arXiv:hep-th/0405228 v2 15 Nov 2004

HU-EP-04/28 DAMTP-2004-48

A classification of local Weyl invariants in D = 8

Nicolas Boulanger^a and Johanna Erdmenger^b

a Department of Applied Mathematics and Theoretical Physics Wilberforce Road, Cambridge CB3 0WA, UK b Institut für Physik Humboldt-Universität zu Berlin Newtonstraße 15, D-12489 Berlin, Germany

N.Boulanger@damtp.cam.ac.uk, jke@physik.hu-berlin.de

Abstract

Following a purely algebraic procedure, we provide an exhaustive classification of local Weyl-invariant scalar densities in dimension D = 8 .

1 Introduction

The classification of conformal invariants is of interest both to mathematicians and to physicists. In mathematics, local conformal invariants have been studied intensively for a long time. Recently, many new results have been derived, in particular in relation to the Q-curvature. This is a scalar in even dimensions which integrates to a global conformal invariant (see for instance [1] and further references therein).

Within physics, local conformal invariants are significant in particular as contributions to the Weyl anomaly of quantum field theories in curved space backgrounds. In a theory which is both diffeomorphism and conformally invariant at the classical level, the Weyl (or trace, or conformal) anomaly is the failure to preserve conformal invariance at the quantum level^1. This manifests itself in anomalous contributions to the trace of the energymomentum tensor. These contributions involve local conformal invariants in particular. The Weyl anomaly was discovered more than 20 years ago [2], but an explicit classification of all the possible Weyl anomaly terms in dimension D ≥ 8 has not yet been given.

The Weyl anomaly has considerable importance as a test on the AdS/CFT correspondence [3]: A supergravity calculation of the Weyl anomaly which uses the Fefferman- Graham ambient metric [4] yields the same result for the anomaly as the corresponding field theory calculation within N = 4 super Yang-Mills theory. - For related work see also [5] and the recent [6].

On the basis of observations coming from dimensional regularization and power counting, S. Deser and A. Schwimmer [7] distinguish two types of Weyl anomalies in arbitrary even dimensions. The type A anomaly is proportional to the Euler density of the (even-dimensional) manifold whereas the type B anomalies are correlated to all strictly Weyl-invariant scalar densities involving powers of the Riemann tensor and its covariant derivatives.

The Euler density of an even-dimensional oriented Riemannian manifold is well-known, E_{D=2n} ∝ R_{a1b1} ∧ · · · ∧ R_{anbn} ϵ^{a1b1 ...anbn} , where R^a_b is the curvature two-form.

It is the purpose of this note to communicate an exhaustive classification of the type B Weyl anomalies in a spacetime of dimension D = 8 .

In addition to the seven local invariants involving four copies of the Weyl tensor (which have already been given in [8]), we find five further local conformal invariants in D = 8. One of them involves four derivatives (the square of the Laplace operator), and thus is the eight-dimensional analogue of the six-dimensional Parker-Rosenberg invariant [4, 9] (see also [10]). – The other four invariants in D = 8 involve two derivatives. In other words, among the five invariants I_j = √ −g I_j , j = 1, . . . , 5 , only the first one starts with a term quadratic in the Weyl tensor, whereas the other four have a leading-order term which is cubic in the (covariant derivatives of the) Weyl tensor. Schematically,

1Diffeomorphism invariance has to be imposed also at the quantum level in order to ensure energy conservation. This is always possible.

I_1 ∼ C^{αβγδ}□^2C_{αβγδ} + (more) , I_k ∼ C · (∇C) · (∇C) + C · C · (∇∇C) + (more) , k = 1, 2, 3, 4 . Within the AdS/CFT correspondence, one particular global Weyl invariant in D = 8 has been calculated using the Dirichlet obstruction in [11].^2 This invariant differs from the local ones obtained here by total derivatives.

Our method is purely algebraic. First, we write down a basis of dimension eight scalars which is suited to the computation of Weyl invariants. A crucial ingredient in this construction is what we call the Weyl-covariant derivative D . This derivative is defined on the Weyl tensor and obeys the nice property that its commutator [D, D] involves the Weyl tensor C^α_{βγδ} and the Cotton tensor C̃_{βγδ} . This commutation relation justifies the name of D and makes a link with conformal geometry. Indeed, a metric on a manifold of dimension D ≥ 4 is conformally flat if and only if its Weyl tensor identically vanishes. In D ≥ 4, this condition implies that the Cotton tensor is also zero. On the other hand, in D = 3 , the Weyl tensor vanishes identically whereas the Cotton tensor does not in general, and a metric on a manifold of dimension D = 3 is conformally flat if and only if its Cotton tensor identically vanishes.

The task of constructing the basis of dimension eight scalars can be rephrased into a problem of representation theory for the orthogonal group in eight dimensions. The dimension of our basis is eighteen. This corresponds to the multiplicity of the trivial onedimensional representation in the decomposition of the tensor products corresponding to the different products of (covariant derivatives of) Weyl tensors. Group representation theory also determines the structure of our eighteen terms.

After constructing the basis, we calculate its Weyl variation. This is simplified by the property that the Weyl transformation of the tensors in the basis bring in only one derivative of the Weyl parameter. Setting the variation to zero leads to conditions on the eighteen coefficients in the original scalar, which we solve.

It is crucial to keep track of potential redundancies due to the Bianchi identities during the entire calculation. Whenever the ℓ th covariant derivative of the Riemann tensor appears in the variation of the basis, we expand it in irreducible representations of GL(8) . This expansion enables us to identify the Bianchi identities and to treat them appropriately.

2A discussion of the holographic anomaly in D = 8 has also been given in [12].

