arXiv:hep-th/0405278 v2 23 Jun 2004

June 2004 hep-th/0405278

Non-anticommutative N=2 Supersymmetric SU(2) Gauge Theory^1

Sergei V. Ketov^2 and Shin Sasaki^3 Department of Physics, Faculty of Science Tokyo Metropolitan University 1–1 Minami-osawa, Hachioji-shi Tokyo 192–0397, Japan

Abstract

We calculate the component Lagrangian of the four-dimensional non-anticommutative (with a singlet deformation parameter) and fully N=2 supersymmetric gauge field theory with the simple gauge group SU(2). We find that the deformed (classical) scalar potential is unbounded from below, in contrast to the undeformed case.

1Supported in part by the JSPS and the Volkswagen Stiftung 2Email address: ketov@phys.metro-u.ac.jp 3Email address: shin-s@phys.metro-u.ac.jp

1 Introduction

Supersymmetric gauge field theories in Non-AntiCommutative (NAC) superspace [1] recently became the area of intensive study, see e.g., ref. [2]. The motivation is two-fold, at least. Firstly, those NAC-deformed field theories naturally arise from superstrings in certain supergravity backgrounds and, second, they are natural extensions of the ordinary supersymmetric gauge field theories (formulated in the standard (anti)commutative superspace).

Here we always assume that merely a chiral part of the fermionic superspace coordinates becomes NAC, whereas the other superspace coordinates still (anti)commute (in some basis). This is only possible when the anti-chiral fermionic coordinates (θ̄) are not complex conjugates to the chiral ones, θ̄ ≠ (θ)^∗, which is the case in Euclidean or Atiyah-Ward spacetimes with the signature (4, 0) and (2, 2), respectively. The Euclidean signature is relevant to instantons and superstrings [2], whereas the Atiyah-Ward signature is relevant to the critical N=2 string models [3] or the supersymmetric self-dual gauge field theories [4].

Extended supersymmetry offers more opportunities depending upon how much of supersymmetry one wants to preserve, as well as which NAC deformation (e.g., a singlet or a non-singlet) and which operators (the supercovariant derivatives or the supersymmetry generators) one wants to employ in the Moyal-Weyl star product [1, 5]. The N = (1, 1) (or just N = 2) extended supersymmetry is special since it allows one to choose a singlet NAC deformation that preserves all the fundamental symmetries [6, 7]. Indeed, the most general nilpotent deformation of N = (1, 1) = 2 × (^1_2 ,^1_2 ) supersymmetry is given by

{θ^α_i , θ^β_j }_⋆ = δ^{(αβ)}_{(ij)} C^{(αβ)} + 2iP ε^{αβ} ε_{ij} (no sum!) , (1.1)

where α, β = 1, 2 are chiral spinor indices, i, j = 1, 2 are the indices of the internal R-symmetry group SU(2)_R, while C^{αβ} and P are some constants. Taking only a singlet deformation to be non-vanishing, P ≠ 0, and using the chiral supercovariant N=2 superspace derivatives D_{iα} in the Moyal-Weyl star product,

A ⋆ B = A exp ( iP ε^{αβ}ε^{ij ←}D_{iα} ⃗D_{jβ} ) B , (1.2) allows one to keep manifest N=2 supersymmetry, Lorentz invariance and R-invariance, as well as (undeformed) gauge invariance (after some non-linear field redefinition) [6, 7]. The star product (1.2) matching those conditions is unique, while it requires N = 2.

We choose flat Euclidean spacetime for definiteness, but continue to use the notation common to N=2 superspace with Minkowski spacetime signature, as it is becoming increasingly customary in the current literature (see ref. [8] for details about our notation). Our NAC N=2 superspace with the coordinates (x^m, θ^i_α, θ̄^{•α}_i ) is defined by eq. (1.1), with C^{αβ} = 0 and P ≠ 0, as the only non-trivial (anti)commutator amongst the N=2 superspace coordinates. This choice preserves most fundamental features of N=2 supersymmetry, such as G-analyticity [6].

