arXiv:hep-th/0405252 v2 18 Jun 2004

   IUB-TH-045
hep-th/0405252

Reconstructing Minkowski Space-Time

Sergey N. Solodukhin^∗

School of Engineering and Science, International University Bremen, P.O. Box 750561, Bremen 28759, Germany

Abstract

Minkowski space is a physically important space-time for which the finding an adequate holographic description is an urgent problem. In this paper we develop further the proposal made in [1] for the description as a duality between Minkowski spacetime and a Conformal Field Theory defined on the boundary of the light-cone. We focus on the gravitational aspects of the duality. Specifically, we identify the gravitational holographic data and provide the way Minkowski space-time (understood in more general context as a Ricci-flat space) is reconstructed from the data. In order to avoid the complexity of non-linear Einstein equations we consider linear perturbations and do the analysis for the perturbations. The analysis proceeds in two steps. We first reduce the problem in Minkowski space to an infinite set of field equations on de Sitter space one dimension lower. These equations are quite remarkable: they describe massless and massive gravitons in de Sitter space. In particular, the partially massless graviton appears naturally in this reduction. In the second step we solve the graviton field equations and identify the holographic boundary data. Finally, we consider the asymptotic form of the black hole spacetime and identify the way the information about the mass of the static gravitational configuration is encoded in the holographic data.

∗s.solodukhin@iu-bremen.de

1 Introduction

In this paper we continue the study started in [1] of the duality between Minkowski space-time and a Conformal Field Theory defined on the boundary of the light-cone. That semiclassical gravity may know something about quantum field theories was first demonstrated by Brown and Henneaux in 1986 [2] who looked at the algebra of gravitational constraints generating the asymptotic symmetries of three-dimensional anti-de Sitter space-time and found that those constraints form conformal Virasoro algebra with calculable central charge. This was the first indication in the physical literature that asymptotically anti-de Sitter space encodes some non-trivial information about conformal symmetry and quantum anomalies in the space one dimension lower. At approximately same time mathematicians Fefferman and Graham [3] were interested in the purely mathematical problem of finding possible conformal invariants and discovered that all such invariants are naturally induced from the ordinary metric invariants near conformal boundary of the hyperbolic space one dimension higher. The relation between conformal symmetry and the Einstein spaces with negative cosmological constant thus was established. In their analysis they invented a technical tool of asymptotic expansion, the now famous “Fefferman-Graham expansion”, which later on proved to be very useful in the physical applications.

For almost a decade the two sides (physical and mathematical) of the story followed in parallel without making any close contact. This was until the holographic principle [4], [5] was formulated and a concrete realization of this principle, the AdS/CFT correspondence, was suggested [6], [7], [8]. According to the holographic idea the space-time physics of gravitationally interacting particles should be more economically described in terms of some theory living on the boundary (the so-called “holographic screen”). In the AdS/CFT correspondence the bulk space-time is anti-de Sitter space and the theory on the boundary is a quantum conformal field theory. It is possible to formulate precise bulk/boundary dictionary translating the (super)gravity phenomena in the bulk to that of CFT on the boundary and vise versa. This led to many interesting developments. Among others, it was understood that there is a deep relation between geometry of the negative constant curvature space-time and quantum properties of the conformal theories. In particular, the conformal anomalies can be calculated purely geometrically [9] by first expanding the bulk Einstein metric near the conformal boundary and then inserting the expansion back to the gravitational action. The Fefferman-Graham expansion thus made its new appearance and helped to reproduce the Brown-Henneaux central charge in a purely geometrical fashion. The asymptotic diffeomorphisms in anti-de Sitter space play an important role generating the conformal symmetry at the boundary [10] and imposing severe constraints on the possible form of the anomalies [11], [12]. Not only conformal anomalies but also the whole structure of the anomalous stress-tensor of quantum CFT might be possible to extract from the geometry of hyperbolic space [13], [14]. However, with the exception of the three-dimensional case [13] this is still an open problem. An important element in the holographic description is the way how the hologram should be decoded, i.e. how the bulk gravitational physics is restored from the boundary CFT data. In [15] the necessary holographic data were found to be the metric representing the conformal class on the boundary and the boundary CFT stress tensor. The ref.[15] then gives precise prescriptions for how the space-time metric can be reconstructed from these data.

The success of the AdS/CFT duality has motivated the attempts to extend the holographic description to other spaces. It was rather natural to generalize it first to de Sitter space, many elements of this new duality extend straightforwardly from the anti-de Sitter case while many new subtleties arise [16], [17], [18], [19]. One of them is the problem with unitarity since typical conformal weights arising in the duality with de Sitter space are complex. Another is the problem of formulating the S-matrix description in de Sitter space. Both problems are still open although some suggestions have been made [20], [21].

Minkowski space-time is another important space a holographic description of which should be understood. A number of ideas and proposals has been circulated in the literature [22]-[27]. In [1] it was suggested to associate the holographic picture with a choice of light-cone in Minkowski space. The part of the space-time which is out-side the light-cone is naturally foliated with de Sitter slices while the part which is inside is sliced with the Euclidean anti-de Sitter spaces. The only boundary of these slices is the boundary of the light-cone itself which is suggested to be the place where the holographic data should be collected. Formulating the holographic dictionary one can make use of the known prescriptions of the AdS/CFT and dS/CFT dualities applying these prescriptions to each separate slice and then summing over all slices. The details of this procedure have been worked out in [1]. In fact, this line of reasoning follows the inspirational paper [3] where the Euclidean hyperbolic space was considered in the context of the cone structure in flat space one dimension higher. The symmetry plays an important role in the identifying the way the holographic data should be presented. The Lorentz group of (d+2)-dimensional Minkowski space becomes the conformal group acting on d-sphere lying at (past or future) infinity of the light-cone. The data thus are expected to have a CFT representation. In this picture it is natural that the propagating near null infinity plane waves are dually described by an infinite set of the conformal operators living on the d-sphere. Moreover the quantum-mechanical S-matrix can be restored in terms of the correlation functions of operators on two d-spheres: at infinite past and infinite future on the light-cone.

In the present study we extend the picture suggested in [1] and apply it to the gravitational field itself. More specifically, we want to identify the minimal set of data which has to be specified at the boundary of the light-cone and which is sufficient for complete reconstruction of the bulk Minkowski space-time. We understand Minkowski space in a wide sense as a Ricci-flat space-time asymptotically approaching the standard flat space structure. It should be noted that there have been earlier attempts in the literature to proceed in a similar direction [28], [29], [30]. The main idea was to integrate the Einstein equations with zero cosmological constant starting with the boundary at spatial infinity and developing the series expansion in the radial direction in the similar fashion as Fefferman and Graham have taught us to do in the case of equations with negative cosmological constant. This program, however, does not work as nicely for asymptotically flat space as it did for asymptotically adS space. The recurrent relations between terms in the formal series are now differential rather than algebraic as in the adS case. It is not possible to resolve them and express the coefficients in the series in terms of some boundary data at the spatial infinity. The proposal made in [1] is to start at infinity of the light-cone and integrate the equations from there. One has to develop double expansion in this case: first expansion goes along the constant-curvature slice and the second is in the radial direction enumerating the slices. The relations between coefficients are now algebraic. They can be resolved and the necessary boundary data identified. In order to avoid the complexity of non-linear gravitational equations we consider the linear perturbations and do the analysis for the perturbations. This certainly simplifies the problem and provides us with the important information on the non-linear case as well.

This paper is organized as follows. In section 2 we give some comments on the holographic reconstruction in general emphasizing the role of the causality. We use twodimensional examples to illustrate our point. In section 3 we review the holographic proposal of [1] in the case of the scalar field. The way the duality works in two-dimensional Rindler space is briefly discussed. We turn to the gravitational case in section 4 and proceed in two steps. First, we reduce the Minkowski problem to an infinite set of gravitational equations on de Sitter space one dimension lower. These equations are quite remarkable: they describe massless and massive gravitons on de Sitter space. In particular the partially massless graviton appears naturally in this reduction. In the second step we solve each graviton field equation on de Sitter space and identify the boundary data. Decoding the hologram we then have to set the rules and translate the boundary data to the bulk gravitational physics. In section 5 we make a step in this direction and consider the asymptotic form of the black hole space-time and identify the holographic data which encode the information about the mass of the static gravitational configuration. We conclude in section 6.

2 Holographic reconstruction as a boundary value problem

We start with some general comments on the holographic reconstruction and show that it can be formulated as a (somewhat unusual) boundary value problem. More specifically it is the problem in which the boundary data are entirely specified on time-like or null-like boundary. To make this discussion concrete and simple we take a particular example of massless field in (1+1)-dimensional space-time. Let’s first consider the flat space-time with coordinates (t, z), the field equation than takes the form

− ∂^2_t ϕ + ∂^2_z ϕ = 0 . (2.1)

Suppose we consider only a part of the space which lies at positive values of coordinate z. The standard way to formulate the Cauchy problem in this case would be to specify 1) some initial conditions at t = 0, ϕ(t = 0, z) and ∂_tϕ(t = 0, z); and 2) the boundary conditions: ϕ(t, z = 0) or ∂_zϕ(t, z = 0). The necessity to have two pieces of data, one on the “initial surface” t = 0 and another on the boundary z = 0, follows from simple causality argument: in order to determine the value of the function ϕ(t, z) at a point (t, z) we have to have data inside the past-directed light-cone with the tip at the point (t, z). For small values of t the light-cone hits only some part of the “initial surface” and the data on that part is sufficient for the determining the value at the point (t, z). But for large value of t the light-cone starts to hit the boundary at z = 0 and the additional data should be specified there. Thus, two pieces of the data come out very naturally in this standard formulation.

In the holographic formulation we would like to have only one piece of data, namely data to be fixed on the time-like boundary z = 0, and determine the field ϕ(t, z) for all values of −∞ < t < +∞ and z > 0 from just this data. Simple causality picture considered above in the case of standard formulation helps to visualize the problem in this new formulation. We should again draw a light-cone with the tip at the point (t, z) but now directed towards the boundary. The boundary data specified on the part of the boundary which lies inside of this light-cone should be sufficient for determining the field ϕ at the point (t, z). Another words, in order to reconstruct the field at the point (t, z) from the data on the boundary (z = 0) we should be able to communicate with that point by sending a signal and wait long enough to get the signal back from the point (t, z). That’s qualitatively how this sort of reconstruction should work. Of course, in order to reconstruct the field for all points (t, z) we should have at our disposal the all-time boundary data, i.e. for −∞ < t < +∞.

As for the question what kind of boundary data should be specified the case of equation (2.1) shows us that we have to specify a pair of functions

ϕ(t, z = 0) = ψ(t) and ∂_z ϕ(t, z = 0) = χ(t) (2.2)

on the boundary z = 0. This pair forms the holographic data on the boundary. This is typical situation when the holographic data comes in a pair (function itself and its normal derivative) and we will call this a “holographic pair”. The field equation (2.1) subject to the boundary conditions (2.2) can be easily solved and the solution reads ϕ(t, z) = 1 2 [ψ(t + z) + ψ(t − z)] + 1 2 ∫_{t+z} t−z dt^′ χ(t^′) . (2.3)

Thus in order to reconstruct the field at a point (t, z) we have to know boundary value ϕ(t, z = 0) of the field in two moments of time: t + z and t − z, and the normal derivative ∂_z ϕ(t, z = 0) on the boundary for all moments of time in-between.

We of course could try to find the solution as an expansion in distance from the boundary. The solution then would take the form of sum of two infinite series ϕ(t, z) = ∞∑ n=0 z^{2n} (2n)!

ψ^{(2n)}_t (t) + ∞∑ n=0 z^{2n+1} (2n)!

χ^{(2n)}_t (t) , (2.4)

where within each series all coefficients are determined by the boundary function ψ(t), ψ^{(2n)}_t (t) = ∂^{(2n)}_t ψ(t) and the function χ(t), χ^{(2n+1)}_t (t) = ∂^{(2n+1)}_t χ(t). Notice that the causal structure obvious in the complete solution (2.3) is now invisible in the expansion (2.4).

