arXiv:hep-th/0405260 v1 28 May 2004

MIFP-04-10 hep-th/0405260 May 2004

Matrix Quantum Mechanics for Supermembrane on AdS_7 × S^4

Koichi Murakami^∗

George P. and Cynthia W. Mitchell Institute for Fundamental Physics, Texas A&M University, College Station, TX 77843-4242, USA

Abstract

We explore the light-cone gauge formulation of a closed supermembrane on AdS_7 × S^4. We obtain the action of matrix quantum mechanics with large N U(N) gauge symmetry for the light-cone supermembrane. We show that this action reproduces leading order terms in α^′-expansion of the non-abelian Born-Infeld action of N D0- branes propagating near the horizon of D4-branes. The matrix quantum mechanics obtained in this paper, therefore, has an interpretation as Matrix theory in the nearhorizon of D4-branes.

∗e-mail: kmurakami@physics.tamu.edu

1 Introduction

Supermembranes [1] play important roles in M-theory. For example, they lead to the equations of motion of the low-energy effective field theory of M-theory (i.e. eleven-dimensional supergravity) [1][2], provide string states in type IIA string theory [2] and in E_8 × E_8 heterotic string theory [3], and become D2-branes in type IIA string theory [4][5]. Besides these facts, in Matrix theory [6], infinitely many D0-branes are conjectured to capture all physical degrees of freedom of M-theory in the infinite momentum frame and the resulting D0-brane action [7][8] coincides with that of a closed light-cone supermembrane in the flat space [9]. Supermembranes are therefore expected to play a pivotal role in pursuit of the microscopic description of M-theory.

Soon after Matrix theory was proposed, its curved-space extension was investigated from the viewpoint of D0-brane physics in e.g. refs.[10][11][12]. We may naturally expect that as well as these analyses, the investigation of light-cone supermembranes in curved spaces should provide another promising approach to this problem, taking into account the abovementioned coincidence in the flat space between the action of D0-branes and that of a light-cone supermembrane. The analyses along this line were initiated by ref.[13].

In ref.[13], quite general results are obtained regarding the actions of bosonic light-cone membranes on curved backgrounds and those of the corresponding matrix theories, and then contributions of the fermionic coordinate Θ of supermembranes are included up to quadratic order. The actions of supermembranes in curved spaces are described in terms of the supervielbeins and the three-form superfields in the eleven-dimensional N = 1 superspace [1]. Since the fermionic coordinate Θ in the superspace is an SO(10, 1) Majorana spinor, the superfields are, in general, 32nd order polynomials of Θ. In generic situation, it becomes an intricate task to determine the superfields in all order of Θ [13]. This fact leads us to specific cases in which the backgrounds possess large isometry, because the restriction of the symmetry is expected to facilitate the task. In fact, for the maximally supersymmetric solutions of eleven-dimensional supergravity: Minkowski space, AdS_4 × S^7, AdS_7 × S^4 and the pp-wave solution, the full-order forms of the supervielbeins, super spin-connections and the three-form superfields are determined. In the AdS_4 × S^7 and the AdS_7 × S^4 cases, the superfields are obtained in refs.[14][15][16]. These superfields are reduced to those of the pp-wave background in the Penrose limit [17][18].

Related to the flat case, in refs.[19][20][21], a light-cone supermembrane is considered in the eleven-dimensional Minkowski space with non-trivial periodicity from which the tendimensional Kaluza-Klein Melvin background is derived. In refs.[22][23], the light-cone gauge formulation of a supermembrane on the pp-wave background is constructed and it is shown that the resulting system becomes the matrix model proposed by Berenstein, Maldacena and Nastase (BMN) [24]. Several properties of the BMN matrix model are studied also by refs.[25][26][27].

In this paper, we study the light-cone gauge formulation of a closed supermembrane on AdS_7 × S^4. Similarly to the flat and the pp-wave cases, we obtain the matrix quantum mechanics for the supermembrane. We show that the matrix action of this system takes the same form as that of D0-branes propagating near the horizon of D4-branes. This result is consistent with the fact that AdS_7 × S^4 is obtained as near-horizon geometry [28][29] of the M5-brane solution.

M-theory on AdS_7 × S^4 is proposed to be dual to six-dimensional superconformal field theory on the M5-brane world-volume [30][31][32][33]. This is an example of the AdS/CF T correspondence conjectured by Maldacena [29]. To obtain insights into this AdS_7/CF T_6 correspondence, (semi-)classical analyses of supermembranes on AdS_7 × S^4 are carried out in refs.[34][35][36][37]. Our result should give a new approach to the study of this correspondence.

We make a comment on light-cone supermembranes on AdS_4 × S^7. In the AdS_4 × S^7 solution, the three-form gauge potential C_{m̂n̂p̂} does not satisfy the relation C_{+−m̂} = 0. Hence, the X^−-dependence is not straightforwardly eliminated from the light-cone hamiltonian of the supermembrane [13]. It might deserve more study [13]. In this paper, we will not purse this case further.

It is worth mentioning that light-cone Green-Schwarz superstrings on AdS_5 × S^5 are studied [38][39][40]. Our investigation is therefore an extension of these string analyses into the supermembrane case.

This paper is organized as follows: In Section 2, we construct light-cone gauge formulation of a supermembrane on AdS_7 ×S^4. The resulting action may be regarded as that of quantum mechanics with area-preserving diffeomorphism gauge symmetry. We employ the matrix regularization [41][9][42] for this action. The system consequently becomes matrix quantum mechanics with large N U(N) gauge symmetry. In Section 3, we show that the matrix action obtained in Section 2 coincides with that of large N D0-branes propagating near the horizon of D4-branes. This implies that the light-cone supermembrane on AdS_7 × S^4 has an interpretation in Matrix theory, similarly to the flat case. Section 4 is devoted to conclusions and discussions. In Appendix A, we provide conventions of the SO(10, 1) gamma matrices and spinors used in this paper. In Appendices B and C, rearrangements and detailed forms of several equations are presented.

2 Light-Cone Gauge Formulation

2.1 Supermembrane action on AdS_7 × S^4

The action of a supermembrane on curved space-time is given in ref.[1] as S = ∫ d^3ξ L = −T ∫ d^3ξ [√ − det h_{ij} + ϵ^{ijk} 3! Π^A_i Π^B_j Π^C_k C_{ABC} ] , (2.1)

where T is the membrane tension, which is described in terms of the eleven-dimensional Planck length l_p as T = 1 (2π)^2l^3_p

, (2.2)

ξ^i = (τ, σ^í) (í = 1, 2) are the world-volume coordinates on the membrane, and ϵ^{ijk} and h_{ij} are respectively the anti-symmetric tensor density and the induced metric on the world-volume defined as

ϵ^{τ σ1σ2} = −1 ; h_{ij} = Π^â_i Π^{b̂}_j η_{âb̂} , Π^A_i ≡ ∂_iZ^M E^A_M (A = â, α̂; M = m̂, ^̇α) . (2.3)

Here Z^M = (X^{m̂}, Θ^{^̇α}) are the coordinates on the eleven-dimensional curved superspace, E^A_M denotes the supervielbein and η_{âb̂} is the eleven-dimensional Minkowski metric in the local Lorentz frame. The fermionic coordinate Θ^{α̂} is a Majorana spinor of the SO(10, 1) local Lorentz group. The conventions of SO(10, 1) spinors and the gamma matrices used in this paper are presented in Appendix A. The three-form

C^{(3)} = 1 3! Π^A ∧ Π^B ∧ Π^C C_{ABC} , Π^A = dZ^M E^A_M , (2.4)

is the potential for the four-form field-strength

F^{(4)} = dC^{(3)} = 1 4! Π^A ∧ Π^B ∧ Π^C ∧ Π^DF_{ABCD} . (2.5)

In the superspace geometry of eleven-dimensional supergravity, there exists a closed four form F^{(4)} = 1 4! ( Π^â ∧ Π^{b̂} ∧ Π^ĉ ∧ Π^{d̂}F_{âb̂ĉd̂} + 12iΠ̄ ∧ Γ_{âb̂}Π ∧ Π^â ∧ Π^{b̂} ) . (2.6)

We consider the AdS_7×S^4 solution of eleven-dimensional supergravity. The non-vanishing components of the Riemannian tensor and the four-form field-strength of this solution are R_{abcd} = − 1 L^2 (η_{ac}η_{bd} − η_{ad}η_{bc}) , R_a′_b′_c′_d′ = 4 L^2 (δ_a′_c′ δ_b′_d′ − δ_a′_d′ δ_b′_c′ ) , F_a′_b′_c′_d′ = −η 6 L ϵ_a′_b′_c′_d′ , η = ±1 , (2.7)

where a, b, c, d and a^′, b^′, c^′, d^′ are local Lorentz indices in the AdS_7 and the S^4 directions respectively, and L is the radius of AdS_7, which is related to the radius L_S4 of S^4 by L_S4 = 1 2 L. Via a supercoset construction, the supervielbein one-form Π^A = dZ^M E^A_M and the superconnection one-form Ω^{âb̂} = dZ^M Ω_M^{âb̂} for this background are obtained [14][15] in the all order of the fermionic coordinate Θ as^1

Π^{α̂} = 15∑ k=0 1 (2k + 1)!

(M^{2k})^{α̂}_{β̂} (D̃Θ)^{β̂} ,

Π^â = e^â − 2i 15∑ k=0 1 (2k + 2)!

Θ̄Γ^âM^{2k}D̃Θ ,

Ω^{âb̂} = ω^{âb̂} + i 72 15∑ k=0 1 (2k + 2)! Θ̄ ( Γ^{âb̂ĉ1ĉ2ĉ3ĉ4} F_{ĉ1ĉ2ĉ3ĉ4} + 24Γ_{ĉd̂}F^{âb̂ĉd̂} ) M^{2k}D̃Θ . (2.8)

1The same result as eq.(2.8) is obtained in ref.[16] by using only eleven-dimensional supergravity torsion and curvature constraints.

Here e^â = dX^{m̂}e^â_{m̂} and ω^{âb̂} = dX^{m̂}ω_{m̂}^{âb̂} are the vielbein and the spin-connection one-forms of AdS_7 × S^4 respectively, and the one-form D̃Θ and the matrix M^2 are defined as

D̃Θ = ( d + 1 4 ω^{âb̂}Γ_{âb̂} + e^âT_â^{b̂ĉd̂ê}F_{b̂ĉd̂ê} ) Θ , (2.9)

(M^2)^{α̂}_{β̂} = −2i ( T_â^{b̂ĉd̂ê}F_{b̂ĉd̂ê}Θ )_{α̂} ( Θ̄Γ^â)_{β̂} + i 288 (Γ_{âb̂}Θ)^{α̂} ( Θ̄Γ^{âb̂ĉ}1^ĉ2^ĉ3^ĉ4 F_{ĉ1ĉ2ĉ3ĉ4} + 24Θ̄Γ_{ĉd̂}F^{âb̂ĉd̂} ) β̂ , (2.10)

where T_â^{b̂ĉd̂ê} denotes T_â^{b̂ĉd̂ê} = 1 288 ( Γ_â^{b̂ĉd̂ê} − 8δ^{[b̂}_â Γ^{ĉd̂ê]} ) . (2.11)

For the AdS_7 × S^4 solution, the closed four-form (2.6) is integrated and the three-form potential C^{(3)} is obtained explicitly [15] as follows:

C^{(3)}(Z) = 1 3! e^â ∧ e^{b̂} ∧ e^ĉ C_{âb̂ĉ}(X) + i

∫_1 0 dt Θ̄Γ_{âb̂}Π(X, tΘ) ∧ Π^â(X, tΘ) ∧ Π^{b̂}(X, tΘ) . (2.12)

2.2 Light-cone gauge supermembrane

In this subsection, we impose the light-cone gauge conditions to fix the reparametrization invariance on the world-volume and the fermionic gauge symmetry (κ-symmetry) [1] of the action (2.1).

We choose the AdS_7 × S^4 coordinates in terms of which the metric takes the form

ds^2 = G_{m̂n̂}dX^{m̂}dX^{n̂} = 2r L η_{μ̃ν̃} dX^{μ̃}dX^{ν̃} + ( L 2r )_2 dr^2 +

L^2 4 dΩ^2_4 , (2.13)

where (X^{μ̃}, r) (μ̃ = 0, . . . , 4, ♮) are the horospherical coordinates of AdS_7 and dΩ^2_4 is the metric of a unit S^4. We denote the coordinates on S^4 by X^{m′} (m^′ = 6, 7, 8, 9). The metric (2.13) can directly be obtained as near-horizon geometry [28][29] of the M5-brane solution [47] of eleven-dimensional supergravity,

ds^2_{M 5} = ( 1 + Ql^3_pπ r^3

)_−^1_3

η_{μ̃ν̃} dX^{μ̃}dX^{ν̃} + ( 1 + Ql^3_pπ r^3

)^2_3 ( dr^2 + r^2dΩ^2_4 ) , (2.14)

where Q denotes the number of the M5-branes, X^{μ̃} denote the directions parallel to the M5- branes and (r, X^{m′} ) denote the polar coordinates parametrizing the directions perpendicular to the M5-branes. The near-horizon limit taken in ref.[29] is

l_p → 0 with r l^3_p

= finite . (2.15)

One can find that the radius of the AdS_7 is expressed [29] as

L = 2l_p(πQ)^{13} . (2.16)

We introduce the light-cone coordinates X^{m̂} = (X^+, X^−, X^{m⊥} ) with

X^± = 1 √ 2 (X^♮ ± X^0) , X^{m⊥} = (X^{m̃}, r, X^{m′} ) m̃ = (1, . . . , 4) . (2.17)

We denote the local Lorentz indices corresponding to these coordinates by â = ( ˙+, ˙−, a_⊥) with a_⊥ = (ã, r̄, a^′) and ã = (¯1, . . . , ¯4). In terms of the coordinates (2.17), the metric (2.13) is recast into

ds^2 = 2r L ( 2dX^+dX^− + δ_{m̃ñ}dX^{m̃}dX^ñ ) + ( L 2r )_2

dr^2 +

L^2 4 dΩ^2_4 . (2.18)

We may choose the vielbein of AdS_7 in a diagonal form,

e^{˙+} = e^{˙−} = e^{¯1} = e^{¯2} = e^{¯3} = e^{¯4} = √ 2r L , e^{r̄} = L 2r . (2.19)

The non-vanishing elements of the spin-connection in the AdS_7 sector become

ω_+^{˙+r̄} = ω_−^{˙−r̄} = ω_1^{¯1r̄} = ω_2^{¯2r̄} = ω_3^{¯3r̄} = ω_4^{¯4r̄} = √ 2r L^3

. (2.20)

This yields ω_+^{˙+r̄} =^1_L e^{˙+}, ω_−^{˙−r̄} =^1_L e^{˙−} and ω_{m̃}^{ãr̄} =^1_L e^ã_{m̃}.

