arXiv:hep-th/0405261 v3 11 Oct 2004

DAMTP-2004-53 IP/BBSR/2004-11 hep-th/0405261

Gravitational wave solutions in string and M-theory AdS Backgrounds

Alok Kumar^{1∗} and Hari K. Kunduri^{2†}

1. Institute of Physics, Bhubaneswar 751 005, INDIA 2. DAMTP, University of Cambridge, Cambridge, United Kingdom

ABSTRACT

In this paper, we present several gravitational wave solutions in AdS_5 × S^5 string backgrounds, as well as in AdS_7 × S^4 and AdS_4 × S^7 backgrounds in M-theory, generalizing the results of hep-th/0403253 by one of the authors. In each case, we present the general form of such solutions and give explicit examples, preserving certain amount of supersymmetry, by taking limits on known BPS D3 and M2, M5-brane solutions in pp-wave backgrounds. A key feature of our examples is the possibility of a wider variety of wave profiles, than in pure gravity and string/M-theory examples known earlier, coming from the presence of various p-form field strengths appearing in the gravitational wave structure.

October 11, 2004

∗kumar@iopb.res.in †H.K.Kunduri@damtp.cam.ac.uk

1 Introduction

Gravitational waves have long been a subject of research [1, 2]. Such solutions in general relativity, also known as pp-waves, are mostly discussed in the context of asymptotically flat Minkowski spaces. On the other hand, exact solutions of Einstein equations representing gravitational waves in non-asymptotically flat backgrounds have also been analyzed [3, 4, 5] over a long period of time. Classical solutions representing gravitational waves provide a geometrical framework to understand gravitational radiation and may thus have astrophysical implications as well.

In this paper, gravitational wave solutions are obtained in various anti-de Sitter backgrounds in string and M-theory [6, 7, 8, 9]. In this context, we extend the results of a previous paper by one of the authors in [9], where gravitational waves in AdS_3 × S^3 × R^4 were discussed, and write down several general solutions in AdS_5 × S^5 string backgrounds, as well as AdS_4 × S^7 and AdS_7 × S^4 backgrounds in M-theory. In each of these cases, we also give explicit examples by applying scaling limits [25, 27] (also identified as the near-horizon geometry) on known D3 and M2, M5-brane solutions [10, 11, 12, 14] in pp-wave backgrounds. In particular, two explicit examples of gravitational waves in AdS_5 × S^5 are obtained by taking limits on known (supersymmetric) D3-branes given in [11, 12]. In the first of these cases, in section (2.1), the gravitational wave profile (H) turns out to depend only on AdS_5 coordinates, implying that only such graviton polarizations may exist for the gravitational wave, a fact normally seen by transforming to the ‘Rosen’ coordinates. In the second AdS_5 × S^5 example in section- (2.2), however, we have H depending on S^5 coordinates as well. Examples for the AdS_7 × S^4 gravitational wave in section-3 and AdS_4 × S^7 gravitational wave in section-4 are respectively obtained from M5 brane solutions in [13, 11, 14] and M2 brane solution in [14]. As will be noticed, guided by the general form of the AdS examples constructed from the D-branes and M-branes, we are able to write a general class of solutions (with certain constraints) in each case. Supersymmetry is, however, discussed only for the special cases.

Earlier work on string theory in pp-wave backgrounds [15] are summarized in [16]. Recent developments [17, 18, 19], including ‘Penrose limits’ [20] and applications to four dimensional gauge theories[19], are reviewed in [21]. Some other aspects of D-branes in pp-wave backgrounds are discussed in [22]. A crucial feature of our solutions, compared to those in [6, 7], is the presence of p-form field strengths affecting the structure of the gravitational waves. In other words, the gravitational wave equations in earlier examples [6, 7, 8] are identical to those appearing in a higher dimensional AdS × S pure gravity theory with a cosmological constant. The role of string or M-theory in those solutions is only to provide a consistent background configuration without affecting the wave nature. In our examples, extending the results of [9], however, the p-form fields appear in the wave equations and thus provide room for a wider variety of solutions.

2 AdS_5 × S^5 gravitational waves

2.1 AdS_5 Wave profile

We begin our discussion by considering first an example of gravitational wave in the AdS_5 × S^5 background in string theory. The general form of the metric used in this case has a form:

ds^2 = q { du^2 u^2 + 1 u^2

(2dx^+dx^− + H(u, x^+, x^i, x^a)dx^{+2} + 2∑ i=1 dx^{i2}) + dΩ^2_5 } , (1)

where the parameter q gives the radius of curvature for the AdS_5 and S^5 spaces. In our examples, coordinates x^+, x^−, u and x^i’s run over AdS directions whereas x^a’s denote the directions along S^n. The metric in equation (1) is a generalization of the one for the AdS_4 case in general relativity [4, 5] to AdS_5 × S^5. We will use a similar form of the metric for M-theory AdS_7 and AdS_4 examples as well.

For the general solution above, we have assumed that the wave profile H in the above metric may depend on all the AdS as well as S^5 coordinates. However, specific coordinate dependence of H also gives the graviton polarizations that are turned on. In the present example, we also take an NS-NS 3-form flux of the form:

H^{(3)} = dx^+ ∧ ( ( −2μqA_i(x^i, x^a, x^+) u^2 )du ∧ dx^i + ( 2μqA_{ia}(x^i, x^a, x^+) u )dx^i ∧ dx^a ) , (2)

and an R-R 3-form flux:

F^{(3)} = dx^+ ∧ ( ( −2μqB_i(x^i, x^a, x^+) u^2 )du ∧ dx^i + ( 2μqB_{ia}(x^i, x^a, x^+) u )dx^i ∧ dx^a ) , (3)

with μ being a parameter characterizing the gravitational wave. By setting μ = 0 one goes to the AdS_5 × S^5 background solution.

One also has the usual R−R 5-form flux necessary for constructing the background AdS_5×S^5 solution in type IIB string theory:

F^{(5)} = −

4q^2 u^5 dx^+ ∧ dx^− ∧ du ∧ dx^1 ∧ dx^2 − 4q^2 √ g dθ^1 ∧ dθ^2 ∧ dθ^3 ∧ dθ^4 ∧ dθ^5, (4)

where θ^i’s are five angular coordinates on S^5 and g is the determinant of the metric (g_{ab}) on this space. Later on, while presenting the explicit example, we will also give expressions for the metric g_{ab} in terms of angles θ_1, ..., θ_5.