A NAC-deformed (non-abelian) supersymmetric gauge field theory can also be rewritten to the usual form, with the standard gauge transformations of field components, i.e. as some kind of effective action, after certain (non-linear) field redefinition, known as the Seiberg-Witten map (cf. ref. [9]). In the case of the P -deformed N=2 super-Yang-Mills theory such (non-abelian) map was calculated in ref. [6] with the following result for the effective anti-chiral N=2 superfield strength W :

W_{NAC} = W 1 + P W

, (1.3)

where W is the standard (Lie algebra-valued) N=2 anti-chiral superfield strength. The effective N=2 superspace action reads

S_{NAC} = − 12 ∫ d^4x_Rd^4θ̄ Tr W^2_{NAC} ≡ − 12 ∫ d^4x_Rd^4θ̄ Trf(W ) , (1.4)

whose structure function f(W ) is thus given by [6]

f(W ) = ( W 1 + P W

)_2

. (1.5)

It is non-trivial to calculate eq. (1.4) in components because of the need to perform the (non-abelian) group-theoretical trace (the Lagrangian is no longer quadratic in W !). In this Letter we consider only the simplest non-abelian gauge group SU(2). Some partial results in the SU(3) case will be reported elsewhere [10]. The component action of the P -singlet NAC-deformed N=2 supersymmetric U(1) gauge field theory is fully straightforward to calculate from eqs. (1.4) and (1.5) — see refs. [6, 7].

Our paper is organized as follows. In sect. 2 we perform the SU(2) grouptheoretical trace in eq. (1.4) and find yet another effective function of the colorless variable Tr(W^2) that governs the component action. In sect. 3 we give the full component action of the P -deformed N=2 supersymmetric SU(2) gauge field theory. In sect. 4 we focus on the scalar potential of the deformed theory. Sect. 5 is our conclusion.

2 Calculation of the SU(2) trace

The anti-hermitian SU(2) matrices in the adjoint (vector) representation are

T^1 =

0 0 0 0 0 −1 0 1 0

, T^2 =

0 0 1 0 0 0 −1 0 0

, T^3 =

0 −1 0 1 0 0 0 0 0 . (2.1)

Their matrix elements are given by the SU(2) structure constants, (T^a)^{bc} = −ε^{abc}, where ε^{abc} is the totally antisymmetric Levi-Civita symbol, ε^{123} = 1. The matrices (2.1) obey the SU(2) Lie algebra, ⌊⌈T^a, T^b⌋⌉ = ε^{abc}T^c, where a, b, . . . = 1, 2, 3.

The SU(2) trace in eqs. (1.4) and (1.5) is given by Tr ( W^aT^a 1 + P W^bT^b

)_2

= Tr [ W^aT^a(1 + P W^bT^b)^{−1}W^cT^c(1 + P W^dT^d)^{−1} ]

= Tr [ W^aT^a ∞∑ n=0 (−)^n(P W^bT^b)^nW^cT^c ∞∑ m=0 (−)^m(P W^dT^d)^m ]

= Tr ∞∑ m,n=0 (−)^{n+m}P^{n+m} (W^aT^a)^{n+m+2} = ∞∑ n=0 (−)^n(n + 1)P^nTr(W^aT^a)^{n+2} . (2.2) It is straightforward to calculate (m ≥ 1)

Tr(W^aT^a)^{2m} = 2(−)^m(W^aW^a)^m and Tr(W^aT^a)^{2m+1} = 0 . (2.3)

Hence, eq. (2.2) is equal to 2 ∞∑ n=0 (−)^{n+1}(2n + 1)P^{2n}(W^aW^a)^{n+1} = 2 P^2 ∞∑ n=1 (−)^n(2n − 1)(P^2W^aW^a)^n

= 4 P^2 ∞∑ n=1 n(−P^2W^aW^a)^n − 2 P^2 ∞∑ n=1 (−P^2W^aW^a)^n = 4 P^2

(−P^2)W^aW^a (1 + P^2W^aW^a)^2 + 2 P^2

P^2W^aW^a (1 + P^2W^aW^a) = −2W^aW^a + 2P^2(W^aW^a)^2 (1 + P^2W^aW^a)^2

≡ g(W^2) .