The expansion similar to (2.4) is the standard way to solve the holographic boundary value problem for a field in anti-de Sitter space. The boundary data then are associated with some CFT data on the boundary. Let’s for simplicity consider the two-dimensional anti-de Sitter space with metric

ds^2 = dρ^2 4ρ^2 − 1 ρ (1 − ρ 4 )^2dt^2

= g(ρ)[−dt^2 + dz^2] , (2.5)

where we introduced coordinate

z(ρ) = ln( 2 + √ ρ 2 − √ ρ ) . The anti-de Sitter space has time-like boundary located at ρ = 0 or at z = 0 in terms of the coordinate z. The holographic boundary data thus should be specified there. The metric (2.5) is conformal to two-dimensional flat space-time, actually to a part of it with z ≥ 0. The massless scalar field in two dimensions is conformally invariant so that the solution to the boundary value problem again takes the form (2.3) where z should be replaced with z(ρ). The small ρ expansion then has two sort of terms ϕ(t, ρ) = [ψ(t) + ∞∑ k=1 F_k(t)ρ^k] + ρ^{1/2}[χ(t) + ∞∑ k=1 G_k (t)ρ^k] , (2.6)

where ψ(t) is the boundary value of the field ϕ and χ(t) is the normal derivative of the field at the boundary of anti-de Sitter. The coefficients F_k(t) are completely determined by ψ(t) and its derivatives while G_k (t) are determined by χ(t). Notice again that the causal structure present in solution (2.3) (with z = z(ρ)) is lost when we re-write it in the form of the ρ-expansion. In the adS/CFT correspondence the holographic pair (ψ(t), χ(t)) has the following interpretation: ψ(t) is associated with the source which couples to a “dual” operator O(t) while χ(t) should be associated with the quantum expectation value of that operator, χ(t) =< O(t) >. The correlation function of the operators at different moments of time can be derived according to the standard adS/CFT prescription by taking the normal derivatives of the Green’s function D = − 1 2π ln tanh σ 2 , (2.7)

where σ is the geodesic distance between two points on two-dimensional anti-de Sitter space. The 2-point function on the boundary of adS_2 then reads [32] < O(t)O(t^′) >∼ 1 sinh^2(^{t−t′}_2 )

. (2.8)

The two-dimensional case is of course too simplistic for applying the adS/CFT dictionary in full since the “boundary” in this case is just a point cross the time. However, this is a good illustration since in higher dimensions the logic in identifying the holographic data and recovering the way of reconstructing the bulk physics from that data is essentially the same. In particular the ρ-expansion similar to (2.6) is the usual tool for analyzing the reconstruction of supergravity in the bulk from the CFT data on the boundary of anti-de Sitter. In the case of the gravitational field itself it is actually the only tool available due to extreme non-linearity of the gravitational field equations [9], [15]. We, however, want to emphasize the role of causality in the holographic reconstruction. This role is not obvious when the local series expansion is used.

It is interesting that the boundary should not be necessarily time-like. The holographic boundary problem can be set for a null-like boundary. To illustrate this let’s once again exploit our two-dimensional example and consider arbitrary two-dimensional metric which always can be brought to a conformally flat form

ds^2 = e^{σ(x+,x−)}dx_+dx_− . (2.9)

Let’s consider the part of the space-time which lies in the conner x_− ≥ 0, x_+ ≤ 0, the boundary thus consists of two “null surfaces” x_+ = 0 (H_+) and x_− = 0 (H_+). As the boundary data we specify the value of the field function

ϕ(x_+, x_−)|_{H−} = ψ(x_+) and ϕ(x_+, x_−)|_{H+} = χ(x_−) (2.10) on these null-surfaces. Since on the intersection of H_+ and H_− the data should agree we have a constraint, ψ(x_+ = 0) = χ(x_− = 0) = ϕ_H . The solution of such formulated boundary value problem for the massless scalar field equation then takes a very simple form

ϕ(x_+, x_−) = ψ(x_+) + χ(x_−) − ϕ_H . (2.11)

Thus, in order to reconstruct the field at the point (u, v) in the bulk we have to know the boundary data at three points on the null boundary: at point x_+ = u on H_+, at point x_− = v on H_− and at the bifurcation point H (x_+ = x_− = 0).

A natural example of the null-surface is horizon in black hole space-time or de Sitter space. That horizon can play the role of the holographic screen and there might be a dual CFT living on the horizon with bulk/boundary dictionary similar to the one in the case of adS/CFT correspondence was proposed in [34]. We refer the reader to that paper for further details. Another example when the null-surfaces are natural holographic screens is the Minkowski space-time and the null-screens are the light-cone and null-infinity. This is a possible way of looking at the Minkowski/CFT duality suggested in [1]. We discuss this briefly in the next section.

3 Holographic description in Minkowski space

The holographic construction suggested in [1] is associated with a choice of light-cone. The null-surface of a given light-cone C naturally splits Minkowski spacetime M_{d+2} on two regions: the region A lying inside light-cone C and the region D outside light-cone. The inside region A on the other hand splits on the part which is inside the future light-cone (A_+) and the part which is inside the past light-cone (A_−). Each region admits natural slicing with constant curvature hypersurfaces. Outside the light-cone it is the slicing with (d + 1)-dimensional de Sitter spaces (which is positive constant curvature spacetime with Lorentz signature) while inside the light-cone one may choose the foliation with Euclidean anti-de Sitter hypersurfaces defined as positive constant curvature space with Euclidean signature. Enumerating the slices we choose the radial coordinate r in the region D and the time-like coordinate t in the region A. The Minkowski metric then reads

D : ds^2 = dr^2 + r^2(−dτ^2 + cosh^2 τ dω^2(θ)) A : ds^2 = −dt^2 + t^2(dy^2 + sinh^2 y dω^2(θ)) , (3.1)

where (τ, θ) and (y, θ) are the coordinates on a de Sitter and anti-de Sitter slice respectively, dω^2(θ) is metric on unit radius d-sphere with angle coordinates θ.

Each slice in this foliation of Minkowski spacetime is a (d+1)-dimensional space which has some boundaries. In the anti-de Sitter case the boundary is the d-dimensional sphere S_d lying at infinity of the space while boundaries of de Sitter space are two spheres S^+_d and S^−_d lying respectively in the future and in the past of de Sitter space. The considered foliation has a nice property that all slices have same boundaries as the light-cone, namely either S^+_d or S^−_d . More precisely, all anti-de Sitter slices covering region A_− inside the light-cone have S^−_d as a boundary while S^+_d is the only boundary of slices covering region A_+. Outside the light-cone, in the region D, all de Sitter slices have same boundary S^+_d in the future and S^−_d in the past. This property motivated the suggestion made in [1] to

Fig. 1: Minkowski space-time with a choice of the light-cone. The boundary sphere S^+_d (S^−_d ) lies in the intersection of the light-cone and the future (past) null-infinity.

associate the holographic information on Minkowski space with these two d-dimensional spheres. The Lorentz group of (d + 2)-dimensional Minkowski space acts as a conformal group on the spheres S^+_d or S^−_d . The holographic information thus is expected to have a conformal field theory description. Some of the details of this holographic description have been demonstrated in [1]. An important element of the description is the specification of necessary information to be stored on the holographic screens as well as the way how the hologram should be decoded, i.e. the rules of reconstruction the bulk Minkowski physics from the holographic data on the spheres.

This can be illustrated on the example of a massless scalar field^† described by the field equation ∇^2ϕ = 0. Let’s take for concreteness the region D outside the light-cone. Then the field equation reads ( ∂^2_r +

(d + 1) r ∂_r + 1 r^2

∇^2_{dS} ) ϕ(r, τ, θ) = 0 , ∇^2_{dS} = −∂^2_τ − d tanh τ ∂_τ + cosh^{−2} τ Δ_θ , (3.2)

where Δ_θ is the Laplace operator on unit radius d-sphere. Solving equation (3.2) in the region D we expand the field ϕ(r, τ, θ) in powers of radial coordinate r so that the solution takes the form of Mellin transform ϕ(r, τ, θ) = 1 2πi ∫ d_{2 +i∞} d 2 −i∞ dλ r^{−λ} ϕ_λ(τ, θ) , (3.3) where the functions ϕ_λ(τ, θ) satisfy the massive wave equation on (d + 1)-dimensional de Sitter space,

(∇^2_{dS} − m^2_λ)ϕ_λ(τ, θ) = 0 , m^2_λ = λ(d − λ)) . (3.4)

The important question is the range for the spectral parameter λ. A typical configuration in the field theory is a plane wave for which the relevant spectral parameter is complex, λ =^d_2 + iα, with α changing from minus to plus infinity. This explains the choice of the limits in the integral (3.3). Later on, the parameter λ is identified with the conformal

†The consideration is naturally generalized for massive fields and higher spin field equations. The case of Dirac fermions was considered in [33].

weight of the dual operator. Mass term in (3.4) is real and positive, m^2 =^{d2}_4 + α^2, in this case. Notice that in general the field ϕ(τ, r, θ) can be a superposition of propagating modes as well as solitonic configurations. The Coulomb-like potential would be an example of a configuration which requires inclusion in (3.3) of terms with real values of λ. Indeed, in d + 2 space-time dimensions the Coulomb-like configuration ϕ = Q r^{d−1}(cosh τ )^{d−1}

(3.5)

corresponds to λ = d − 1. We will see that similarly we have to include both complex and real λ in the gravitational case in order to describe both the gravitational waves and black holes. For description of the latter the purely real λ are appropriate. Notice also that in the case λ =^d_2 the two independent solutions to the radial differential equation (3.2) are r^{−d/2} and r^{−d/2} ln r.

The representation (3.3) is the first step in the holographic reduction: it reduces the quantum field in Minkowski space to a (infinite) set of massive fields living on de Sitter space of one dimension lower. As we have discussed in the beginning of this section each de Sitter slice has two boundaries, S^+_d and S^−_d . The next step thus would be to relate each solution of the equation (3.4) to the boundary values of the functions ϕ_λ(τ, θ). Since on the de Sitter space the boundary value problem is in fact the initial value problem the boundary data should be specified on the surface S^−_d . The general solution of eq.(3.4) is expressed in terms of P - and Q-Legendre functions (see Appendix B)

ϕ_λ(τ, θ) = (cosh τ )^{1−d2} [A(Δ)P √_{(d−1)2−4Δ} 2 (d−1) 2 −λ (−i sinh τ )O > λ (θ) +B(Δ)Q √_{(d−1)2 −4Δ} 2 (d−1) 2 −λ (−i sinh τ )O < λ (θ)] , (3.6)

where the “constants” A(Δ) and B(Δ) can be chosen in a way to remove the non-locality in the leading term when expression (3.6) is expanded in powers of e^τ .

The expansion in powers of e^τ could be used as an alternative way to solve the equation (3.4). The coefficients in front of terms e^{λτ} and e^{(d−λ)τ} in this expansion are not determined from the equation: these are the initial data to be specified on S^−_d . In the form (3.6) of the solution these are the functions O^>_λ (θ) and O^<_λ (θ) which form the “boundary” data. Combining this expansion with the integral representation (3.3) we find that to the leading order near the sphere S^−_d the solution to the field equation (3.2) in Minkowski space reads ϕ(r, τ, θ) = 1 2πi ∫ d_{2 +i∞} d 2 −i∞ dλ(r^{−λ}e^{(d−λ)τ} [ O^<_λ (θ) + ∞∑ n=1 φ^<_{(n)λ}(θ)e^{2nτ} ]

+r^{−λ}e^{λτ} [ O^>_λ (θ) + ∞∑ n=1 φ^>_{(n)λ}(θ)e^{2nτ} ] ) , (3.7)

where the higher order terms in the expansion are uniquely determined by O^<_λ (θ) and O^>_λ (θ). The coefficients O^<_λ (θ) and O^>_λ (θ) are thus the holographic data which are needed to be specified at the sphere S^−_d for the reconstruction of the scalar field everywhere in the region D. These functions can be also associated with the left- and right-moving waves. The sphere S^−_d lies in the intersection of two null-hypersurfaces: the past null infinity I^− and the past light-cone C_−. Therefore, instead of two infinite sets of functions on the d-sphere we may consider just two functions defined on null-space of one dimension higher, O^>(ξ, θ) = 1 2πi ∫ d_{2 +i∞} d 2 −i∞ dλ ξ^{−λ} O^>_λ (θ) O^<(η, θ) = 1 2πi ∫ d_{2 +i∞} d 2 −i∞ dλ η^{−λ} O^<_λ (θ) , (3.8)

where ξ (η) is the affine parameter along the null infinity I^− (C_−).

Similar analysis can be done for the solution near the sphere S^+_d in the future of the de Sitter slices. A similar infinite set of functions could be specified there. In the quantum mechanical picture the data on the future sphere S^+_d can be associated with the quantum out-state while the data specified on S^−_d form the quantum in-state. In the CFT/Minkowski duality proposed in [1] each coefficient O^{>(<)}_λ (θ) appearing in the expansion (3.7) (and in analogous expansion near S^+_d ) is associated with quantum conformal operator of conformal dimension λ. The correlation functions of the in- and out-operators are < 0|_{out}O^{<(>)}_{λ1} (θ_1)_{in}O^{>(<)}_{λ2} (θ_2)|0 >∼ δ(λ_1 + λ_2 − d) δ^{(d)}(θ_1, π − θ_2)

< 0|_{out}O^{>(<)}_{λ1} (θ_1)_{in}O^{>(<)}_{λ2} (θ_2)|0 >∼ δ(λ_1 + λ_2 − d) 1 (1 + cos γ(θ_1, θ_2))^{λ2}

, (3.9)

where γ(θ, θ^′) is the geodesic distance between two points on d-sphere. The S-matrix of (interacting in the bulk) field than can be reconstructed in terms of the correlation functions between the conformal operators living on S^+_d and S^−_d , as was shown in [1].

Things are slightly different inside the light-cone, for instance in the region A_− inside the past light-cone. One needs to specify only one set of functions, namely O_λ(θ) there. Or, equivalently, only a single function on the past null-infinity (more precisely, on that component of I^− which is inside the past light-cone) should be specified. This is quite obvious since I^− forms a Cauchy surface in the region A^−. In this region the solution to the Cauchy problem can be brought to a nice integral form [1] ϕ(t, y, θ) = 1 2πi ∫ d_{2 +i∞} d 2 −i∞ dλ (−t)^{−λ} ∫ S^−_d dμ(θ^′)G_λ(y, θ, θ^′)O_λ(θ^′) G_λ(y, θ, θ^′) = g(λ) [cosh y − sinh y cos γ(θ, θ^′)]^λ

, (3.10)

where g(λ) is some normalization factor, dμ(θ) is the measure on d-sphere. G_λ(y, θ, θ^′) has the meaning of boundary-to-bulk propagator on AdS_{d+1}.