Ricci curvature tensors for the AdS_5 components for the above metric have the form:

R_{++} = − H_{,uu} 2 + 3 2 H_{,u} u − 4H u^2 − 1 2 H^i_{,i} − 1 2u^2 √ g ∂_a( √ g∂^aH), R_{+−} = R_{uu} = − 4 u^2 , R_{ij} = − 4δ_{ij} u^2

, (5) and Ricci tensor for the S^5 components satisfy:

R_{ab} = 4g_{ab}. (6)

Now, before starting to solve the full type IIB equations of motion (see for example , [23]), we make a few comments regarding the form of the strss energy tensor for the ansatz presented above. In particular, we note that although the three-from flux in equations (2) and (3) are inhomogeneous in the sphere direction due to the x^a dependence in A_i, B_i and A_{ia}, B_{ia}, but they are null fluxes. Also, from our above metric, one easily deduces that g^{+μ} = 0 unless μ = −. Thus, when one contracts over the flux indices, for example, in a term such as F_{μνδ} F^{μνδ}, the result is zero. This is because none of these fluxes have a dx^− leg. Since the stress energy tensor coming from the various 3-form fluxes generically has a form: T_{ab} = αF_{acd}F^{cd}_b + βF_{ef g}F^{ef g}g_{ab}, (7) where α and β are constants, one immediately reads off that the second term will always be zero, for all (a, b) for any flux that has a dx^+ leg. Further, by the exact same reasoning as above, the first term must vanish unless (a, b) = (++). One deduces quickly that only the T_{++} components are modified by the introudciton of our null fluxes, relative to the original (H = 0) solution.

Furthermore, note the introduction of the wave term only affects the Ricci tensor of the background AdS_5 × S^5 by introducing a non-zero R_{++}, as we have written explicitly above in equations (5) and (6). It is for this reason that we have chosen our null fluxes in the form (2) and (3); their contriubitoin to T_{++} provides a source for R_{++} via the Einstein equations. For a thorough discussion of these points, see the discussion preceeding equation (2.10) in [24].

We now proceed further and analyze the field equations and their solutions. The type IIB string theory equations of motion [23] reduce to the following conditions for our ansatz (in eqns. (1), (2), (3) and (4)): − H_{,uu} 2 + 3 2 H_{,u} u − 1 2 H^i_{,i} − 1 2u^2 √ g ∂_a( √ g∂^aH) = 2μ^2 ( ∑ i [A^2_i + B^2_i ] + ∑ a [A_{ia}A^a_i + B_{ia}B^a_i ] ) , (8)

∂_iA_i = ∂_iA_{ia} = ∂_iB_i = ∂_iB_{ia} = 0, (9)

∇^aA_{ia} − A_i + 4ϵ_{ij} B_j = 0, ∇^aB_{ia} − B_i − 4ϵ_{ij} A_j = 0. (10)

The Bianchi identity on H^{(3)} and F^{(3)} imply the following conditions: ∂_aA_i = −A_{ia}, ∂_aB_i = −B_{ia}. (11) Now, several explicit solutions for the above set of conditions can be obtained. First, we write down the type of solution already known in the literature. They correspond to the choice:

A_i = B_i = A_{ia} = B_{ia} = 0 and originate from certain ‘brane waves’[6, 7, 8]. Then, if one chooses H to be dependent only on coordinate ‘u’ and x^+, we get a solution: H_0 = f_o(x^+)u^4 + f_1(x^+), (12) with f_0, f_1 being arbitrary functions of x^+. One can also add to H_0 harmonic functions H_1 and H_2 satisfying H, i^i = 0 and ∇^a∂_aH = 0 respectively. Several other solutions can be obtained by taking products of functions of the type H_0, H_1 and H_2.

We now discuss the new solutions which emerge due to the presence of nontrivial NS-NS and R-R 3-form field strengths in the gravitational wave equation. To write down a solution explicitly, we make a choice for the metric on S^5 as:

dΩ^2_5 = dθ^2 + sin^2θ dϕ^2 + cos^2θ dα^2 + cos^2θ cos^2α dβ^2 + cos^2θ sin^2α dγ^2. (13) These angular coordinates are related to the six dimensional Cartesian coordinates as: y_1 = r sinθ cosϕ, y_2 = r sinθ sinϕ, y_3 = r cosθ cosα cosβ,

y_4 = r cosθ cosα sinβ, y_5 = r cosθ sinα cosγ, y_6 = r cosθ sinα sinγ. (14) The solution for A_i, A_{ia}, B_i, B_{ia} in equations (1), (2), (3) and (4) then are: A_1 = sinθ cosϕ, A_2 = sinθ sinϕ, A_{1θ} = −cosθ cosϕ, A_{1ϕ} = sinθ sinϕ, A_{2θ} = −cosθ sinϕ, A_{2ϕ} = −sinθ cosϕ, (15) and B_1 = sinθ sinϕ, B_2 = −sinθ cosϕ,

B_{1θ} = −cosθ sinϕ, B_{1ϕ} = −sinθ cosϕ,

B_{2θ} = cosθ cosϕ, B_{2ϕ} = −sinθ sinϕ. (16) Also,the 5-form field strength can also be written in terms of angular variables θ, ϕ, α, β and γ for the above parameterization by using √ g = sinθ cos^3θ sinα cosα.

For the choice of the metric in (13), very few nonzero components of the Christoffel connection exist, namely Γ^θ_{ϕϕ}, Γ^θ_{αα}, Γ^θ_{ββ}. Γ^θ_{γγ} , Γ^α_{ββ} , Γ^α_{γγ} and Γ^ϕ_{θϕ}, Γ^α_{θα}, Γ^β_{θβ} , Γ^γ_{θγ} , Γ^β_{αβ} , Γ^γ_{αγ} . We skip their detailed form here. It can now be directly verified that A_i, A_{ia}, B_i, B_{ia} given in equations (15) and (16) satisfy equations (9), (10) and (11). Moreover, we also have: ∑ i [A^2_i + B^2_i + ∑ a (A_{ia}A^a_i + B_{ia}B^a_i )] = 4, (17) leading to the following equation for the wave profile H (by using equation (8)): − H_{,uu} 2 + 3 2 H_{,u} u − 1 2 H^i_{,i} − 1 2u^2 √ g ∂_a( √ g∂^aH) = 8μ^2. (18)

The condition (18) again has several solutions. When H is a function of u and x^+ only, one has

H_1 = 4μ^2u^2 + f_0(x^+), (19)

with f_0(x^+) being an arbitrary function of x^+ only.

