = 0 . . (5.3)

and δ_{ϵ,0}B^{NS}_{[2],1} = 0 δ_{ϵ,0}B^{NS}_{[2],2} + δ_{ϵ,1}B^{NS}_{[2],1} = 0 . . (5.4)

because B_{[2]} is bilinear in fermionic currents j’s.

In flat space the kinetic term of the D3-brane action is rescaled as L_{D3} → s^4L_{D3} , so the WZ term should also be rescaled as L_{W Z,D3} → s^4L_{W Z,D3}. Since exterior derivative d does not change the order of the expansion n, the dL_{W Z,flat,D3} is given by

dL_{W Z,flat,D3} = lim_{s→0} 1 s^4 dL_{W Z,AdS,D3} = lim_{s→0} 1 s^4 ( R̂_{[5]} + dA R_{[3]} )

= lim_{s→0} 1 s^4 ( R_{[5]} + F R_{[3]} ) = lim_{s→0} 1 s F_{[2],1}R_{[3],2} + ( R_{[5],4} + F_{[2],1} R_{[3],3} + F_{[2],2} R_{[3],2} ) . (5.5)

There appear s^3 terms which are singular in the flat limit.The singular term is absent if

F_{[2],1} = dA_1 − B^{NS}_{[2],1} = 0 (5.6)

for A = ∑ n≥1 s^nA_n. Since B^{NS}_{[2],1} is an exact form it is absorbed in the DBI field A [8], so

that (5.6) is realized. Now the DBI U(1) field strength is

F = F_{[2],2} = dA_2 − B^{N S}_{[2],2} . (5.7)

F is superinvariant but A_2 and B^{N S}_{[2],2} are not separately superinvariant in the flat limit, contrasting to the super-AdS case in our formulation (3.7).

R̂_{[5],4} is not supertranslation invariant from (5.3) and (5.4)

δ_{ϵ,0}R̂_{[5],4} = −δ_{ϵ,1}R̂_{[5],3} = ( δ_{ϵ,1}B^{N S}_{[2],1} )^ R_{[3],2} + B^{N S}_{[2],1} ( δ_{ϵ,1}R̂_{[3],2} )

= −δ_{ϵ,0} ( B^{N S}_{[2],2}R̂_{[3],2} + B^{N S}_{[2],1}R̂_{[3],3} ) , (5.8)

but R_{[5],4} is supertranslation invariant

δ_{ϵ,0}R_{[5],4} = δ_{ϵ,0} [ R̂_{[5],4} − ( B^{N S}_{[2],2}R̂_{[3],2} + B^{N S}_{[2],1}R̂_{[3],3} )] = 0 . (5.9)

The closed 5-form R_{[5],4} in a flat space is consistent with known results [17, 18]. The WZ term for an D3-brane becomes

L_{W Z,flat,D3} = Ĉ_{[4],4} + dA_2 Ĉ_{[2],2} , (5.10)

which is consistent with the flat expression [18] up to total derivative terms.

The MC equations of the supertranslation algebra is obtained by truncating the “expanded” MC equations (4.32) preserving the first two equations. The LI currents of the supertranslation algebra are only ⟨J_1⟩, j_{1/2}, ⟨J̄_1⟩, j̄_{1/2}. Other expanded currents are not supertranslation invariant, and they are rewritten in terms of the above currents with the non-constant coefficients x’s and θ’s. The first term of the WZ term, Ĉ_{[4],4} in (4.40), contributes to the modification of the supercharges producing the topological D3-brane charge in a flat space which involves the D3-brane volume ⟨dx⟩^3. Its coefficient in the term is formally (J_1) but it is not LI currents of the supertranslation algebra. After gauging away the symmetric part of dx from (J_1), it is written as (J_1) → θ j̄ 1_2 ;

L_{W Z,AdS,D3} ∼ tr [ ⟨J_1⟩^3 (J_1) ] → L_{W Z,flat,D3} ∼ tr [ ⟨J_1⟩^3 θ j̄ 1_2 ] . (5.11)

Under the supertransformation, δ_{ϵ,0}, L_{W Z,AdS,D3} is invariant from (5.2), but L_{W Z,flat,D3} is not invariant any more. There is no possibility of modification of the supercharge involving dx^3 by L_{W Z,AdS,D3}. On the other hand there arises contribution to the supercharge by L_{W Z,flat,D3}, and we know that taking anticommutator of the supercharges gives the D3- brane charge involving dx^3. Since the D3-brane charge must involve ⟨dx⟩^3 in both flat space and curved space, it is enough to conclude that there is no D3-brane charge in the AdS superalgebra. In this paper we did not consider other types of the general topological terms which vanish when θ → 0 [19].