Example: (1+1)-dimensional Minkowski space-time. As an illustration we consider a simple example of two-dimensional Minkowski space with metric

ds^2 = −dX^2_0 + dX^2_1 . (3.11)

The light-cone is defined as X^2_0 −X^2_1 = 0, the boundary “spheres” S^+ and S^− are now nulldimensional. In two dimensions the region out-side the light-cone has two components: D_L and and D_R that are analogous to the region D in the case of higher-dimensional

Minkowski space-time. The region out-side the light-cone can be foliated with hyperbolic curves which are one-dimensional analog of the de Sitter space-time. The foliation is most transparent in new coordinates (τ, r) defined as

X_0 = r sinh τ , X_1 = ±r cosh τ , (3.12)

where + stands for region D_R and − for region D_L. In this coordinates the metric takes the form

ds^2 = −r^2dτ^2 + dr^2 (3.13)

which can be recognized as two-dimensional Rindler metric. Thus in two dimensions our general holographic construction naturally leads to Rindler space. The solution to the field equation takes the form (3.7) with d = 0 inserted and all φ_{(n)λ} vanishing. In the present case there are two sets of operators living on the boundary S^+ or S^− of the lightcone. These operators, O^>(ω) and O^<(ω), are associated with left- and right-moving modes there. Notice that there is no angle dependence since S^+ and S^− are just points. Alternatively, we could consider operators O^>(ξ) and O^<(η) living on the past null-infinity and the light-cone and defined in (3.8). In this two-dimensional case the reconstruction of the bulk field in terms of the data on these null-surfaces is especially simple and is given by expression similar to (2.11). The correlation functions of the dual operators can be read off from the structure of the two-function on the Minkowski space when each of the functions is approaching one of the boundaries. Let’s restrict our consideration to a simple case of massless field. The Green’s function in this case takes the form

D(X, X^′ ) = 1 4π ln s^2(X, X^′) , (3.14)

where the interval s^2(X, X^′) between two points in terms of the coordinates (τ, r) takes the form

s^2 = r^2 + r^{′2} − 2rr^′ cosh(τ − τ^′) . (3.15)

The propagator (3.14) has a nice representation in terms of the coordinates (τ, r). In order to get it we first note that the following representation of the logarithmic function [31]

ln(1 − 2zx + x^2) = −1 − 2 ∞∑ n=1 1 n T_n(z)x^n (3.16)

in terms of the Tchebycheff polynomials T_n(z) = cos(n arccos z). Using this representation and replacing the infinite sum in (3.16) with an integral we arrive at another representation for the propagator (3.14) D = 1 4π ln r^2 − 1 4π − 1 4πi ∫_{ϵ+i∞} ϵ−i∞ dλ λ sin πλ cosh λ(τ − τ^′)( r^′ r )^λ , (3.17)

where we have introduced small ϵ in order to avoid the point λ = 0 in the integral (3.17). This propagator is in fact a superposition of left- and right-moving modes that is easily seen after the substitution λ = iω into (3.17) D = 1 2π ln r − 1 4π − 1 8π ∫_{+∞−iϵ} −∞−iϵ dωK(ω) ( e^{iω(τ −τ ′)}( r^′ r )^{iω} + e^{−iω(τ −τ ′)}( r^′ r )^{iω} ) , (3.18) where K(ω) = 2 ω 1 e^{2πω} − 1 . From this we find that the correlation function between operators O^> and O^< reads

< O^>(ω)O^<(ω^′) >= 2 ω 1 e^{2πω} − 1 δ(ω + ω^′) . (3.19)

Similar expression is valid for “>>” and “<<” correlation functions. It is interesting to note that the function staying in the right hand side in (3.19) is exactly the thermal factor for the Hawking radiation. The latter is expected to appear in the Rindler space, the Rindler horizon should be in fact identified with the light-cone we have chosen. It is quite remarkable that the conformal operators living on the boundaries of the horizon (or the light-cone) carry certain information about the Hawking radiation. This observation is another piece of evidence in favor of the so-called “horizon holography” suggested in [34]. We however do not discuss this in the present paper.

4 Reconstruction of metric: linear perturbation analysis

The holographic construction being applied to the metric of space-time is a somewhat more complicated due to the dual nature of the space-time metric. It defines the dynamics of the gravitational field and also sets the background for other fields. Therefore we should consider a class of metrics which in some sense generalize Minkowski space-time. An appropriate class is that of Ricci flat metrics. The gravitational equations thus take the form

R_{μν} = 0 . (4.1)

These equations are essentially non-linear that makes the analysis more difficult. Additionally to the field equations (4.1) one has to specify the boundary conditions, i.e. the asymptotic conditions which should be satisfied by the metric for describing space-time asymptotically approaching the ordinary Minkowski space. The meaning of the words “asymptotically approaching” should be specified as well. A natural (from the perspective of the holographic picture associated with the boundary of the light-cone) condition formulated in [1] is that the space-time should approach the Minkowski structure at least in a vicinity of a d-sphere lying in the intersection of the null-infinity and the light-cone. A possible way to solve the gravitational equations (4.1) subject to this asymptotic condition is to expand the metric in powers of distance from the sphere (somewhat analogously to what has been done in the case of asymptotically anti-de Sitter space). In fact, in the present case a double expansion is needed: in powers of 1/r of the inverse radial coordinate enumerating the de Sitter slices close to the sphere S^−_d and in powers of e^τ measuring the distance to the sphere along the de Sitter slice. In general this analysis is very complicated. To the leading order in r we however know that the solution to equation (4.1) takes the form [3]

ds^2 = dr^2 + r^2 (g_{ij} (τ, θ) + O(1/r)) dx^i dx^j , R_{ij} [g] = d g_{ij} (τ, θ) , (4.2) where {x^i} = {τ, θ}. So that to the leading order in r the Ricci flat space-time is foliated with constant positive curvature slices generalizing the structure (3.1) of the ordinary Minkowski space-time. This asymptotic structure is further modified by 1/r corrections necessarily present in (4.2). The large r expansion however leads to differential relations between coefficients in the expansion [28], [29], [30]. These relations can not be solved in general. On the other hand, expanding the metric g_{ij} (τ, θ) in powers of e^τ we would get the standard asymptotic expansion near the boundary of Einstein space of positive constant curvature. This expansion is algebraic and is similar to the well-known expansion for the hyperbolic Einstein space. In most cases this expansion is an infinite series in e^τ . However, when the slice is 3-dimensional the expansion contains a finite number of terms as was shown in [13]. The boundary S^−_d of the slice is two-dimensional and the conformal symmetry is infinite-dimensional in this case. Quite remarkably, it is the case when the asymptotically flat space-time is 4-dimensional. This might be an argument for looking more carefully at the physically interesting 4-dimensional case.

In this paper we take a different route. Instead of dealing with the nonlinearity of the equations (4.1) we look at linear perturbations of (4.1) around Minkowski space with metric (3.1). The holographic analysis then boils down to applying the holographic construction reviewed in the previous section to the equations giving the linear perturbations of (4.1). This is certainly a much simpler problem than solving the non-linear equations but it also tells us on the possible structure of the solution to the non-linear problem and on the necessary holographic data to be specified for the equation (4.1).

Starting the linear perturbation analysis we re-write the Minkowski metric (3.1) in the form

ds^2 = dr^2 + r^2 γ_{ij} (x)dx^i dx^j , (4.3)

where γ_{ij} (x) is metric on (d + 1)-dimensional de Sitter space, γ_{ij} (x)dx^i dx^j = −dτ^2 + e^{A(τ )} β_{ab}(θ) dθ^a dθ^b , A(τ ) = 2 ln cosh τ , (4.4)

and β_{ab}(θ) is the metric on unite radius d-sphere.

The equation for linear perturbations h_{μν} (r, x) takes the form

∇^α∇_μh_{να} + ∇^α∇_ν h_{μα} − ∇^α∇_αh_{μν} − ∇_μ∇_νT̂r h = 0 , (4.5)

where T̂r h and covariant derivative ∇_μ are defined with respect to the Minkowski metric (4.3). As in the case of scalar field we further proceed in two steps.

4.1 First step: reduction to field equations on de Sitter slice

First we fix the gauge, h_{rr} = h_{ri} = 0 so that the only non-vanishing components are h_{ij} (r, x). In particular, we have that T̂r h = r^{−2}Tr h, Tr h = γ^{ij} h_{ij} . The equations (4.5) then reduce to a set of equations

r^2Tr h^{′′} − 2rTr h^′ + 2Tr h = 0 (4.6)

r∂_r (∇^jh_{ij} − ∂_iTr h) − 2(∇^j h_{ij} − ∂_iTr h) = 0 (4.7)

∇^k∇_ih_{jk} + ∇^k∇_jh_{ik} − ∇^k∇_kh_{ij} − ∇_i∇_j Tr h − 4h_{ij} −r^2∂^2_r h_{ij} + (3 − d)r∂_r h_{ij} − γ_{ij} r^3∂_r(r^{−2}Tr h) = 0 . (4.8)

The solution can be taken in the form h_{ij} (r, x) = ∑ λ r^{2−λ}χ^{(λ)}_{ij} (x) , (4.9)

where the sum (or the integral if appropriate) is taken over all appropriate λ. The analysis is in fact different for λ = 0, λ = 1 and λ ≠ 0 , 1. The equation (4.6) is satisfied automatically if λ = 0 or λ = 1 and imposes condition Tr χ^{(λ)} = 0 when λ ≠ 0, 1. The equation (4.7) is identically satisfied if λ = 0 and otherwise imposes condition

∇^iχ^{(λ)}_{ij} − ∂_iTr χ^{(λ)} = 0 , λ ≠ 0 . (4.10)

The third equation, (4.8), takes the form

∇^k∇_iχ^{(λ)}_{jk} + ∇^k∇_j χ^{(λ)}_{ik} − ∇^k∇_kχ^{(λ)}_{ij} − ∇_i∇_j Tr χ^{(λ)} +(−2d + m^2_λ)χ^{(λ)}_{ij} + λγ_{ij} Tr χ^{(λ)} = 0 (4.11)

for any λ, where the mass term m^2_λ = λ(d − λ) is defined in the same way as for the scalar field (3.4). Notice, that in (4.9) all terms can be grouped in pairs, r^{2−λ}χ^{(λ)}_{ij} and r^{2−(d−λ)}χ^{(d−λ)}_{ij} corresponding to same mass term m^2 = λ(d−λ). These are two independent solutions to the second order differential equation.

Another case which requires a special treatment is when m^2 =^{d2}_4 and there is only one λ =^d_2 which is related to this mass and hence only one radial function r^{2− d}2 . Since the second order differential equations should have two independent solutions there must be another solution which is not of the form r^{2−λ}. This second solution is r^{2− d2} ln r so that in this case we should search the solution to the gravitational equations in the form h_{ij} = r^{2− d2} ( χ^{(d/2)}_{ij} (x) + φ^{(d/2)}_{ij} (x) ln r ) . (4.12)

Inserting this into equations (4.6), (4.7) and (4.8) we find that the fields χ^{(d/2)}_{ij} and φ^{(d/2)}_{ij} decouple from each other in the gravitational equations and are thus independent functions. When d ≠ 2 both tensors h^{(d/2)}_{ij} (x) and φ^{(d/2)}_{ij} (x) are transverse and traceless and satisfy equation (4.11) with m^2 =^{d2}_4 . When d = 2 the tensor φ^{(1)}_{ij} is still transverse and traceless while the trace of χ^{(d/2)}_{ij} is not restricted.

Putting things together, we find that depending on λ the equations reduce to one of the following form

λ = 0: ∇^j χ^{(0)}_{ij} and Tr χ^{(0)} are arbitrary;

∇^k∇_iχ^{(0)}_{jk} + ∇^k∇_jχ^{(0)}_{ik} − ∇^k∇_kχ^{(0)}_{ij} − ∇_i∇_j Tr χ^{(0)} − 2dχ^{(0)}_{ij} = 0 (4.13)

λ = 1:

∇^j χ^{(1)}_{ij} − ∂_iTr χ^{(1)} = 0 , (4.14)

∇^k∇_iχ^{(1)}_{jk} + ∇^k∇_j χ^{(1)}_{ik} − ∇^k∇_kχ^{(1)}_{ij} − ∇_i∇_j Tr χ^{(1)} − (d + 1)χ^{(1)}_{ij} + γ_{ij} Tr χ^{(1)} = 0 (4.15)

λ ≠ 0, 1:

∇^j χ^{(λ)}_{ij} = 0 and Tr χ^{(λ)} = 0 , (4.16)

− ∇^k∇_kχ^{(λ)}_{ij} + (2 + m^2_λ)χ^{(λ)}_{ij} = 0 . (4.17)

λ = d/2: the solution takes the form (4.12) where depending on value d we have one of the following possibilities

d ≠ 2 both χ^{(d/2)}_{ij} and φ^{(d/2)}_{ij} satisfy equations (4.16) and (4.17) with m^2 = d^2/4.

d = 2 tensor φ^{(d/2)}_{ij} satisfies equations (4.16) and (4.17) with m^2 = 1 while the tensor χ^{(d/2)}_{ij} satisfies equations (4.14) and (4.15) and thus should be identified with χ^{(1)}_{ij} when d = 2.