We resort to algebraic programming with the programs FORM [13], Ricci [14] (package for Mathematica) and LiE [15]. This allows to cope with the volume of the computation and to perform several group theoretical calculations. When manipulating Young tableaux, FORM and Ricci assist us in obtaining the exact tensor expressions and the Clebsch-Gordan coefficients in the expansion of the ℓ th covariant derivative of the Riemann tensor in terms of irreducible representations of GL(8) . The program LiE proves to be particularly useful when decomposing covariant derivatives of Weyl tensors in irreducible representations of O(8) .

2 Classification Result

After some elementary definitions related to Riemann and Weyl invariants (Section 2.1), we introduce the notion of jet space in Section 2.2. Using this concept, we explain in Section 2.3 the method that we follow in order to construct all Weyl-invariant scalar densities in D = 8 . A well-suited basis for the computation of Weyl-invariant scalar densities is then presented in Section 2.4. Finally, our main result is stated in Section 2.5.

2.1 Definitions

The Weyl transformation of the metric is defined as follows :

δ_σg_{αβ} = 2 σ g_{αβ} , (2.1)

where σ(x) is the Weyl parameter. The Weyl tensor C^α_{βγδ} in dimension D is defined by C^α_{βγδ} = R^α_{βγδ} − 2 ( δ^α_{[γ} K_{δ]β} − g_{β[γ} K^α_{δ]} ) , (2.2) K_{αβ} = 1 D − 2 (R_{αβ} − 1 2(D − 1) g_{αβ}R) , (2.3)

where R^α_{βγδ} , R_{αβ} and R are the Riemann tensor, the Ricci tensor and the scalar curvature, respectively. Square brackets denote antisymmetrization with strength one, whereas symmetrization is denoted by round brackets. The Weyl tensor is strictly Weyl invariant, δ_σC^λ_{μνρ} = 0 , ∀ D . A Riemann-invariant scalar is a polynomial in the variables of the space G G = {∂_{α1} . . . ∂_{αk} g_{μν} , k ∈ N} and^3 ( √ −g)^{−1} ≡ (−det g_{μν} )^{− 1}2 , which is independent of the coordinate system. It is a standard result that one can form the Riemann-invariant scalars by taking polynomial scalar functions in ( √ −g)^{−1} and the variables of a smaller space T ⊂ G T = {g_{μν} , ∇_{α1} . . . ∇_{αk} R^μ_{νρσ} , k = 0, 1, . . . } , where ∇ is the covariant derivative associated with the Levi-Civita connection.

The Riemann-invariant scalar densities are obtained by multiplying ( √ −g) by products of covariant derivatives of the Riemann tensor with the metric g_{μν} , the inverse metric g^{αβ} and/or the completely antisymmetric tensor ϵ^{μ1...μD} ≡^{1√}_{−g} ε^{μ1...μD} , and then by contracting all the indices. Roughly, A = √ −g tr ( ϵ ⊗ · · · ⊗ ϵ ⊗ g ⊗ · · · ⊗ g ⊗ g^{−1} ⊗ · · · ⊗ g^{−1} ⊗ ∇^{ℓ1} R ⊗ · · · ⊗ ∇^{ℓr} R ) , where ∇^{ℓ1} R denotes a monomial of degree one in the Riemann tensor and of degree ℓ_1 in the covariant derivative.

We name I a Weyl-invariant scalar density if it is a Riemann-invariant scalar density which is strictly invariant under the Weyl transformation (2.1):

δ_σI = 0 .

That I must be a scalar density in order to satisfy the above equation is easily seen by inspection of the Weyl transformation of the Riemann tensor and √ −g . In what follows, we will not always specify that I must be a scalar density, being understood that it suffices to multiply a scalar I by √ −g to obtain a density I .

2.2 Jet space

We consider the fields ϕ^i ≡ {g_{μν} , σ} and their partial derivatives of first and higher order as independent local coordinates of a so-called jet space^4.

The quantities that we manipulate (tensors, Riemann-invariant scalars etc) will be seen as functions of the field variables ϕ^i and a finite number of their derivatives, f = f([ϕ]), where the notation [ϕ] means dependence on ϕ^i, ϕ^i_μ, . . . , ϕ^i_{(μ1...μk )} for some finite k (with

3Although our treatment is compatible with a metric of signature (p, q), p + q = D, we choose a Lorentzian signature for definiteness and convenience of notations. The metric is supposed to be invertible.

4For rigorous definitions of jet spaces, see e.g. [16].

ϕ^i_μ ≡ ∂_μϕ^i, ϕ^i_{(μ1...μk )} ≡ ∂_{μ1} . . . ∂_{μk} ϕ^i ). A local function f([ϕ]) is a function on the “jet space of order k” J^k (for some k).

The fields and their various derivatives are considered completely independent coordinates in J^k except that the various derivatives commute, so that only the completely symmetric combinations are independent coordinates.

2.3 Weyl-covariant tensors

As mentioned earlier, it is sufficient to restrict the computation of Riemann-invariant scalars to the space T of tensors under diffeomorphisms, {T^i} = {g_{μν} , ∇_{α1} . . . ∇_{αk} R^μ_{νρσ} , k = 0, 1, . . . } . Similarly, one can simplify the classification of the Weyl-invariant scalars by considering scalar functions in a smaller space W ⊂ T .