One can, instead, take H to be a function of coordinates x^i and x^+ only, leading to

H_2 = −4μ^2 2∑ i=1 x^{i2} + 2∑ i=1 f_i(x^+)x^i + g(x^+), (20)

with f_1, f_2 and g being functions of x^+ only. One can also take linear combinations of solutions of the types in equations (19) and (20) with coefficients a_0 and a_1, such that a_0 + a_1 = 1.

We can further generalize the solutions by multiplying A_i, A_{ia}, B_i, B_{ia} in equations (15) and (16) by an arbitrary function of x^+: F (x^+), while simultaneously multiplying H by another function G(x^+) such that G = F^2.

We now show that for a special case in equation (20), namely

H ≡ Ĥ = −4μ^2(x^{12} + x^{22}), (21)

(obtained by setting f_{1,2} and g to zero in H_2), the gravitational wave solution follows from a (singular) scaling limit of a supersymmetric D3 brane solution in a pp-wave background[11]. Similar limits have been applied to obtain other examples of gravitational wave solutions in Ads backgrounds previously [6, 7, 8, 9].

The (localized) D3 brane solution in a pp-wave background, giving the above gravitational wave solution, in a scaling limit : r → 0, with a wave profile Ĥ, is written as [11]:

ds^2 = f^{− 12} ( 2dy^+dy^− − 4μ^2[ỹ^2 + ỹ^2_4 ](dy^+)^2 + dỹ^2 + dỹ^2_4 ) + f^{12} ( dr^2 + r^2dΩ^2_5 ) , F_{+32} = F_{+41} = 2μ, B_{+1} = 2μỹ_2, B_{+3} = 2μỹ_4 F_{mnlpq} = ϵ_{mnlpqs}∂_sf, f = 1 + q^2 r^4

, q^2 = c_3Ng_sl^4_s . (22)

This is a D3 brane solution in a pp-wave background specified by the parameter μ. When one sets the D3 brane charge to zero, one gets the background metric of the pp-wave, with NS-NS and R-R 3-form flux having components, H_{+12}, H_{+34} and F_{+23}, F_{+14} respectively. In the above D3 brane solution, directions ỹ^2, ỹ^4 are longitudinal coordinates of the brane, whereas ỹ^1, ỹ^3, ỹ^5, ..., ỹ^8 are transverse to the brane.

To obtain the gravitational wave metric in AdS_5 × S^5 background as given in equation (1), from the D3 brane solution above, we take r → 0 limit in the Green function (f) in equation (22). One then obtains the metric in equation (1) with the profile H = Ĥ given as in equation (21), when one also identifies:

x^1 ≡ ỹ^2, x^2 ≡ ỹ^4, y^1 ≡ ỹ^1, y^2 ≡ ỹ^3, y^{3..6} ≡ ỹ^{5..8}, (23)

and defines r =^q_u . For the D3 brane solution in equation (22), the radial coordinate along transverse direction is: r^2 = ỹ^{12} + ỹ^{32} +

∑_8

i=5 ỹi^2. In the new variables that we are using, one gets: r^2 =

∑_6

i=1 y^{i2}. NS-NS and R-R 3-form field strengths in equations (2) and (3) (with A’s and B’s as in equations (15) and (16)) also arise from the ones in equation (22) by redefining the coordinates as in equation (23) and making use of the angular coordinates in equation (14). By such change of variables, one obtains the expressions in equations (2) and (3) with solutions for A_i, A_{ia}, B_i, B_{ia} as in equations (15), (16).

We have therefore obtained a general class of AdS_5 × S^5 gravitational wave solution in type IIB string theory and also presented an explicit example characterized by functions A_i, A_{ia}, B_i, B_{ia} in equations (15), (16) and the wave profile Ĥ in equation (21). We have also shown how our gravitational wave arises from a D3-brane in a pp-wave background. This connection with D3-brane has been presented for the wave profile Ĥ. It will be interesting to see if the wave profile H_1 can also arise from a D-brane in a similar way.

We now discuss the supersymmetry property of the solutions described above. To show that the above gravitational wave, with H (= Ĥ) as in equation (21), is supersymmetric, one also notes that the original D3 brane given in equation (22) preserves a certain amount of supersymmetry as well.^‡ Therefore the limiting solution, appearing as gravitational wave above, is expected to be supersymmetric as well.

To elaborate more, the Killing spinors [11] for the D3 brane solution [11] are the ones which satisfy the following projections: (1) the D3 brane supersymmetry condition identical to the one in flat space, relating ϵ_± with ϵ_∓, (2) the usual Γ^{^+} projection of the gravitational wave solution implying either a left-moving or a right-moving wave, (3) An additional condition due to the presence of NS-NS and R-R 3-form flux. For the relevant D3 brane discussed above, these conditions are mentioned in equations (42), (38) and (43) of [11]. The important point to note is that these conditions are independent of the function f, namely the Green function in the transverse space. As a result, the limiting procedure that we described for getting the AdS_5 × S^5 gravitational wave gives the identical Killing spinors as the D3 brane case. In the present case, however, one also expects the presence of additional Killing spinors, since as is known for flat D3 branes, the supersymmetry enhances in the near horizon limit from one half to the maximal supersymmetry. Finding the exact amount of supersymmetry, by writing down all the Killing spinors explicitly is important. We, however, do not go into them right now and

‡In solution (22) above we have corrected a minus sign in one of the R-R 3-form component in [11].

simply end the section by saying that our gravitational wave solution is supersymmetric for the wave profile Ĥ, (with nontrivial NS-NS and R-R 3-form flux as given in equations (15) and (16)). The case of other wave profile, namely H_1 is also expected to be supersymmetric, even though the D3 brane connection is not apparent for this example.