(2.4)

In the limit P → 0 we obtain the usual (undeformed) SU(2)-based N = 2 super- Yang-Mills theory. Having introduced the gauge coupling constant g_{YM} explicitly and rescaled the action by the factor of 1/g^2_{YM}, we can also consider another limit, P ≠ 0 but g_{YM} → 0, that gives rise to the undeformed (free and abelian) N=2 gauge theory.

3 The Lagrangian in components

The standard (undeformed) N = 2 gauge superfield strength W is defined by the anticommutator of two gauge- and super-covariant spinor derivatives in N=2 superspace, {D^i_α, D^j_β } = −2ε^{ij} ε_{αβ} W , (3.1) and it obeys the N=2 superfield Bianchi identities,

D_{iα}W = 0 and D_{ij} W = D_{ij} W . (3.2)

The non-abelian N=2 superfield W is thus a covariantly anti-chiral N=2 superfield, being not an N=2 anti-chiral one. However, the composite ‘colorless’ N=2 superfield W^2 ≡ W^aW^a is N=2 anti-chiral, D_{iα}W^2 = 0, so that it can be expanded with respect to the anticommuting N=2 superspace variables θ̄_i •_α (in the anti-chiral N=2 basis) as follows (cf. ref. [7]):

W^2 = U + V •_{αi}θ̄^{•αi} + X_{ij}θ̄^{ij} + Y_{•α} •_βθ̄^{•α} • β + Z •_{αi}(θ̄^3)^{•αi} + Lθ̄^4 , (3.3)

where we have introduced its (composite) field components (U, V •_{αi}, X_{ij} , Y_{•α} •_β , Z •_{αi}, L).

We define the covariant field components of the N=2 superfield W by covariant differentiation of W , W | = ϕ̄ , D_i •_αW | = λ̄_i •_α , D_{ij} W | = D_{ij} , D_{•α} •_β W | = F_{•α} •_β , (3.4) where | denotes the leading (θ- and θ̄-independent) component of an N=2 superfield. In particular, F^a_{•α} •_β = (σ^{mn})_{•α} •_β F^a_{mn} is the anti-self-dual part of the Yang-Mills field strength F^a_{mn}, the chiral spinors (gaugino) λ̄^a_i •_α transform as a doublet under SU(2)_R and as a triplet under SU(2), the scalars (higgs) ϕ̄^a form a triplet under SU(2), whereas the SU(2)_R × SU(2) double triplet D^a_{ij} = D^a_{ji} are the auxiliary fields.

The composites of eq. (3.3) in terms of the field components (3.4) read as follows:

U = ϕ̄^aϕ̄^a, V •_{αi} = 2λ̄^a•_{αi}ϕ̄^a, X_{ij} = 2 ( ϕ̄^aD^a_{ij} − λ̄^{•αa}_i λ̄^a_{j •α} ) , Y_{•α} •_β = 2 ( ϕ̄^aF^a_{•α •β} − λ̄^{ia}_{•α} λ̄^a_{i •β} ) , Z_i •_α = 4iϕ̄^a(σ̃^m) •_α^αD_mλ^a_{iα} + λ̄^{ja}•_α D_{ij} − λ̄ • βa i F^a_{•α} •_β , (3.5a) and L = − 2ϕ̄^aD_mD^mϕ^a − iλ̄^a_i •_α(σ̃^m)^{•αα}D_mλ^{ia}_α + ε^{abc}λ^{iaα}ϕ̄^bλ^c_{iα} + ε^{abc}λ̄^a_i •_αϕ^bλ̄^{•αic} + 1 48 D^a_{ij} D^{aij} − 1 12 F^{mna−}F^{a−}_{mn} − 12 ϕ^aϕ̄^bϕ^cϕ̄^dε^{abf} ε^{cdf} , (3.5b)