In this section, we exhibit a local, invertible change of jet coordinates in J^6 from the set S = {g_{μν} , σ , σ_μ , ∇_{α1} . . . ∇_{αk} R^μ_{νρλ} , ∇_{(α1} . . . ∇_{αk+2)}σ , k = 0, . . . , 4} to local coordinates B = {U^ℓ, V^ℓ, W^i} satisfying

δ_σU^ℓ = V^ℓ ∀ ℓ , (2.4) δ_σW^i = R^i(W) ∀ i , (2.5)

and such that any function f(T^i) can be expressed as a function f̃(U^ℓ, W^i) of the new variables U^ℓ and W^i .

Then, computing the Weyl transformation of a scalar function f(T^i) = f̃(U^ℓ, W^i) and demanding that the result should vanish,

0 = δ_σf̃(U^ℓ, W^i) = ∑ i ∂f̃ ∂W^i R^i(W) + ∑ ℓ ∂f̃ ∂U^ℓ V^ℓ , implies the conditions^{∂f̃}_{∂U ℓ} = 0 ∀ℓ , since the variables V^ℓ are independent coordinates in J^6 . We finally have to solve the remaining conditions ∑ i ∂f̃ ∂W^i R i(W) = 0 .

Consequently, in order to classify the Weyl invariants, it is sufficient to restrict oneself to scalar functions f̃ (W^i) of the sole variables W^i. To proceed, we state the following lemma:

Lemma [Decomposition of the jet of the Riemann tensor] Every function of the Riemann tensor and its covariant derivatives can be written as a function of the Weyl tensor and its covariant derivatives plus the completely symmetric tensors ∇_{(λ1λ2...λk} K_{αβ)} .

Diagrammatically, this Lemma translates to ⨂ ⨂ . . . ⨂ ⨂ ≃ ⨂ ⨂ . . . ⨂ ⨂ t.f. ⨁ . . .

k covariant derivatives R_{αβγδ} k covariant derivatives C_{αβγδ} ∇_{(λ1λ2...λk} K_{αβ)} .

This result was used at the linearized level in the BRST-cohomological derivation of Weyl gravity in [17]; a proof is given in appendix A.1.

With this decomposition, we have almost achieved the change of jet coordinates from S to B because the Weyl transformation of the covariant derivatives {∇_{(λ1} . . . ∇_{λk} K_{αβ)} , k = 0, . . . , 4} yields the covariant derivatives {∇_{(λ1} . . . ∇_{λk+2)}σ , k = 0, . . . , 4} , up to lower order terms in the variables of J^6 . First, one has δ_σK_{αβ} = −∇_α∇_βσ . Then, performing the invertible change of coordinate in J^6, ∇_{(μ}∇_α∇_{β)}σ̃ ≡ −∇_{(μ}∇_α∇_{β)}σ + 4K_{(αβ} ∇_{μ)}σ − 2g_{(μα}K_{β)λ}∇^λσ , we have

δ_σ∇_{(λ}K_{αβ)} = ∇_{(λ}∇_α∇_{β)}σ̃ .

It is not difficult to see that one can perform similar local, invertible changes of coordinates ∇_{(α1} . . . ∇_{αk+4)}σ → ∇_{(α1} . . . ∇_{αk+4)}σ̃ = −∇_{(α1} . . . ∇_{αk+4)}σ + O(J^{k+3}) , k = 0, 1, 2 , such that

δ_σ∇_{(α1} . . . ∇_{αk+2} K_{αk+3 αk+4)} = ∇_{(α1} . . . ∇_{αk+4)}σ̃ .

The next (and more difficult) task is to find a local, invertible change of coordinates in the sector of the covariant derivatives of the Weyl tensor, ∇_{α1} . . . ∇_{αk} C^β_{γδϵ} → D_{α1} . . . D_{αk} C^β_{γδϵ} = ∇_{α1} . . . ∇_{αk} C^β_{γδϵ} + O(J^{k+1}) , k = 0, . . . , 4 , where the variation of the new jet coordinates D_{α1} . . . D_{αk} C^β_{γδϵ} does not bring in more than one covariant derivative of σ . In other words, the variation of these new variables should not mix with the V^ℓ -variables, which would be in conflict with the condition (2.5).

At order zero and one in the covariant derivative of the Weyl tensor, the property (2.5) is already satisfied. It is possible to satisfy the same condition at the next orders. Denoting W^{Δ0} ≡ C^β_{γδϵ} , W^{Δ1} ≡ D_{α1} C^β_{γδϵ} , W^{Δ2} ≡ D_{α2} D_{α1} C^β_{γδϵ} etc, we have

W^{Δ1} ≡ D_{α1} C^β_{γδϵ} = ∇_{α1} C^β_{γδϵ} , W^{Δi} ≡ D_{αi} W^{Δi−1} = ∇_{αi} W^{Δi−1} + K_{αi μ}[T^μ]^{Δi−1}_{Δi−2} W^{Δi−2} , i = 2, 3, 4 . . .

where we use Einstein’s summation convention for the indices Δ_i (i ∈ N) . [The matrices [T^μ]^{Δi+1}_{Δi} , i = 0, 1, 2, 3 are given in Appendix A.2.] In terms of the matrices [T^μ]’s, we have the following realization of Condition (2.5) :

δ_σW^{Δi+1} = σ_μ [T^μ]^{Δi+1}_{Δi} W^{Δi} , (2.6)

where only the first derivative of the Weyl parameter is involved.

In summary, we have {W^i} = { g_{αβ} , σ , σ_μ , D_{α1} . . . D_{αk} C^β_{γδϵ} , k = 0, . . . , 4 } , {U^ℓ} = { ∇_{(λ1} . . . ∇_{λk} K_{αβ)} , k = 0, . . . , 4 } , {V^ℓ} = { ∇_{(α1} . . . ∇_{αk+2)}σ̃ , k = 0, . . . , 4 } .