In order to fix gauge symmetries of the supermembrane action (2.1), we impose the conditions^2 X^+ = τ , Γ^{˙+}Θ = 0 . (2.21)

Introducing the projection operator P^{(LC)}_± =^1_2 (1±Γ^{˙− ˙+}), we separate the fermionic coordinate Θ into two pieces:

Θ = Θ_+ + Θ_−, Θ_± = P^{(LC)}_± Θ . (2.22) The gauge condition (2.21) imposed on Θ is equivalent to

Θ_+ = 0 . (2.23)

We note that the ‘chirality’ associated with the projection operator P^{(LC)}_± flips under the Dirac conjugation:

Θ̄_± = Θ̄_±P^{(LC)}_∓ . (2.24)

Applying the condition (2.23) to eq.(2.10), we obtain

M^2[Θ_−]^{α̂}_{β̂} = − 2i ( T_{a⊥}^{b′c′d′ e′} F_b′_c′_d′_e′ Θ_− )_{α̂} ( Θ̄_−Γ^a⊥ )_{β̂} + i 144 Θ^{α̂}_− ( Θ̄_−Γ^{a′ b′c′d′} F_{a′b′ c′d′} ) β̂ + i 288 (Γ_{a⊥b⊥} Θ_−)^{α̂} ( Θ̄Γ^a⊥^b⊥^{c′}1^{c′}2^{c′}3^{c′}4 F_{c′1···c′4} ) β̂ + i 12 (Γ_a′_b′ Θ_−)^{α̂} ( Θ̄_−Γ_{c′ d′} F^{a′b′ c′d′} ) β̂ . (2.25)

2In this paper, we use the convention in which the world-volume time coordinate τ has dimensions of (length)^1 in the space-time sense. This convention is possible because of the invariance of the action (2.1) under the transformation ξ^i → l^{(i)}ξ^i for arbitrary constants l^{(i)}, which is a part of the reparametrization invariance of the membrane world-volume.

Here we have used the relations

Γ^{˙+}Θ_− = Θ̄_−Γ^{˙+} = 0 . (2.26)

In what follows, we will not use the explicit form of F_a′_b′_c′_d′ given in eq.(2.7) in order to trace the F_a′_b′_c′_d′ dependence. In Appendix C, we substitute the explicit form of F_a′_b′_c′_d′ into several quantities which will appear in the following. By using the relations

P^{(LC)}_± Γ^{˙+} = Γ^{˙+}P^{(LC)}_∓ , P^{(LC)}_± Γ^{˙−} = Γ^{˙−}P^{(LC)}_∓ , P^{(LC)}_± Γ^{m⊥} = Γ^{m⊥} P^{(LC)}_± , (2.27)

we find that M^2[Θ_−] = P^{(LC)}_− M^2[Θ_−]P^{(LC)}_+ , (2.28) and thus M^4[Θ_−] = 0 , Θ̄_−Γ^{a⊥} M^2[Θ_−] = 0 . (2.29) It follows that in the gauge (2.21) the supervielbein and the superconnection become at most quartic order polynomials of the fermionic coordinate Θ_−. With the condition (2.23), the pull-back of the covariant derivative onto the membrane world-volume D̃_iΘ becomes

D̃_iΘ_− ≡ ∂_iΘ_− + ∂_iX^{m̂} ( 1 4 ω_{m̂}^{âb̂}Γ_{âb̂} + e^â_{m̂}T_â^{b̂ĉd̂ê}F_{b̂ĉd̂ê} ) Θ_−

= ∂_iΘ_− + ∂_iX^+e^{˙+}Γ^{˙−} ( 1 2L Γ_{r̄} + 1 288 Γ^{b′ c′d′ e′} F_b′_c′_d′_e′ ) Θ_− + ∂_iX^{m⊥} ( 1 4 ω_{m⊥}^{a⊥b⊥} Γ_{a⊥b⊥} + e^{a⊥}_{m⊥} T_{a⊥}^{b′c′d′ e′} F_b′_c′_d′_e′ ) Θ_− . (2.30)

Here we have used the relation ω_+^{˙+r̄} =^1_L e^{˙+}.

If we plugged the explicit form (2.7) of F_a′_b′_c′_d′ into eq.(2.30), we would find that D̃_i contains the projection operator^3 P^{(M5)}_− [44][45][46] defined as

P^{(M5)}_± =

1 ± ηΓ_{r̄}γ̂^′ 2 , γ̂^′ = 1 4! ϵ^{a′b′c′d′} Γ_a′_b′_c′_d′ . (2.31) We note that the projection operator P^{(M5)}_± commutes with P^{(LC)}_+ and P^{(LC)}_− . We might further decompose the fermionic coordinate Θ_− into two pieces as

Θ_− = Θ^{(+)}_− + Θ^{(−)}_− , Θ^{(±)}_− = P^{(M5)}_± Θ_− . (2.32)

In Appendix C, we describe several quantities in terms of Θ^{(±)}_− after using the explicit form of F_a′_b′_c′_d′ .

Taking into account the bosonic condition in eq.(2.21) as well as fermionic one, we obtain the following relations from eqs.(2.28) and (2.30),

M^2[Θ_−]D̃_íΘ_− = 0 , Θ̄_−Γ^{a⊥}D̃_í = 0 ,

M^2[Θ_−]D̃_τ Θ_− = e^{˙+}M^2[Θ_−]Γ ˙_+ ( 1 2L Γ_{r̄} + 1 288 Γ^{a′b′c′ d′} F_a′_b′_c′_d′ ) Θ_− . (2.33) 3 1 2L Γ_{r̄} +^1_{288} Γ^{b′c′d′e′} F_b′_c′_d′_e′ =^1_L Γ_{r̄}P^{(M5)}_− ,^1_4 ω_{m̃}^{ãb̃}Γ_{ãb̃} + e^ã_{m̃}T_ã^{b′c′d′ e′} F_b′_c′_d′_e′ =^1_L e^ã_{m̃}Γ_ãP^{(M5)}_− .

Gathering the relations obtained above, we find that in the gauge (2.21) the pull-back of the supervielbein onto the membrane world-volume Π^A_i becomes as follows: the bosonic components Π^â_i take the forms

Π^{˙+}_τ = e^{˙+} , Π^{˙−}_τ = ∂_τ X^−e^{˙−} − iΘ̄_−Γ^{˙−}∂_τ Θ_−

− i∂_τ X^{m⊥}Θ̄_−Γ^{˙−} ( 1 4 ω_{m⊥}^{a⊥b⊥} Γ_{a⊥b⊥} + e^{a⊥}_{m⊥} T_{a⊥}^{b′c′ d′e′} F_b′_c′_d′_e′ ) Θ_− − i 12 e^{˙+}Θ̄_−Γ^{˙−}M^2[Θ_−]Γ^{˙−} ( 1 2L Γ_{r̄} + 1 288 Γ^{b′ c′d′ e′} F_b′_c′_d′_e′ ) Θ_− ,

Π^{a⊥}_τ = ∂_τ X^{m⊥} e^{a⊥}_{m⊥} − ie^{˙+}Θ̄_−Γ^{a⊥} Γ^{˙−} ( 1 2L Γ_{r̄} + 1 288 Γ^{b′ c′ d′e′} F_b′_c′_d′_e′ ) Θ_− ,

Π^{˙+}_í = 0 , Π^{˙−}_í = ∂_íX^−e^{˙−} − iΘ̄_−Γ^{˙−}∂_íΘ_−

− i∂_íX^{m⊥}Θ̄_−Γ^{˙−} ( 1 4 ω_{m⊥}^{a⊥b⊥} Γ_{a⊥b⊥} + e^{a⊥}_{m⊥} T_{a⊥}^{b′c′ d′e′} F_b′_c′_d′_e′ ) Θ_− ,

Π^{a⊥}_í = ∂_íX^{m⊥} e^{a⊥}_{m⊥} , (2.34) and the fermionic components Π^{α̂}_i take the forms

Π_τ = ∂_τ Θ_− + e^{˙+} ( 1 + 1 6 M^2[Θ_−] ) Γ^{˙−} ( 1 2L Γ_{r̄} + 1 288 Γ^{a′b′c′ d′} F_a′_b′_c′_d′ ) Θ_− + ∂_τ X^{m⊥} ( 1 4 ω_{m⊥}^{a⊥b⊥} Γ_{a⊥b⊥} + e^{a⊥}_{m⊥} T_{a⊥}^{b′c′ d′e′} F_b′_c′_d′_e′ ) Θ_− ,

Π_í = ∂_íΘ_− + ∂_íX^{m⊥} ( 1 4 ω_{m⊥}^{a⊥b⊥} Γ_{a⊥b⊥} + e^{a⊥}_{m⊥} T_{a⊥}^{b′c′ d′e′} F_b′_c′_d′_e′ ) Θ_− . (2.35)

We thereby obtain the induced metric on the membrane world-volume,

h_{τ τ} = 2∂_τ X^−G_{+−} + ∂_τ X^{m⊥} ∂_τ X^{n⊥} G_{m⊥ n⊥} − i2e^{˙+}Θ̄_−Γ^{˙−}∂_τ Θ_−

− 2i∂_τ X^{m′} e^{˙+}Θ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′c′ d′} F_a′_b′_c′_d′ ) Θ_− +F , u_í ≡ h_{τí} = ∂_íX^−G_{+−} + ∂_τ X^{m⊥} ∂_íX^{n⊥} G_{m⊥ n⊥} − ie^{˙+}Θ̄_−Γ^{˙−}∂_íΘ_−

−ie^{˙+}∂_íX^{m′}Θ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′ c′d′} F_a′_b′_c′_d′ ) Θ_− , h̄_{íj́} ≡ h_{íj́} = ∂_íX^m⊥ ∂_{j́}X^n⊥ G_{m⊥ n⊥} , (2.36)

where F denotes four-Fermi terms F ≡ − i 6 (e^{˙+})^2Θ̄_−Γ^{˙−}M^2[Θ_−]Γ^{˙−} ( 1 2L Γ_{r̄} + 1 288 Γ^{a′1 ···a′4} F_b′_{1···b}′_4 ) Θ_−

− (e^{˙+})^2 [ Θ̄_−Γ^{˙−}Γ^a⊥ ( 1 2L Γ_{r̄} + 1 288 Γ^{b′1 ···b′4} F_c′_{1 ···c}′_4 ) Θ_− ] × × [ Θ̄_−Γ^{˙−}Γ_{a⊥} ( 1 2L Γ_{r̄} + 1 288 Γ^{c′1 ···c′4} F_c′_{1···c}′_4 ) Θ_− ] . (2.37)

Following the steps presented in Appendix B, we may recast F into

F = −(e^{˙+})^2 [ Θ̄_−Γ^{˙−}Γ^a⊥ ( 1 2L Γ_{r̄} + 1 144 Γ^{b′1···b′4} F_b′_{1···b}′_4 ) Θ_− ] × × [ Θ̄_−Γ^{˙−}Γ_{a⊥} ( 1 2L Γ_{r̄} + 1 288 Γ^{c′1 ···c′4} F_c′_{1···c}′_4 ) Θ_− ]

+ 1 48 (e^{˙+})^2 ( Θ̄_−Γ^{˙−}Γ^{c′}1^{c′}2 Θ_− ) F_c′_{1···c}′_4 × × [ Θ̄_−Γ^{˙−}Γ^{c′}3^{c′}4 ( 1 2L Γ_{r̄} + 1 288 Γ^{a′1···a′4} F_a′_{1···a}′_4 ) Θ_− ] . (2.38)

Substituting eqs.(2.34) and (2.35) into the lagrangian (2.1), we obtain L = − T √ Δh̄ + T ϵ^{íj́} 2 ∂_τ X^{m′1} ∂_íX^{m′2} ∂_{j́}X^{m′3} C_m′_{1m}′_{2 m}′_3

+ T ϵ^{íj́} e^{˙+}e^{a⊥}_{m⊥} ∂_íX^{m⊥} iΘ̄_−Γ^{˙−}Γ_{a⊥} [ ∂_{j́}Θ_− + ∂_{j́}X^{n⊥} ( 1 4 ω_{n⊥}^{b⊥c⊥} Γ_{b⊥c⊥} + + 1 4L e^{b⊥}_{n⊥} Γ_{b⊥r̄} + 1 192 e^{b⊥}_{n⊥} Γ^{c′1 ···c′4} Γ_{b⊥} F_c′_{1···c}′_4 ) Θ_− ] , (2.39)

where Δ = −h_{τ τ} + u_íh̄^{íj́}u_{j́} , h̄^{íj́}h_{j́ḱ} = δ^í_ḱ , h̄ = det h̄_{íj́} , ϵ^{íj́} = −ϵ^{τíj́} . (2.40) Here we have used the relation (A.5). From the lagrangian (2.39), the canonical momenta are determined by

P_− = ∂L ∂(∂_τ X^−) , P_{m⊥} = ∂L ∂(∂_τ X^{m⊥} ) , P̄_{Θ−} = ∂L/∂(∂_τ Θ_−) . This yields

P_− = T √ h̄ Δ G_{+−} , P_{m̃} = T √ h̄ Δ G_{m̃ñ} ( ∂_τ X^ñ − u_íh̄^{íj́}∂_{j́}X^ñ ) , P_r = T √ h̄ Δ G_{rr} ( ∂_τ r − u_íh̄^{íj́}∂_{j́}r ) , P_m′ = T √ h̄ Δ G_m′_n′ ( ∂_τ X^{n′} − u_íh̄^{íj́}∂_{j́}X^{n′} ) + T ϵ^{íj́} 2 ∂_íX^{n′1} ∂_{j́}X^{n′2} C_m′_n′_{1n}′_2 − T √ h̄ Δ ie^{˙+}Θ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′ c′ d′} F_a′_b′_c′_d′ ) Θ_− , P̄_{Θ−} = −iT √ h̄ Δ e^{˙+}Θ̄_−Γ^{˙−} . (2.41)

The hamiltonian takes the form

H_0 ≡ P_−∂_τ X^− + P_{m⊥} ∂_τ X^{m⊥} + P̄_{Θ−} ∂_τ Θ_− − L (2.42) = G_{+−} 2P_− [ T^2h̄ + P_{m̃}G^{m̃ñ}P_ñ + P_rG^{rr} P_r + Q_m′ G^{m′ n′} Q_n′ ]