5 where D_m are the usual gauge-covariant derivatives (in the adjoint), F^−_{mn} is the antiself-dual part of F_{mn}. The last composite field L is nothing but the usual N=2 super-Yang-Mills Lagrangian, L = L_{SYM}.

The deformed N=2 gauge theory action in undeformed N=2 superspace is given by eqs. (1.4) and (1.5),

S = − 12Tr ∫ d^4x_Rd^4θ̄ f(W ) = − 12 ∫ d^4x_RD̄^4Tr f(W ) = − 12 ∫ d^4x_RTr(D^4f(W )) . (3.6) Here D^4 is the gauge-covariant extension of D^4,

D̄^4 ≡ 1 4! ε^{ikmn}D_iD_kD_mD_n = 1 96 ( D_{ij} D^{ij} − D_{•α} •_β D • α^•β ) − W^2 , (3.7)

where we have also used the composite indices, i = (i^•α), to introduce our definition of D̄^4. It is most straightforward to compute the component Lagrangian specified by a (colorless) effective function g(W^2) when using an identity ∫ d^4θ̄ g(W^2) = g^′(ϕ̄^2)L + g^{′′}(ϕ̄^2) [ −V_i •_αZ^{i •α} + 2X_{ij} X^{ij} − 2Y_{•α} •_β Y^{•α} • β ]

+ g^{′′′}(ϕ̄^2) [ −V_i •_αV^i•_β Y^{•α} • β + V_i •_αV^{•α}_j X^{ij} ] + g^{′′′′}(ϕ̄^2)V^4 ,

(3.8)

where the primes denote differentiations with respect to ϕ̄^2 ≡ ϕ̄^aϕ̄^a. We find now useful to introduce more book-keeping notation,

(λ̄^2)_{ij} = λ̄^a_i •_αλ̄^{•αa}_j and (λ̄^2)_{•α} •_β = λ̄^a_i •_αλ̄^{ia}•_β ,

(λ̄^2)^{ab}_{ij} = λ̄^a_i •_αλ̄^{•αb}_j and (λ̄^2)^{ab}_{•α} •_β = λ̄^a_i •_αλ̄^{ib}•_β ,

(λ̄^2)^{ab} = λ̄^a_i •_αλ̄^{i •αb} and (λ̄^4)^{abcd} = λ̄^{1a}•_1 λ̄^{1b}•_2 λ̄^{2c}•_1 λ̄^{2d}•_2 ,

(3.9)

together with some related identities [8],

λ̄^4 ≡ 112(λ̄^2)_{ij} (λ̄^2)^{ij} = − 112(λ̄^2)_{•α •β} (λ̄^2)^{•α •β} . (3.10a) and (λ̄^4)^{ab} ≡ 112(λ̄^2)^{ab}_{ij} (λ̄^2)^{ij} = − 112 (λ̄^2)^{ab}_{•α} •_β (λ̄^2)^{•α} • β . (3.10b) Equations (2.2), (2.4) and (3.8) imply that the full component Lagrangian L_{deformed} of the P -deformed N=2 supersymmetric SU(2) gauge theory is governed by a single function,

F (ϕ̄^2) ≡ − 12g^′(ϕ̄^2) =

1 − 3P^2ϕ̄^2 (1 + P^2ϕ̄^2)^3

= 1 − 6P^2ϕ̄^2 + O(P^4ϕ^4) . (3.11) 6

Putting everything together gives rise to our main result: L_{deformed SYM} = F (ϕ̄^2)L_{SYM} + 2F^′(ϕ̄^2) [ −4iϕ̄^aϕ̄^b(λ̄^a_i σ̃^mD_mλ^{ib}) + ϕ̄^a(λ̄^2)^{ab}_{ij} D^{ijb}