These are equations for χ^{(λ)}_{ij} (x) considered as some symmetric tensor fields on de Sitter spacetime. It is not difficult to recognize that eq.(4.13) is in fact equation for the massless graviton on de Sitter space. In particular, it is invariant under the usual gauge transformations,

χ^{(0)}_{ij} → χ^{(0)}_{ij} + ∇_iξ_j + ∇_j ξ_i . (4.18)

The λ = 0 perturbations thus describe deformations of Einstein space with positive constant curvature. This is of course consistent with the asymptotic analysis (4.2). The equations (4.17) for linear perturbations characterized by λ ≠ 0, 1 on the other hand describe the massive graviton on (d + 1)-dimensional de Sitter space. No gauge symmetry is present in this case.

The case λ = 1 is a bit tricker. Both equations (4.14) and (4.15) are invariant under gauge transformations

χ^{(1)}_{ij} → χ^{(1)}_{ij} + ∇_i∇_j ξ + γ_{ij} ξ (4.19)

generated by some scalar function ξ(x). This signals that equation (4.15) is some field equation which is already known in the literature. Indeed, it is the equation which describes the spin-two partially massless field^‡. In the context of adS/CFT and dS/CFT dualities it was considered in [35], [36] and [37]. Note that equation (4.14) arises as a constraint from the field equation (4.15). It is interesting to note that the gauge transformation (4.19) has a natural origin from the Minkowski space perspective. The (d + 2)-dimensional diffeomorphism preserving the form (4.3) of Minkowski metric takes the following form, as was found in [1],

ξ^r = α(x) , ξ^i = 1 r γ^{ij} (x)∂_j α(x) , (4.20)

‡I thank K. Skenderis for pointing this out to me.

where α(x) is arbitrary function, the linear perturbations h_{ij} (r, x) of Minkowski metric then changes as follows

δ_αh_{ij} = 2r(∇_i∇_j α + γ_{ij} α) . (4.21)

So that this diffeomorphism acts only on the λ = 1 component in h_{ij} (r, x) the transformation law for which is identical to (4.19) (after identifying ξ = 2α).

Thus, in this first step the gravitational equations on Minkowski space-time reduce to a set of massless and massive graviton field equations on de Sitter space one dimension lower. This is in strict similarity with the scalar field case.

4.2 Second step: solving field equations on de Sitter slice

In the next step we want to solve the equations (4.13), (4.15) and (4.17) for all values of λ. One way to do it is to develop an expansion in powers of e^τ starting from the boundary S^−_d on the de Sitter slice. One first takes the linear perturbation in the form χ^{(λ)}_{ij} (x) = ∑ κ e^{−(σij −κ)τ} χ^{(λ,κ)}_{ij} (θ), where σ_{ab} = 2, σ_{τ a} = 1, σ_{τ τ} = −2 and χ^{(λ,κ)}_{ij} (θ) is set of functions on d-sphere, and look for certain values of κ for which coefficients χ^{(λ,κ)}_{ij} (θ) are not completely determined by previous terms in the expansion, they then form the boundary data to be specified on S^−_d . In all cases it is found that appropriate values are κ = λ or κ = d − λ . In fact we can do better than just an expansion - we can solve the gravitational field equations exactly. The details again depend on the value of λ^§.

4.2.1 λ = 0: Massless graviton in de Sitter space

The equation for the perturbations in this case is equation for massless graviton on de Sitter space which has usual gauge freedom (4.18). We choose this freedom to further fix the gauge. Specifically we impose conditions:χ_{τ τ} = 0 and χ_{τ a} = 0, a = 1, 2, .., d. So that the only non-vanishing components are χ_{ab}(τ, θ). Then we have that Tr χ = e^{−A(τ )}tr χ, tr χ = β^{ab}χ_{ab}. The equations (4.13) then take the form

e^A∂^2_τ [e^{−A}tr χ] − A^{′2}tr χ + A^′∂_τ tr χ = 0 (4.22)

∂_τ [∇^bχ_{ba} − ∂_atr χ] − A^′(τ )[∇^bχ_{ba} − ∂_atr χ] = 0 (4.23) e^{−A}[∇^c∇_aχ_{bc} + ∇^c∇_bχ_{ac} − ∇^c∇_cχ_{ab} − ∇_a∇_btr χ] +∂^2_τ χ_{ab} + d − 4 2 A^′∂_τ χ_{ab} + χ_{ab}[A^{′2} − 2d] + 1 2 β_{ab}(A^′tr h^′ − A^{′2}tr h) = 0 , (4.24)

where covariant derivative ∇_a is with respect to metric β_{ab}(θ) on sphere S^−_d . Recall that in (4.22), (4.23), (4.24) we have that

e^{A(τ )} = cosh^2 τ .

§In the sub-sections 4.2.1 and 4.2.2 we drop the subscript λ in the components χ_{ij}. We hope this should not cause confusion since value of λ is explicitly indicated in the heading of each sub-section.

Equations (4.22) and (4.23) are solved immediately and we find that tr χ = B(θ) cosh τ sinh τ + D(θ) cosh^2 τ ∇^bχ_{ab} − ∇_atr χ = C_a(θ)e^{A(τ )} , (4.25) where the integration constants D(θ) and B(θ) are some functions on sphere S^−_d and C_a(θ) is arbitrary vector field on S^−_d . As a consequence of (4.25) we have tr χ^′ = A^′tr χ + B tr χ^{′′} = (A^{′′} + A^{′2})tr χ + A^′B (4.26) Taking trace of equation (4.24) with respect to metric β_{ab}(θ) and using (4.25) and (4.26) we find the relation between “integration constants” C_a(θ) and D(θ): D(θ) = 1 d − 1 ∇^aC_a(θ) . (4.27) The metric β_{ab} on sphere S^−_d is maximally symmetric one for which the curvature tensor reads R_{cabd} = β_{cb}β_{ad} − β_{cd}β_{ba} R_{ab} = (d − 1)β_{ab} . (4.28) Commuting the covariant derivatives with the help of identity ∇_c∇_aχ^c_b − ∇_a∇_cχ^c_b = dχ_{ab} − β_{ab}tr χ (4.29) we find that equation (4.24) (after substituting (4.25)) can be written in the form χ^{′′}_{ab} + (d − 4) coth τ χ^′_{ab} + (4 − 2d) coth^2 τ χ_{ab} − 1 cosh^2 τ ∇^2χ_{ab} − 1 coth τ

B_{ab} + F_{ab} = 0 , (4.30) where we define B_{ab} = β_{ab}B − ∇_a∇_bB F_{ab} = ∇_aC_b + ∇_bC_a + ∇_a∇_bD − 2β_{ab}D , (4.31) and D is defined in (4.27).

As usual the general solution to the inhomogeneous differential equation (4.30) is sum of general solution of homogeneous (B_{ab} = F_{ab} = 0) equation and a particular solution of the inhomogeneous equation, i.e.

χ_{ab} = χ^{(hom)}_{ab} + χ^{(inh)}_{ab} . (4.32) A solution of the inhomogeneous equation can be easily found and it takes the form χ^{(inh)}_{ab} = χ^{(F)}_{ab} cosh^2 τ + χ^{(B)}_{ab} sinh τ cosh τ , (4.33) where χ^{(F)}_{ab} = 1 ∇^2 − 2 F_{ab} , χ^{(B)}_{ab} = 1 d − ∇^2 B_{ab} . (4.34)

Since tr F = (∇^2 − 2)D and tr B = (d − ∇^2)B we have that tr χ^{(inh)} = D cosh^2 τ + B sinh τ cosh τ and hence (taking into account (4.25)) the homogeneous part in (4.32) should be traceless, tr χ^{(hom)} = 0 .

Similarly we can analyze the divergence of (4.33). For that we need to know the commutation relation of covariant derivative ∇ and Laplace type operator ∇^2 = ∇^a∇_a as acting on symmetric tensor χ_{ab}. Useful relation for these purposes is the following ∇_b∇^2χ^b_a − ∇_a∇^2tr χ = ∇^2(∇_bχ^b_a − ∇_atr χ) + (d + 1)∇_bχ^b_a + (d − 3)∇_atr χ . (4.35) Using this relation (and after some algebra) we find that (4.34) satisfy (1 − ∇^2)(∇^bχ^{(B)}_{ab} − ∂_atr χ^{(B)}) = 0 (∇^2 + d − 1)(∇^bχ^{(F)}_{ab} − ∂_atr χ^{(F)}) = (∇^2 + d − 1)C_a . (4.36) Resolving these equations and ignoring the homogeneous part we find that (∇^bχ^{(B)}_{ab} − ∂_atr χ^{(B)}) = 0 (∇^bχ^{(F)}_{ab} − ∂_atr χ^{(F)}) = C_a(θ) . (4.37) Thus the homogeneous part in (4.32) should be transverse and traceless, ∇^bχ^{(hom)}_{ab} = 0 , tr χ^{(hom)} = 0 . (4.38) Its exact form can be easily found χ^{(hom)}_{ab} = (cosh τ )^{5−d2} [A_0(∇^2)P √_{9−2d+d2 −4∇2} 2 d−1 2 ( √ 1 − cosh^2 τ )f_{ab}(θ) +B_0(∇^2)Q √_{9−2d+d2 −4∇2} 2 d−1 2 ( √ 1 − cosh^2 τ )ψ_{ab}(θ)] (4.39) where P^μ_ν (z) and Q^μ_ν (z) are Legendre functions and f_{ab}(θ) and ψ_{ab}(θ) are any transversetraceless tensors, tr f = tr ψ = 0 , ∇^af_{ab} = ∇^aψ_{ab} = 0 . (4.40) These conditions guarantee that the homogeneous part (4.39) of the solution is transverse and traceless. Although the tracelessness is quite obvious the transverseness should be verified. Indeed, using the identity (4.35) for a traceless tensor we find that ∇^bP(∇^2)χ_{ab} = P(∇^2 + d + 1)∇^bχ_{ab} (4.41) is valid for any function P(∇^2) of the Laplace operator ∇^2. Applying this relation to (4.39) we find that condition ∇^bχ^{(hom)}_{ab} = 0 is equivalent to conditions ∇^bf_{ab} = ∇^bψ_{ab} = 0.

The eq.(4.32) where the inhomogeneous part is given by (4.33)-(4.34) and the homogeneous part has the form (4.39) is the general exact solution to the set of gravitational equations (4.22)-(4.24). As it stands expression (4.39) is highly non-local since it contains a very complicated function of operator ∇^2. However, in the expansion in powers of e^τ (when τ → −∞) few first terms are local.

The “constants” A_0(∇^2) and B_0(∇^2) in (4.39) can be chosen in a way that expansion in powers of e^τ , or equivalently in powers of new variable ρ = 4e^{2τ} , takes the form

χ^{(hom)}_{ab} = 1 ρ (f_{ab}(θ) + O(ρ)) + ρ^{d/2} ρ (ψ_{ab}(θ) + O(ρ)) . Combining this with the analogous expansion for the complete solution (4.32) χ_{ab} = 1 ρ (χ^{(0)}_{ab} (θ) + O(ρ)) + ρ^{d/2} ρ (χ^{(d)}_{ab} (θ) + O(ρ)) ,

where χ^{(0)}_{ab} has the meaning of deformation of the metric on sphere S^−_d and χ^{(d)}_{ab} is related to the stress tensor of the dual CFT living on the sphere S^−_d , we find that

χ^{(0)}_{ab} = f_{ab}(θ) + 1 ∇^2 − 2 F_{ab} + 1 ∇^2 − d B_{ab} , χ^{(d)}_{ab} = ψ_{ab}(θ) . (4.42)

Thus the so far undetermined “integration constants” C_a(θ) and B(θ) in (4.25) can be related to the trace and divergence of the deformation χ^{(0)}_{ab}

C_a = ∇^bχ^{(0)}_{ab} − ∂_atr χ^{(0)} , B = 1 (d − 1)

(∇^a∇^bχ^{(0)}_{ab} − ∇^2tr χ^{(0)}) − tr χ^{(0)} . (4.43)

The first equation in (4.42) can be viewed as a way to represent arbitrary symmetric tensor χ^{(0)}_{ab} in terms of its trace, divergence and the transverse-traceless part.

d=2 case is special. In this case there takes place the following

Statement: If χ_{ab} is any tensor on two-dimensional manifold such that tr χ = 0 and ∇^bχ_{ab} = 0 then ∇^2χ_{ab} = R χ_{ab} , where R is the scalar curvature of the manifold.