− T ϵ^{íj́} e^{˙+}e^{a⊥}_{m⊥} ∂_íX^{m⊥} iΘ̄_−Γ^{˙−}Γ_{a⊥} [ ∂_{j́}Θ_− + ∂_{j́}X^{n⊥} ( 1 4 ω_{n⊥}^{b⊥c⊥} Γ_{b⊥c⊥} + 1 4L e^{b⊥}_{n⊥} Γ_{b⊥r̄} + 1 192 e^{b⊥}_{n⊥} Γ^{c′1 ···c′4} Γ_{b⊥} F_c′_{1···c}′_4 ) Θ_− ]

+ 1 2 P_− [ Θ̄_−Γ^{˙−}Γ^a⊥ ( 1 2L Γ_{r̄} + 1 144 Γ^{b′1···b′4} F_b′_{1···b}′_4 ) Θ_− ] × × [ Θ̄_−Γ^{˙−}Γ_{a⊥} ( 1 2L Γ_{r̄} + 1 288 Γ^{c′1 ···c′4} F_c′_{1···c}′_4 ) Θ_− ]

− 1 96 P_− ( Θ̄_−Γ^{˙−}Γ^{c′}1^{c′}2 Θ_− ) F_c′_{1···c}′_4 [ Θ̄_−Γ^{˙−}Γ^{c′}3^{c′}4 ( 1 2L Γ_{r̄} + 1 288 Γ^{a′1 ···a′4} F_a′_{1···a}′_4 ) Θ_− ] , where Q_m′ ≡ P_m′ − T 2 ϵ^{íj́}∂_íX^{m′1} ∂_{j́}X^{m′2} C_m′_m′_{1m}′_2 + i P_− e^{˙−} Θ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′ c′ d′} F_a′_b′_c′_d′ ) Θ_− . (2.43)

Similarly to the flat case, the system has primary constraints, Φ_í ≡ P_−∂_íX^− + P_{m⊥} ∂_íX^{m⊥} + P̄_{Θ−} ∂_íΘ_− ≈ 0 ,

χ̄ ≡ P̄_{Θ−} + i P_− e^{˙−} Θ̄_−Γ^{˙−} ≈ 0 . (2.44)

One can find that the constraint Φ_í is first class and the constraint χ̄ is second class. Following the prescription for the constrained hamiltonian systems [48][49], we introduce the total hamiltonian H_T = H_0 + c^íΦ_í , (2.45) where c^í is a Lagrange multiplier. Since χ̄ is a second class constraint, we solve this constraint and hence have not added this constraint in the total hamiltonian (2.45). We find that no further constraints emerge from the consistency conditions of the constraints (2.44), i.e., there are no secondary constraints in this system.

In order to fix the remaining gauge symmetry generated by the first class constraint Φ_í, we further impose conditions. Now we look for the gauge in which the dynamics of P_−(τ, σ) becomes trivial, ∂_τ P_− = 0. Since the hamiltonian H_T is independent of the coordinate X^− conjugate to P_− except for the constraint term^4 Φ_íc^í, we can achieve such a gauge, in the

4Because of this fact, the field X^− can be eliminated from the resulting hamiltonian [13]. This originates from the fact that all the components of the metric G_{m̂n̂} and the 3-form potential C_{m̂n̂p̂} are independent of the coordinate X^− and the components C_{+−m̂} and C_{−m̂n̂} of the 3-form potential are vanishing in this background.

same way as the flat case [41][43][9], by imposing

u_í ≈ 0 . (2.46)

We will henceforth refer to the gauge defined by eqs.(2.21) and (2.46) as the light-cone gauge. The condition (2.46) leads to c^í ≈ 0 and thus the resulting hamiltonian becomes independent of X^−. This leads to ∂_τ P_− = 0 and we may set

P_−(σ) = P^{(0)}_− √ w(σ) , (2.47)

where √ w(σ) is a scalar density in the spatial directions of the membrane world-volume, Σ_{(2)}. Now that we are considering a closed supermembrane, Σ_{(2)} is a compact space. We normalize the area of Σ_{(2)} as ∫ d^2σ √ w(σ) = 1. P^{(0)}_− is therefore the zero mode of P_−(σ):

P^{(0)}_− = ∫ d^2σP_−(σ). Since c^í ≈ 0, the hamiltonian H_T introduced in eq.(2.45) turns out to take the same form as H_0 in eq.(2.42) with the identification (2.47).

It follows from the condition (2.46) that X^− is expressed in terms of other fields as

∂_íX^− = − 1 G_{+−} ∂_τ X^{m⊥} ∂_íX^{n⊥} G_{m⊥ n⊥} + i 1 e^{˙−} Θ̄_−Γ^{˙−}∂_íΘ_− + i 1 e^{˙−} Θ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′ c′ d′} F_a′_b′_c′_d′ ) Θ_−∂_íX^{m′} = − 1 P^{(0)}_− √ w P_{m⊥} ∂_íX^{m⊥} + i 1 e^{˙−} Θ̄_−Γ^{˙−}∂_íΘ_− . (2.48)

The fields X^−(τ, σ) and P_−(τ, σ) are thus no longer independent physical degrees of freedom except for their zero modes q^−(τ ) and P^{(0)}_− , where q^−(τ ) is defined as

q^−(τ ) = ∫ d^2σ √ w(σ)X^−(τ, σ) . (2.49)

From the original canonical commutation relation (X^−(τ, σ), P_−(τ, σ^′))_P = δ^{(2)}(σ, σ^′), where δ^{(2)}(σ, σ^′) denotes the delta function on Σ_{(2)}, one can find that q^−(τ ) and P^{(0)}_− obey the commutation relation ( q^−(τ ), P^{(0)}_− ) P = 1 . (2.50)

Now we make a brief comment on the relation between h_{τ τ} and h̄ in this gauge. Combined with the definition of P_− in eq.(2.41), the relation (2.47) yields h_{τ τ} = − ( T √ w(σ)P^{(0)}_−

)_2

G_{+−}h̄ . (2.51)

We note that the field dependent factor G_{+−} = 2r/L appears in the proportional coefficient between h_{τ τ} and h̄. This implies that, unlike the flat case, we cannot accomplish the ‘conformally-flat-like’ world-volume metric in the AdS_7 × S^4 case. The situation is quite similar to the light-cone superstring on AdS_5 × S^5 [39], in which conformally flat world-sheet metric is not allowed because it is incompatible with the equations of motion for the string coordinate X^+ in the light-cone gauge [39].

Using eq.(2.48), one can find that

Φ_í = χ̄∂_íΘ_− . (2.52)

This implies that the constraint Φ_í is reduced to the second class constraint χ̄ and need not be considered in the light-cone gauge. By using the second class constraint χ̄, we evaluate the Dirac brackets among the canonical variables,

(X^{m⊥} (τ, σ), P_{n⊥} (τ, σ^′))_{DB} = δ^{m⊥}_{n⊥} δ^{(2)}(σ, σ^′) , ( q^−(τ ), P^{(0)}_− ) DB = 1 , ( Θ^{α̂}_−(τ, σ), P̄_{Θ−β̂}(τ, σ^′) ) DB = 1 2 (P^{(LC)}_− )^{α̂}_{β̂}δ^{(2)}(σ, σ^′) , ( q^−(τ ), Θ^{α̂}_−(τ, σ) ) DB = − 1 2P^{(0)}_− Θ^{α̂}_−(τ, σ) , ( P_r (τ, σ), Θ^{α̂}_−(τ, σ^′) ) DB = − 1 4r(τ, σ) Θ^{α̂}_−(τ, σ)δ^{(2)}(σ, σ^′) . (2.53)

The third relation in the above is also expressed in the following way, ( Θ^{α̂}_−(τ, σ), Θ^{β̂}_−(τ, σ^′) ) DB = − i 4P^{(0)}_− 1 √ w(σ) e^{˙−} ( P^{(LC)}_− Γ^{˙+}C

)_{α̂}^_β δ^{(2)}(σ, σ^′) . (2.54)

We note that the fermionic coordinate Θ_−(τ, σ) does not commute with the bosonic canonical variables q^−(τ ) and P_r (τ, σ).

In a similar way to the flat case [41][43][9], there still exists a constraint, i.e. the integrability condition for ∂_íX^− given in eq.(2.48). The integrability condition is locally described by P^{(0)}_− ϵ^{íj́}∂_í∂_{j́}X^−/ √ w = 0, which reads

φ ≡ − P^{(0)}_− { 1 G_{+−} ∂_τ X^{m⊥} G_{m⊥ n⊥} , X^{n⊥} } + iP^{(0)}_− { 1 e^{˙−} Θ̄_− , Γ^{˙−}Θ_− }

+ iP^{(0)}_− { 1 e^{˙−} Θ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′ c′ d′} F_a′_b′_c′_d′ ) Θ_− , X^{m′} }

= − { P_{m⊥} √ w , X^{m⊥} } + iP^{(0)}_− { 1 e^{˙−} Θ̄_− , Γ^{˙−}Θ_− } ≈ 0 , (2.55)

where the bracket {∗ , ∗} is defined as {A , B} = ϵ^{íj́} √ w ∂_íA∂_{j́}B (2.56) for arbitrary functions A and B on Σ_{(2)}. By using the Dirac brackets (2.53) and (2.54), we can show that the constraint φ generates area-preserving diffeomorphisms (APD), ∫ d^2σ^′ √ w(σ^′) f(σ^′) (X^{m⊥} (σ), φ(σ^′))_{DB} = {f(σ) , X^{m⊥} (σ)} , ∫ d^2σ^′ √ w(σ^′) f(σ^′) ( Θ^{α̂}_−(σ), φ(σ^′) ) DB = { f(σ) , Θ^{α̂}_−(σ) } , (2.57)

where f(σ) is an arbitrary function on Σ_{(2)}. While we might impose a further condition to fix this residual APD gauge symmetry, we leave it unfixed, following the treatment of [9] to obtain quantum mechanics. When Σ_{(2)} is a Riemann surface of genus g, there exist 2g global integrability conditions (see e.g. [50]) in addition to the local one (2.55). These constraints generate APD transformations as well.

We can construct the lagrangian L_{APD} which reproduces the light-cone gauge hamiltonian through the Legendre transformation, L_{APD} = P_{m⊥} ∂_τ X^{m⊥} + P̄_{Θ−} ∂_τ Θ_− − H_T. We find that L_{APD} takes the form 1 √ w L_{APD} (2.58) = P^{(0)}_− G_{m⊥ n⊥} 2G_{+−} D_τ X^{m⊥} D_τ X^{n⊥} − G_{+−} 4P^{(0)}_− T^2{X^{m⊥} , X^{n⊥} }{X^{p⊥} , X^{q⊥} }G_{m⊥ p⊥} G_{n⊥ q⊥} + T 2 C_m′_{1m}′_{2 m}′_3 D_τ X^{m′1} {X^{m′2} , X^{m′3} } − P^{(0)}_− e^{˙−} iΘ̄_−Γ^{˙−}D_τ Θ_− + T e^{˙+}iΘ̄_−Γ^{˙−}Γ_{a⊥} e^{a⊥}_{m⊥} {X^{m⊥} , Θ_−} − P^{(0)}_− e^{˙−} D_τ X^{m′} iΘ̄_−Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′}_m′ Γ^{b′ c′d′} F_a′_b′_c′_d′ ) Θ_− + T e^{˙+}e^{a⊥}_{m⊥} {X^{m⊥} , X^{n⊥} } × × iΘ̄_−Γ^{˙−}Γ_{a⊥} ( 1 4 ω_{n⊥}^{b⊥c⊥} Γ_{b⊥ c⊥} + 1 4L e^{b⊥}_{n⊥} Γ_{b⊥r̄} + 1 192 e^{b⊥}_{n⊥} Γ^{c′1 ···c′4} Γ_{b⊥} F_c′_{1···c}′_4 ) Θ_− − 1 2 P^{(0)}_− [ Θ̄_−Γ^{˙−}Γ^a⊥ ( 1 2L Γ_{r̄} + 1 144 Γ^{b′1 ···b′4} F_b′_{1···b}′_4 ) Θ_− ] × × [ Θ̄_−Γ^{˙−}Γ_{a⊥} ( 1 2L Γ_{r̄} + 1 288 Γ^{c′1 ···c′4} F_c′_{1···c}′_4 ) Θ_− ]

+ 1 96 P^{(0)}_− ( Θ̄_−Γ^{˙−}Γ^{c′}1^{c′}2 Θ_− ) F_c′_{1 ···c}′_4 [ Θ̄_−Γ^{˙−}Γ^{c′}3^{c′}4 ( 1 2L Γ_{r̄} + 1 288 Γ^{a′1···a′4} F_a′_{1···a}′_4 ) Θ_− ] . Here we have introduced the APD gauge field v(τ, σ) and replaced the τ -derivative ∂_τ with the covariant derivative D_τ defined [9] as

D_τ X^{m⊥} = ∂_τ X^{m⊥} − {v, X^{m⊥} } , D_τ Θ_− = ∂_τ Θ_− − {v, Θ_−} . (2.59)

The hamiltonian H_T can be interpreted as that in the ‘temporal gauge’, v = 0. The constraint φ = 0 may be obtained as the Gauss-law constraint in the temporal gauge: 0 = δS_{APD} δv | | | v=0 = − √ wφ , (2.60)

where S_{APD} = ∫ d^3ξL_{APD} .

The lagrangian (2.58) does not explicitly depend on the geometry of Σ_{(2)}. This allows us to reinterpret the spatial directions of the membrane world-volume Σ_{(2)} as an internal space on which the APD gauge transformations act and regard the lagrangian

L_{APD} = ∫ d^2σL_{APD} (2.61)

as that of quantum mechanics. We thus obtain the quantum mechanical system with APD gauge symmetry which describes the supermembrane on AdS_7 × S^4.

2.3 Field redefinition and SO(1, 1) × SO(9) decomposition in the fermionic sector

We remark on the field-dependent rescaling of the fermionic coordinate Θ_−,

Θ_− −→ Θ̃_− = F [ X^{m⊥} ; P^{(0)}_− ] Θ_− , (2.62)

where F [ X^{m⊥} ; P^{(0)}_− ] is an arbitrary scalar-valued functional of X^{m⊥} and P^{(0)}_− . By using eq.(A.5), one can readily show that this transformation does not generate in the lagrangian (2.61) a new term which depends on the derivatives ∂_iX^{m⊥} . It follows that, through the field redefinition (2.62), we may change the normalization of the fermionic coordinate Θ_− in the lagrangian (2.61) even in a field-dependent way without altering the momenta P_{m⊥} .