Remark : The name Weyl-covariant derivative for the operator D is in agreement with the fact that the commutator [D, D] is given by the Weyl tensor C^β_{γδϵ} plus the Cotton tensor C̃_{γδϵ}. Schematically, [D, D] = C + C̃ . More precisely, the Weyl-covariant derivative D_α is defined on the W^{Δi} ’s, i ∈ N , and is such that

[D_{α2} , D_{α1} ]W^{Δ0} = [∇_{α2} , ∇_{α1} ]_{R→C} W^{Δ0} , [D_{αi+1} , D_{αi} ]W^{Δi−1} = [∇_{αi+1} , ∇_{αi} ]_{R→C} W^{Δi−1} − C̃_{μαi+1αi} [T^μ]^{Δi−1}_{Δi−2} W^{Δi−2} , i ≥ 2 .

The first term in the right-hand-side of both equations means that one applies the wellknown rule for the commutator of two covariant derivatives but where every Riemann tensor must be replaced by a Weyl tensor.

It is worth pointing out that although the representation matrices [T^μ]^{Δi+1}_{Δi} depend on the spacetime coordinates through the metric and it inverse, they are inert under Weyl transformations because they are built out of an equal number of g_{μν} ’s and g^{αβ}’s. The [T^μ]’s completely determine the space {W^i} of tensors which transform covariantly under Weyl transformations. These matrices and their properties were obtained following a BRSTcohomological construction along the lines of [18]. More details on the Weyl-covariant operator D and its underlying covariant algebra will be given elsewhere [19].

2.4 A basis for Weyl-invariant scalars

Now that we have at our disposal a set of Weyl-covariant tensors {W^{Δi} } transforming according to the formula (2.6), we have to contract them and construct the most general Weyl-invariant scalar Ansatz A_8 . After that, we must multiply A_8 by √ −g , take its Weyl-transformation and then follow the procedure explained after (2.4) and (2.5).

The construction of A_8 is done by using group theoretical methods. As explained in details in the very clear and pedagogical [8], the ℓ th covariant derivative of the Riemann tensor ∇^ℓR = {R_{α1α2α3α4;α5...αℓ} } , ℓ ≥ 0 , corresponds to the irreducible representation (ℓ + 2, 2) of the general linear group GL(D) associated with the Young tableau having ℓ + 2 boxes in the first row and two boxes in the second row, (ℓ + 2, 2) ∼ ·. . . ℓ To know the number of scalars one can built from polynomials in the Riemann tensor and its covariant derivatives amounts to looking at the multiplicity of the trivial one-dimensional irreducible representation of GL(D) in the tensor product representing the corresponding polynomials.

However, we must turn to the representation theory of the orthogonal group in dimension D = 8 , since we are essentially dealing with the covariant derivatives of the Weyl tensor. As far as the group theoretical problem of constructing a basis of locally independent scalars in the tensors W^{Δi} is concerned, we may replace the Weyl-covariant derivatives with the standard covariant derivatives when considering scalar polynomials in the covariant derivatives of the Weyl tensor. The difference between ∇_{α1} . . . ∇_{αi} C^β_{γδϵ} and D_{α1} . . . D_{αi} C^β_{γδϵ} consists of (products of) lower-order terms in the derivatives of the metric, i.e. terms which belong to J^{i+1} . Once the basis is found, we just have to replace every ∇_{α1} . . . ∇_{αi} C^β_{γδϵ} by D_{α1} . . . D_{αi} C^β_{γδϵ} .

In this way we obtain a basis of dimension eight scalars of the form^5

A_8 = a_1 C_{ργμσ}D^αD_αD^β D_β C^{ργμσ} + b_1 D_β C^β_{γμα}D_ν D^ν D_ρC^{ργμα} + b_2 D_αC_{μβγν} D_ρD^ρD^αC^{μβγν} + c_1 D^αD^β C_{γαβμ}D_ν D_ρC^{γνρμ} + c_2 D^γ D_γ C_{αμνβ} D^ρD_ρC^{αμνβ} + c_3 D_αD_β C_{νγμρ}D^αD^β C^{νγμρ} + c_4 D_αD_γ C^γ_{μνβ} D^αD_ρC^{ρμνβ} + d_1 D^ρD^σ C^{β ν}_{ρσ} C^{αγμ}_β C_{ναγμ} + d_2 D^β D^γ C^{μ σ}_{νρ} C_{μβγα}C^{νρα}_σ + d_3 D_σ D^σ C^{ν ρ}_{γ μ}C^{γ μ}_{α β} C^{α β}_{ν ρ} + d_4 D^σ D_σC^{βνμρ}C^{αγ}_{βν} C_{αγμρ} + e_1 C^{γ μ}_{α β}D^ρC^ν_{ργ μ}D^σ C^{α β}_{σ ν} + e_2 C^{γ μ}_{α β} D^ρC_{ργσν} D^αC^{β σν}_μ + e_3 C_{αβγμ}D_ν C^{αβρσ}D^ν C^{γμ}_{ρσ} + e_4 C^{γ μ}_{α β} D^ρC^{νσ}_{ρ μ}D^αC^β_{νσγ} + e_5 C_{αβγμ}D^ρC^{αβ}_{ρν} D^σ C^{νγμ}_σ + e_6 C^α_{γμβ} D_αC_{γνρσ} D^β C^μ_{νρσ} + e_7 C^{α γ}_{μ β} D^ν C^{ρ σ}_{α γ} D_ν C^{μ β}_{ρ σ} , (2.7)

where the first term belongs to J^6 because of the four derivatives which act on a Weyl tensor. The two terms with coefficients b_1 and b_2 belong to J^5 . The terms multiplied by the c’s and d’s live in J^4 and finally, the scalars with the e -coefficients belong to J^3 .