This statement can be verified by brut-force calculation. For sphere we have R = 2 so that any transverse-traceless tensor in two dimensions is an eigen-function of Laplace operator ∇^2 with the eigen-value 2. This means that we can make a substitution ∇^2 = 2 everywhere in (4.39). The Legendre functions then become trigonometric functions and the homogeneous part of the solution reads

χ^{(hom)}_{ab} = f̃_{ab} cosh^2 τ + ψ̃_{ab} cosh τ sinh τ . (4.44)

Combining this with the inhomogeneous part (4.33) we find that the total solution (4.32) in two dimensions being expressed in terms of variable ρ has only few terms. This is of course consistent with the more general result obtained in [13] that in d+1=3 the solution to Einstein equations with nonzero cosmological constant has ρ-expansion which terminates on the first three terms. Here we have proven this for the perturbations. The proof however is rather non-trivial since it was not quite clear from the expression (4.39) how the complicated Legendre functions may reduce to just few exponential terms even after we put d=2 in (4.39). The above Statement was crucial for the demonstration of the consistency.

Summarizing this subsection, the arbitrary symmetric tensor χ^{(0)}_{ab} (θ) describing deformation of the metric structure on d-sphere and the transverse-traceless tensor ψ_{ab}(θ) related to the stress tensor of the dual CFT are the holographic data to be specified on d-sphere S^−_d which completely determine the (d + 2)-dimensional Ricci flat metric in the sector λ = 0.

In the holographic pair (χ^{(0)}_{ab} , ψ_{ab}) the function χ^{(0)}_{ab} represents a source which on boundary S^−_d couples to a dual operator represented by ψ_{ab}(θ). The coupling then is as follows ∫ S^−_d χ^{(0)}_{ab} ψ^{ab} . (4.45)

The gauge invariance (4.18) is usual coordinate invariance on the d-sphere

δ_ξχ^{(0)}_{ab} = ∇_aξ_b + ∇_bξ_a ,

where ξ is a vector on S^−_d , under which (4.45) is supposed to be invariant. This imposes constraint ∇^aψ_{ab} = 0 on the dual operator that also motivates its interpretation as a stress-tensor. This condition is what we also get by solving the massless graviton field equation (see (4.40)).

4.2.2 λ = 1: Partially massless graviton in de Sitter space

The equations for perturbations in this case are collected in Appendix B. As was discussed above these equations describe a partially massless graviton field in de Sitter space of dimension d+1. This equation has gauge symmetry (4.19). In order to fix the gaugeindependent degrees of freedom we may want to impose some gauge conditions. A possible condition to impose is Tr χ = −χ_{τ τ} + e^Atr χ = 0 .

It is the gauge suggested in [35]. Another possible way to impose gauge fixing constraint is to demand that

χ_{τ τ} = 0 . (4.46)

Looking at the transformation for the component χ_{τ τ} ,

δ_ξχ_{τ τ} = ∂^2_τ ξ − ξ , (4.47)

we find that condition (4.46) restricts the gauge parameter ξ(θ, τ ) to take the form

ξ = ξ_0(θ)e^{−τ} + ξ_2(θ)e^τ . (4.48)

In this sub-section we prefer to use condition (4.46) and will see that field equations are considerably simplified in this gauge. As we can see from (4.48), the condition (4.46) does not fix the components ξ^{(0)} and ξ^{(2)} of the gauge parameter so that there still remains some fiducial gauge invariance. In fact this invariance is important and plays the role similar to the asymptotic conformal symmetry in the case λ = 0. On (τ a)- and (ab)-components of the perturbation the gauge transformation with parameter taking the form (4.48) acts as follows

δ_ξχ_{τ a} = 1 cosh τ

(∂_aξ_0 − ∂_aξ_2)

δ_ξχ_{ab} = e^{−τ} [∇_a∇_bξ_0 + 1 2 β_{ab}(ξ_0 + ξ_2)] + e^τ [∇_a∇_bξ_2 + 1 2 β_{ab}(ξ_2 + ξ_0)] . (4.49)

In the gauge (4.46) the equations of Appendix C are simplified and can be solved explicitly. Substituting equation (C.1) into (C.3) and recalling that e^A = cosh^2 τ we find that tr χ = β^{ab}χ_{ab} satisfies a simple differential equation

tr χ^{′′} − tr χ = 0 , (4.50)

the general solution is

tr χ = α(θ) cosh τ + γ(θ) sinh τ , (4.51)

where α(θ) and γ(θ) are some integration constants. Substituting this back to equations (C.1) and (C.2) we get that ∇^aχ_{aτ} = γ(θ) cosh τ

(4.52) and (∇^bχ_{ba} − ∂_atr χ) = cosh^2 τ (∂_τ χ_{τ a} + d sinh τ cosh τ χ_{τ a}) . (4.53)

Taking one more divergence of eq.(4.53) we get

∇^a∇^bχ_{ab} − ∇^2tr χ = (d − 1)γ(θ) sinh τ . (4.54)

The equations (4.51) and (4.54) tell us that in the expansion of the perturbation χ_{ab} in powers of e^τ all terms, except the first three terms, are traceless and partially conserved. The partial conservation is very important (see [35]) in the theory of partially massless graviton field and for its relation to a conformal field theory on the boundary. As was discussed in [35] the partial conservation is directly related to the gauge symmetry^¶ generated by (4.48). We discuss this point later in the paper. Here we just note that the functions α(θ) and γ(θ) transform as

δ_ξα(θ) = (∇^2 + d)(ξ_0 + ξ_2) δ_ξγ(θ) = ∇^2(ξ_2 − ξ_0) . (4.55)

These functions are the only variables which transform non-trivially under the gauge transformation (4.19).

Next equation to be solved is (C.4). Substituting the gauge condition (4.46), equation (C.2) and explicit expression for A(τ ) we find that this equation takes a simpler form χ^{′′}_{τ a} + d sinh τ cosh τ χ^′_{τ a} + [d − 1 −

(∇^2 − 1) cosh^2 τ

]χ_{τ a} + ∂_aγ cosh^3 τ

= 0 . (4.56)

¶In paper [35] only the part of transformations which is due to ξ_0 was considered.

This equation can be solved explicitly and general solution is a sum of a particular solution of the inhomogeneous equation and general solution of the homogeneous equation,

χ_{τ a} = χ^{(inh)}_{τ a} + χ^{(hom)}_{τ a} , (4.57)

where we find that

χ^{(inh)}_{τ a} = 1 cosh τ 1 (∇^2 − d + 1)

∂_aγ (4.58) and χ^{(hom)}_{τ a} = (cosh τ )^{1−d2} [A(∇^2)P √_{5−2d+d2 −4∇2} 2 d−3 2 (−i sinh τ )J_a(θ)

+B(∇^2)Q √_{5−2d+d2 −4∇2} 2 d−3 2 (−i sinh τ )I_a(θ)] . (4.59)

This solution should satisfy equation (4.52) and thus we get some conditions on the so far arbitrary “constants” J_a(θ) and I_a(θ). Using identity (A.5) we show that

∇^aχ^{(inh)}_{aτ} = γ(θ) cosh τ

. (4.60)

So that the homogeneous part of the solution should be covariantly conserved, ∇^aχ^{(hom)}_{aτ} = 0. Using identity (A.6) we find that the latter condition imposes constraints

∇^aJ_a(θ) = ∇^aI_a(θ) = 0 , (4.61)

i.e. J_a and I_a are arbitrary covariantly conserved vectors on S^−_d . Choosing A(∇^2) and B(∇^2) appropriately we find that (4.57) has asymptotic expansion

χ_{τ a} = 2e^τ (χ^{(0)}_{τ a} + O(e^τ )) + e^{τ (d−1)}(I_a(θ) + O(e^τ )) , (4.62)

where the rest terms in the expansion are completely determined by these two terms and we have that

χ^{(0)}_{τ a} = J_a + 1 ∇^2 − d + 1

∂_aγ , ∇^aχ^{(0)}_{τ a} = γ(θ) (4.63)

that is a way to present a vector in terms of its divergence (γ) divergence-free part (J_a). Thus two vectors: arbitrary vector χ^{(0)}_{τ a} and divergence-free vector I_a form the first holographic pair at the level λ = 1.

The only equation left is the equation (C.5) on the components χ_{ab} of the perturbation. After all substitutions made this equation reads χ^{′′}_{ab} + (d − 4) sinh τ cosh τ χ^′_{ab} + [3 − d − (

4 − 2d + ∇^2

cosh^2 τ

)]χ_{ab} + 2 sinh τ cosh τ

[∇_aχ_{τ a} + ∇_bχ_{τ b}] + 1 cosh τ [∇_a∇_bα − β_{ab}α] + sinh τ cosh^2 τ

[∇_a∇_bγ − 2β_{ab}γ] = 0 (4.64)

It is again an inhomogeneous equation, the terms staying in the second line in (4.64) play the role of the source for the differential operator staying in the first line. The solution is again of the familiar form

χ_{ab} = χ^{(inh)}_{ab} + χ^{(hom)}_{ab} , (4.65) where the homogeneous part takes the form

χ^{(hom)}_{ab} = (cosh τ )^{5−d2} [A_1(∇^2)P √_{9−2d+d2 −4∇2} 2 d−3 2 (−i sinh τ )k_{ab}(θ)

+B_1(∇^2)Q √_{9−2d+d2 −4∇2} 2 d−3 2 (−i sinh τ )p_{ab}(θ)] . (4.66)

Several terms contribute to the inhomogeneous part

χ^{(inh)}_{ab} = χ^{(α)}_{ab} + χ^{(γ)}_{ab} + χ^{(J)}_{ab} + χ^{(I)}_{ab} , (4.67)

where

χ^{(α)}_{ab} = 1 ∇^2 − d

(∇_a∇_b − β_{ab})α(θ) cosh τ (4.68)

χ^{(γ)}_{ab} = 2 ∇^2 − 2d + 4 ( 1 2 ∇_a∇_b − β_{ab} +∇_a 1 ∇^2 − d + 1

∇_b + ∇_b 1 ∇^2 − d + 1

∇_a)γ(θ) sinh τ (4.69)

χ^{(J)}_{ab} = F^{(J)}(∇^2, τ )(∇_aJ_b + ∇_bJ_a) χ^{(I)}_{ab} = F^{(J)}(∇^2, τ )(∇_aI_b + ∇_bI_a) , (4.70)

and function F^{(J)}(∇^2, τ ) (F^{(I)}(∇^2, τ )) is a solution to differential equation

F^{′′} + (d − 4) sinh τ cosh τ

F^′ + (3 − d −

(4 − 2d + ∇^2) cosh^2 τ

)F + 2 sinh τ cosh τ

Φ = 0 (4.71)

with Φ^{(J)}(∇^2, τ ) = (cosh τ )^{1−d2} A(∇^2 − d − 1)P √_{9+2d+d2 −4∇2} 2 d−3 2 (−i sinh τ ) and Φ^{(I)}(∇^2, τ ) = (cosh τ )^{1−d2} B(∇^2 − d − 1)Q √_{9+2d+d2 −4∇2} 2 d−3 2 (−i sinh τ ) .

Eq.(A.5) was used in deriving Φ^{(I)} and Φ^{(J)} from (4.59). We do not have a closed-form expression for functions F^{(J)} and F^{(I)} but the expansion is readily available

F^{(J)}(∇^2, τ ) = e^τ [ 1 4 − d + O(e^τ )]

F^{(I)}(∇^2, τ ) = e^{τ (d−1)}[ 1 d + O(e^τ )] , (4.72)

where we keep only the leading terms. The dependence on ∇^2 appears in the subleading terms. Two cases are special: d=2 and d=4. The expansion then should be modified

F^{(J,I)}(∇^2, τ ) = e^τ τ^2[1 + O(e^τ )] , d = 2 F^{(J)}(∇^2, τ ) = e^τ τ [1 + O(e^τ )] , d = 4 . (4.73)

In terms of variable ρ it involves a logarithm, ρ ln ρ and ρ^{1/2} ln ρ respectively. As (4.72) and (4.73) indicate χ^{(J)}_{ab} and χ^{(I)}_{ab} contribute in a way that J_a and I_a show up in the subleading terms of the total solution (4.65).

Using identities from Appendix A we can now show that

∇^a∇^bχ^{(α)}_{ab} − ∇^2tr χ^{(α)} = 0 ∇^a∇^bχ^{(J)}_{ab} = ∇^a∇^bχ^{(I)}_{ab} = 0 ∇^a∇^bχ^{(γ)}_{ab} − (∇^2 + d − 1)tr χ^{(γ)} = 0 . (4.74)

It indicates that the non-conservation in equation (4.54) is entirely due to the term χ^{(γ)}_{ab} . Similarly for the trace we have that

tr χ^{(α)} = α(θ) cosh τ , tr χ^{(γ)} = γ(θ) sinh τ , tr χ^{(J)} = tr χ^{(I)} = 0 . (4.75)

Combining (4.74) and (4.75) with (4.51) and (4.54) we conclude that the homogeneous part of the solution should be traceless and partially conserved, tr χ^{(hom)} = ∇^a∇^bχ^{(hom)}_{ab} = 0. This gives conditions

tr k = tr p = 0 and ∇^a∇^bk_{ab} = ∇^a∇^bp_{ab} = 0 (4.76)

for the integration constants k_{ab}(θ) and p_{ab}(θ) in (4.66).