+ 8ϕ̄^aD^a_{ij} (λ̄^2)^{ij} + 4ϕ̄^aϕ̄^bD^a_{ij} D^{bij} − ϕ̄^a(λ̄^2)^{ab}_{•α} •_β (σ̃^{mn})^{•α} • β F^{b−}_{mn} −8ϕ̄^aF^{a−}_{mn}(σ̃^{mn})_{•α} •_β (λ̄^2)^{•α} • β − 128ϕ̄^aϕ̄^bF^{a−}_{mn}F^{mnb−} + 96λ̄^4 ]

+ 8F^{′′}(ϕ̄^2) [ −ϕ̄^aϕ̄^bϕ̄^c(λ̄^2)^{ab}_{•α} •_β (σ̃^{mn})^{•α} • β F^{c−}_{mn} + ϕ̄^aϕ̄^bϕ̄^c(λ̄^2)^{ab}_{ij} D^{ijc} +24ϕ̄^aϕ̄^b(λ̄^4)^{ab} ] + 16F^{′′′}(ϕ̄^2)ϕ̄^aϕ̄^bϕ̄^cϕ̄^d(λ̄^4)^{abcd} , (3.12) where the undeformed N=2 Lagrangian L_{SYM} is given by eq. (3.5b).

4 Scalar potential

Perhaps, the most interesting part of the deformed Lagrangian (3.12) is its scalar potential V_{deformed} = − g^2_{YM} 4 F (ϕ̄^2)Tr⌊⌈ϕ, ϕ̄⌋⌉^2 ≡ F (ϕ̄^2)V_{SYM} , (4.1) where we have explicitly introduced the gauge coupling constant, and the undeformed (non-abelian) N=2 super-Yang-Mills scalar potential V_{SYM}. Equations (3.11) and (3.12) now imply

V_{deformed} = 12g^2_{YM} F (ϕ̄^2)ε^{abf} ϕ^aϕ̄^bε^{cdf} ϕ^cϕ̄^d = g^2_{YM}(1 − 3P^2ϕ̄^2) 2(1 + P^2ϕ̄^2)^3 [ ϕ^2ϕ̄^2 − (ϕ^aϕ̄^a)^2 ] . (4.2)

When using the notation (ϕ^aϕ̄^a)^2 = ϕ^2ϕ̄^2 cos^2 ϑ (4.3) we easily find V_{deformed}(ϕ, ϕ̄) = 12 g^2_{YM}ϕ^2ϕ̄^2 sin^2 ϑ

1 − 3P^2ϕ̄^2 (1 + P^2ϕ̄^2)^3

. (4.4)

The scalar potential V_{SYM} of the undeformed N=2 super-Yang-Mills theory is bounded from below (actually, non-negative), while the undeformed (and degenerate) classical vacua are given by solutions to the equation ⌊⌈ϕ, ϕ̄⌋⌉ = 0 . (4.5)

Figure 1: Graph of the function h(y) = y(1 − 3P^2y)(1 + P^2y)^{−3}

In the deformed case under consideration the fields ϕ and ϕ̄ are real and independent, while the P -deformation gives rise to the extra factor F (ϕ̄^2) in eqs. (4.1) and (4.4). Choosing P^2 < 0 gives rise to a singular scalar potential at ϕ̄^2 = −P^{−2}. We choose P^2 > 0 to get a non-singular scalar potential at finite values of ϕ and ϕ̄.