For later convenience, we decompose the SO(10, 1) gamma matrices Γ^â into SO(1, 1) × SO(9) gamma matrices following the manipulation given in Appendix A and describe several formulae obtained in the last subsection in terms of the SO(9) spinors and the gamma matrices γ_{a⊥} . Eq.(A.19) enables us to express the SO(10, 1) Majorana spinor Θ^{α̂}_− in terms of the SO(9) Majorana spinor θ^α as

Θ_− = 1 2^34 √ P^{(0)}_− ( 2r L ) 1_4 ( 0 θ ) . (2.63)

Here we have made the field redefinition (2.62) with the rescaling factor F = 2^{34} √ P^{(0)}_− (_L 2r ) 1_4

as well, in order that the new fermionic coordinate θ should commute with the bosonic canonical variables. In fact, the commutation relations (2.53) and (2.54) involving the fermionic coordinate are modified into ( θ^α(τ, σ), θ^β(τ, σ^′) ) DB = −iδ^{αβ} 1 √ w δ^{(2)}(σ, σ^′) , ( q^−(τ ), θ^α(τ, σ) ) DB = (P_r (τ, σ), θ^α(τ, σ^′))_{DB} = 0 . (2.64)

In terms of θ, eq.(2.48) is described by

∂_íX^− = − L 2r ∂_τ X^{m⊥} ∂_íX^{hnp}G_{m⊥n⊥} − i 2P^{(0)}_− θ∂_íθ − i 2P^{(0)}_− θ ( 1 4 ω_m′^{a′b′} γ_a′_b′ − 1 2L e^{a′}_m′ γ_a′ γ_{r̄} + 1 24 e^{a′}_m′ γ^{b′ c′d′} F_a′_b′_c′_d′ ) θ∂_íX^{m′} = − 1 P^{(0)}_− ( P_{m⊥} √ w ∂_íX^{m⊥} + i 2 θ∂_íθ ) . (2.65)

The APD constraint φ takes the form φ = − P^{(0)}_− 2 { L 2r ∂_τ X^{m⊥} G_{m⊥ n⊥} , X^{n⊥} } − i 2 {θ, θ} − i 2 { θ ( 1 4 ω_m′^{a′b′} γ_a′_b′ − 1 2L e^{a′}_m′ γ_a′ γ_{r̄} + 1 24 e^{a′}_m′ γ^{b′ c′d′} F_a′_b′_c′_d′ ) θ , X^{m′} }

= − { P_{m⊥} √ w , X^{m⊥} } − i 2 {θ , θ} . (2.66) The lagrangian L_{APD} is expressed as

L_{APD} = ∫ d^2σ √ w(σ) × × [ P^{(0)}_− 2 L 2r G_{m⊥ n⊥} D_τ X^{m⊥} D_τ X^{n⊥} − T^2 4P^{(0)}_− 2r L {X^{m⊥} , X^{n⊥} }{X^{p⊥} , X^{q⊥} }G_{m⊥ p⊥} G_{n⊥ q⊥} + T 2 C_m′_{1 m}′_{2m}′_3 D_τ X^{m′1} {X^{m′2} , X^{m′3} } + i 2 θD_τ θ + T 2P^{(0)}_− 2r L iθγ_{a⊥} e^{a⊥}_{m⊥} {X^{m⊥} , θ} + i 2 D_τ X^{m′} θ ( 1 4 ω_m′^{a′b′} γ_a′_b′ − 1 2L e^{a′}_m′ γ_a′ γ_{r̄} + 1 24 e^{a′}_m′ γ^{b′ c′d′} F_a′_b′_c′_d ) θ + T 2P^{(0)}_− 2r L e^{a⊥}_{m⊥} {X^{m⊥} , X^{n⊥} } × ×iθγ_{a⊥} ( 1 4 ω_{n⊥}^{b⊥c⊥} γ_{b⊥c⊥} + 1 4L e^{b⊥}_{n⊥} γ_{b⊥r̄} − 1 192 e^{b⊥}_{n⊥} γ^{c′1 ···c′4} γ_{b⊥} F_c′_{1···c}′_4 ) θ − 1 8P^{(0)}_− 2r L [ θγ^{a⊥} ( 1 2L γ_{r̄} − 1 144 γ^{b′1···b′4} F_b′_{1···b}′_4 ) θ ][ θγ_{a⊥} ( 1 2L γ_{r̄} − 1 288 γ^{c′1 ···c′4} F_c′_{1···c}′_4 ) θ ]

− 1 384P^{(0)}_− 2r L ( θγ^{c′1 c′2} θ ) F_c′_{1 ···c}′_4 [ θγ^{c′3 c′4} ( 1 2L γ_{r̄} − 1 288 γ^{a′1···a′4} F_a′_{1···a}′_4 ) θ ]] . (2.67)

2.4 Matrix regularization

The algebra generated by APD is approximated by the large N u(N) Lie algebra. This provides a prescription to regularize the two-dimensional continuum ‘internal space’ Σ_{(2)} by the N^2-dimensional vector space of the adjoint representation of the U(N) group. Following the standard prescription [41][9][42], we replace the fields on the membrane-world volume with τ -dependent N × N hermitian matrices, the APD gauge field v with the U(N) gauge field A_τ , the integral over Σ_{(2)} with the matrix trace and the bracket {∗, ∗} with the matrix commutator [∗, ∗]: X^{m⊥} (τ, σ)^{N →∞}←− X^{m⊥} (τ )^I_J , θ^α(τ, σ)^{N →∞}←− θ^α(τ )^I_J , v(τ, σ)^{N →∞}←− 1 2πN A_τ (τ )^I_J , P_{m⊥} (τ, σ) √ w(σ) N →∞←− NP m_⊥ (τ ) I J , {∗, ∗}^{N →∞}←− −i2πN[∗, ∗] , ∫ d^2σ √ w(σ)^{N →∞}←− 1 N Tr , (2.68)

where I, J = 1, . . . , N denote the matrix indices. Applying this prescription to the lagrangian (2.67), we obtain the action of the matrix model for the supermembrane on AdS_7 × S^4,

S_{matrix} = S^{(B)}_{matrix} + S^{(F 2)}_{matrix} + S^{(F 4)}_{matrix} ,

S^{(B)}_{matrix} = ∫ dτ P^{(0)}_− N Tr [ 1 2 L 2r D_τ X^{m⊥} D_τ X^{n⊥} G_{m⊥ n⊥}

+ 1 4 ( N P^{(0)}_− 1 2πl^3_p )_2 2r L [X^{m⊥} , X^{n⊥} ][X^{p⊥} , X^{q⊥} ]G_{m⊥p⊥} G_{n⊥ q⊥}

− N P^{(0)}_− 1 2πl^3_p i 2 C_m′_{1m}′_{2 m}′_3 D_τ X^{m′1} [X^{m′2} , X^{m′3} ] ] ,

S^{(F 2)}_{matrix} = ∫ dτ 1 N Tr [ i 2 θD_τ θ + 1 2 N P^{(0)}_− 1 2πl^3_p 2r L θγ_{a⊥} e^{a⊥}_{m⊥} [X^{m⊥} , θ] + i 2 D_τ X^{m′} θ ( 1 4 ω_m′^{a′b′} γ_a′_b′ − 1 2L e^{a′}_m′ γ_a′ γ_{r̄} + 1 24 e^{a′}_m′ γ^{b′c′d′} F_a′_b′_c′_d′ ) θ + 1 2 N P^{(0)}_− 1 2πl^3_p 2r L e^{a⊥}_{m⊥} [X^{m⊥} , X^{n⊥} ] × × θγ_{a⊥} ( 1 4 ω_{n⊥}^{b⊥ c⊥} γ_{b⊥c⊥} + 1 4L e^{b⊥}_{n⊥} γ_{b⊥r̄} − 1 192 e^{b⊥}_{n⊥} γ^{c′1 ···c′4} γ_{b⊥} F_c′_{1 ···c}′_4 ) θ ] , S^{(F 4)}_{matrix} = − ∫ dτ 1 N Tr [ 1 8P^{(0)}_− 2r L [ θγ^{a⊥} ( 1 2L γ_{r̄} − 1 144 γ^{b′1···b′4} F_b′_{1···b}′_4 ) θ ] × × [ θγ_{a⊥} ( 1 2L γ_{r̄} − 1 288 γ^{c′1 ···c′4} F_c′_{1···c}′_4 ) θ ]

+ 1 384P^{(0)}_− 2r L ( θγ^{c′1c′2} θ ) F_c′_{1···c}′_4 [ θγ^{c′3 c′4} ( 1 2L γ_{r̄} − 1 288 γ^{a′1···a′4} F_a′_{1···a}′_4 ) θ ]] ,(2.69)

where the covariant derivative D_τ means

(D_τ X^{m⊥} )^I_J = ∂_τ X^{m⊥I}_J + i[A_τ , X^{m⊥} ]^I_J , (D_τ θ^α)^I_J = ∂_τ θ^{α I}_J + i[A_τ , θ^α]^I_J . (2.70)

Here we have expressed the membrane tension T in terms of the eleven-dimensional Planck length l_p by using eq.(2.2). The matrix regularization (2.68) entails converting the background fields which depend on the space-time coordinates into the functionals of the N × N matrices X^{m⊥ I}_J . This gives rise to ordering ambiguity. The problem to completely determine the ordering is beyond the scope of this paper. In this paper, we just adopt the ordering prescription in ref.[51], which is a combination of a symmetrized trace [8], a non-abelian Taylor expansion [52] and multipole moments of currents [12].

3 D0-branes Propagating Near the Horizon of D4-branes

In this section, we show that the action of matrix quantum mechanics obtained in the last section takes the same form as that of D0-branes propagating near the horizon of D4-branes.

Coincident Dp-branes on the curved backgrounds are described by supersymmetric nonabelian Born-Infeld actions coupled to background fields in curved space-times. Non-abelian extensions, supersymmetric extensions and/or curved-background extensions of the Born- Infeld actions have been carried out [8][53][54][55][56]. We use the result of ref.[51] for the bosonic non-abelian D0-brane action on curved backgrounds. A remarkable property of the Dp-brane actions proposed in ref.[51] is that Dp-branes can couple to the Ramond-Ramond (R-R) potentials with the ranks higher than p + 1, unlike the abelian case. For the fermionic sector of the D0-brane action, we use the result of ref.[63], where the explicit forms of the actions on bosonic curved backgrounds are presented up to quadratic order of the fermionic coordinate in the abelian case.

3.1 D4-brane solution

In supergravity theory, Dp-branes are described by black p-brane solutions [57][58]. The black 4-brane solution with Q unit R-R charge of type IIA supergravity takes the following form in the string-frame:

ds^2 = Z(r)^{− 12} dŝ^2_{4+1} + Z(r)^{12} ( dr^2 + r^2dΩ^2_4 ) , e^{2ϕ} = Z(r)^{− 12} , H_m′_{1 ···m}′_4 = −η 3ρ^3ϵ^{(4)}_m′_{1···m}′_4 √ det g(Ω_4) , η = ±1 ,

Z(r) = 1 + ρ^3 r^3

, ρ = l_s(g_sQπ)^{13} , (3.1)

where dŝ^2_{4+1} is the (4 + 1)-dimensional Minkowski metric for the directions (X^0, . . . , X^4) along the D4-branes and dΩ^2_4 is the metric on the unit S^4: dΩ^2_4 = g_m′_n′ (Ω_4)dX^{m′} dX^{n′}

(m^′ = 6, 7, 8, 9). Here ϕ is the dilaton and H_{μ1 ...μ4} is the field-strength of the three-form R-R gauge field A^{(3)}μνρ. The parameters l_s and g_s denote the string length and the string coupling constant, respectively.

In order to see near-horizon geometry of the D4-brane solution (3.1), we take the limit

l_sg^{13}s → 0 , with r l^3_s g_s

= finite . (3.2)

This limit is essentially the same as that taken in eq.(2.15) to obtain the AdS_7 × S^4 metric (2.13) from the M5-brane solution (2.14). This fact follows from the relation [59]

l_p = l_sg^{13}s , R = l_sg_s , (3.3)

where R is the radius of the direction compactified in obtaining ten-dimensional type IIA string theory from eleven-dimensional M-theory. In the limit (3.2), the D4-brane solution (3.1) becomes ds^2 ≃ g_{μν} dX^μdX^ν = ( r ρ ) 3_2 dŝ^2_{4+1} + (ρ r ) 3_2 ( dr^2 + r^2dΩ^2_4 ) , e^{2ϕ} ≃ ( r ρ ) 3_2

, H_m′_{1 ···m}′_4 = −η 3ρ^3ϵ^{(4)}_m′_{1 ···m}′_4 √ det g(Ω_4) . (3.4)

We note that these three variables have the structure of (l^3_s g_s) × (finite quantities).

3.2 Bosonic sector of the action for D0-branes near the horizon of D4-branes

We consider the action of N coincident D0-branes in the near-horizon geometry of D4-branes (3.4). In this subsection, we restrict our attention to the bosonic sector. We will discuss the fermionic sector in the next subsection.

We make the 1 + 9 split for the space-time coordinates: X^μ = (X^0, X^{m⊥} ), with X^{m⊥} = (X^1, . . . , X^4, r, X^{m′} ). The world-line theory of N coincident D0-branes is a non-abelian U(N) gauge theory [59]. We denote the gauge field by A_τ , where τ denotes the world-line coordinate of the D0-branes. This gauge field is accompanied by 9 adjoint scalar fields Φ^{m⊥} with D_τ Φ^{m⊥} = ∂_τ Φ^{m⊥} + i[A_τ , Φ^{m⊥} ]. The fields Φ^{m⊥} have the dimensions of (length)^{−1} in the space-time sense and are related to the (N × N matrix-valued) collective coordinates of the D0-branes X^{m⊥} by X^{m⊥} = 2πl^2_s Φ^{m⊥} . (3.5)

Substituting the background (3.4) into the non-abelian D-brane action given in ref.[51], we obtain the bosonic part of the action of the N D0-branes near the horizon of the D4- branes^5 in the static gauge X^0 = τ ,

S^{(B)}_{D0} = −T_{D0} ∫ dτ Tr [ e^{−ϕ} √ − ( g_{00} + (2πl^2_s )^2D_τ Φ^{m⊥} g_{m⊥ n⊥} (Q^{−1})^{n⊥}_{p⊥} D_τ Φ^{p⊥} ) det(Q^{m⊥}n_⊥ ) ]

− μ_{D0} ∫ dτ Tr ( i (2πl^2_s )^2 2 A^{(3)}_m′_{1 m}′_{2m}′_3 D_τ Φ^{m′1} [Φ^{m′2} , Φ^{m′3} ] ) , (3.6)

where the matrix Q is defined as

(Q)^{m⊥}_{n⊥} = δ^{m⊥}_{n⊥} + i2πl^2_s [Φ^{m⊥} , Φ^{p⊥} ] g_{p⊥n⊥} , (3.7)

and T_{D0} and μ_{D0} denote the D0-brane tension and charge respectively with

T_{D0} = μ_{D0} = 1 g_sl_s . (3.8)

In the action (3.6), we choose the ordering prescription proposed in ref.[51]. Performing the α^′-expansion (with α^′ = l^2_s ) in the action (3.6), we have

S^{(B)}_{D0} =

(2π)^2l^3_s g_s ∫ dτ Tr [ e^{−ϕ} √ −g_{00} ( − 1 2g_{00} D_τ Φ^{m⊥} D_τ Φ^{n⊥} g_{m⊥ n⊥} + 1 4 [Φ^{m⊥} , Φ^{n⊥} ][Φ^{p⊥} , Φ^{q⊥} ]g_{m⊥p⊥} g_{n⊥q⊥} )

− i 2 A^{(3)}_m′_{1m}′_{2m}′_3 D_τ Φ^{m′1} [Φ^{m′2} , Φ^{m′3} ] ] + O(l^5_s ) . (3.9)

Here we have ignored the leading order contribution, because it becomes constant in the background (3.4).