Choosing appropriately A_1(∇^2) and B_1(∇^2) we find that (4.65) has expansion χ_{ab} = 1 2 e^{−τ} (χ^{(0)}_{ab} (θ) + O(e^τ )) + e^{(d−3)τ} (p_{ab}(θ) + O(e^τ )) , (4.77)

where the rest terms in the expansion are determined by these two terms and by the functions J_a and I_a which appear in the terms starting with e^τ and e^{(d−1)τ} respectively. The leading term χ^{(0)}_{ab} in (4.77) has the meaning of boundary value of the perturbation, we have that

χ^{(0)}_{ab} = 1 ∇^2 − d (∇_a∇_b − β_{ab})α + 2 ∇^2 − 2d + 4 ( 1 2 ∇_a∇_b − β_{ab} +∇_a 1 ∇^2 − d + 1

∇_b + ∇_b 1 ∇^2 − d + 1

∇_a)γ(θ) + k_{ab} . (4.78)

Thus the functions α and γ can be related to the trace and the partial non-conservation of the tensor χ^{(0)}_{ab}

α(θ) = 2tr χ^{(0)} + 1 d − 1 [∇^a∇^bχ^{(0)}_{ab} − ∇^2tr χ^{(0)}] γ(θ) = − 1 d − 1 [∇^a∇^bχ^{(0)}_{ab} − ∇^2tr χ^{(0)}] (4.79)

so that (4.78) is just a way to represent any symmetric tensor in terms of its trace, partial non-conservation and a traceless and partially conserved part.

We did not use yet the equation (4.53). This equation imposes certain relations between the so far independent functions χ^{(0)}_{ab} , p_{ab}, χ^{(0)}_{τ a} and I_a appearing in the expansions (4.77) and (4.62). Substituting these expansions in the equation (4.53) and comparing terms at the same order of e^τ on both sides we find the relations

∇^bχ^{(0)}_{ab} − ∂_atr χ^{(0)} = (1 − d)χ^{(0)}_{τ a} (4.80) and ∇^bp_{ab} = − 1 4 I_a . (4.81)

Together with (4.57) equations (4.65)-(4.69) give us exact and complete solution to the partially massless graviton field equations on de Sitter space. We are now in the position to determine the holographic data on the boundary (S^−_d ) of de Sitter space. Additionally to the pair (χ^{(0)}_{τ a} , I_a) the two functions (χ^{(0)}_{ab} , p_{ab}) form another holographic pair at the level λ = 1. This data is subject to constraints (4.61), (4.76) and (4.80) and (4.81). Notice that the partial conservation is a consequence of relations (4.80) and (4.81) and of condition (4.61). This completes the holographic data at this level.

In the dS/CFT duality in each pair (χ^{(0)}_{τ a} , I_a) and (χ^{(0)}_{ab} , p_{ab}) the first function should be considered as a source which couples on the boundary (S^−_d ) to quantum operator associated with the second function of the pair. The couplings thus take the form ∫ S^−_d χ^{(0)}_{τ a} I^a and ∫ S^−_d χ^{(0)}_{ab} p^{ab} .

The gauge invariance (4.49) for the source

δ_ξχ^{(0)}_{τ a} = 2∂_a(ξ_2 − ξ_0)

δ_ξχ^{(0)}_{ab} = (∇_a∇_b ξ_0 + 1 2 β_{ab} ξ_0) + 1 2 β_{ab} ξ_2 then implies that the dual operators should satisfy certain constraints: vector I_a(θ) should have vanishing divergence and tensor p_{ab}(θ) should be traceless and partially conserved. This is exactly what we see from our solution (see (4.61) and (4.76)). Concluding this sub-section we want to stress that the description dual to the partially massless graviton in de Sitter space does not just contain a tensor operator p_{ab}(θ) which is traceless and partially conserved, as it was suggested in [35]. It should contain also a divergence-free vector operator I_a(θ) related to the operator p_{ab}(θ) according to (4.81).

4.2.3 λ ≠ 0, 1: Massive graviton in de Sitter space

The process of solving the field equations in this case goes pretty much in a similar fashion as before. One of the field equations (or rather constraints) is that the perturbation should be traceless (see second equation in (4.16)). This equation allows to express the component χ^{(λ)}_{τ τ} of the perturbation in terms of the trace of components χ^{(λ)}_{ab} in the following way

χ^{(λ)}_{τ τ} = e^{−A(τ )}tr χ^{(λ)} . (4.82)

The first equation in (4.16) then gives a pair of equations (where (4.82) has been taken into account)

∇^aχ^{(λ)}_{τ a} = ∂_τ tr χ^{(λ)} +

(d − 1) 2 A^′tr χ^{(λ)} (4.83) and ∇^bχ^{(λ)}_{ba} = e^A( d 2 A^′χ^{(λ)}_{τ a} + ∂_τ χ^{(λ)}_{τ a} ) . (4.84)

The field equations (4.17) are collected in Appendix D. Notice that the (τ τ ) component of (4.17) is an equation on the trace tr χ^{(λ)}. With the help of (4.83) this equation takes the form

∂^2_τ tr χ^{(λ)} + d coth τ

∂_τ tr χ^{(λ)} + [λ(d − λ) −

∇^2 cosh^2 τ

]tr χ^{(λ)} = 0 (4.85)

and in fact is identical to the scalar field equation (3.4) on de Sitter space considered in section 2. The solution takes the form similar to (3.6)

tr χ^{(λ)} = (cosh τ )^{1−d2} [A^{(0)}_λ (∇^2)P √_{(d−1)2 −4∇2} 2 (d−1) 2 −λ (−i sinh τ )f (λ)(θ) +B^{(0)}_λ (∇^2)Q √_{(d−1)2−4∇2} 2 (d−1) 2 −λ (−i sinh τ )g (λ)(θ)] , (4.86)

where A^{(0)}_λ (∇^2) and B^{(0)}_λ (∇^2) are chosen in a way that the asymptotic behavior of (4.86) take the form

tr χ^{(λ)} = e^{τ (d−λ)}(f^{(λ)}(θ) + O(e^τ )) + e^{τ λ}(g^{(λ)}(θ) + O(e^τ )) . (4.87)

Respectively using (4.82) we find the asymptotic expansion for the (τ τ ) components of the perturbation,

χ^{(λ)}_{τ τ} = 4e^{2τ} ( e^{τ (d−λ)}(f^{(λ)}(θ) + O(e^τ )) + e^{τ λ}(g^{(λ)}(θ) + O(e^τ )) ) . (4.88)

The (τ a) component (D.2) of equation (4.17) takes a similar form of inhomogeneous differential equation

∂^2_τ χ^{(λ)}_{τ a} + d coth τ

∂_τ χ^{(λ)}_{τ a} + [λ(d − λ) −

(∇^2 − 1) cosh^2 τ

]χ^{(λ)}_{τ a} + 2 sinh τ cosh^3 τ

∂_atr χ^{(λ)} = 0 . (4.89)

The solution takes the form of sum of two terms

χ_{τ a} = χ^{(hom)}_{τ a} + χ^{(inh)}_{τ a} , (4.90)

where

χ^{(hom)}_{τ a} = (cosh τ )^{1−d2} [A^{(1)}_λ (∇^2)P √_{d2−2d+5−4∇2} 2 (d−1) 2 −λ (−i sinh τ )J (λ) a (θ) +B^{(1)}_λ (∇^2)Q √_{d2 −2d+5−4∇2} 2 (d−1) 2 −λ (−i sinh τ )I (λ) a (θ)] , (4.91)

and I^{(λ)}_a (θ) and J^{(λ)}_a (θ) are (at this point) arbitrary vectors on d-sphere. The term χ^{(inh)}_{τ a} in (4.90) is due to the inhomogeneity in (4.89) caused by the term depending on tr χ^{(λ)}. Although a closed-form expression for χ^{(inh)}_{τ a} may be possible to find what we really need is an expansion of the solution in powers of e^τ ,

χ^{(inh)}_{τ a} (τ, θ) = 4e^{2τ} ( e^{τ (d−λ)}( ∂_af^{(λ)}(θ) 2 + d − 2λ

+ O(e^τ )) + e^{τ λ}(

∂_ag^{(λ)}(θ) 2λ + 2 − d

+ O(e^τ )) ) . (4.92)

These terms are subleading with respect to those coming from the expansion of (4.91) so that for the total solution (4.90) we have that

χ^{(λ)}_{τ a} = e^{τ (d−λ)}(I^{(λ)}_a (θ) + O(e^τ )) + e^{τ λ}(J^{(λ)}_a (θ) + O(e^τ )) . (4.93)

The equation (D.3) χ^{′′}_{ab} + (d − 4) coth τ χ^′_{ab} + [λ(d − λ) + 4 − 2d − (

4 − 2d + ∇^2

cosh^2 τ )]χ_{ab} +2 sinh τ cosh τ

[∇_aχ_{τ a} + ∇_bχ_{τ a}] − 2 sinh^2 τ cosh^2 τ β_{ab} tr χ = 0 (4.94) has solution in the form χ^{(λ)}_{ab} = χ^{(hom)}_{ab} + χ^{(inh)}_{ab} , (4.95) where the homogeneous part is χ^{(hom)}_{ab} = (cosh τ )^{5−d2} [A^{(2)}_λ (∇^2)P √_{9−2d+d2 −4∇2} 2 d−1 2 −λ (−i sinh τ )f (λ) ab (θ) +B^{(2)}_λ (∇^2)Q √_{9−2d+d2 −4∇2} 2 d−1 2 −λ (−i sinh τ )ψ (λ) ab (θ)] . (4.96) Its expansion (when τ → −∞) is

χ^{(hom)}_{ab} = e^{−2τ} ( e^{τ (d−λ)}(ψ^{(λ)}_{ab} (θ) + O(e^τ )) + e^{τ λ}(f^{(λ)}_{ab} (θ) + O(e^τ )) ) . (4.97) The expansion of the inhomogeneous part in (4.95) can be obtained by inserting the expansions for tr χ^{(λ)} (4.87) and χ^{(λ)}_{τ a} (4.93) into the equation (4.94) and taking the leading part in the equation. We then obtain χ^{(inh)}_{ab} = 1 2λ − d + 2

H^{(λ)}_{ab} e^{λτ} + 1 d + 2 − 2λ

G^{(λ)}_{ab} e^{(d−λ)τ} , (4.98) where we keep only the leading terms and defined H^{(λ)}_{ab} = ∇_aI^{(λ)}_b + ∇_bI^{(λ)}_a + β_{ab}g^{(λ)} G^{(λ)}_{ab} = ∇_aJ^{(λ)}_b + ∇_bJ^{(λ)}_a + β_{ab}f^{(λ)} .

Obviously (4.98) is subleading with respect to (4.97). Thus to the leading order the (ab) components of the perturbation behave as χ^{(λ)}_{ab} = e^{−2τ} (e^{τ (d−λ)}ψ^{(λ)}_{ab} (θ) + e^{τ λ}f^{(λ)}_{ab} (θ)) . (4.99) At this point we see that the complete solution to the set of equations (4.82), (D.1)-(D.3) is characterized by the set of tensors f^{(λ)}_{ab} , ψ^{(λ)}_{ab} , J^{(λ)}_a , I^{(λ)}_a , g^{(λ)} and f^{(λ)} defined on the sphere S^−_d . Now we have to take into account the equations (4.83) and (4.84). This will impose certain relations between these functions. Indeed, substituting expansions (4.87), (4.93) and (4.97) into (4.83) and (4.84) and looking at the leading order we get the relations ∇^aJ^{(λ)}_a = (λ − d + 1)g^{(λ)} and ∇^aI^{(λ)}_a = (1 − λ)f^{(λ)} (4.100) and ∇^bf^{(λ)}_{ab} = (λ − d) 4 J^{(λ)}_a and ∇^bψ^{(λ)}_{ab} = − λ 4 I^{(λ)}_a . (4.101)

More relations come from the consistency condition that trace of (4.95) should coincide with (4.86). Comparing the leading terms in the expansions (4.87) and (4.99) we find that ψ^{(λ)}_{ab} and f^{(λ)}_{ab} should be traceless,

tr ψ^{(λ)} = tr f^{(λ)} = 0 . (4.102)

This also means that the whole homogeneous part (4.96) should be traceless so that the non-vanishing trace tr χ^{(λ)} (4.86) is entirely due to the inhomogeneous part in (4.95). To the leading order it can be checked directly (using relations (4.100) and expansions (4.98) and (4.87)).

Several remarks are in order. First, it should be noted that all holographic data satisfying the relations (4.100) and (4.101) can be grouped in pairs: the one which corresponds to λ and another one which corresponds to (d − λ). Interestingly it can be extended to include the cases λ = 0 and λ = 1 which are not of the massive graviton case. Then, the pair to the massless graviton λ = 0 is the massive graviton with λ = d and the pair to partially massless graviton λ = 1 is the massive graviton with λ = d − 1. Of course, these pairs are just two independent solutions to the second order radial differential equations discussed in section 4.1. Second, a somewhat degenerate case is λ =^d_2 . Then the two independent asymptotic solutions considered in this sub-section should be e^{τ d}2 and e^{τ d}2 τ . We do not consider in detail this case. Finally, we note that the asymptotic form (4.99) multiplied by the radial function r^{2−λ} with complex λ =^d_2 + iα is exactly what one would have expected for the representation of plane gravitational waves and is similar to the representation (3.7) for the plane waves in the case of the scalar field.