A graph of the relevant function h(y) ≡ y(1 − 3P^2y)(1 + P^2y)^{−3} with y ≡ ϕ̄^2 is given in Fig. 1. The function h(y) is bounded from below and from above, as long as y ≥ 0, with its maximum at y_1 = P^{−2}(4 − √ 13)/3 and its minimum at y_2 = P^{−2}(4+ √ 13)/3. Nevertheless, the full scalar potential is unbounded from below, just because the function h(y) can take negative values at some finite ϕ̄ (including its value at the minimum), while one can still have sin^2 ϑ > 0 and ϕ → ∞, which implies V → −∞. Therefore, the classical P -deformed SU(2)-based N=2 supersymmetric gauge field theory does not have a stable vacuum.

5 Conclusion

It is worth noticing that the non-abelian SU(2)-based N=2 NAC Lagrangian found in this Letter is very different from the abelian U(1)-based Lagrangian with the same P -deformation and star product [6, 7], despite of the fact that both originate from the same Seiberg-Witten map (1.3). The non-abelian NAC Lagrangian in components is governed by another function – see eqs. (2.2) and (2.4).

Our considerations in this paper were entirely classical. It would be interesting to investigate the role of quantum corrections, both in quantum field theory and in string theory (e.g., by using geometrical engineering). It is particularly intriguing to know whether quantum corrections can stabilize the classical vacuum.

References

[1] L. Brink and J. H. Schwarz, Phys. Lett. B100 (1981) 310;

J. H. Schwarz and P. van Nieuwenhuizen, Lett. Nuovo Cim. 34 (1982) 21; S. Ferrara and M. A. Lledo, JHEP 0005 (2000) 008 [hep-th/0002084]; D. Klemm, S. Penati and L. Tamassia, Class. Quantum Grav. 20 (2003) 2905 [hep-th/0104190]

[2] J. de Boer, P. A. Grassi and P. van Nieuwenhuizen, Phys.Lett. B574 (2003) 98 [hep-th/0302078];

N. Seiberg, JHEP 0306 (2003) 010 [hep-th/0305248]; A. Imaanpur, JHEP 0309 (2003) 077 [hep-th/0308171];

R. Britto, B. Feng, O. Lunin, S.-J. Rey, JHEP 0307 (2003) 067 [hep-th/0311275]

[3] H. Ooguri and C. Vafa, Mod. Phys. Lett. A5 (1990) 1389; Nucl. Phys. B361 (1991) 469 ibid. B367 (1991) 83;

J. Bischoff, S. V. Ketov and O. Lechtenfeld, Nucl.Phys. B438 (1995) 373 [hep-th/9406101]

[4] S. J. Gates, Jr., S. V. Ketov and H. Nishino, Phys.Lett. B297 (1992) 99 [hepth/9203078]; ibid. B303 (1993) 323 [hep-th/9203081]; Nucl. Phys. B393 (1993) 149 [hep-th/9207042]

[5] T. Araki, L. Ito and A. Ohtsuka, Phys.Lett. B573 (2003) 209 [hep-th/0307076];

E. Ivanov, O. Lechtenfeld, B. Zupnik, JHEP 0402 (2004) 012 [hep-th/0308012]; T. Araki and K. Ito, hep-th/0404250;

S. Ferrara, E. Ivanov, O. Lechtenfeld, E. Sokatchev, B. Zupnik, hep-th/0405049

[6] S. Ferrara and E. Sokatchev, Phys.Lett. B579 (2004) 226 [hep-th/0308021]

[7] S. V. Ketov and S. Sasaki, hep-th/0404119 (to appear in Phys. Lett. B)

[8] S. V. Ketov, Quantum Non-linear Sigma-models, Springer-Verlag, 2000, Sect. 4.2

[9] N. Seiberg and E. Witten, JHEP 9909 (1999) 032 [hep-th/9908142];

H. Liu, Nucl. Phys. B614 (2001) 305 [hep-th/0011125];

Y. Okawa and H. Ooguri, Phys. Rev. D64 (2001) 046009 [hep-th/0104036]

[10] S. V. Ketov and S. Sasaki, in preparation.