Let us compare the action (3.9) with the bosonic part S^{(B)}_{matrix} of the action (2.69). For this purpose, we rewrite the variables of type IIA string theory in the action (3.9) into those of M-theory. Eqs.(2.16), (3.1) and (3.3) yield ρ = L 2 . (3.10)

Hence, comparing eq.(2.18) with eq.(3.4), we find that (see e.g. [2][61]) g_{m⊥ n⊥} = e^{23 ϕ}G_{m⊥ n⊥} = ( 2r L ) 1_2 G_{m⊥ n⊥} , H_m′_{1 m}′_{2 m}′_{3m}′_4 = F_m′_{1m}′_{2 m}′_{3 m}′_4 ⇔ A^{(3)}_m′_{1m}′_{2m}′_3 = C_m′_{1 m}′_{2m}′_3 . (3.11)

5In ref.[60], D0-branes in the background (3.4) is considered. In that paper, Dielectric effects are studied and the electric four-form field strength associated with D2-brane charge is turned on. The Chern-Simons term in the resulting action is therefore different from ours (3.6), in which the magnetic four-form field strength is activated.

Using these relations and eq.(3.3), we may recast the action (3.9) into

S^{(B)}_{D0} = ∫ dτ 1 R Tr [ 1 2 L 2r D_τ X^{m⊥} D_τ X^{n⊥} G_{m⊥n⊥} + 1 4 ( R 2πl^3_p )_2 2r L [X^{m⊥} , X^{n⊥} ][X^{p⊥} , X^{q⊥} ]G_{m⊥p⊥} G_{n⊥ q⊥} − R 2πl^3_p i 2 C_m′_{1 m}′_{2m}′_3 D_τ X^{m′1} [X^{m′2} , X^{m′3} ] ] . (3.12)

This takes precisely the same form as the action S^{(B)}_{matrix} with the identification

P^{(0)}_− = N R . (3.13)

Thus we have shown that in the bosonic sector the light-cone gauge supermembrane on AdS_7 × S^4 provides the matrix theory action of infinitely many D0-branes propagating near the horizon of D4-branes.

3.3 Fermionic Sector

Now we turn to the fermionic sector. In the case of a single D0-brane, i.e. the abelian case, the explicit form of the fermionic sector of the Born-Infeld action on general bosonic backgrounds is given in ref.[63] up to the quadratic order of the fermionic coordinate. We will show that this action is indeed reproduced by the corresponding part of the action (2.69), i.e. the U(1) sector of S^{(F 2)}_{matrix},

S^{(F 2)}_{U (1)} = ∫ dτ [ i 2 θ∂_τ θ + i 2 ∂_τ X^{m′} θ ( 1 4 ω_m′^{a′b′} γ_a′_b′ − 1 2L e^{a′}_m′ γ_a′ γ_{r̄} + 1 24 e^{a′}_m′ γ^{b′c′ d′} F_a′_b′_c′_d′ ) θ ] . (3.14) In order to write down the action given in ref.[63], we prepare notations. On the background (3.4), the supersymmetry transformation laws for the gravitino ψ_μ and the dilatino λ of type IIA supergravity in the string-frame take the forms^6

δψ_μ = ~∇_μϵ = ∂_μϵ + W_μϵ , δλ = 2Δϵ , (3.15)

where

W_μ = 1 4 ω̃^{ab}_μ Γ_{ab} + 1 8 · 4! e^ϕẽ^b_μΓ^{a′1···a′4} Γ_bH_a′_{1 ···a}′_4 , Δ = 1 2 Γ^aẽ^μ_a ∂_μϕ + 1 8 · 4! e^ϕΓ^{a′1 ···a′4} H_a′_{1 ···a}′_4 , (3.16) with H_a′_{1 a}′_{2a}′_{3a}′_4 = ẽ^{m′1}_a′_1 ẽ^{m′2}_a′_2 ẽ^{m′3}_a′_3 ẽ^{m′4}_a′_4 H_m′_{1 m}′_{2m}′_{3 m}′_4 . Here a = (¯0, a_⊥) with a_⊥ = (ã, r̄, a^′), ã = (¯1, . . . , ¯4) and a^′ = (¯6, . . . , ¯9) denote the local Lorentz indices, and ω̃^{ab}_μ and ẽ^a_μ are the spinconnection and the vielbein for the metric (3.4). We introduce the pull-backs ~∇_τ and ϱ_τ

6We essentially follow the convention in refs.[62][63].

of the covariant derivative ~∇_μ and the gamma matrices Γ_a onto the D0-brane world-line defined as

~∇_τ = ~∇_0 + 2πl^2_s ∂_τ Φ^m⊥ W_{m⊥} , ϱ_τ = ẽ^{¯0}Γ¯_0 + 2πl^2_s ∂_τ Φ^{m⊥}ẽ^{a⊥}_{m⊥} Γ_{a⊥} . (3.17)

Here we have chosen the static gauge X^0 = τ . We note that Φ^{m⊥} =^1_{2πl2s} X^{m⊥} are functions commuting with each other and not matrices because we restrict ourselves to the U(1) case. The matrix ϱ_τ satisfies (ϱ_τ )^2 = h_{τ τ} , (3.18) where h_{τ τ} denote the induced metric on the D0-brane world-line defined as

h_{τ τ} = g_{00} + ( 2πl^2_s )_2

∂_τ Φ^{m⊥} ∂_τ Φ^{n⊥} g_{m⊥n⊥} . (3.19)

Here we have used the fact that g_{0m⊥} = 0 in the background (3.4). We denote the inverse of the metric h_{τ τ} by h^{τ τ} : h^{τ τ} = 1/h_{τ τ} .

In terms of the quantities introduced above, the quadratic action in the fermionic sector of the D0-brane is described [63] by

S^{(F 2)U (1)}

D0 = i 2 T_{D0} ∫ dτ e^{−ϕ} √ −h_{τ τ} Ψ̄(1 − Γ̃_{D0})h^{τ τ} ϱ_τ ( ~∇_τ − ϱ_τ Δ ) Ψ , (3.20)

where Ψ is a SO(9, 1) Majorana spinor and Γ̃_{D0} is defined as

Γ̃_{D0} = − 1√ −h_{τ τ} ϱ_τ Γ¯_♮ . (3.21)

Carrying out the α^′-expansion in this action, we have

S^{(F 2)U (1)}

D0 = 1 g_sl_s ∫ dτ e^{−ϕ} √ −g_{00} [ 1 g_{00} iΨ̄P^{(D0)}_+ ẽ^{¯0}Γ¯_0 ( ∂_τ + W_0 − ẽ^{¯0}Γ¯_0Δ ) Ψ + 2πl^2_s g_{00}

∂_τ Φ^{m⊥} iΨ̄P^{(D0)}_+ ẽ^{¯0}Γ¯_0 ( W_{m⊥} − ẽ^{a⊥}_{m⊥} Γ_{a⊥} Δ ) Ψ + 2πl^2_s g_{00} ∂_τ Φ^{m⊥} i 2 Ψ̄ẽ^a⊥_{m⊥} Γ_{a⊥} ( ∂_τ + W_0 − ẽ^{¯0}Γ¯_0Δ ) Ψ ] + O(l^3_s ) , (3.22)

where P^{(D0)}_± is the projection operator defined as P^{(D0)}_± =^1_2 (1 ± Γ¯_0Γ¯_♮).

Let us compare the action (3.22) of the D0-brane with the action (3.14) of the supermembrane. For this purpose, we express the variables of type IIA string theory in the action (3.22) by those of M-theory, as carried out for the bosonic sector in the last subsection. Eq.(3.11) enables us to choose the vielbein ẽ^a_μ such that

ẽ^{¯0} = e^{13 ϕ}e^{¯0} = ( 2r L ) 1_4

e^{¯0} , ẽ^{a⊥}_{m⊥} = e^{13 ϕ}e^{a⊥}_{m⊥} = ( 2r L ) 1_4 e^{a⊥}_{m⊥} , (3.23) where e^â_{m̂} denotes the vielbein of the AdS_7 ×S^4 metric (2.13), the AdS_7 components of which are given in eq.(2.19). This yields 1 4 ω̃^{ab}_0 Γ_{ab} = 1 2 ω̃^{¯0r̄}_0 = 1 2 ω_0^{¯0r̄}Γ¯_0Γ_{r̄} + 1 4L √ 2r L Γ¯_0Γ_{r̄} , 1 4 ω̃^{a⊥b⊥} m_⊥ Γa⊥ b⊥ = 1 4 ω_{m⊥}^{a⊥b⊥} Γ_{a⊥b⊥} + 1 4L e^{a⊥}_{m⊥} Γ_{a⊥r̄} , H_a′_{1 a}′_{2a}′_{3a}′_4 = e^{− 43 ϕ}F_a′_{1a}′_{2a}′_{3a}′_4 , (3.24)

where ω_{m̂}^{âb̂} denotes the spin-connection of AdS_7 × S^4, the AdS_7 components of which are given in eq.(2.20). By using these relations, we find that

W_0 − ẽ^{¯0}Γ¯_0Δ = W_{m̃} − ẽ^ã_{m̃}Γ_ãΔ = 0 (m̃ = 1, . . . , 4) ,

W_r − ẽ^{r̄}Γ_{r̄} Δ = − e^{r̄} 3 4L = − 3 8r , W_m′ − ẽ^{a′}_m′ Γ_a′ Δ = 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′1}_m′ Γ^{a′2a′3a′4} F_a′_{1···a}′_4 . (3.25) By using eq.(A.18), we have P^{(D0)}_± = P^{(LC)}_± . (3.26) Plugging eqs.(3.25) and (3.26) into the action (3.22), we obtain

S^{(F 2)U (1)} D0 = − ∫ dτ 1 R ( L 2r ) 3_4 i [ Ψ̄P^{(LC)}_+ Γ_{¯0}∂_τ Ψ

+ ∂_τ X^{m′}Ψ̄P^{(LC)}_+ Γ¯_0 ( 1 4 ω_m′^{a′b′} Γ_a′_b′ − 1 2L e^{a′}_m′ Γ_a′ Γ_{r̄} − 1 24 e^{a′1}_m′ Γ^{a′2a′3a′4} F_a′_{1···a}′_4 ) Ψ + 1 2 √ L 2r ∂_τ X^{m⊥}Ψ̄e^{a⊥}_{m⊥} Γ_{a⊥} ∂_τ Ψ ] . (3.27)

We note that the contribution of W_r − ẽ^{r̄}Γ_{r̄} Δ to this action becomes vanishing because of eq.(A.5). By using the relations in Appendix A, we may describe the action (3.27) in terms of the SO(9) spinors ψ^{(↑)}, ψ^{(↓)} and the gamma matrices γ_{a⊥} as follows:

S^{(F 2)U (1)}

D0 = ∫ dτ 1 R ( L 2r ) 3_4 i 2 [ ψ^{(↓)}∂_τ ψ^{(↓)}

+ ∂_τ X^{m′} ψ^{(↓)} ( 1 4 ω_m′^{a′b′} γ_a′_b′ − 1 2L e^{a′}_m′ γ_a′ γ_{r̄} + 1 24 e^{a′1}_m′ γ^{a′2a′3a′4} F_a′_{1···a}′_4 ) ψ^{(↓)} − 1 2 √ L 2r ∂_τ X^{m⊥} e^{a⊥}_{m⊥} ( ψ^{(↓)}γ_{a⊥} ∂_τ ψ^{(↑)} + ψ^{(↑)}γ_{a⊥} ∂_τ ψ^{(↓)} ) ] . (3.28)

Here we have decomposed the Majorana spinor Ψ as Ψ = 1 √ 2 ( ψ^{(↑)} ψ^{(↓)} ) . (3.29)

The supersymmetric Dp-brane action possesses the fermionic gauge symmetry (κ-symmetry). In the present case, under the κ-transformation, the fermionic coordinate Ψ transforms [63] as δ_κΨ = (1 − Γ̃_{D0})κ + O(Ψ^3) = (1 + Γ¯_0Γ¯_♮)κ + O(l^2_s , Ψ^3) , (3.30)

where the transformation parameter κ is a τ -dependent SO(9, 1) Majorana spinor. We may therefore impose the following condition^7 on the fermionic coordinate Ψ to fix this gauge symmetry, P^{(D0)}_+ Ψ = 0 ⇔ ψ^{(↑)} = 0 . (3.31)

In this gauge, the last term in the action (3.27) becomes vanishing. We thus find that the action (3.27) takes the same form as the action (3.14) with the identification

ψ^{(↓)} = √ R N ( 2r L ) 3_8 θ , (3.32)

with N = 1. As addressed in Section 2.3, the normalization factor of the fermionic coordinate θ may be absorbed into conventions, even though it depends on the bosonic fields. In this way, we have verified that, as well as the bosonic sector, the fermionic sector of the matrix action of the light-cone supermembrane on AdS_7 × S^4 has the interpretation as the Matrix theory action of D0-branes.

4 Conclusions and Discussions

In this paper, we obtained matrix quantum mechanics for a supermembrane on AdS_7 × S^4 from the light-cone supermembrane on this background. We constructed light-cone gauge formulation for the supermembrane on AdS_7 × S^4 in a similar way to the flat case [9]. Taking account of the fact that AdS_7 × S^4 is obtained as near-horizon geometry of the M5- brane solution [28][29], we expect that the resulting matrix quantum mechanics (2.69) should govern the system of D0-branes propagating near the horizon of the D4-brane solution of type IIA supergravity. We verified that the action (2.69) has such a Matrix theory interpretation. We showed that the bosonic part S^{(B)}_{matrix} of the matrix action (2.69) takes the same form as the leading order terms in the α^′-expansion of the non-abelian Born-Infeld action [51] of D0-branes. As for the fermionic sector, we compared the action (2.69) with the results in ref.[63], where the explicit form of the action is presented up to quadratic order in the fermionic coordinate θ for a single Dp-brane on a general bosonic curved background. We showed that the corresponding part of our action (3.14) reproduces their results.