2.2 Wave profile with S^5 dependence

We now give an example of the gravitational wave where the wave profile H depends on S^5 coordinates as well. An explicit example of this type originates from a D3 brane solution in [12]. The general form of the metric for this solution is same as in equation (1). The 5-form field is also identical to the one in equation (4). However, one now has only an NS-NS 3-form flux of the form:

H^{(3)} = dx^+ ∧ ( ( −μq^2A_a(x^i, x^a, x^+) u^3 )du ∧ dx^a + ( μq^2A_{ab}(x^i, x^a, x^+) u^2 )dx^a ∧ dx^b ) . (24)

One can also generate a combination of NS-NS and R-R 3-form field strengths by using S duality symmetry of the IIB string theory. We, however, do not go into this aspect here. One also notices that the general form of the NS-NS 3-form field strength above is identical to the one used in [9] for the AdS_3 × S^3 example.

In the present case, the gravitational wave is therefore characterized by the metric, R-R 5-form flux and NS-NS 3-form flux as in equations (1), (4) and (24) respectively. The equation for the wave profile H is now given as: − H_{,uu} 2 + 3 2 H_{,u} u − 1 2 H^i_{,i} − 1 2u^2 √ g ∂_a( √ g∂^aH) = μ^2q^2 2u^4 ∑ a A_aA^a + 1 2 ∑ a,b (A_{ab}A^{ab}) . (25) One also has additional conditions on quantities A_a and A_{ab}[9]:

∇^aA_a = 0, ∇^bA_{ab} = 4A_a, (26)

coming from equations of motion. The Bianchi identity implies[9]:

∂_{[a}A_{b]} = A_{ab} . (27)

Although the condition (27) coming from the Bianchi identity for this example is identical to the one for AdS_3 × S^3 × R^4 case in [9] due to the identical form of the NS-NS 3-form in the two cases, one of the equation of motion in (26) has a different factor than in [9] due to the presence of additional coordinates x^{1,2} in AdS_5 with respect to the one in AdS_3 example in [9]. An explicit solution for equations (26) and (27) is given as:

A_ψ = 2 cos^2θ cos^2ϕ, A_ω = 2cos^2θ sin^2ϕ, (28) and A_{θψ} = −sin2θ cos^2ϕ, A_{θω} = −sin2θ sin^2ϕ, −A_{ϕψ} = A_{ϕω} = cos^2θ sin2ϕ, (29)

for the choice of S^5 metric:

dΩ^2_5 = dθ^2 + cos^2θ dϕ^2 + cos^2θ cos^2ϕ dψ^2 + cos^2θ sin^2ϕ dω^2 + sin^2θ dγ^2. (30)

Using the above expressions for A_a’s and A_{ab}’s, the wave profile H in the present example can be shown to satisfy: − H_{,uu} 2 + 3 2 H_{,u} u − 1 2 H^i_{,i} − 1 2u^2 √ g ∂_a( √ g∂^aH) = 4μ^2q^2 u^4

, (31)

with a solution (independent of x^i’s) given by H = − μ^2q^2 u^2 cos^2θ. (32) Once again, solution given in equations (28), (29) and (32) can be generalized further by multiplying A’s and H with functions F (x^+) and G(x^+) respectively, satisfying G = F^2. We have therefore again presented an explicit example of a gravitational wave in AdS_5 × S^5 background.

We now show the connection of our explicit solution given in equations (28), (29) and (32) with a a supersymmetric D3-brane solution [12]. To show this connection, we write down the relevant D3 brane solution in a pp-wave background (which is obtained by taking a ‘Penrose limit’[20] on an AdS_3 × S^3 × R^4 background of string theory). the D-brane solution is:

ds^2 = f^{− 12} (2dx^+dx^− − μ^2 4∑ i=1 x^2_i (dx^+)^2 + (dx_5)^2 + (dx_6)^2)

+ f^{12} ∑ a=1..4,7,8 (dx_a)^2

H_{+12} = H_{+34} = 2μ,

F_{+−56a} = ∂_af^{−1}, e^{2ϕ} = 1, (33)

with f being the Green function in six dimensional transverse space with coordinates x^{1,..,4}, x^7, x^8. We write this Green function as: f = (1 +^{q2}_{r4} ). We also mention that among the above coordinates, x^{1..4} are also the pp-wave directions and x^+, x^−, x^5, x^6 are longitudinal directions of the brane.

To arrive at the metric and NS-NS 3-form of equations (1) and (24) (with A_a’s, A_{ab}’s and H as in equations (28), (29) and (32)) from the D3 brane solution in (33), we now make the following coordinate transformations from the Cartesian to radial and angular variables:

x_1 = r cosθ cosϕ cosψ, x_2 = r cosθ cosϕ sinψ, x_3 = r cosθ sinϕ cosω, x_4 = r cosθ sinϕ sinω,

x_7 = r sinθ cosγ, x_8 = r sinθ sinγ. (34)

Then taking the scaling limit r → 0, and defining r =^q_u , one gets the result given in equations (28), (29) and (32).

We have therefore shown the connection of our gravitational wave solution in this subsection with a D3 brane in a pp-wave background. The background pp-wave itself follows from a Penrose limit on AdS_3 × S^3 × R^4 geometry with an appropriate 3-form NS-NS or R-R flux. Just as in section-(2.1), we can also obtain other solutions for the wave-profile H in equation (31). It will again be of interest to find out which D-branes lead to a gravitational wave of this type in a singular limit r → 0.

Due to arguments similar to the ones in section-(2.1), namely that the supersymmetry projections are independent of the Green function f, we expect our gravitational wave solution to be supersymmetric. In particular, since the D3 brane solution of equation (33) preserves 1/8 supersymmetry, as discussed in section-(3.1) of [12], we expect the gravitational wave solution to preserve at least this much supersymmetry as well. Possible enhancement of supersymmetry can be analyzed by solving the Killing spinor equations. However, at this point we move from Type IIB supergravity to study the gravitational waves in elven dimensional M-theory.