The general structure of A_8 is obvious for dimensional reasons. However, it is not necessary to resort to dimensional analysis. It suffices to use the property that the W^{Δi} ’s are (1, i + 3)-type tensors which transform with one derivative of σ . Indeed, let M(W ) be a monomial of degree r in the W^{Δi} ’s. It is a (r, s)-type tensor with s > r . If no ε -tensor is to be used when contracting the (r + s) indices, one must have s − r = 2n , n ∈ N , to make a scalar. One then contracts √ −g M(W ) with a product of p inverse metrics and q metrics, p − q = n , to form a scalar density A_8 . In the Weyl transformation of A_8 = [ √ −g g · · · g g^{−1} · · · g^{−1}]M(W ) , the factor between square brackets will be multiplied by (D − 2n)σ whereas δ_σM(W ) = σ_μ(· · ·)^μ . Since σ and σ_μ are independent, one must require 2n = D if one wants that δ_σA_8 vanishes. The monomials we used in (2.7) are the only ones with s − r = 2n = 8 .

To show that no parity-odd scalars can be formed, or, in other words, that no ε -tensor can be used to contract the indices, we must consider that each W^{Δi} transforms in the

5Strictly speaking, we should add to A_8 all the linearly independent quartic terms in the undifferentiated Weyl tensor. However, since they are trivially Weyl invariant (after multiplication by √ −g), they decouple from the problem. Accordingly, we do not consider them.

(2+i, 2 )-irreducible representation of GL(8) (see e.g. [8]). Then, if one^6 ε -tensor is used to contract some indices of a tensor-valued monomial M(W ) , one sees that at least one tensor W^{Δi} from M(W ) must have three indices contracted with the completely antisymmetric tensor ε . Due to the symmetries of W^{Δi} , it gives zero. Construction of A_8 Using the program LiE [15], we expand every ℓ th covariant derivative of the Weyl tensor in irreps of O(8) . From the result we identify the irreps which are constrained by the Bianchi identities ∇_{[μ}R_{νρ]σλ} ≡ 0 and discard them. For example, if (2, 2)_{t.f.} corresponds to a tensor with the symmetries of the Weyl tensor (the subscript t.f. stands for trace-free), its first covariant derivative decomposes under O(8) as (1) ⊗ (2, 2)_{t.f.} ∼= (3, 2)_{t.f.} ⊕ (2, 2, 1)_{t.f.} ⊕ (2, 1)_{t.f.} . Now, if (2, 2)_{t.f.} is the Weyl tensor, the irrep (2, 2, 1)_{t.f.} identically vanishes due to the Bianchi identities ∇_{[μ}R_{νρ]σλ} ≡ 0 .

At the end of this process, a set S^i of O(8) irreps corresponds to every tensor ∇_{α1...αi} C , i = 0, . . . , 4. As far as the quadratic terms in A_8 are concerned, the product of two tensors (∇_{α1} . . . ∇_{αi} C) (∇_{α1} . . . ∇_{αj} C) , i, j = 0 . . . 4 , i + j = 4 gives rise to m independent scalars upon contraction if the set S^i ∩ S^j consists of m elements. The simplest example is S^4 ∩ S^1 = {(2, 2)_{t.f.}} . Accordingly, there is one scalar S obtained from the contraction of C^α_{βγϵ} with (the double trace of) ∇_{(α1...α4} C^β_{γδ)ϵ} . The first term on the r.h.s. of (2.7) belongs to the same class as S because it differs from the latter by terms in J^k , k < 6 . As far as the cubic terms are concerned, (∇_{α1} . . . ∇_{αi} C)(∇_{α1} . . . ∇_{αj} C) (∇_{α1} . . . ∇_{αk} C) , i + j + k = 2 , one must first take the tensor product of the O(8) -irreps corresponding to the first two tensors and then compare the resulting set of irreps S^{i⊗j} with S^k .

Remark : The problem of finding the number of locally independent scalars which can be built from polynomials in (covariant derivatives of) the Weyl tensor is addressed in Appendix D of [8]. We are not able to use these results as a check, since unfortunately, some statements in Appendix D of [8] are erroneous. For example, at order 6, it is stated in [8] that there is only one scalar of the type “∇C ∇C ”. This is actually not the case, since the following two scalars are locally independent : A_6 = ∇_αC_{βμνρ}∇^αC^{βμνρ} , B_6 = ∇^αC_{αμνρ}∇_βC^{βμνρ} . One way to prove the independence of these two scalars is to expand them in the basis

6A product of two ε -tensors can be written in terms of the metric.

R^0_{{1 1}} ≡ {e_1, e_2, e_3, e_4} = {∇_αR∇^αR , ∇_αR_{βγ} ∇^αR^{βγ} , ∇_αR_{βγ} ∇^γ R^{βα} , ∇_αR_{βγδϵ}∇^αR^{βγδϵ}} given in Appendix B of the same [8]. Explicitely, we find

A_6 = 2 (D − 2)(D − 1) e_1 − 4 (D − 2) e_2 + e_4 ,

B_6 =

(D − 3)^2 2(D − 2)^2(D − 1) e_1 +

2(D − 3)^2 (D − 2)^2

(e_2 − e_3) .