The fermionic sector of the action (2.69) also contains non-abelian parts and quartic order terms of θ. From the fact that the action (2.69) coincides with the part of the D0- brane action stated in the above, we may expect that our result should give a hint as to the non-abelian extension of the fermionic sectors of the Born-Infeld actions for D0-branes on

7From eq.(3.26), we find that the gauge condition (3.31) formally takes the same form as the light-cone gauge condition (2.23) imposed on the fermionic coordinate Θ of the supermembrane.

curved backgrounds. We may rewrite the action S^{(F 2)}_{matrix} in eq.(2.69) in terms of variables of ten-dimensional type IIA string theory into the following form in the gauge (3.31):

S^{(F 2)}_{matrix} = 1 g_sl_s ∫ dτ Tr [ e^{−ϕ} √ −g_{00}× ×i ( 1 g_{00}

Ψ̄P^{(D0)}_+ ẽ^{¯0}Γ_{¯0} ( D_τ + W_0 − ẽ^{¯0}Γ¯_0Δ ) Ψ − Ψ̄P^{(D0)}_+ Γ¯_♮Γa_⊥ẽ^{a⊥}_{m⊥} i[Φ^{m⊥} , Ψ] + 2πl^2_s g_{00}

D_τ Φ^{m⊥}Ψ̄P^{(D0)}_+ ẽ^{¯0}Γ¯_0 ( W_{m⊥} − ẽ^{a⊥}_{m⊥} Γ_{a⊥} Δ ) Ψ + 2πl^2_s g_{00} D_τ Φ^{m⊥} 1 2 Ψ̄ẽ^a⊥_{m⊥} Γ_{a⊥} ( D_τ + W_0 − ẽ^{¯0}Γ¯_0Δ ) Ψ − 2πl^2_sẽ^{a⊥}_{m⊥} i[Φ^{m⊥} , Φ^{n⊥} ]Ψ̄P^{(D0)}_+ Γ¯_♮Γ_{a⊥} W_{n⊥} Ψ ) ] , (4.1)

with the identifications (3.13) and (3.32). We note that there are ambiguities in covariantizing the SO(9) spinor θ and gamma matrices γ_{a⊥} into the SO(9, 1) spinor Ψ and gamma matrices Γ_â in eq.(4.1). The first, the third and the fourth terms on the r.h.s. in eq.(4.1) are directly obtained from the U(1) part of the D0-brane action (3.22) by replacing ∂_τ Φ^{m⊥} with D_τ Φ^{m⊥} . This replacement is a part of steps in the non-abelian extension of the Born-Infeld actions [51]. We may naturally guess that the last term on the r.h.s. in eq.(4.1) should be derived from terms proportional to the field strength F_{μν} of the gauge field A_μ in the Dp-brane action via T-duality. We make a comment on the four-Fermi terms S^{(F 4)}_{matrix} of the action (2.69). In Section 2.2, we used the Fierz relations (B.1) and (B.2) in the four-Fermi terms, before applying the matrix regularization to the membrane action. Whether we are allowed to use such Fierz relations also after the matrix regularization depends on the ordering prescription in the fermionic sector of the non-abelian Born-Infeld action. This point needs further investigations.

In this paper, we did not discuss the (super-)isometry of AdS_7 × S^4. It is because the isometries of the target spaces of light-cone supermembranes become subtle after the matrix regularization. In fact, even in the flat case, the eleven-dimensional Lorentz symmetry is obscure in the matrix action [50][64][65]. Such obscurity originates in the fact that it is not known how to employ the matrix regularization for the coordinate X^− and consequently for the Lorentz generators M^{−a⊥} , since X^− explicitly depends on the geometry of Σ_{(2)} in the light-cone gauge.

As mentioned in Introduction, supermembrane theory on AdS_7 × S^4 is supposed to be dual to six-dimensional superconformal field theory [30][31][32][33]. We hope, therefore, that our matrix action should provide a useful new approach to the study of the AdS_7/CF T_6 correspondence beyond the supergravity level and shed light on this problem.

Acknowledgements

The author is grateful to E. Sezgin for discussions on supermembranes on AdS × S. This work has been supported in part by NSF Grant PHY-0314712.

A SO(10, 1) and SO(9) gamma matrices

The SO(10, 1) gamma matrices Γ_â (â = ¯0, . . . , ¯9, ¯♮) satisfy the SO(10, 1) Clifford algebra Γ_âΓ_{b̂} + Γ_{b̂}Γ_â = 2η_{âb̂} , η_{âb̂} = diag(−1, 1, . . . , 1) . (A.1) The hermitian conjugation of Γ_â is given by Γ^†_â = Γ¯_0Γ_âΓ¯_0. The charge conjugation of the SO(10, 1) spinor Ψ is defined as Ψ^c = CΨ̄^T , where Ψ̄ = Ψ^†Γ¯_0 is the Dirac conjugate of Ψ and C is the charge conjugation matrix defined by Γ^T_â = −C^{−1}Γ_âC , C^T = −C . (A.2) The Majorana spinor Ψ_M is defined by Ψ^c_M = Ψ_M. This leads to Ψ̄_M = −Ψ^T_MC^{−1} . (A.3) Eq.(A.2) yields ( C^{−1}Γ_{â1 ···ân} )_T = (−1)^{12 (n+2)(n−1)} C^{−1}Γ_{â1 ···ân} . (A.4) This implies that the matrix C^{−1}Γ_{â1 ···ân} is symmetric for n ≡ 1, 2 (mod 4) and anti-symmetric for n ≡ 0, 3 (mod 4). Thereby we obtain Ψ̄_MΓ_{â1 ···ân} Ψ_M = 0 for n ≡ 1, 2 (mod 4) , (A.5) where Ψ_M is an arbitrary Majorana spinor.

A set of the matrices (C^{−1})_{α̂β̂} , (C^{−1}Γ_â)_{α̂β̂} , (C^{−1}Γ_{â1â2} )_{α̂β̂} , · · · , (C^{−1}Γ_{â1 ···â5} )_{α̂β̂} (A.6) composes a complete basis of the 32 × 32 matrices. The completeness relation reads

δ^{ϵ̂}_{α̂}δ^{δ̂}_{β̂} = 1 32 5∑ p=0 1 p! (Γ^{âp···â1} C)^{δ̂ϵ̂}(C^{−1}Γ_{â1 ···âp} )_{α̂β̂} . (A.7)

Using this relation, we can prove the identities (C^{−1}Γ_{âb̂})_{(α̂β̂} (C^{−1}Γ^{b̂})_{δ̂ϵ̂)} = 0 , (A.8) (C^{−1}Γ_{âb̂})_{α̂[β̂} (C^{−1}Γ^{âb̂ĉ})_{δ̂ϵ̂]} − 6(C^{−1}Γ^ĉ)_{α̂[β̂} (C^{−1})_{δ̂ϵ̂]} = 0 . (A.9) In this paper, we choose the Majorana representation for the SO(10, 1) spinors in which the Majorana spinors become real spinors. One can find that the following relations hold in this representation:

C = Γ¯_0 , Γ^∗_â = Γ_â , (A.10) where Γ^∗_â denotes the complex conjugate of Γ_â.

In accordance with the light-cone coordinates (2.17), we introduce (Γ^{˙+}, Γ^{˙−}) defined as

Γ^{˙+} = Γ ˙_− = 1 √ 2 ( Γ^{¯♮} + Γ^{¯0} ) , Γ^{˙−} = Γ ˙_+ = 1 √ 2 ( Γ^{¯♮} − Γ^{¯0} ) . (A.11)

These matrices obey the relations

Γ^{˙+}Γ^{˙−} + Γ^{˙−}Γ^{˙+} = 2η^{˙+ ˙−} = 2 , (Γ^{˙+})^2 = η^{˙+ ˙+} = 0 , (Γ^{˙−})^2 = η^{˙− ˙−} = 0 . (A.12)

We decompose the gamma matrices Γ_â into SO(1, 1)×SO(9) gamma matrices as follows:

Γ¯_0 = −iσ_2 ⊗ 1_{16} = ( 0 −1_{16} 1_{16} 0 ) , Γ¯_♮ = −σ_1 ⊗ 1_{16} = ( 0 −1_{16} −1_{16} 0 ) , Γ_{a⊥} = σ_3 ⊗ γ_{a⊥} = ( γ_{a⊥} 0 0 −γ_{a⊥} ) a_⊥ = (¯1, . . . , ¯4, r̄, ¯6, . . . , ¯9) , (A.13)

where (σ_1, σ_2, σ_3) denote the standard Pauli matrices and γ_{a⊥} denote SO(9) gamma matrices, which satisfy the SO(9) Clifford algebra,

γ_{a⊥} γ_{b⊥} + γ_{b⊥} γ_{a⊥} = 2δ_{a⊥b⊥} . (A.14)

Using eqs.(A.2) and (A.10), we find that the SO(9) gamma matrices γ_{a⊥} in eq.(A.13) are real and symmetric:

γ^T_{a⊥} = γ_{a⊥} , γ^∗_{a⊥} = γ_{a⊥} . (A.15)

The SO(9) charge conjugation matrix C_9, defined by γ^T_{a⊥} = C^{−1}_9 γ_{a⊥} C_9 and C^T_9 = C_9, may hence be chosen to be unity, C_9 = 1, in this representation.

In accordance with the decomposition (A.13) of the gamma matrices, an arbitrary SO(9, 1) spinor Ψ is decomposed into two SO(9) spinors as

Ψ^{α̂} = ( ψ^{(↑)α} ψ^{(↓)α} ) (α = 1, . . . , 16) . (A.16)

Eq.(A.13) yields

Γ^{˙+} = ( 0 0 − √ 2 0 ) , Γ^{˙−} = ( 0 − √ 2 0 0 ) , P^{(LC)}_− =

1 − Γ^{˙− ˙+} 2 = ( 0 0 0 1_{16} ) , P^{(LC)}_+ =

1 + Γ^{˙− ˙+} 2 = ( 1_{16} 0 0 0 ) , (A.17)

where Γ^{˙− ˙+} = 1 2 (Γ^{˙−}Γ^{˙+} − Γ^{˙+}Γ^{˙−}) = Γ¯_0Γ¯_♮ . (A.18)

This leads to

Ψ_− ≡ P^{(LC)}_− Ψ = ( 0 ψ^{(↓)} ) , Ψ_+ ≡ P^{(+)}_+ Ψ = ( ψ^{(↑)} 0 ) . (A.19)

B Derivation of eq.(2.38)

In this appendix, we derive eq.(2.38). In the following, we will frequently use the relations (2.26), (2.27) and (A.5), without mentioning it.

We begin by providing relations for later use. Multiplying eq.(A.9) by Θ^{β̂}_−Θ^{δ̂}_−Θ^{ϵ̂}_− and setting ĉ = ˙−, we have ( Θ̄_−Γ^{˙−}Γ^a⊥^b⊥ Θ_− ) Θ̄_−Γ_{a⊥ b⊥} = 0 . (B.1)

Multiplying eq.(A.8) by (Γ^{˙−}Θ_−)^{α̂} Θ^{β̂}_− (Γ_c′_{2 c}′_{3 c}′_4 Θ_−)^{δ̂}F^{c′1c′2c′3 c′4} and setting â = c^′_1, we may show that ( Θ̄_−Γ^{˙−}Γ_{c′1 b⊥} Θ_− ) Θ̄_−Γ_{c′2 c′3c′4} Γ^b⊥ F^{c′}1^{···c′}4 = − ( Θ̄_−Γ^{˙−}Γ_{c′2 c′3 c′4} Θ_− ) Θ̄_−Γ_{c′1} F^{c′}1^{···c′}4 + 3 ( Θ̄_−Γ^{˙−}Γ_{c′3 c′4} Θ_− ) Θ̄_−Γ_{c′1 c′2} F^{c′}1^{···c′}4 . (B.2)

Combining the identities

Γ^{a⊥b⊥} Γ_c′_{1 c}′_{2 c}′_{3 c}′_4 = Γ^{a⊥b⊥}_c′_{1···c}′_2 − 8δ^{[a⊥}_{[c}′_1 Γ^{b⊥]}_c′_{2 c}′_{3c}′_{4 ]} − 12δ^{a⊥}_{[c}′_1 δ^{b⊥}_c′_2 Γ_c′_{3 c}′_{4]} ,

Γ_c′_{2 c}′_{3 c}′_4 Γ^{b⊥} = −Γ^{b⊥}_c′_{2c}′_{3 c}′_4 + 3δ^{b⊥}_{[c}′_2 Γ_c′_{3 c}′_{4]} , (B.3)

we obtain

Γ^{a⊥b⊥}_c′_{1 c}′_{2 c}′_{3c}′_4 = Γ^{a⊥ b⊥} Γ_c′_{1 c}′_{2 c}′_{3c}′_4 − 8δ^{[a⊥}_{[c}′_1 Γ_c′_{2 c}′_{3 c}′_{4]}Γ^{b⊥ ]} + 36δ^{a⊥}_{[c}′_1 δ^{b⊥}_c′_2 Γ_c′_{3 c}′_{4]} . (B.4)

Eq.(2.25) yields

Θ̄_−Γ^{˙−}M^2[Θ_−] = i 18 ( Θ̄_−Γ_{b′2 b′3b′4} F^{b′}1^{···b′}4 Θ_− ) Θ̄_−Γ_{b′1} + i 288 ( Θ̄_−Γ^{˙−}Γ_{a⊥b⊥} Θ_− ) Θ̄_−Γ^a⊥^b⊥^{c′}1^{···c′}4 F_{c′1···c′4} + i 12 ( Θ̄_−Γ^{˙−}Γ_{c′1 c′2} Θ_− ) Θ̄_−Γ_{c′3 c′4} F^{c′}1^{···c′}4 . (B.5)

Here we have used the following relation, which follows from eq.(A.5):

Θ̄_−Γ^{˙−}Γ_{a⊥}^{b′}1^{···b′}4 Θ_− = 0 . (B.6)

Substituting eq.(B.4) into the second term on the r.h.s. in eq.(B.5), we have

Θ̄_−Γ^{˙−}M^2[Θ_−] (B.7) = i 18 ( Θ̄_−Γ_{b′2 b′3 b′4} F^{b′}1^{···b′}4 Θ_− ) Θ̄_−Γ_{b′1} + i 288 ( Θ̄_−Γ^{˙−}Γ_{a⊥ b⊥} Θ_− ) Θ̄_−Γ^a⊥^b⊥ Γ_{c′1 ···c′4} F^{c′}1^{···c′}4 − i 36 ( Θ̄_−Γ^{˙−}Γ_{c′1 b⊥} Θ_− ) Θ̄_−Γ_{c′2 c′3c′4} Γ^b⊥ F^{c′}1^{···c′}4 + i 5 24 ( Θ̄_−Γ^{˙−}Γ_{c′1 c′2} Θ_− ) Θ̄_−Γ_{c′3 c′4} F^{c′}1^{···c′}4 .