3 Ad_7 × S^4 Gravitational Wave Solution in M-theory

3.1 AdS_7 Wave

We now write down the gravitational wave solution in AdS_7 × S^4 backgrounds. These background configurations appear in M-theory in a near horizon geometry of M5 brane solutions solving the eleven-dimensional supergravity equations of motion. The metric ansatz for the gravitational wave solution that we obtain has the following form:

ds^2 = 4q { du^2 u^2 + 1 u^2

(2dx^+dx^− + H(u, x^+, x^i, x^a)dx^{+2} + 4∑ i=1 dx^{i2}) + 1 4 dΩ^2_4 } , (35)

For H = 0 this metric reduces to that of AdS_7 × S^4. This theory, in addition, contains a 3- form field (or the corresponding 4-form flux). Note that we parameterize the space-time using coordinates analogous to the earlier section. In our case the 4-form flux has the following form:

F^{(4)} =

16μq^{32} u^3 A_{ij}(u, x^+, x^i, x^a)dx^+ ∧ du ∧ dx^i ∧ dx^j + 8μq^{32} u^2 A_{ija}dx^+ ∧ dx^i ∧ dx^j ∧ dx^a −3q^{32} √ gdθ^1 ∧ dθ^2 ∧ dθ^3 ∧ dθ^4. (36)

Nonzero Ricci tensor components along AdS_7 directions, for the above metric, has a form:

R_{++} = − H_{,uu} 2 + 5 2 H_{,u} u − 6H u^2 − 1 2 H^i_{,i} − 2 u^2 √ g ∂_a( √ g∂^aH), R_{+−} = R_{uu} = − 6 u^2 , R_{ij} = − 6δ_{ij} u^2

. (37)

Ricci tensor components along S^4 directions are:

R_{ab} = 3g_{ab}. (38)

We now derive constraints on A_{ij} , A_{ija} and H from the eleven-dimensional supergravity equations of motion (G_{μν} represents the eleven dimensional metric, as opposed to g_{ab} which denotes the metric on the S_4): R_{μν} − 1 2 G_{μν} R = 1 12 ( F_{μαβγ}F^{αβγ}_ν − 1 8 G_{μν} F_{αβγδ}F^{αβγδ} ) , (39) and ∂_μ( √ −GF^{μνρσ}) + 1 1152 ϵ^{νρσα1α2α3α4β1β2β3 β4} F_{α1α2α3α4} F_{β1β2β3β4} = 0, (40) where F_{μνρσ} , as mentioned earlier, is a 4-form field strength in the eleven-dimensional supergravity theory.

By using our ansatz for the metric and F_{μνρσ} in equations (35) and (36) we have, for example: R_{+−} − 1 2 g_{+−}R = − 1 96 g_{+−}F_{μνρσ} F^{μνρσ} = − 9 u^2

. (41)

For all other components of R_{μν} , except R_{++}, one gets identical field equations. For the (++) component, on the other hand, we get: − H_{,uu} 2 + 5 2 H_{,u} u − 1 2 H^i_{,i} − 2 u^2 √ g ∂_a( √ g∂^aH) = μ^2 ∑ a A^2_{ij} + ∑ ija (A_{ija}A^a_{ij} . (42) The 4-form field equation (40) implies the following conditions for quantities A_{ij} and A_{ija}:

∂_j A_{ij} = 0, ∂_j A_{ija} = 0, (43) − 1 √ g ∂_a( √ gA^a_{ij} ) + A_{ij} + 3 2 ϵ^{ijkl}A_{kl} = 0. (44) From the Bianchi identity, one also has: A_{ija} = −∂_aA_{ij} . (45) We now find that for the S^4 metric:

dΩ^2_4 = dθ^2 + sin^2θ [dϕ^2 + cos^2ϕ dψ^2 + sin^2ϕ dω^2], (46)

A_{ij} and A_{ija}: A_{23} = A_{14} = −cosθ, A_{23θ} = A_{14θ} = −sinθ, (47) and H = −μ^2( 4∑ i=1 x^2_i ), (48)

provide an explicit solution for equations: (42), (43), (44) and (45). Other examples can also be obtained, as in previous sections, by multiplying A’s and H by functions of x^+, as well as by solving equation (42) directly.

We now show that the gravitational wave solution, with its explicit form as in equations (47) and (48), are obtained from a supersymmetric M5 brane solution in a pp-wave background [13, 11] by applying a limit, taking r → 0. The M5 brane solution is given as:

ds^2 = f^{− 13} (2dx^+dx^− − μ^2 4∑ i=2,3,4,11 x̃^2_i (dx^+)^2 + ∑ i=2,3,4,11 (dx_i)^2) + f^{23} (dr^2 + r^2dΩ^2_4),

F^{(4)} = 2μdx^+ ∧ (dx̃_1 ∧ dx̃_3 ∧ dx̃_4 + dx̃_1 ∧ dx̃_2 ∧ dx̃_{11}) + ϵ_{mnlpq}∂_qfdx̃^m ∧ dx̃^n ∧ dx̃^l ∧ dx̃^p,

f = (1 + q^32 r^3

), (49)

where we have kept the longitudinal coordinate indices in a manner such that its origin as a dimensionally ‘oxidized’ D4 brane [11] becomes more clear. In our notation here, the five transverse coordinates, denoted by x̃^m, representing r and dΩ_4, are given as: x̃^1, y^{1,..,4}. Now, to obtain the gravitational wave solution in equations (35), (36), (47), (48), we define coordinates as: x̃_1 = rcosθ, y_1 = rsinθ cosϕ cosψ, y_2 = rsinθ cosϕ sinψ,

y_3 = rsinθ sinϕ cosω, y_4 = rsinθ sinϕ sinω, (50)

and apply the limit on the transverse radius: r → 0 while redefining: r = 4^{q 32}_{u2} . Identifications for the longitudinal coordinates used in (47) and (48) are:

x_1 ≡ x̃_2, x_2 ≡ x̃_3, x_3 ≡ x̃_4, x_4 ≡ x̃_{11}, (51)

Supersymmetry of the gravitational wave is once again expected, due to the above connection with a 3/16 supersymmetric M5 brane. The supersymmetry of both M5[13] and the related D4[11] branes have been obtained explicitly. The projection conditions again turn out to be independent of f, implying once more that the final solution is supersymmetric as well.