Appendix D of [8] was obtained from the classification of polynomials in (covariant derivatives of) R_{αβγδ} , R_{αβ} and R , where R_{αβ} and R were set to zero and where R_{αβγδ} was replaced by C_{αβγδ} throughout. The problem is that this short-cut procedure is misleading because the Bianchi identities are not carefully taken into account. For example, such a procedure gives C^0_{{1 1}} = {∇_αC_{βγδϵ}∇^αC^{βγδϵ}} . However, if we make an invertible change of coordinates in R^0_{{1 1}} and chooses the basis {e_1, e_2, 2(e_2 − e_3), e_4} instead, the contracted Bianchi identities “create” extra Riemann tensors : 2(e_2 − e_3) ≡ ∇^μR_{μβαγ} ∇_ν R^{νβαγ} . Starting from the new basis, the “short-cut procedure” would now give a correct two-dimensional basis C^0_{{1 1}} = {A_6, B_6} .

2.5 Classification Theorem

Using the results of the previous sections, we may summarize our main result about the classification of D = 8 local conformal invariants in the form of a theorem.

We obtain these invariants as follows. We multiply our basis Ansatz A_8 given in (2.7) by √ −g and take the Weyl transformation of the resulting density A_8 using (2.6). Then we express every tensor W^{Δi} in terms of covariant derivatives of the Riemann tensor, the Ricci tensor and the scalar curvature. Using FORM [13] and Ricci [14], the latter tensors are then decomposed in irreducible representations of GL(8) , so that the redundancies due to the differential Bianchi identities are eliminated. The redundancies due to the cyclic identity R_{αβγδ} + R_{αγδβ} + R_{αδβγ} ≡ 0 are also taken into account. Finally, the condition δ_σA_8 = 0 amounts to solving a system of linear equations for the eighteen coefficients entering the expression of A_8 , which we do. The result of these operations is given by the

Theorem [Classification of local Weyl-invariant scalar densities in D = 8] Besides the seven Weyl invariants of the type √ −g C C C C given in [8], there exist five Weyl-invariant scalar densities in dimension D = 8 ,

I_j = √ −g I_j , j = 1, . . . , 5 . The first one starts with the quadratic term I_1 = C^{μνρσ}□^2C_{μνρσ} +· · · whereas the other four are at least cubic in the Riemann tensor. Decomposing the scalars I_j , j = 1, . . . , 5 in the natural 18-dimensional basis for Weyl-invariants given in (2.7) above, we have

I_1 = (1, 48/25, 2, 42/125, 9/10, 3/5, 96/125, 74/25, 208/5, − 8, 16/5, −144/25, −104/5, 0, 0, −88/25, 0, 0) , I_2 = (0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 5, 0, 0, 5, 0, 12/5, 0, 0) , I_3 = (0, 0, 0, 0, 0, 0, 0, 1, 0, −20, 0, −48/5, 0, 0, 0, 0, 0, −20) , I_4 = (0, 0, 0, 0, 0, 0, 0, 1, 10, −5/6, −5/24, 4/5, −4, 0, 0, −7/5, 5, 0) , I_5 = (0, 0, 0, 0, 0, 0, 0, 1, 8, −2/3, 5/6, 24/25, −16/5, 0, −16/5, −12/25, 0, 0) .

This theorem is the main result of our paper. For completeness, we give hereafter the seven quartic invariants taken from [8],

I_6 = √ −g (C^{παρσ}C_{παρσ})^2 , I_7 = √ −g C^{παρσ}C^τ_{παρ} C^{υωζ}_σC_{υωζτ} , I_8 = √ −g C^{παρσ}C^{τ υ}_{πα} C^{ωζ}_{τ υ} C_{ρσωζ} , I_9 = √ −g C^{παρσ}C^{τ υ}_{πα} C^{ωζ}_{ρτ} C_{συωζ} , I_{10} = √ −g C^{παρσ}C^{τ υ}_{πα} C^{ω ζ}_{ρ τ} C_{συωζ} , I_{11} = √ −g C^{παρσ}C^{τ υ}_{π ρ} C^{ω ζ}_{τ υ} C_{αωσζ} , I_{12} = √ −g C^{παρσ}C^{τ υ}_{π ρ} C^{ω ζ}_{τ α} C_{υωσζ} . The eight-dimensional type B Weyl anomalies thus have the general structure

A_8 = 12∑ j=1 a_j ∫ d^8x σ I_j , where the model-dependent constants a_j are determined within a given renormalization scheme.

Acknowledgements

N. B. is grateful to Marc Henneaux for having drawn his attention to the problem and for stimulating remarks. We would like to thank Glenn Barnich, Helga Baum, Xavier Bekaert, Francis Dolan, Hugh Osborn, Christiane Schomblond, Christian Stahn and Stefan Theisen for useful discussions. N. B. is supported by a Wiener-Anspach grant (Belgium). J. E. is supported by the Deutsche Forschungsgemeinschaft (DFG) within the Emmy Noether programme, grant ER301/1-3.

Note added in proof. It would be interesting to compare the method presented here with a suitable generalization of [21].

A Appendix

A.1 Decomposition of the Jet space

In this section, we decompose the jet space of the Riemann tensor in terms of the jet space of the Weyl tensor plus completely symmetrized covariant derivatives of the tensor K_{αβ} .

The expression (2.2) corresponds to a decomposition of the Riemann tensor under the group O(D) (actually this decomposition is not irreducible because K_{αβ} is not traceless):

(2.2) ⇔ ≃_{t.f.} ⨁ R_{αβγδ} C_{αβγδ} K_{αβ} The subscripts “t.f.” indicates that the corresponding tensor is trace-free. The tensors C_{αβγδ} and K_{αβ} are two independent components of R_{αβγδ}, there exists no algebraic relation between C_{αβγδ} and K_{αβ}.

At next order in the covariant derivatives of the Riemann tensor we have the following decomposition :

∇_λ ⨂ R_{αβγδ} ≃ ∇_λ ⨂ t.f. C_{αβγδ} ⨁ ∇_{(λ}K_{αβ)} ⨁ C̃_{βγδ} t.f. .