The second term on the r.h.s. in this equation is vanishing because of eq.(B.1). Plugging eq.(B.2) into the third term on the r.h.s. in eq.(B.7), we obtain

Θ̄_−Γ^{˙−}M^2[Θ_−] = i 12 ( Θ̄_−Γ_{b′2 b′3b′4} F^{b′}1^{···b′}4 Θ_− ) Θ̄_−Γ_{b′1} + i 8 ( Θ̄_−Γ^{˙−}Γ_{c′1 c′2} Θ_− ) Θ̄_−Γ_{c′3 c′4} F^{c′}1^{···c′}4 . (B.8) By using eq.(B.6), we may recast this equation into

Θ̄_−Γ^{˙−}M^2[Θ_−] = i 48 ( Θ̄_−Γ^{˙−}Γ^a⊥ Γ_{b′1 ···b′4} F^{b′}1^{···b′}4 Θ_− ) Θ̄_−Γ_{a⊥} + i 8 ( Θ̄_−Γ^{˙−}Γ_{c′1 c′2} Θ_− ) Θ̄_−Γ_{c′3 c′4} F^{c′}1^{···c′}4 . (B.9)

Substituting this equation into the definition (2.37) of F, we obtain eq.(2.38). Thus we have derived eq.(2.38).

C Explicit Forms of Several Quantities

In this appendix, we substitute the explicit form of the field F_a′_b′_c′_d′ in the AdS_7 ×S^4 solution (2.7) into several quantities in the text. As mentioned in Section 2.2, it is convenient to use the fermionic coordinates (Θ^{(+)}_− , Θ^{(−)}_− ) introduced in eq.(2.32). We note that the ‘chirality’ associated with the projection operator P^{(M5)}_± flips under the Dirac conjugation:

Θ̄^{(±)}_− = Θ̄^{(±)}_− P^{(M5)}_∓ . (C.1)

Plugging eq.(2.7) into eq.(2.25), we find that M^2[Θ_−] takes the form ( M^2[Θ_−] )_{α̂} β̂ = η i L [ (Γ_ãγ̂^′Θ_−)^{α̂} (¯ Θ_−Γ^ã ) β̂ + (Γ_{r̄}γ̂^′Θ_−)^{α̂} (¯ Θ_−Γ^{r̄} ) β̂ − 2 (Γ_a′γ̂^′Θ_−)^{α̂} ( Θ̄_−Γ^{a′} ) β̂ − Θ^{α̂}_− (¯ Θ_−γ̂^′ ) β̂ − (Γ_{r̄} Γ_ãΘ_−)^{α̂} (¯ Θ_−Γ^{r̄}Γ^ãγ̂^′ ) β̂ − 1 2 (Γ_ã~_bΘ_−)^{α̂} ( Θ̄_−Γ^{ãb̃}γ̂^′ ) β̂ + (Γ_a′_b′ Θ_−)^{α̂} ( Θ̄_−Γ^{a′b′}γ̂^′ ) β̂ ] , (C.2)

where γ̂^′ is the matrix defined in eq.(2.31). From eq.(2.30), we obtain

D̃_iΘ_− = ∂_i ( Θ^{(+)}_− + Θ^{(−)}_− )

+ ∂_iX^+e^{˙+} 1 L Γ^{˙−}Γ_{r̄}Θ^{(−)}_− + ∂_iX^{m̃}e^ã_{m̃} 1 L Γ_ãΓ_{r̄} Θ^{(−)}_− + ∂_ir 1 4r ( Θ^{(−)}_− − Θ^{(+)}_− )

+ ∂_iX^{m′} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) ( Θ^{(+)}_− + Θ^{(−)}_− ) . (C.3)

Using these relations, we obtain a detailed form of the pull-back Π^A_i of the supervielbein. The component Π^{˙−}_i is expressed as

Π^{˙−}_i = ∂_iX^−e^{˙−} − iΘ̄^{(+)}_− Γ^{˙−}∂_iΘ^{(+)}_− − iΘ̄^{(−)}_− Γ^{˙−}∂_iΘ^{(−)}_−

− i∂_iX^{m̃}e^ã_{m̃} 1 L Θ̄^{(+)}_− Γ^{˙−}Γ_ãΓ_{r̄}Θ^{(−)}_− − i∂_iX^{m′} [ Θ̄^{(+)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(+)}_−

+ Θ̄^{(−)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(−)}_− ]

− ∂_iX^+e^{˙+} 1 8L^2 [ 2 ( Θ̄^{(−)}_− Γ^{˙−}Γ_{a′} Γ_{r̄} Θ^{(−)}_− − Θ̄^{(+)}_− Γ^{˙−}Γ_{a′} Γ_{r̄}Θ^{(+)}_− ) Θ̄^{(−)}_− Γ^{˙−}Γ^{a′} Γ_{r̄}Θ^{(−)}_− + ( Θ̄^{(−)}_− Γ^{˙−}Γ_{a′b′} Θ^{(−)}_− + Θ̄^{(+)}_− Γ^{˙−}Γ_{a′ b′} Θ^{(+)}_− ) Θ̄^{(−)}_− Γ^{˙−}Γ^{a′b′} Θ^{(−)}_− ] . (C.4)

Here we have used eq.(B.8). The components Π^ã_τ and Π^{a′}_τ take the forms

Π^ã_τ = ∂_iX^{m̃}e^ã_{m̃} − ie^{˙+} 1 L Θ̄^{(+)}_− Γ^ãΓ^{˙−}Γ_{r̄} Θ^{(−)}_− ,

Π^{a′}_τ = ∂_τ X^{m′} e^{a′}_m′ − ie^{˙+} 1 L Θ̄^{(−)}_− Γ^{a′} Γ^{˙−}Γ_{r̄} Θ^{(−)}_− . (C.5)

The fermionic components Π_τ and Π_í become

Π_τ = ∂_τ ( Θ^{(+)}_− + Θ^{(−)}_− )

+ e^{˙+} 1 L Γ^{˙−}Γ_{r̄}Θ^{(−)}_− + ∂_τ X^{m̃}e^ã_{m̃}Γ_ãΓ_{r̄} Θ^{(−)}_− − ∂_ire^{r̄} 1 2L ( Θ^{(−)}_− − Θ^{(+)}_− )

+ ∂_iX^{m′} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) ( Θ^{(+)}_− + Θ^{(−)}_− )

+ e^{˙+} 1 6L^2 [ 2Γ_{r̄} Γ_ãΘ^{(−)}_− ( Θ̄^{(+)}_− Γ^{˙−}Γ^{r̄}Γ^ãΘ^{(−)}_− )

− 2Γ_{r̄} Γ_a′ ( Θ^{(−)}_− − Θ^{(+)}_− ) ( Θ̄^{(−)}_− Γ^{˙−}Γ^{r̄}Γ^{a′} Θ^{(−)}_− )

+ 1 2 Γ_ã~_b ( Θ^{(+)}_− + Θ^{(−)}_− ) ( Θ̄^{(−)}_− Γ^{˙−}Γ^{ãb̃}Θ^{(−)}_− )

− Γ_a′_b′ ( Θ^{(+)}_− + Θ^{(−)}_− ) ( Θ̄^{(−)}_− Γ^{˙−}Γ^{a′b′} Θ^{(−)}_− )] , Π_í = ∂_í ( Θ^{(+)}_− + Θ^{(−)}_− )

+ ∂_íX^{m̃}e^ã_{m̃}Γ_ãΓ_{r̄}Θ^{(−)}_− − ∂_íre^{r̄} 1 2L ( Θ^{(−)}_− − Θ^{(+)}_− )

+ ∂_iX^{m′} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) ( Θ^{(+)}_− + Θ^{(−)}_− ) . (C.6)

The elements h_{τ τ} and u_í ≡ h_{τí} of the induced metric h_{ij} turn out to be

h_{τ τ} = 2∂_τ X^−G_{+−} ∂_τ X^{m⊥} ∂_τ X^{n⊥} G_{m⊥ n⊥} − i2e^{˙+} ( Θ̄^{(+)}_− Γ^{˙−}∂_τ Θ^{(+)}_− + Θ̄^{(−)}_− Γ^{˙−}∂_τ Θ^{(−)}_− )

− i2∂_τ X^{m′} e^{˙+} [ Θ̄^{(+)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(+)}_−

+ Θ̄^{(−)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + 2 η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(−)}_− ]

+ F , u_í = ∂_íX^−G_{+−} + ∂_τ X^{m⊥} ∂_τ X^{n⊥} G_{m⊥ n⊥} − ie^{˙+} ( Θ̄^{(+)}_− Γ^{˙−}∂_íΘ^{(+)}_− + Θ̄^{(−)}_− Γ^{˙−}∂_íΘ^{(−)}_− )

− ie^{˙+}∂_íX^{m′} [ Θ̄^{(+)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(+)}_−

+ Θ̄^{(−)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + 2 η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(−)}_− ] , (C.7)

where F is the four-Fermi term introduced in eq.(2.37). From eq.(2.38), we find that this is described by F = − (e^{˙+})^2 L^2 [( Θ̄^{(+)}_− Γ^{˙−}Γ_ãΓ_{r̄} Θ^{(−)}_− ) ( Θ̄^{(+)}_− Γ^{˙−}Γ^ãΓ_{r̄}Θ^{(−)}_− )

+ 1 2 ( 3Θ̄^{(−)}_− Γ^{˙−}Γ_a′ Γ_{r̄}Θ^{(−)}_− − Θ̄^{(+)}_− Γ^{˙−}Γ_a′ Γ_{r̄} Θ^{(+)}_− ) ( Θ̄^{(−)}_− Γ^{˙−}Γ^{a′} Γ_{r̄}Θ^{(−)}_− )

+ 1 4 ( Θ̄^{(−)}_− Γ^{˙−}Γ_{a′b′} Θ^{(−)}_− + Θ̄^{(+)}_− Γ^{˙−}Γ_{a′ b′} Θ^{(+)}_− ) ( Θ̄^{(−)}_− Γ^{˙−}Γ^{a′b′} Θ^{(−)}_− )] . (C.8)

Let us denote the Θ-dependent part of the Wess-Zumino term by L^{(F )}_{WZ},

L^{(F )}_{WZ} ≡ − T i

∫_1 0 dtϵ^{ijk}Θ̄_−Γ_{âb̂}Π_i(X, tΘ_−)Π^â_j (X, tΘ_−)Π^{b̂}_k(X, tΘ_−)

= T iϵ^{íj́}e^{˙+}e^{a⊥}_{m⊥} ∂_íX^{m⊥}Θ̄_−Γ^{˙−}Γ_{a⊥} [ ∂_{j́}Θ_− + ∂_{j́}X^{n⊥} ( 1 4 ω_{n⊥}^{b⊥c⊥} Γ_{b⊥ c⊥} + 1 4L e^{b⊥}_{n⊥} Γ_{b⊥r̄} + 1 192 e^{b⊥}_{n⊥} Γ^{c′1 ···c′4} Γ_{b⊥} F_c′_{1 ···c}′_4 ) Θ_− ] . (C.9)

This is expressed as

L^{(F )}_{WZ} = T iϵ^{íj́} [ ∂_íX^{m̃}e^{˙+}e^ã_{m̃} ( Θ̄^{(+)}_− Γ^{˙−}Γ_ã∂_{j́}Θ^{(−)}_− + Θ̄^{(−)}_− Γ^{˙−}Γ_{ta}∂_{j́}Θ^{(+)}_− )

+ ∂_ír e^{˙+}e^{r̄} ( Θ̄^{(+)}_− Γ^{˙−}Γ_{r̄} ∂_{j́}Θ^{(+)}_− + Θ̄^{(−)}_− Γ^{˙−}Γ_{r̄}∂_{j́}Θ^{(−)}_− )

+ ∂_íX^{m′} e^{˙+}e^{a′}_m′ ( Θ̄^{(+)}_− Γ^{˙−}Γ_{a′} ∂_{j́}Θ^{(+)}_− + Θ̄^{(−)}_− Γ^{˙−}Γ_{a′} ∂_{j́}Θ^{(−)}_− )

+ ∂_íX^{m̃}∂_{j́}X^ñ 3 2L e^{˙+}e^ã_{m̃}e^{b̃}_ñ Θ̄^{(−)}_− Γ^{˙−}Γ_ã~_bΓ_{r̄}Θ^{(−)}_−

+ ∂_íX^{m̃}∂_{j́}r 3 L e^{˙+}e^ã_{m̃}e^{r̄}Θ̄^{(+)}_− Γ^{˙−}Γ_ãΘ^{(−)}_−

+ ∂_íX^{m̃}∂_{j́}X^{n′} 2e^{˙+}e^ã_{m̃}Θ̄^{(−)}_− Γ^{˙−}Γ_ã ( 1 4 ω_n′^{a′b′} Γ_a′_b′ + η L e^{a′}_n′ Γ_a′γ̂^′ ) Θ^{(+)}_−

− ∂_íX^{m′} ∂_{j́}r e^{˙+}e^{r̄} 1 4 ω_m′^{a′b′} ( Θ̄^{(+)}_− Γ^{˙−}Γ_{r̄}Γ_{a′ b′} Θ^{(+)}_− + Θ̄^{(−)}_− Γ^{˙−}Γ_{r̄}Γ_{a′ b′} Θ^{(−)}_− )

+ ∂_íX^{m′} ∂_{j́}X^{n′} e^{˙+}e^{a′}_m′ { Θ̄^{(+)}_− Γ^{˙−}Γ_{a′} ( 1 4 ω_n′^{c′d′} Γ_c′_d′ + η L e^{c′}_n′ Γ_c′γ̂^′ ) Θ^{(+)}_−

+ Θ̄^{(−)}_− Γ^{˙−}Γ_a′ ( 1 4 ω_n′^{c′d′} Γ_c′_d′ + η 2L e^{c′}_n′ Γ_c′γ̂^′ ) Θ^{(−)}_− }] . (C.10)

Here we have used the relation ω_{m̃}^{ãr̄} =^1_L e^ã_{m̃}. Using the notation L^{(F )}_{WZ}, we may write the hamiltonian (2.42) as

H_0 = G_{+−} 2P_− [ T^2h̄ + P_{m̃}G^{m̃ñ}P_ñ + P_rG^{rr} P_r + Q_m′ G^{m′ n′} Q_n′ ] − L^{(F )}_{WZ} − P_− 2G_{+−} F , (C.11)

where Q_m′ is given in eq.(2.43), which is described as Q_m′ = P_m′ − T 2 ϵ^{íj́}∂_íX^{m′1} ∂_{j́}X^{m′2} C_m′_m′_{1m}′_2 + i P_− e^{˙−} [ Θ̄^{(+)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(+)}_−

+ Θ̄^{(−)}_− Γ^{˙−} ( 1 4 ω_m′^{a′b′} Γ_a′_b′ + 2 η L e^{a′}_m′ Γ_a′γ̂^′ ) Θ^{(−)}_− ] . (C.12)

References

[1] E. Bergshoeff, E. Sezgin and P.K. Townsend, “Supermembranes and Eleven-Dimensional Supergravity”, Phys. Lett. B189 (1987) 75.