3.2 Wave Profiles dependent on the S^4

We now present another class of AdS_7 × S^4 gravitational wave solution. The new solutions are obtained by considering variations of the flux ansatz (36), allowing for the wave profile to be dependent on the transverse S^4. To this end, consider the following ansatz:

F^{(4)} =

32μq^3 u^5 B_{ai}(u, x^+, x^i, x^a)dx^+ ∧ du ∧ dx^a ∧ dx^i + 8μq^3 u^4 B_{abi}dx^+ ∧ dx^a ∧ dx^b ∧ dx^i −3q^{32} √ gdθ^1 ∧ dθ^2 ∧ dθ^3 ∧ dθ^4, (52)

with i running over 1, .., 4 and x^a’s are the four angular coordinates. As before, we can derive constraints on the undetermined functions. From the Bianchi identity B_{[ai,b]} = B_{abi}, (53) while the equation of motion d ∗ F = −F ∧ F yields

∂_j B_{ja} = 0, ∂_j B_{abj} = 0, (54)

B^a_i = 1 6 √ g ∂_b( √ gB^{ba}_i). (55) Finally, we note that the R_{++} equation of motion implies that − H_{,uu} 2 + 5 2 H_{,u} u − 1 2 H^i_{,i} − 2 u^2 √ g ∂_a( √ g∂^aH) = μ^2q^3 u^6 ( 32 ∑ ai B_{ai}B^a_i + 4 ∑ abi (B_{abi}B^{ab}_i) ) . (56)

Writing the S^4 in coordinates such that the metric is once again of the form (46), one has the solution: H = − 4q^3μ^2 u^4 sin^2θ, (57) with flux determined by

B_{ψ1} = −sin^2θ cos^2ϕ, B_{ω1} = −sin^2θ sin^2ϕ, (58) and B_{θψ1} = sin2θ cos^2ϕ,

B_{ϕψ1} = −sin^2θ sin2ϕ, (59)

B_{θω1} = sin2θ sin^2ϕ,

B_{ϕω1} = sin^2θ sin2ϕ.

This gravitational wave can also be found as the near-horizon limit of a supergravity solution describing a stack of M5 branes in the plane wave background with 20 supersymmetries [14]. The resulting configuration has eight supersymmetries and is given by

ds^2 = f^{− 13} (2dx^+dx^− − μ^2 4 8∑ m=5 x^2_m(dx^+)^2 + 4∑ i=1 (dx_i)^2) + f^{23} 9∑ m=5 (dx^m)^2,

F^{(4)} = μdx^+ ∧ (dx^5 ∧ dx^6 ∧ dx^1 + dx^7 ∧ dx^8 ∧ dx^1) + ϵ_{mnlpq} 4! ∂_qfdx^m ∧ dx^n ∧ dx^l ∧ dx^p, f = (1 + q^32 r^3

). (60)

Upon parameterizing the transverse coordinates (x^5, ..., x^8, x^9 ≡ y^1, .., y^4, x̃_1) exactly as above in equation (50), defining the coordinate u as before, and taking the appropriate near horizon limit, one recovers the gravitational wave solution outlined above.

Supersymmetry of the solution can be discussed along the lines of other examples in section- 2. We now go over to the gravitational wave solution in AdS_4 × S^7 background.

4 AdS_4 × S^7 Solution

Gravitational waves in AdS_4 backgrounds are of particular interest, due to their connection with the physics in four dimensions. In pure gravity theory, the gravitational waves in such backgrounds require the presence of cosmological constant term. In eleven dimensional Mtheory that we are considering, one does not have any such cosmological constant term and the background AdS_4 is accompanied by an S^7 in order to compensate for the opposite Ricci curvature terms. Phenomenological consequences of such a gravitational wave in AdS_4 × S^7 background will be also of interest to examine along the lines of [3].

We now give an example of a gravitational wave in AdS_4 × S^7 background. Later on, in this section, we also show the connection of our solution with certain supersymmetric ‘localized’ M2 branes of [14] in the same way as was done above for other branes. The metric is now written as: ds^2 = q 4 { du^2 u^2 + 1 u^2

(2dx^+dx^− + H(u, x^+, x, x^a)dx^{+2} + dx^2) + 4dΩ^2_7 } , (61)

The 4-form flux is of the form:

F^{(4)} =

3q^{32} 8u^4 dx^+∧dx^− ∧dx∧du− μq^{94} 4 √ 2 A_{ab} u^52 dx^+∧du∧dx^a∧dx^b+ μq^{94} 2 √ 2 A_{abc} u^32 dx^+ ∧dx^a∧dx^b∧dx^c. (62) where powers of q are chosen appropriately to have q-independent solution for A_{ab}’s etc. below. For the Ricci curvature components we now have:

R_{++} = − H_{,uu} 2 + H_{,u} u − 3H u^2 − 1 2 H^i_{,i} − 1 8u^2 √ g ∂_a( √ g∂^aH), R_{+−} = R_{uu} = R_{xx} = − 3 u^2

, R_{ab} = 6δ_{ab}. (63)

with a, b denoting the S^7 coordinates. Equations of motion then simplify to: 1 √ g ∂_c( √ gA^{abc}) + 5A^{ab} = 0, 1 √ g ∂_b( √ gA^{ab}) = 0. (64) and − H_{,uu} 2 + H_{,u} u − 1 2 H^i_{,i} − 1 8u^2 √ g ∂_a( √ g∂^aH) = 1 32 μ^2q^{32} u^3 ∑ a,b A_{ab}A^{ab} + 1 3 ∑ a,b,c (A_{abc}A^{abc} . (65) Bianchi identity gives:

A_{abc} = ∂_{[a}A_{bc]}. (66) One can also write an explicit solution for all the conditions, namely equations (64), (65), and (66). For this we write down a metric on S^7 as:

ds^2 = dθ^2 + cos^2θ [dϕ^2 + cos^2ϕ dψ^2 + sin^2ϕ dω^2] + sin^2θ [dγ^2 + sin^2γ dη^2 + sin^2γ sin^2η dβ^2]. (67) Our solution for A_{ab} and A_{abc} are then:

A_{ψθ} = cosθ cos^2ϕ cosγ, A_{ωθ} = cosθ sin^2ϕ cosγ,

A_{ψγ} = −cos^2θ cos^2ϕ sinθ sinγ, A_{ωγ} = −cos^2θ sin^2ϕ sinθ sinγ,

A_{ϕψ} = −cos^2θ sinθ sinϕ cosϕ cosγ, A_{ϕω} = cos^2θ sinθ sinϕ cosϕ cosγ, (68) and A_{θψγ} = sin^2θ cosθ cos^2ϕ sinγ, A_{θωγ} = sin^2θ cosθ sin^2ϕ sinγ,

A_{ϕψθ} = −cos^3θ sinϕ cosϕ cosγ, A_{ϕψγ} = cos^2θ sinθ sinϕ cosϕ sinγ,

A_{ϕωθ} = cos^3θ sinϕ cosϕ cosγ, A_{ϕωγ} = −cos^2θ sinθ sinϕ cosϕ sinγ. (69) For the wave profile (H) we have: H = − μ^2q^32 8u cos^2θ. (70) We now show that the AdS_4 × S^7 gravitational wave solution, characterized by functions A_{ab}, A_{abc} and H in equations (68), (69) and (70), is obtained from an M2 brane solution [14] in a pp-wave background in a near horizon geometry. The M2 brane solution is given as:

ds^2 = f^{− 23} (2dx^+dx^− − H(dx^+)^2 + (dx)^2) + f^{13} ( 8∑ i=1 dx^2_i ),

F^{(4)} = dx^+ ∧ (μ_1dx_1 ∧ dx_2 + μ_2dx_3 ∧ dx_4 + μ_3dx_5 ∧ dx_6) ∧ dx_8, f = (1 + q^3 r^6

), (71)

with H in equations (71) being: H = − μ^2_1 4 (x^2_1 + x^2) − μ^2 4 (x^2_3 + x^2_4) − μ^2_3 4 (x^2_5 + x^2_6). (72)

The general solution above, for the M2 brane, has three independent parameters μ_1, μ_2 and μ_3. However, to obtain the gravitational wave solution above, in equations (68), (69) and (70) we have set the parameter μ_3 to zero. Moreover, we have also set μ_1 = μ_2. Other supersymmetric solution μ_1 = −μ_2 in [14] is similar to the one we have written in (68), (69) and (70), only change being that ω components in A_{ab} and A_{abc} are changed by a minus sign.

Now, to obtain the gravitational wave solution obtained above, we make the following coordinate transformations:

x_1 = r cosθ cosϕ cosψ, x_2 = r cosθ cosϕ sinψ,

x_3 = r cosθ sinϕ cosω, x_4 = r cosθ sinϕ sinω,

x_5 = r sinθ sinγ cosη, x_6 = r sinθ sinγ sinη cosβ,

x_7 = r sinθ sinγ sinη sinβ, x_8 = r sinθ cosγ, (73)

and take the limit r → 0 while also defining r =^{q 34√}_2 u^{− 1}2 . We then obtain the solution in equations (68), (69) and (70). The supersymmetry of the gravitational wave solution is once again expected , following similar arguments as in previous sections.

5 Conclusion

In this paper we have obtained several examples of gravitational wave solutions in string theory and M-theory. A new feature of our solution is the presence of new p-form fluxes that are present. These fluxes also dictate the form of the wave profiles that one obtains by solving the wave equations. We have also presented many examples. The general structure of these examples have been dictated by certain D-branes and M2, M5 branes in pp-wave backgrounds. It should certainly be possible to extend these solutions further and obtain the gravitational waves in AdS backgrounds in large number of other possible cases, coming from various other brane solutions. In this context, D-branes of maximally supersymmetric pp-wave backgrounds will be particularly interesting to study, as the corresponding gravitational wave may provide interpolation between AdS_5 × S^5 geometry and a pp-wave with maximal supersymmetry, by using procedures outlined in previous sections. Such an interpolating solution may have an interesting interpretation in N = 4 supersymmetric gauge theories as well. Further, it would also be interesting to compute the Penrose limit along null geodesics on the spheres of the space-times given above. Such an analysis was carried out earlier in the case of Kaigorodov space-times [8]. which can be derived from our ansatz above for the AdS_4 × S^7 wave by setting μ = 0. One should in principle find a supersymmetric plane wave, but the form of the resulting wave profile would be highly non-trivial. It should also be noted that a Penrose limit along the perturbed AdS part of the metrics above should also be non-trivial, since the space-times are not conformally flat.

Our results can also possibly be of use for discussing holography in a more general context than pure AdS_m × S^n type solutions [7]. An interesting example from this point of view may be the one obtained from a D3 brane, with wave profile given in equation (21). We notice that the boundary geometry in this case is a four dimensional pp-wave. What implications this observation may have on the CFT structure is worth examining. In particular, it may be interesting to find out the meaning of an additional parameter (μ), in the examples discussed in this paper, in the CFT side, same way as the radius of curvature for AdS_5 × S^5 is related to the rank of the gauge group N.

Note Added: After the submission of this paper to the archive, we have also come across another paper [30] where gravitational wave solutions have been obtained in AdS backgrounds.

Acknowledgment: We would like to thank B. Chandrasekhar for useful discussions. HKK is grateful to St John’s College for a Benefactor’s Scholarship.

References

[1] H. W. Brinkmann, Proc. Natl. Acad. Sci. U.S. 9, 1 (1923).

[2] see also, D. Kramer, H. Stephani, E. Heralt and M. MacCallum, “Exact Solutions of Einstein’s Field Equations,” (Cambridge University Press) 2003.

[3] for a related review see, M. Carmelli, Ch. Charach and S. Malin, Phys. Rep. 76, 79 (1981).

[4] J. Podolsky, Class. Quan. Grav. 15, 719 (1998), [gr-qc/9801052].

[5] S.T.C. Siklos, “Galaxies, Axisymmetric Systems and Relativity” ed. M. MacCallum, (Cambridge University Press) 1985: J. Podolsky and J.B. Griffiths, Phys. Rev. D56, 4756 (1997); J. Podolsky, Class. Quan. Grav. 15, 3229 (1998), [gr-qc/9807081]; Gen. Rel. Grav.33, 1093 (2001), [gr-qc/0010084]; J. Bicak and J. Podolsky, J. Math. Phys. 40, 4495 (1999), [grqc/9907048]; P. Krtous, J. Podolsky and J. Bicak, Phys. Rev. Lett.91, 061101 (2003); P.A. Hogan, Phys. Lett. A171, 21 (1992).