6 Discussion and conclusions

We have obtained concrete expression of the WZ terms for Dp-branes with p = −1, 1, 3 in the AdS_5×S^5 space. D-instanton is described by the auxiliary degree of freedom of GL(1) in the Roiban-Siegel formalism. We have shown that the WZ term for a D3-brane in the AdS space can not be written in terms of the LI currents but in terms of the “expanded” currents. This “expansion” procedure can be generalized as the prescription of obtaining an expression of a (p + 1)-form WZ term for a p-brane in AdS spaces.

Flat limit of the WZ term for a D3-brane is also examined. Since the super-AdS transformation rules depend on the expansion parameter, the supertranslation invariance and the closure of the WZ term must be examined carefully in the flat limit. The degree of freedom of the DBI field plays essential role to absorbe the divergent term in the flat limit.

The “would-be” topological term, dx^3, in the flat WZ term can be traced back into the AdS WZ term as tr⟨J_1⟩^3(J_1). This term keeps the left-invariance (δ_{ϵ,0}) in the AdS space, so the corresponding term does not modify the supercharges in the AdS space. There is no topological extension of the super-AdS algebra. The indices of the “would-be” topological term, ⟨J⟩^3_{(ab)}, has the same indices as the Lorentz rotation generator M_{(ab)}, so it can be absorbed into the Lorentz rotation generator analogous to [10].

For a fundamental superstring (F1) case the AdS-WZ term is given by L_{W Z,AdS,F1} = B^{N S}_{[2]} as (3.1). In flat space the action of the F1-brane is rescaled as L_{F 1} → s^2L_{F 1} ;

L_{W Z,flat,F1} = lim_{s→0} 1 s^2 L_{W Z,AdS,F1} = lim_{s→0} 1 s B^{N S}_{[2],1} + B^{N S}_{[2],2} , (6.1)

so the singular term B^{N S}_{[2],1} must be subtracted in the limiting procedure. The non-singular term B^{N S}_{[2],2} corresponds to the familiar WZ term for a flat superstring. Since B^{N S}_{[2],1} is a total derivative term, it may be also subtracted from the WZ term for a superstring in the AdS space

L̃_{W Z,AdS,F1} = B^{N S}_{[2]} − B^{N S}_{[2],1} =

∫_1 0 dt H^{N S}_{[3]} (t) (6.2)

which corresponds to the one given by Metsaev and Tseytlin [4]. As shown in (5.4) B^{N S}_{[2],1} is not super-AdS invariant but pseudoinvariant, L̃_{W Z,AdS,F1} is also pseudoinvariant under the super-AdS transformation. In this case we have a string charge in the anticommutator of supercharges which corresponds to the one calculated in [8].^1 This superalgebra

1We thank Peeters and Zamaklar for suggesting the following consideration. In our notation the

containing the string charge satisfies the Jacobi identity. This formulation manifests the topological term in the flat limit. In the AdS space it seems that both L_{W Z,AdS,F 1} in (3.1) and L̃_{W Z,AdS,F 1} in (6.2) are allowed.

The point is that WZ terms for branes in the flat space can not be superinvariant resulting the brane charges in their superalgebras, but the ones in the AdS space can be “superinvariant” resulting no brane charges. Careful flat limiting leads to the correct flat BPS condition realized as the topological extension of the superalgebra.

Acknowledgments

M.H. thanks to Shunya Mizoguchi for fruitful discussions especially on cohomology.

References

[1] J. A. de Azcárraga and P. K. Townsend, Phys. Rev. Lett. 62 (1989) 2579. [2] J. A. de Azcárraga, J. P. Gauntlett, J. M. Izuquierdo and P. K. Townsend, Phys.

Rev. Lett. 63 (1989) 2443.

[3] C. Chevalley and S. Eilenberg, Trans. Am. Math. Soc. 63 (1948) 85. [4] R.R. Metsaev and A.A. Tseytlin, Nucl. Phys. B533 (1998) 109, hep-th/9805028. [5] R.R. Metsaev and A.A. Tseytlin, Phys. Lett. B436 (1998) 281, hep-th/9806095. [6] N. Berkovits, M. Bershadsky, T. Hauer, S. Zhukov and B. Zwiebach, Nucl. Phys.