The last Young diagram in the upper decomposition represents the Cotton tensor

C̃_{βγδ} ≡ 2∇_{[δ}K_{γ]β} . Actually this diagram is “contained” in the following tableau^7 : ⨂ t.f. .

Indeed, if we decompose every Young tableau with respect to irreducible representations of O(D), we see that ⨂ t.f. ≃ [ ⨂ t.f. ] t.f. ⨁ t.f.

where the tracefree part of ∇_αC_{βγδε} is (∇_αC_{βγδε})_{t.f.} = ∇_αC_{βγδε} + 2(D − 3) D [ g_{α[β}C̃_{γ]δε} + g_{α[δ}C̃_{ε]βγ} ] . (A.8)

In other words, if one takes the trace operation into account, there appear algebraic relations between ∇_αC_{βγδε} and the Cotton tensor : the latter is the trace of the former C̃_{βγδ} = −1 D − 3 ∇_αC^α_{βγδ} = −1 D − 3 g^{λα}∇_λC_{αβγδ}. (A.9) At order 1 in the derivatives of the Riemann tensor, we thus have the linearly independent tensors ∇_αC_{βγδε} and ∇_{(λ}K_{αβ)} . Diagramatically, we represent this by :

∇_α ⨂ R_{μνρσ} ≃ ∇_α ⨂ t.f. C_{μνρσ} ⨁ ∇_{(α}K_{βγ)} .

At order two in the covariant derivatives of the Riemann tensor, we use the previous decomposition to which we apply one more covariant derivative. Besides the second covariant derivative of the Weyl tensor, we obtain also the tensor ∇_μ∇_{(α}K_{βγ)} . This tensor, when decomposed into irreducible representations of GL(D), gives rise to a completely symmetric tensor ∇_{(μ}∇_αK_{βγ)} plus the tensor obtained by antisymmetrizing ∇_μ∇_{(α}K_{βγ)} with respect to the indices μ and α . The latter component is equivalent to the covariant derivative of the Cotton tensor, up to terms of lower order in the covariant derivatives of the Riemann tensor. We thus have the following decomposition in independent components : ⨂ ⨂ ≃ ⨂ ⨂ t.f. ⨁ ∇_μ ∇_ν R_{αβγδ} ∇_μ ∇_ν C_{αβγδ} ∇_{(α}K_{βγ)} The same kind of decomposition appears at each order.

7Of course, this holds only when D > 3, since the Weyl tensor identically vanishes when D = 3 .

A.2 The representation matrices

We give the expression for the representation matrices [T^μ]^{Δi+1}_{Δi} , i = 0, 1, 2, 3 . We use

the notation δ^{α1...αn}_{β1 ...βn} ≡ δ^{α1}_{β1} · · · δ^{αn}_{βn} . The tensor E^{λγ′δ′ϵ′}_{σ γ δ ϵ} is a projector on tensors with the

symmetry of the Weyl tensor (given explicitely in [10, 20]).

[T^μ]^{β γ̄δ̄ϵ̄} α_1 γδϵ|β̄ = g βσE^{λγ′ δ′ϵ′} σ γ δ ϵ [ − 2δ aρ αλ − 4δ^{aρ}_{λα} + 4g^{aρ}g_{λα}] E^{κγ̄ δ̄ ϵ̄}_{ρ γ}′_δ′_ϵ′ g_κ¯_β .

[T^μ]^{β α′1 γ̄δ̄ϵ̄} α_2α_1 γδϵ| β̄ = g βσE^{ργ′ δ′ϵ′}_{σ γ δ ϵ} [ −6δ^{μ α′1 σ′} (α_2α_1)ρ − 8δ α^′_1σ^′ μ (α_2α_1)ρ + 8g^{μσ′} g_{ρ(α1} δ^{α′1}_{α2)} + g_{α1α2} g^{α′1μ}δ^{σ′}_ρ ] E^{κ γ̄ δ̄ ϵ̄} σ^′ γ^′δ^′ ϵ^′ gκβ̄ .

[T^μ]^{β α′2α′1 γ̄δ̄ϵ̄} α_3α_2α_1 γδϵ| β̄ = g βσE^{ργ′ δ′ϵ′}_{σ γ δ ϵ} [ −8δ^{α′2μ α′1σ′} (α_3α_2)α_1 ρ − 3δ α^′_2μ α^′_1 σ^′ α_3α_1α_2ρ − δ μ α^′_2 α^′_1 σ^′ α_1α_2α_3ρ − 4δ^{α′2α′1σ′ μ} α_3α_2α_1ρ − 8δ α^′_2σ^′ α^′_1 μ (α_3α_2)α_1 ρ + 4g μσ^′ g ρα_1 δ α^′_2α^′_1 α_3α_2 + 8g μσ^′ g ρ(α_3 δ α^′_2α^′_1 α_2)α_1 + 2g^{α′1μ}g_{α1 (α2} δ^{α′2σ′}_{α3)ρ} + g_{α2α3} g^{μα′2} δ^{α′1σ′}_{α1ρ} ] E^{κ γ̄ δ̄ ϵ̄} σ^′ γ^′δ^′ϵ^′ gκβ̄ .