[6] M. Cvetic, Hong Lu, C.N. Pope, Nucl. Phys. B545 309 (1999), [hep-th/9810123].

[7] D. Brecher, A. Chamblin and H.S. Reall, Nucl. Phys. B607, 155 (2001), [hep-th/0012076]. [8] C. Patricot, Class. Quant. Grav. 20, 2087 (2003), [hep-th/0302073]. [9] A. Kumar, hep-th/0403253 (to appear in Phys. Lett. B).

[10] A. Kumar, R.R. Nayak and Sanjay, Phys. Lett. B541, 183 (2002), [hep-th/0204025]; P.

Bain, P. Meessen and M. Zamaklar, Class. Quan. Grav. 20, 913 (2003), [hep-th/0205106]; R.R. Nayak, Phys. Rev. D67, 086006 (2003), [hep-th/0210230]; L.F. Alday and M. Cirafici, JHEP 0305, 006 (2003), [hep-th/0301253]; K. L. Panigrahi and Sanjay Siwach, Phys. Lett. B561, 284 (2003), [hep-th/0303182]; N. Ohta, K.L. Panigrahi and Sanjay, Nucl. Phys. 674, 306 (2003), [hep-th/0306186]; R.R. Nayak and K.L. Panigrahi, Phys. Lett. B575, 325 (2003), [hep-th/0310219]; S.F. Hassan, R.R. Nayak and K.L. Panigrahi, [hep-th/0312224]; R. R. Nayak, K. L. Panigrahi and Sanjay Siwach, hep-th/0405124.

[11] M. Alishahiha and A. Kumar, Phys. Lett. B542, 130 (2002), [hep-th/0205134]. [12] A. Biswas, A. Kumar and K.L. Panigrahi, Phys. Rev. D66, 126002 (2002), [hepth/0208042].

[13] H. Singh, hep-th/0205020.

[14] J. Mas and A.V. Ramallo, JHEP 0305, 021 (2003) [hep-th/0303193]. [15] D. Amati and C. Klimcik, Phys. Lett. B210, 92 (1988); G.T. Horowitz and A.R. Steif, Phys. Rev. D42, 1950 (1990); Phys. Rev. Lett. 64, 260 (1990).

[16] for a review see, A.A. Tseytlin, Class. Quant. Grav. 12, 2365 (1995), [hep-th/9505052]. [17] M. Blau, J. Figueroa-O’Farril, C. Hull and G. Papadopoulos, JHEP 0201, 047 (2002), [hep-th/0110242].

[18] R.R. Metsaev, Nucl. Phys. B625, 70 (2002), [hep-th/0112044]; R.R. Metsaev and A.A.

Tseytlin, Phys. Rev. D65, 126004 (2002), [hep-th/0201081].

[19] D. Berenstein, J. Maldacena and H. Nastase, JHEP 0204, 013 (2002), [hep-th/0202021]. [20] R. Penrose, “Any space-time has a plane wave as a limit”, in Differential Geometry and Relativity, Dordrecht (1976) pp.271-275; R. Guven, Phys. Lett. 482, 255 (2000), [hepth/0005061]; M. Blau, J. Figueroa-O’Farril and G. Papadopoulos, Class. Quant. Grav. 19, 4753 (2002), [hep-th/0202111].

[21] for a review see, D. Sadri and M.M. Sheikh-Jabbari, hep-th/0310119.

[22] A. Dabholkar and S. Parvizi, Nucl. Phys. B 641 (2002) 223, [hep-th/0203231];

Y. Michishita, JHEP 0210 (2002) 048, [hep-th/0206131]; S. S. Pal, Mod. Phys. Lett. A 17 (2002) 1735, [hep-th/0205303]; Sonia Stanciu, Jos Figueroa-O’Farrill, JHEP 0306, 025 (2003), [hep-th/0303212]; D. Berenstein, E. Gava, J. M. Maldacena, K. S. Narain and H. Nastase, [hep-th/0203249]; V. Balasubramanian, M. x. Huang, T. S. Levi and A. Naqvi, JHEP 0208 (2002) 037, [hep-th/0204196]; K. Skenderis and M. Taylor, Nucl Phys. B665, 3 (2003), [hep-th/0211011]; J. w. Kim, B. H. Lee and H. S. Yang, [hep-th/0302060]; K. Skenderis and M. Taylor, JHEP 0307, 006 (2003), [hep-th/0212184]; B. Chandrasekhar and A. Kumar, JHEP 0306, 001 (2003), [hep-th/0303223]; B. Stefanski, hep-th/0304114; C. Bachas and M. Gaberdiel, JHEP 0403, 015 (2004), [hep-th/0310017]; J. Lucietti, S. Schafer-Nameki and A. Sinha, Phys Rev. D69 086005 (2004), [hep-th/0311231].

[23] equations of motion are also summarized in, M. Alishahiha, H. Ita and Y. Oz, JHEP 0006, 002 (2000) [hep-th/0004011].

[24] D. Brecher, U. H. Danielsson, J. P. Gregory, M. E. Olsson, JHEP 0311 (2003) 033.

[25] J. Maldacena, Adv. Theor. Math. Phys. 2 (1998) 231, [hep-th/9711200].

[26] G. Papadopoulos, J. Russo and A.A. Tseytlin, Class. Quan. Grav. 17, 1713 (2000), [hepth/9911253].

[27] S.P. Khastgir and A. Kumar, Phys. Lett. B338 152 (1994); hep-th/9311048.

[28] J.H. Schwarz, Nucl. Phys. 226, 269 (1983); S.F. Hassan, Nucl. Phys. B568, 145 (2000), [hep-th/9907152].

[29] O. Lunin and S.D. Mathur, Nucl. Phys. B642, 91 (2002), [hep-th/0206107]; O. Lunin, S.D. Mathur, A. Saxena, Nucl. Phys. B655, 185 (2003), [hep-th/0211292].

[30] J. Kerimo and H. Lu, hep-th/0408143.