[2] M.J. Duff, P.S. Howe, T. Inami and K.S. Stelle “Superstrings in D = 10 Supermembranes in D = 11”, Phys. Lett. B191 (1987) 70.

[3] P. Hořava and E. Witten, “Heterotic and Type I String Dynamics from Eleven Dimensions”, Nucl. Phys. B460 (1996) 506, [hep-th/9510209];

“Eleven-Dimensional Supergravity on a Manifold with Boundary”, Nucl. Phys. B475 (1996) 94, [hep-th/9603142].

[4] P.K. Townsend, “D-branes from M-branes”, Phys. Lett. B373 (1996) 68, [hep-th/9512062].

[5] C. Schmidhuber, “D-brane Actions”, Nucl. Phys. B467 (1996) 146, [hep-th/9601003].

[6] T. Banks, W. Fischler, S.H. Shenker and L. Susskind, “M Theory As A Matrix Model:

A Conjecture”, Phys. Rev. D55 (1997) 5112, [hep-th/9610043].

[7] E. Witten, “Bound States of Strings and p-branes”, Nucl. Phys. B460 (1996) 335, [hep-th/9510135].

[8] A.A. Tseytlin, “On Non-Abelian Generalization of Born-Infeld Action in String Theory”, Nucl. Phys. B501 (1997) 41, [hep-th/9701125].

[9] B. de Wit, J. Hoppe and H. Nicolai, “On the Quantum Mechanics of Supermembranes” Nucl. Phys. B305 (1988) 545.

[10] M.R. Douglas, “D-Branes in Curved Space”, [hep-th/9703056];

“D-branes and Matrix Theory in Curved Space”, Nucl. Phys. Proc. Suppl. 68 (1998) 381, [hep-th/9707228].

[11] M.R. Douglas, H. Ooguri and S.H. Shenker, “Issues in M(atrix) Theory Compactification”, Phys. Lett. B402 (1997) 36, [hep-th/9702203].

M.R. Douglas, A. Kato and H. Ooguri, “D-brane Actions on K”ahler Manifolds”, Adv. Theor. Math. Phys. 1 (1998) 237, [hep-th/9708012].

M.R. Douglas and H. Ooguri, “Why Matrix Theory is Hard”, Phys. Lett. B425 (1998) 71, [hep-th/9710178].

[12] D. Kabat and W. Taylor, “Linearized Supergravity from Matrix Theory”, Phys. Lett.

B426 (1998) 297, [hep-th/9712185].

W. Taylor and M. Van Raamsdonk, “Supergravity Currents and Linearized Interactions for Matrix Theory Configurations with Fermionic Backgrounds”, J. High Energy Phys. 9904 (1999) 013, [hep-th/9812239].

W. Taylor and M. Van Raamsdonk, “Multiple D0-branes in Weakly Curved Backgrounds”, Nucl. Phys. B558 (1999) 63, [hep-th/9904095].

[13] B. de Wit, K. Peeters and J. Plefka, “Superspace Geometry for Supermembrane Backgrounds”, Nucl. Phys. B532 (1998) 99, [hep-th/9803209];

“Supermembranes and Supermatrix Models”, Proc. of the València workshop Beyond the standard model; from theory to experiment, 1997, [hep-th/9712082].

[14] R. Kallosh, J. Rahmfeld and A. Rajaraman, “Near Horizon Superspace”, [hep-th/9805217].

[15] B. de Wit, K. Peeters, J. Plefka and A. Sevrin, “The M-theory Two-Brane in AdS_4 × S^7 and AdS_7 × S^4”, Phys. Lett. B443 (1998) 153, [hep-th/9808052].

[16] P. Claus, “Super M-brane Actions in AdS_4 ×S^7 and AdS_7 ×S^4”, Phys. Rev. D59 (1999) 066003, [hep-th/9809045].

[17] R. Penrose, “Any spacetime has a plane wave as a limit”, in Differential Geometry and Relativity, eds. M. Cahen and M. Flato (Reidel, Dordrecht, Netherlands 1976).

[18] R. Güven, “Plane Wave Limits and T-Duality”, Phys. Lett. B482 (2000) 255, [hep-th/0005061].

[19] J.G. Russo and A.A. Tseytlin, “Green-Schwarz Superstring Action in a Curved Magnetic Ramond-Ramond Backgrounds”, J. High Energy Phys. 9804 (1998) 914, [hep-th/9804076].

[20] Y. Sekino and T. Yoneya, “From Supermembrane to Matrix String”, Nucl. Phys. B619 (2001) 22, [hep-th/0108176].

[21] W.-H. Huang, “Fluxbrane in Melvin Background: Membrane Matrix Approach”, hep-th/0403181.

[22] K. Dasgupta, M.M. Sheikh-Jabbari, and M. Van Raamsdonk, “Matrix Perturbation Theory For M-Theory On a PP-Wave”, J. High Energy Phys. 0205 (2002) 056, [hep-th/0205185].

[23] K. Sugiyama and K. Yoshida, “Supermembrane on the PP-wave Background”, Nucl.

Phys. B644 (2002) 113, [hep-th/0206070].

[24] D. Berenstein, J. Maldacena and H. Nastase, “Strings in Flat Space and pp waves from N = 4 Super Yang Mills”, J. High Energy Phys. 0204 (2002) 013, [hep-th/0202021].

[25] K. Sugiyama and K. Yoshida, “BPS Conditions of Supermembrane on the pp-wave”, Phys. Lett. B546 (2002) 143, [hep-th/0206132];

N. Nakayama, K. Sugiyama and K. Yoshida, “Ground State of the Supermembrane on a pp-wave”, Phys. Rev. D68 (2003) 026001, [hep-th/0209081].

[26] J. Maldacena, M.M. Sheikh-Jabbari and M. Van Raamsdonk, “Transverse Fivebranes in Matrix Theory”, J. High Energy Phys. 0301 (2003) 038, [hep-th/0211139].

[27] T. Kimura and K. Yoshida, “Spectrum of Eleven-Dimensional Supergravity on a pp-wave Background”, Phys. Rev. D68 (2003) 125007, [hep-th/0307193].

[28] G.W. Gibbons and P.K. Townsend, “Vacuum Interpolation in Supergravity via Super p-branes”, Phys. Rev. Lett. 71 (1993) 3754, [hep-th/9307049].

[29] J. Maldacena, “The large N Limit of Superconformal Field Theories and Supergravity”, Adv. Theor. Math. Phys. 2 (1988) 231; Int. J. Theor. Phys. 38 (1999) 1113, [hep-th/9711200].

[30] E. Witten, “Some Comments on String Dynamics”, hep-th/9507121.

[31] A. Strominger, “Open P-Branes”, Phys. Lett. B383 (1996) 44, [hep-th/9512059].

[32] E. Witten, “Five-branes and M-Theory On An Orbifold”, Nucl. Phys. B463 (1996) 383, [hep-th/9512219].

[33] N. Seiberg, “Notes on Theories with 16 Supercharges”, Nucl. Phys. Proc. Suppl. 67 (1998) 158, [hep-th/9705117].

[34] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the Giant Gravitons from Anti de Sitter Space”, J. High Energy Phys. 0006 (2000) 008, [hep-th/0003075]. S.R. Das, A. Jevicki and S.D. Mathur, “Vibration Modes of Giant Gravitons”, Phys. Rev. D63 (2001) 024013, [hep-th/0009019].

P. Ouyang, “Semiclassical Quantization of Giant Gravitons”, hep-th/0212228. S. Arapoglu, N.S. Deger, A. Kaya, E. Sezgin and P. Sundell, “Multi-Spin Giants”, hep-th/0312191.

[35] E. Sezgin and P. Sundell, “Massless Higher Spins and Holography”, Nucl. Phys. B644 (2002) 303 [Erratum-ibid. B660 (2003) 403], [hep-th/0205131].

[36] M. Alishahiha and M. Ghasemkhani, “Orbiting Membranes in M-theory on AdS_7 × S^4 Background”, J. High Energy Phys. 0208 (2002) 046, [hep-th/0206237]. M. Alishahiha and A.E. Mosaffa, “Circular Semiclassical String Solutions on Confining AdS/CF T Backgrounds”, J. High Energy Phys. 0210 (2002) 060, [hep-th/0210122].

[37] P. Bozhilov, “M2-Brane Solutions in AdS_7 × S^4”, J. High Energy Phys. 0310 (2003) 032, [hep-th/0309215].

[38] I. Pesando, “On the Fixing of the κ Gauge Symmetry on AdS and Flat Background:

the Lightcone Action for the Type IIb String on AdS_5 × S_5”, Phys. Lett. B485 (2000) 246, [hep-th/9912284].

[39] R.R. Metsaev and A.A. Tseytlin, “Superstring Action in AdS_5 × S^5: κ-symmetry light cone gauge”, Phys. Rev. D63 (2001) 046002, [hep-th/0007036].

[40] R.R. Metsaev, C.B. Thorn and A.A. Tseytlin, “Light-cone Superstring in AdS Spacetime”, Nucl. Phys. B596 151, [hep-th/0009171].

[41] J. Hoppe, MIT Ph.D. Thesis (1982); Soryushiron Kenkyu (Kyoto) 80 (1989) 145.

[42] D.B. Fairlie, P. Fletcher and C.K. Zachos, “Trigonometric Structure Constants for New Infinite-Dimensional Algebras”, Phys. Lett. B218 (1989) 203;

“Infinite-Dimensional Algebras and a Trigonometric Basis for the Classical Lie Algebras”, J. Math. Phys. 31 (1990) 1088.

[43] E. Bergshoeff, E. Sezgin and Y. Tanii, “Hamiltonian Formulation of the Supermembrane”, Nucl. Phys. B298 (1988) 187.

[44] H. Lu, C.N. Pope and J. Rahmfeld, “A Construction of Killing Spinors on S^n”, J.

Math. Phys. 40 (1999) 4518, [hep-th/9805151].

[45] R. Kallosh, “Superconformal Actions in Killing Gauge”, [hep-th/9807206].

[46] P. Pasti, D. Sorokin and M. Tonin, “On Gauge-Fixed Superbrane Actions in AdS Superbackgrounds”, Phys. Lett. B447 (1999) 251, [hep-th/9809213].

[47] R. Güven, “Black p-brane Solution of D = 11 Supergravity Theory”, Phys. Lett. B276 (1992) 49.

[48] P.A.M. Dirac, “Lectures on Quantum Mechanics” (Belfer Graduate School of Science, Yeshiva University, 1964).

[49] A.J. Hanson, T. Regge and C. Teitelboim, “Constrained Hamiltonian Systems”, (Accademia Nationale dei Lincei, 1974).

[50] B. de Wit, U. Marquard and H. Nicolai, “Area-Preserving Diffeomorphisms and Supermembrane Lorentz Invariance”, Commun. Math. Phys. 128 (1990) 39.

[51] R.C. Myers, “Dielectric-Branes”, J. High Energy Phys. 9912 (1999) 022, [hep-th/9910053].

[52] M.R. Garousi and R.C. Myers, “World-Volume Interactions on D-Branes”, Nucl. Phys.

B542 (1999) 73, [hep-th/9809100].

[53] E.A. Bergshoeff and P.K. Townsend, “Super D-branes”, Nucl. Phys. B490 (1997) 145, [hep-th/9611173].

[54] M. Cederwall, A. von Gussich, B.E. Nilsson, P. Sundell and A. Westerberg, “The Dirichlet Super-p-Branes in Ten-Dimensional Type IIA and IIB Supergravity”, Nucl. Phys. B490 (1997) 179, [hep-th/9611159].

[55] M. Aganagic, C. Popescu and J.H. Schwarz, “Gauge-Invariant and Gauge-Fixed D- Brane Actions”, Nucl. Phys. B495 (1997) 99, [hep-th/9612080].

[56] E.A. Bergshoeff, M. de Roo and A. Sevrin, “Non-abelian Born-Infeld and kappasymmetry”, J. Math. Phys. 42 (2001) 2872, [hep-th/0011018].

[57] G.T. Horowitz and A. Strominger, “Black Strings and p-Branes”, Nucl. Phys. B360 (1991) 197.

[58] M.J. Duff and J.X. Lu, “Type II p-branes: the brane-scan revisited”, Nucl. Phys. B390 (1993) 276, [hep-th/9207060].

M.J. Duff, R.R. Khuri and J.X. Lu, “String Solitons”, Phys. Rep. 259 (1995) 213, [hep-th/9412184].

[59] E. Witten, “String Theory Dynamics in Various Dimensions”, Nucl. Phys. B443 (1995) 85, [hep-th/9503124].

[60] S. Ryang, “Dielectric D0-branes in Near-Horizon D-Brane Backgrounds and D-strings under Electric R-R Fluxes”, Phys. Lett. B513 (2001) 163, [hep-th/0103145].

[61] M. Huq and M.A. Namazie, “Kaluza-Klein Supergravity in Ten Dimensions”, Class.

Quantum Grav. 2 (1985) 293.

[62] E. Bergshoeff, R. Kallosh, T. Ortín, D. Roest and A. Van Proeyen, “New Formulations of D = 10 Supersymmetry and D8-O8 Domain Walls”, Calss. Quant. Grav. 18 (2001) 3359, [hep-th/0103233].

[63] D. Marolf, L. Martucci and P.J. Sliva, “Actions and Fermionic Symmetries for D-branes in Bosonic Backgrounds”, J. High Energy Phys. 0307 (2003) 019, [hep-th/0306066].

[64] K. Ezawa, Y. Matsuo and K. Murakami, “Lorentz Symmetry of Supermembrane in Light Cone Gauge Formulation”, Prog. Theor. Phys. 98 (1997) 485, [hep-th/9705005].

[65] S. Melosch, “Die Lorentzinvarianz der elf-dimensionalen Supermembran”, Universität Hamburg Diploma Thesis (1990), (written in German, unpublished).