[T^μ]^{β α′2α′1α′ γ̄δ̄ϵ̄} α_3α_2α_1α γδϵ| β̄ = δ α^′_2 α_3 [T μ]^{β α′1α′ γ̄δ̄ϵ̄} α_2α_1α γδϵ| β̄ + [C μ]^{β α′2α′1α′ γ̄δ̄ϵ̄} α_3α_2α_1α γδϵ| β̄ , [C^μ]^{β α′2α′1α′ γ̄δ̄ϵ̄} α_3α_2α_1α γδϵ| β̄ = g βσE^{ργ′ δ′ϵ′}_{σ γ δ ϵ} [ −5δ^{μ α′2α′1α′σ′} α_3α_2α_1α λ − δ μ α^′_2α^′_1α^′σ^′ α_2α_3α_1α λ − δ μ α^′_2α^′_1α^′σ^′ α_1α_2α_3α λ − δ^{μ α′2α′1α′σ′} αα_2α_1α_3 λ + gα3 α2 g μα^′_2 δα^′1α^′σ^′ α_1α λ + gα3 α1 g μα^′_1 δα^′2α^′σ^′ α_2α λ + g_{α3α}g^{μα′} δ^{α′2α′1σ′}_{α2α1 λ} + 4g_{α3 λ}g^{μσ′} δ^{α′2α′1α′}_{α2α1α} − 4δ^{μ α′2α′1α′σ′}_{λα2α1αα3} ] E^{κ γ̄ δ̄ ϵ̄} σ^′ γ^′ δ^′ϵ^′ gκβ̄ .

References

[1] T. N. Bailey, M. G. Eastwood and C. R. Graham, Invariant theory for conformal and CR geometry, Ann. Math. 139 (1994) 491;

T. Branson, Sharp inequalities, the functional determinant, and the complementary series, Trans. AMS 347 (1995) 3671;

C. Fefferman and and C. R. Graham, Q-curvature and Poincaré metrics, Math. Res. Lett. 9 (2002) 139;

C. R. Graham and M. Zworski, Scattering matrix in conformal geometry, Invent. Math. 152 (2003) 89 [math.DG/0109089];

T. Branson, A. Rod Gover, Conformally invariant operators, differential forms, cohomology and a generalisation of Q-curvature, [math.DG/0309085]; C. Fefferman and K. Hirachi, The ambient obstruction tensor and Q-curvature [math.DG/0405068];

A. Rod Gover and P. Nurowski, Obstructions to conformally Einstein metrics in n dimensions, [math.DG/0405304].

[2] M. J. Duff, Twenty years of the Weyl anomaly, Class. Quant. Grav. 11 (1994) 1387 [hep-th/9308075].

[3] M. Henningson and K. Skenderis, The holographic Weyl anomaly, JHEP 9807 (1998) 023 [hep-th/9806087].

[4] C. Fefferman and C. R. Graham, Conformal invariants, Astérisque, (1985) Hors Série, 95-116.

[5] C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, Diffeomorphisms and holographic anomalies, Class. Quant. Grav. 17 (2000) 1129 [hep-th/9910267]; A. Schwimmer and S. Theisen, Diffeomorphisms, anomalies and the Fefferman- Graham ambiguity, JHEP 0008 (2000) 032 [hep-th/0008082].

[6] I. Papadimitriou and K. Skenderis, AdS/CFT correspondence and geometry [hep-th/0404176]; M. Banados, A. Schwimmer and S. Theisen, Chern-Simons gravity and holographic anomalies [hep-th/0404245].

[7] S. Deser and A. Schwimmer, Geometric Classification Of Conformal Anomalies In Arbitrary Dimensions, Phys. Lett. B 309 (1993) 279 [hep-th/9302047].

[8] S. A. Fulling, R. C. King, B. G. Wybourne and C. J. Cummins, Normal Forms For Tensor Polynomials. 1: The Riemann Tensor, Class. Quant. Grav. 9 (1992) 1151.

[9] T. Parker and S. Rosenberg, Invariants of conformal Laplacians, J. Diff. Geometry 25 (1987) 199.

[10] J. Erdmenger, Conformally Covariant Differential Operators : Properties and Applications, Class. Quant. Grav. 14 (1997) 2061 [hep-th/9704108].

[11] E. Alvarez, J. Conde and L. Hernandez, The Dirichlet obstruction in AdS/CFT, Int.

J. Mod. Phys. D 12 (2003) 1415 [hep-th/0303164].

[12] S. Nojiri, S. D. Odintsov and S. Ogushi, Holographic renormalization group and conformal anomaly for AdS(9)/CFT(8) correspondence, Phys. Lett. B 500 (2001) 199 [hep-th/0011182].

[13] J. Vermaseren, FORM, A program for large scale symbolic manipulation

http://www.nikhef.nl/~form/; New features of FORM [math-ph/0010025].

[14] J. M. Lee, “Ricci” software package, http://www.math.washington.edu/~lee.

[15] M. A. A. van Leeuwen, A. M. Cohen and B. Lisser, LiE, A package for Lie Group Computations, Computer Algebra Nederland, Amsterdam 1992.

[16] I. M. Anderson, Introduction to the Variational Bicomplex , Cont. Math. 132 (1992) 51; D. J. Saunders, The Geometry of Jet bundles, Cambridge University Press (Cambridge, 1989).

[17] N. Boulanger and M. Henneaux, A derivation of Weyl gravity, Annalen Phys. 10 (2001) 935 [hep-th/0106065].

[18] F. Brandt, Local BRST Cohomology and Covariance, Commm. Math. Phys. 190 (97) 459 [hep-th/9604025].

[19] N. Boulanger, in preparation.

[20] J. Erdmenger and H. Osborn, Conserved currents and the energy-momentum tensor in conformally invariant theories for general dimensions, Nucl. Phys. B 483 (1997) 431 [hep-th/9605009].

[21] S. Deser, Closed form effective conformal anomaly actions in D ⩾ 4, Phys. Lett. B 479 (2000) 315 [hep-th/9911129].