B567 (2000) 61, hep-th/9907200.

subtracted total derivative term is B^{NS}_{[2],1} =^1_2 tr ( dθdθ − dθ̄dθ̄ ) . Under the super-AdS transformation (5.1) in this gauge the WZ term becomes total derivative term as

δ_ϵL̃_{W Z,AdS,F1} = d tr ( dδ_ϵθ θ − dδ_ϵθ̄ θ̄ ) (6.3)

where dx is preferred than bare x at the time-component surface term. We denote the global GL(4|4) generators as G_{MN} = Z_M^AΠ_{AN} with canonical conjugates Π_A^M . These charges get total derivative term contribution from (6.3) as demonstrated in [10]

G̃_{mn̄} = G_{mn̄} + ∫ (∂_σ x_m^a)θ̄_{n̄a} , ~Ḡ_{m̄n} = Ḡ_{m̄n} − ∫ (∂_σx̄_{m̄}^ā)θ_{nā} , (6.4)

then anticommutator of G̃_{mn̄}’s produces the string charge as

{G̃_{mn̄}, G̃_l¯_k} = Ω_{n̄}¯_k ∫ ∂_σ (x_m^ax_{la}) (6.5)

which corresponds to the string charge in [8].

[7] R. Roiban and W. Siegel, J. High Energy Phys. 11 (2000) 024, hep-th/0010104. [8] M. Hatsuda and M. Sakaguchi, Phys. Rev. D66 (2002) 045020, hep-th/0205092. [9] A.M. Polyakov, “Conformal fixed points of unidentified gauge theories”, Mod. Phys.

Lett. A19 (2004) 1649, hep-th/0405106.

[10] M. Hatsuda, JHEP 0312 (2003) 016, hep-th/0302027.

[11] M.Hatsuda and M.Sakaguchi, Prog. Theor. Phys. 109 (2003) 853, hep-th/0106114. [12] E.Inönü and E.P. Wigner, Proc. Natl. Acad. Sci. U.S.A. 39 (1953) 510, E.Inönü, in “Group Theoretical Concepts and Methods in Elementary Particle Physics” ed. F.Gursey (Gordon and Breach, New York, 1964).

[13] J. A. de Azcárraga, J. M. Izquierdo, M. Picón and O. Varela, Nucl.Phys. B662 (2003) 185, hep-th/0212347;

J. A. de Azcárraga, J. M. Izquierdo, M. Picón and O. Varela, Class. Quant. Grav. 21 (2004) S1375, hep-th/0401033.

[14] M. Hatsuda and K. Kamimura, Nucl. Phys. B611 (2001) 77, hep-th/0106202. [15] N. Beisert, M. Bianchi, J.F. Morales and H. Samtleben, JHEP 0402 (2004) 001, hep-th/0310292;

N. Beisert and M. Staudacher, Nucl. Phys. B670 (2003) 439, hep-th/0307042. [16] For eample,

T. Kugo, Quantum theory of gauge fields, (Baifukan, 1989);

J. A. de Azcárraga, J. M. Izquierdo , Lie groups, Lie algebras, cohomology and some applications in physics, (Cambridge University press, 1995).

[17] M. Cederwall, A. von Gussich, B.E.W. Nilsson and A. Westerberg, Nucl. Phys. B490 (1997) 163, hep-th/9610148;

M. Aganagic, C. Popescu and J.H. Schwarz, Phys. Lett. 393B (1997) 311, hep-th/9610249; Nucl. Phys. B495 (1997) 99, hep-th/9612080; M. Cederwall, A. von Gussich, B.E.W. Nilsson, P. Sundell and A. Westerberg, Nucl. Phys. B490 (1997) 179, hep-th/9611159;

E. Bergshoeff and P.K. Townsend, Nucl. Phys. B490 (1997) 145, hep-th/9611173. [18] M. Hatsuda and K. Kamimura, Nucl. Phys. B527 (1998) 381, hep-th/9712068. [19] P. Meessen, K. Peeters and M. Zamaklar, “ On nonperturbative extensions of anti-de Sitter algebras”, hep-th/0302198;

K. Peeters and M. Zamaklar,Phys. Rev. D 69 (2004) 066009, hep-th/0311110; S. Lee and J.H. Park, ”Noncentral extension of the AdS_5 x S^5 superalgebra: supermultiplet of brane charges”, J. High Energy Phys. 40 (2004) 38, hep-th/0404051.