4.3 Summary

Let us summarize our rather long analysis. The metric perturbation over Minkowski space has been represented in the form h_{ij} (r, τ, θ) = ∑ (λ) r^{2−λ}χ^{(λ)}_{ij} (τ, θ) + r^{2− d2} ( χ^{(d/2)}_{ij} (x) + φ^{(d/2)}_{ij} (x) ln r ) , where sum over λ may contain also integral as it happens when λ =^d_2 +iα with continuous α. Also, the case of λ =^d_2 is special and involves a logarithm in the representation for the perturbation and is written in the above expression explicitly.

λ = 0: components χ_{τ τ} and χ_{τ a} vanish by the gauge conditions; the asymptotic behavior for (ab) components is

χ_{ab} = e^{−2τ} [(χ^{(0)}_{ab} + ..) + (e^{(d−1)τ} ψ_{ab} + ..)] ,

where χ^{(0)}_{ab} (θ) is arbitrary and has the meaning of deformation of the metric structure on d-sphere; ψ_{ab}(θ) should satisfy conditions

tr ψ = 0 and ∇^bψ_{ab} = 0 .

λ = 1: component χ_{τ τ} = 0 by gauge fixing; the asymptotic behavior of the non-vanishing components χ_{τ a} = 2e^τ (χ^{(0)}_{τ a} (θ) + ..) + e^{τ (d−1)}(I_a(θ) + ..)

χ_{ab} = 1 2 e^{−τ} [(χ^{(0)}_{ab} (θ) + ..) + e^{(d−3)τ} (p_{ab}(θ) + ..)] ,

where the following conditions should be satisfied

∇^aI_a = 0 and tr p = 0 , ∇^a∇^bp_{ab} = 0

as well as relations

∇^bχ^{(0)}_{ab} − ∂_atr χ^{(0)} = (1 − d)χ^{(0)}_{τ a} and ∇^bp_{ab} = − 1 4 I_a . λ ≠ 0, 1: all components are non-vanishing, the asymptotic behavior is as follows

χ^{(λ)}_{τ τ} = 4e^{2τ} [e^{τ (d−λ)}(f^{(λ)}(θ) + ..) + e^{τ λ}(g^{(λ)}(θ) + ..)]

χ^{(λ)}_{τ a} = e^{τ (d−λ)}[(I^{(λ)}_a (θ) + ..) + e^{τ λ}(J^{(λ)}_a (θ) + ..)]

χ^{(λ)}_{ab} = e^{−2τ} [e^{τ (d−λ)}(ψ^{(λ)}_{ab} (θ) + ..) + e^{τ λ}(f^{(λ)}_{ab} (θ) + ..)] with constraints and relations tr ψ^{(λ)} = tr f^{(λ)} = 0 ∇^aJ^{(λ)}_a = (λ − d + 1)g^{(λ)} and ∇^aI^{(λ)}_a = (1 − λ)f^{(λ)}

∇^bf^{(λ)}_{ab} = (λ − d) 4 J^{(λ)}_a and ∇^bψ^{(λ)}_{ab} = − λ 4 I^{(λ)}_a .

λ =^d_2 : If d ≠ 2 both functions χ^{(d/2)}_{ij} and φ^{(d/2)}_{ij} have the same expansion as in the case λ ≠ 0, 1 considered above; in the case d = 2 the function χ^{(d/2)}_{ij} should be identified with the λ = 1 perturbation.

The coefficients in the above expansions (subject to the above mentioned constraints) form the holographic data on the sphere S^−_d which should be sufficient for the complete reconstruction of the (d+2)-dimensional Ricci-flat metric. The uncovered holographic data should have interpretation in terms of the conformal field theory living on sphere S^−_d as well as from the point of view of the (d+2)-dimensional gravitational physics. As for the CFT interpretation the tensors f^{(λ)}_{ab} (θ) and ψ^{(λ)}_{ab} (θ) are naturally interpreted as an infinite set of the stress-tensors corresponding to the infinite set of the conformal operators on d-sphere that represent the matter degrees of freedom. That the stress-tensors are not conserved indicates that the the dual conformal theory couples to a set of sources (represented by operators J^{(λ)}_a and I^{(λ)}_a ). In this case the conservation is replaced by the Ward identity (see [15] for some discussion of this). On the other hand, the operators J^{(λ)}_a and I^{(λ)}_a are not conserved as well due to coupling to the operators g^{(λ)} and f^{(λ)}. It would be interesting to make more precise the relation between these operators and the infinite set of operators (O^>_λ and O^<_λ ) representing the matter fields. For that one would have to analyze the coupled gravity-matter system.

It seems natural to suggest that the holographic data should encode information about the mass and rotation of the asymptotically flat gravitational configuration. In particular, we expect that I^{(λ)}_a and J^{(λ)}_a should carry information about the angular momentum. Also, the data should contain information about the energy flow coming through the null-infinity. The latter seems to be encoded in the data corresponding to λ =^d_2 + iα. The details however need to be further understood. In the next section we solve a somewhat simpler problem and analyze where in the holographic data on S^−_d it is stored the information about mass of the static gravitational configuration.

5 Asymptotic form of the black hole metric

The holographic data which we revealed in the previous section should encounter for all relevant information about the gravitational physics in asymptotically flat space-time. In particular it should encode the energy balance between the mass of the gravitational configuration and the energy flow coming through the null-infinity. Thus, we expect that the Bondi mass can be appropriately re-defined in terms of the described holographic data. This is a problem for future investigation. Here we solve a simpler problem of encoding the information about the mass of a static configuration. We want to see which particular term in the λ-representation of the asymptotic metric contains information about the mass. We start with the known metric of (non-rotating) black hole and then bring it to the form which is more appropriate for our asymptotic analysis. The standard form of the metric is ds^2 = −g(ρ)dt^2 + g^{−1}(ρ)dρ^2 + ρ^2dω^2_{Sd} , (5.1)

where the metric function g(ρ) depends on the space-time dimension. When the spacetime dimension is d+2=4 the metric (5.1) is the Schwarzschild solution,

g(ρ) = 1 − 2m ρ . (5.2)

In higher dimensions the metric is known as Myers-Perry metric [38],

g(ρ) = 1 − 2m ρ^{d−1} . (5.3)

Parameter m is the mass in the case d=2 and is related to the mass when d > 2. The metric (5.1) should be brought to the form ds^2 = dr^2 + r^2(−F (r, τ )dτ^2 + R(r, τ )dω^2_{Sd} ) (5.4)

in terms of new coordinates (r, τ ). When r goes to infinity the function F (r, τ ) should approach 1 while the function R(r, τ ) = cosh^2 τ in this limit so that the standard form of the flat space-time metric is restored. In this limit the relation between coordinates (ρ, t) and (r, τ ) is ρ = r cosh τ , t = r sinh τ .

That the metric (5.1) is non-flat manifests in modifying these relations by subleading terms. Respectively, the subleading terms appear in the r-expansion of the functions R(r, τ ) and F (r, τ ). It is rather straightforward although quite tedious to obtain this expansion. Below we present the result. d = 2:

F (r, τ ) = 1 + 4m cosh^3 τ ln r r + 2 r f(τ ) R(r, τ ) = cosh^2 τ − 2m cosh τ ln r r + 2 r a(τ ) cosh τ (5.5) d > 2: F (r, τ ) = (1 + f(τ ) r )^2 − ( d d − 2 ) 2m cosh^{d+1} τ 1 r^{d−1} R(r, τ ) = (cosh τ + a(τ ) r )^2 + 2m (d − 2) cosh^{d−1} τ 1 r^{d−1} (5.6)

We skip the subleading terms in (5.5) and (5.6). In both cases the function f(τ ) is arbitrary and a(τ ) is defined as

a(τ ) = ∫ f(τ ) sinh τ dτ . As we have already seen, the d = 2 case (Minkowski space-time has physical dimension 4) is in many respects special. Equation (5.5) indicates another peculiarity of d = 2. Quite surprisingly, the r-expansion of the Schwarzschild metric starts with the term with logarithm, r^{−1} ln r. We see also that both in (5.5) and (5.6) the mass makes its first appearance at the level λ = d − 1. To make connection with our notations let us re-write the expansions (5.5) and (5.6) in the form

r^2 ( φ^{(1)}_{ij} r^{−1} ln r + χ^{(1)}_{ij} r^{−1} ) , d = 2

r^2 ( χ^{(1)}_{ij} r^{−1} + χ^{(d−1)}_{ij} r^{−(d−1)} ) , d > 2 (5.7)

where

φ^{(1)}_{τ τ} = 4m cosh^3 τ

, φ^{(1)}_{ab} = − 2m cosh τ β_{ab}(θ) χ^{(d−1)}_{τ τ} = −( d d − 2 ) 2m cosh^{d+1} τ , χ^{(d−1)}_{ab} = 2m (d − 2) cosh^{d−1} τ β_{ab}(θ) (5.8)

and in both cases the components of χ^{(1)}_{ij} are

χ^{(1)}_{τ τ} = 2f(τ ) , χ^{(1)}_{ab} = 2a(τ ) cosh τ β_{ab}(θ) . (5.9)

Comparing the expressions (5.8) with our analysis we see that components (5.8) are what we called the inhomogeneous part (4.98) of the perturbation while the homogeneous part vanishes identically in (5.8). Notice also that the λ = d−1 solution to the radial differential equations corresponds to mass term m^2 = d − 1. The second independent solution is the one with λ = 1. In the case d=2 the two independent solutions which correspond to the mass term m^2 = 1 are r ln r and r. We see that in the expansion (5.6) there appear both independent solutions corresponding to m^2 = d − 1: the λ = d − 1 term (r ln r term in d=2 case) contains information about the mass of gravitational configuration while the λ = 1 term contains an arbitrary function of τ . Freedom in the choice of this function is apparently a manifestation of the gauge symmetry (4.19) appearing exactly at the level λ = 1. Comparing (5.8) with our analysis in section 4.2.3 we can single out the primary element in the holographic data which contains the information about the mass. We find that it is the function g^{(λ=1)}(θ) which is proportional to the mass m and brings the dependence on m into all metric components. Generically, g^{(λ)}(θ) (defined in (4.87)) is a source for the vector J^{(λ)}_a via equation (4.100). But in the case λ = 1 the coefficient in front of the source vanishes and J^{(λ)}_a is divergence-free. On the other hand, the current J^{(λ)}_a plays the role of the source for f^{(λ)}_{ab} (4.101) and since J^{(λ)}_a is conserved it means that f^{(λ)}_{ab} is partially conserved. (It is also traceless by (4.102).) This latter property singles out the value λ = d − 1. Of course, all J^{(λ)}_a and f^{(λ)}_{ab} identically vanish in the solution (5.5) and (5.6). But they would be non-trivial in the general case of dynamical situation when there is flow of energy coming through the past null-infinity. It is certainly interesting to analyze how information about the flow is encoded in the holographic data.

6 Conclusion

Minkowski space-time can be reconstructed from some data specified on the boundary of light-cone. This works in a fashion similar to the known holographic reconstruction of asymptotically anti-de Sitter space from the boundary data. In the latter case the holographic pair consists on metric representing the conformal class on the boundary and the stress-tensor of the boundary theory. In the present case since infinitely many adS and dS slices end at the boundary of the light-cone we should expect that infinitely many stress-tensors need to be specified there. Also, since the data should represent the (d+2)- dimensional physics which does not confine to the boundary only, these stress-tensors are not expected to be conserved. Rather they should satisfy the Ward identities as required by the coordinate invariance. Indeed, what we have found is the chains of holographic operators that can be represented as follows

f^{(λ)}_{ab}^∇→ J^{(λ)}_a^∇→ g^{(λ)} and ψ^{(λ)}_{ab}^∇→ I^{(λ)}_a^∇→ f^{(λ)} .

The label λ parameterizes the infinite family of such operators. Another expectation is that in the dual theory the central charge (coming naively from the radius of each (a)dS slice) should be continuous function perhaps parameterized by λ so that each stress-tensor in the infinite family should have its own central charge. However, we do not see this in our analysis since all tensors f^{(λ)}_{ab} and ψ^{(λ)}_{ab} are traceless. Of course, these tensors represent only the linearized part of the stress-tensors in the full non-linear problem. But that they are traceless in the linear order may indicate that the central charge is well-defined in the dual theory independently of λ. This should be further investigated. From the gravitational perspective the above sets of operators represent the bulk gravitational dynamics and should describe the mass, angular momentum and the energy flow. The latter can be due to gravitational waves and is likely to be represented by the holographic operators with complex λ. We finish with a remark that our construction may be a nice starting point for the quantization of asymptotically flat gravitational field since the set of the holographic data is obviously even-dimensional and seems to be well-suited for introduction of the symplectic structure.

Acknowledgments The work on this project took old-fashionedly long interval

of time during which author’s daughter Alexandra was born and author has managed to move to a new University. It is a pleasure to acknowledge the relaxing and stimulating atmosphere (very much helpful for a technically involved and long-lasted project) of the group of Slava Mukhanov at LMU, Munchen, where this project was started. Author thanks Jan de Boer for fruitful collaboration on paper [1]. The discussions with M. Anderson, J. Barbon, O. Biquard, R. Graham, K. Krasnov, R. Mann, R. Myers, I. Sachs, K. Schleich, K. Skenderis and L. Smolin were very useful. The preliminary results were reported at the 73rd Meeting between Physicists and Mathematicians on “(A)dS/CFT correspondence” (Strasbourg), September 2003. Special thanks to the organizers for organizing this wonderful meeting and for their kind persistence which played crucial role in the actual finishing this work. At different stages this project was supported by DFG grants SPP 1096 and Schu 1250/3-1.

Appendix A Some useful identities in dS_d and S_d

In this Appendix we collect some usefull commutation relations of covariant derivative and Laplace type operator ∇^2 = ∇^a∇_a on d-dimensional de Sitter space. These identities are valid in any signature. In the case of Euclidean signature the space is d-dimensional sphere. Both spaces are maximally symmetric so that the Riemann curvature can be expressed in terms of metric β_{ab}, R_{cabd} = β_{cb}β_{ad} − β_{cd}β_{ba} R_{ab} = (d − 1)β_{ab} . (A.1) The commutation of covariant derivatives on such spaces is significantly simplified. The useful relations are ∇_a∇^2ϕ = ∇^2∇_aϕ − (d − 1)∇_aϕ (A.2) for scalar field ϕ, ∇_a∇^2A_b = (∇^2 − d + 1)∇_aA_b + 2β_{ab}∇^cA_c − 2∇_bA_a (A.3) for vector field A_a. Contracting the indices in (A.3) we find that ∇^a∇^2A_a = (∇^2 + d − 1)∇^aA_a . (A.4) Taking the symmetrization of equation (A.3) and assuming that ∇^aA_a = 0 we get another useful identity for vector ∇_a∇^2A_b + ∇_b∇^2A_a = (∇^2 − d − 1)(∇_aA_b + ∇_bA_a) . (A.5) For symmetric tensor h_{ab} we get the identity ∇_b∇^2h^b_a = (∇^2 + d + 1)(∇_bh^b_a) − 2∇_atr h . (A.6)

B Legendre functions: differential equation and asymptotic behavior

Solution to the differential equation

y^{′′}(τ ) + 1 − 2a coth τ y^′(τ ) − (b − c cosh^2 τ

)y(τ ) = 0 , (B.1)

where a, b, c are some constants, is a combination of P - and Q-Legendre functions:

y(τ ) = (cosh(τ ))^a ( C_1P^{√a2+c} −^1_2 +

√_{b+(a− 12 )2} (−i sinh τ ) + C_2Q^{√a2+c}_{− 12 +}√_{b+(a− 12 )2} (−i sinh τ ) ) ,(B.2)

where C_1 and C_2 are arbitrary integration constants.

For large ξ the Legendre functions asymptotically behave as follows [31]

P^μ_ν (ξ) =

(2ξ)^ν √ π Γ(ν +^1_2 ) Γ(ν − μ + 1) ( 1 + O( ln ξ ξ ) ) , Re ν > − 1 2 Q^μ_ν (ξ) = √ π (2ξ)^{ν+1}

Γ(ν + μ + 1) Γ(ν +^3_2 ) ( 1 + O( ln ξ ξ ) ) (B.3)

C λ = 1 equations on de Sitter space dS_{d+1}

Keeping all components of χ_{ij} , i.e. χ_{τ τ} , χ_{τ a} and χ_{ab}, the equation (4.14) splits on two equations d 2 A^′χ_{τ τ} = e^{−A} ( ∇^aχ_{aτ} + 1 2 A^′tr χ − ∂_τ tr χ ) (C.1)

∂_aχ_{τ τ} − ∂_τ χ_{τ a} − d 2 A^′χ_{τ a} = e^{−A}(∂_atr χ − ∇^bχ_{ba}) , (C.2)

where tr χ = β^{ab}χ_{ab} and ∇^a is with respect to metric β_{ab} on d-sphere.

The other group of equations comes from (4.15). For (τ τ ), (τ a) and (ab) components of (4.15) we have that d 2 A^′∂_τ χ_{τ τ} − d 2 (A^{′2} − 2)χ_{τ τ} +e^{−A} ( tr χ − A^{′2} 2 tr χ + e^A∂^2_τ (e^{−A}tr χ) − ∇^c∇_cχ_{τ τ} + 2A^′∇^bχ_{τ b} ) = 0 (C.3)

∂^2_τ χ_{τ a} + A^′

(d − 2) 2 ∂_τ χ_{τ a} + [

(d + 1) 2 (2 − A^{′2}) − 1 2 A^{′′}]χ_{τ a} + 3 2 A^′∂_aχ_{τ τ} − ∂_a∂_τ χ_{τ τ} +∂_a∂_τ (e^{−A}tr χ) − A^′ 2 ∂_a(e^{−A}tr χ) + A^′e^{−A}∇^bχ_{ab} − e^{−A}∇^c∇_cχ_{τ a} = 0 (C.4)

∂^2_τ χ_{ab} +

(d − 4) 2 A^′∂_τ χ_{ab} + χ_{ab}[(d + 1) − A^{′2} 2 (d − 1) − A^{′′}] +β_{ab}e^A[− A^{′2} 2 χ_{τ τ} + A^′ 2 ∂_τ χ_{τ τ} + χ_{τ τ} ] β_{ab}[− A^′ 2 e^A∂_τ (e^{−A}tr χ) − tr χ] + A^′(∇_aχ_{τ b} + ∇_bχ_{τ a})

−e^{−A}∇^c∇_cχ_{ab} − ∇_a∇_bχ_{τ τ} + e^{−A}∇_a∇_btr χ = 0 (C.5)

D λ ≠ 0, 1 equations on de Sitter space dS_{d+1}

For components (τ τ ), (aτ ) and (ab) of equation (4.17) we find respectively e^A∂^2_τ (e^{−A}tr χ^{(λ)}) − e^{−A}∇^2tr χ^{(λ)} + 2A^′∇^aχ_{τ a} + d 2 A^′∂_τ tr χ^{(λ)} + (2 + λ(d − λ) − (d + 1 2 )A^{′2})tr χ^{(λ)} = 0 (D.1)

∂^2_τ χ^{(λ)}_{τ a} + ( d 2 − 1)A^′∂_τ χ^{(λ)}_{τ a} + (2 + λ(d − λ) − d + 1 2 A^{′2} − 1 2 A^{′′})χ^{(λ)}_{τ a} −e^{−A}∇^2χ^{(λ)}_{τ a} + A^′∂_aχ^{(λ)}_{τ τ} + A^′e^{−A}∇^bχ^{(λ)}_{ba} = 0 (D.2)

∂^2_τ χ^{(λ)}_{ab} + ( d 2 − 2)A^′∂_τ χ^{(λ)}_{ab} − e^{−A}∇^2χ^{(λ)}_{ab} + (2 + λ(d − λ) − A^{′′} −

(d − 1) 2 A^{′2})

+A^′(∇_aχ^{(λ)}_{τ b} + ∇_bχ^{(λ)}_{τ a} ) − 1 2 A^{′2}β_{ab} tr χ^{(λ)} = 0 . (D.3)

References

[1] J. de Boer and S. N. Solodukhin, “A holographic reduction of Minkowski space-time,” Nucl. Phys. B 665, 545 (2003), hep-th/0303006.

[2] J. D. Brown and M. Henneaux, “Central charges in the canonical realization of asymptotic symmetries: an example from three dimensional gravity”, Commun. Math. Phys. 104 (1986) 207.

[3] C. Fefferman and C. R. Graham: “Conformal Invariants”. In: Elie Cartan et les Mathematiques d’aujord’hui, (Asterisque, 1985), 95.

[4] G. ’t Hooft, “Dimensional reduction in Quantum Gravity”, in Salamfestschrift: A Collection of Talks, World Scientific Series in 20th Century Physics, Vol. 4, ed. A. Ali, J. Ellis and S. Randjbar-Daemi (World Scientific, 1993), gr-qc/9310026.

[5] L. Susskind, “The World as a Hologram”, J. Math. Phys. 36 (1995) 6377, hep-th/9409089.

[6] J. Maldacena, “The Large N Limit of Superconformal Field Theories and Supergravity”, Adv. Theor. Math. Phys. 2 (1998) 231, hep-th/9711200.

[7] S. Gubser, I. Klebanov and A. Polyakov, “Gauge Theory Correlators from Non-Critical String Theory”, Phys. Lett. B428 (1998) 105, hep-th/9802109.

[8] E. Witten, “Anti De Sitter Space And Holography”, Adv. Theor. Math. Phys. 2 (1998) 253, hep-th/9802150.

[9] M. Henningson and K. Skenderis, “The holographic Weyl anomaly”, JHEP 9807 (1998), 023, hep-th/9806087; “Holography and the Weyl anomaly”, hep-th/9812023.

[10] C. Imbimbo, A. Schwimmer, S. Theisen and S. Yankielowicz, “Diffeomorphisms and Holographic Anomalies”, Class. Quant. Grav. 17 (1999) 1129, hep-th/9910267.

[11] A. Schwimmer and S. Theisen, “Diffeomorphisms, anomalies and the Fefferman- Graham ambiguity,” JHEP 0008, 032 (2000), hep-th/0008082.

[12] A. Schwimmer and S. Theisen, “Universal features of holographic anomalies,” JHEP 0310, 001 (2003), hep-th/0309064.

[13] K. Skenderis and S. N. Solodukhin, “Quantum effective action from the AdS/CFT correspondence”, Phys. Lett. B432 (2000) 316-322, hep-th/9910023.

[14] R. C. Myers, talk at “Black Holes IV”, Honey Harbour, May 2003.

[15] S. de Haro, S. N. Solodukhin and K. Skenderis, “Holographic reconstruction of spacetime and renormalization in the AdS/CFT correspondence,” Commun. Math. Phys. 217, 595 (2001), hep-th/0002230.

[16] E. Witten, “Quantum Gravity In De Sitter Space”, hep-th/0106109.

[17] A. Strominger, “The dS/CFT Correspondence”, hep-th/0106113.

[18] V. Balasubramanian, J. de Boer and D. Minic, “Mass, entropy and holography in asymptotically de Sitter spaces,” Phys. Rev. D 65, 123508 (2002), hep-th/0110108.

[19] R. Bousso, A. Maloney and A. Strominger, “Conformal vacua and entropy in de Sitter space,” Phys. Rev. D 65, 104039 (2002), hep-th/0112218.

[20] V. Balasubramanian, J. de Boer and D. Minic, “Exploring de Sitter space and holography,” arXiv:hep-th/0207245.

[21] M. Spradlin and A. Volovich, “Vacuum states and the S-matrix in dS/CFT,” Phys.

Rev. D 65, 104037 (2002), hep-th/0112223.

[22] L. Susskind, “Holography in the flat space limit,” hep-th/9901079. [23] J. Polchinski, “S-matrices from AdS spacetime,” hep-th/9901076. [24] R. Bousso, “A Covariant Entropy Conjecture,” JHEP 9907, 004 (1999), hep-th/9905177.

[25] R. Brustein and A. Yarom, “Thermodynamics and area in Minkowski space: Heat capacity of entanglement,” Phys. Rev. D 69, 064013 (2004), hep-th/0311029.

[26] G. Arcioni and C. Dappiaggi, “Exploring the holographic principle in asymptotically flat spacetimes via the BMS group,” Nucl. Phys. B 674, 553 (2003), hep-th/0306142.

[27] K. Krasnov, “Twistors, CFT and holography,” hep-th/0311162. [28] R. Beig and B.G. Schmidt, “Einstein’s equations near Spatial Infinity”, Commun.Math.Phys. 87 (1982) 65-80.

[29] R. Beig, “Integration of Einstein’s equations near spatial infinity”, Proc.R.Soc.Lond.

bf A 391 (1984) 295-304.

[30] S. de Haro, K. Skenderis and S. N. Solodukhin, “Gravity in warped compactifications and the holographic stress tensor,” Class. Quant. Grav. 18, 3171 (2001), hep-th/0011230.

[31] A. Erdelyi et al. Higher transcendental functions (New York: McGraw-Hill Book Co.)

1995.

[32] S. N. Solodukhin, “Correlation functions of boundary field theory from bulk Green’s functions and phases in the boundary theory,” Nucl. Phys. B 539, 403 (1999), hep-th/9806004.

[33] F. Loran, “Massive spinors and dS/CFT correspondence,” hep-th/0404135. [34] I. Sachs and S. N. Solodukhin, “Horizon holography,” Phys. Rev. D 64, 124023 (2001), hep-th/0107173.

[35] L. Dolan, C. R. Nappi and E. Witten, “Conformal operators for partially massless states,” JHEP 0110, 016 (2001), hep-th/0109096.

[36] S. Deser and A. Waldron, “Partial masslessness of higher spins in (A)dS,” Nucl.

Phys. B 607, 577 (2001), hep-th/0103198.

[37] S. Deser and A. Waldron, “Null propagation of partially massless higher spins in (A)dS and cosmological constant speculations,” Phys. Lett. B 513, 137 (2001), hep-th/0105181.

[38] R. C. Myers and M. J. Perry, “Black Holes In Higher Dimensional Space-Times,” Annals Phys. 172, 304 (1986).