arXiv:hep-th/0406003 v2 26 Oct 2004

UCB-PTH-04/15 LBNL-55076 hep-th/0406003

The General Twisted Open WZW String

M.B.Halpern^{1a} and C. Helfgott^{1b}

1 Department of Physics, University of California and Theoretical Physics Group, Lawrence Berkeley National Laboratory University of California, Berkeley, California 94720, USA

We recently studied two large but disjoint classes of twisted open WZW strings: the openstring sectors of the WZW orientation orbifolds and the so-called basic class of twisted open WZW strings. In this paper, we discuss all T-dualizations of the basic class to construct the general twisted open WZW string – which includes the disjoint classes above as special cases. For the general case, we give the branes and twisted non-commutative geometry at the classical level and the twisted open-string KZ equations at the operator level. Many examples of the general construction are discussed, including in particular the simple case of twisted free-bosonic open strings. We also revisit the open-string sectors of the general WZW orientation orbifold in further detail. For completeness, we finally review the general twisted boundary state equation which provides a complementary description of the general twisted open WZW string.

ahalpern@physics.berkeley.edu
bhelfgott@socrates.berkeley.edu

Contents

1 Introduction 2

2 Classical Theory of the General Twisted Open WZW String 6 2.1 Twisted Open-String Current Algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.2 General Phase-Space Realization of the Twisted Currents . . . . . . . . . . . . . . . . . . . 7 2.3 The General Classical Hamiltonian and T-Duality . . . . . . . . . . . . . . . . . . . . . . . 10 2.4 The Brackets of the Currents with the Coordinates . . . . . . . . . . . . . . . . . . . . . . . 12 2.5 The ω̃-Map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 2.6 Coordinate Space and Twisted Non-Commutative Geometry . . . . . . . . . . . . . . . . . . 16 2.7 The General WZW Brane . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 2.8 Example: Twisted Free-Bosonic Open Strings . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 Operator Theory of the General Twisted Open WZW String 27 3.1 The Twisted Open-String Operator Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 3.2 The Twisted Vertex Operator Equations and the One-Sided Notation . . . . . . . . . . . . 32 3.3 The General Twisted Open-String KZ System . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.4 Overview of Examples and Subexamples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4 Example: Open-String WZW Orientation-Orbifold Sectors 41 4.1 Identification in the General Construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41 4.2 Classical Description of the WZW Orientation Orbifolds . . . . . . . . . . . . . . . . . . . . 47 4.3 Subexample: Free-Bosonic Orientation Orbifolds . . . . . . . . . . . . . . . . . . . . . . . . 51 4.4 The Twisted KZ Systems of the WZW Orientation Orbifolds . . . . . . . . . . . . . . . . . 55 4.5 The Singularity Prescription Revisited: Euclidean vs. Minkowski . . . . . . . . . . . . . . . 57

5 Boundary States of the General Twisted Open WZW String 65

A Twisted Chiral Affine Primary Fields 70

References 71

1 Introduction

At the level of examples, twisted scalar fields and orbifold theory [1-7] are almost as old as string theory itself. It is only in the last few years however, that the orbifold program [8-18] has in large part completed the local description of the general closed-string orbifold A(H)/H. The program constructs all orbifolds at once, using the principle of local isomorphisms [8,10-13,15,18] to map the symmetric theory A(H) into the twisted sectors of A(H)/H. The orbifold results are expressed in terms of a set of duality transformations [10, 12, 13], which are discrete Fourier transforms constructed from the eigendata of the

H-eigenvalue problem [10, 12, 13] in the symmetric theory. For the reader interested in particular topics, we offer the following list:

• the twisted current algebras and stress tensors of all sectors of the general currentalgebraic orbifold [8-12], • the twisted affine primary fields, twisted operator algebras and twisted KZ equations of all WZW orbifolds A_g(H)/H [13, 14, 16, 17], • the action formulation of all WZW and coset orbifolds A_{g/h}(H)/H, in terms of group orbifold elements with definite monodromy [13-18], • the action formulation and twisted Einstein equations of a large class of sigma-model orbifolds A_M (H)/H [18], • free-bosonic avatars of these constructions^{‡1} on abelian g and the explicit form of their twisted vertex operators [14, 16, 18].

A pedagogical review of the program is included in Ref. [17]. Recent progress at the level of characters has been reported in Refs. [20,8,21-23].

More recently, the orbifold program has also been applied to twisted open strings: • the WZW orientation orbifolds A_g(H_−)/H_− and their twisted open-string KZ equations [24, 25], • the action formulation and twisted Einstein equations of WZW, coset and sigma-model orientation orbifolds A_M (H_−)/H_− [25], • the basic class of twisted open WZW strings A^{open}_g (H)/H and their corresponding twisted open-string KZ equations [26].

The orientation orbifolds are obtained by twisting closed-string theories by a discrete automorphism group H_− which contains world-sheet orientation-reversing automorphisms. Like conventional orientifolds [27-30], the orientation orbifolds contain an equal number of open- and closed-string sectors, but in distinction to orientifolds, both the open- and closed-string sectors are generically characterized by fractional moding. The basic class of twisted open WZW strings involves a rather different (Hamiltonian) formulation, generalizing the method given in Ref. [31] for untwisted open WZW strings A^{open}_g . This class of twisted open strings is apparently disjoint from the open-string sectors of the WZW orientation orbifolds.

The method of Refs. [31, 26] works in the open-string picture of open WZW strings, which uses only a single set of current modes and Virasoro generators. This is in distinction

‡1An abelian twisted KZ equation for the inversion orbifold x → −x was given earlier in Ref. [19].

to the closed-string picture of open strings, which uses both left- and right-mover current modes to describe boundary states (see Sec. 5).

More specifically, the method of Ref. [26] constructs a twisted open WZW string from the left-mover current modes and Virasoro generators in sector σ of each closed-string WZW orbifold A_g(H)/H. Each resulting twisted open string in this basic class can be considered as a sector of an open-string WZW orbifold A^{open}_g (H)/H (see Fig. 1), and indeed the openstring orbifolds inherit their orbifold structure directly from the underlying closed-string WZW orbifolds. Alternately, the open-string orbifolds can be viewed as orbifolds by H of the untwisted H-symmetric open WZW string A^{open}_g (H) constructed in Ref. [31].

(_{Ag (H)} H ) L

σ = 0 σ = 1 σ = 2 ... σ = N_c − 1

−→ A^{open}_g (H) H

σ = 0 σ = 1 σ = 2 ... σ = N_c − 1

(_{Ag (H)} H ) L : The left-mover data of any closed-string WZW orbifold. A^{open}_g (H) H : The corresponding open-string WZW orbifold in the basic class.

N_c: The number of conjugacy classes of symmetry group H and the number of sectors σ of A_g(H)/H or A^{open}_g (H)/H.

Fig. 1: Construction of open-string WZW orbifold from closed-string WZW orbifold

The present paper extends the Hamiltonian method of Refs. [31, 26] to construct the general twisted open WZW string by including all T-dualizations of the open strings in the basic class. This is accomplished for all twisted open WZW strings at once by introducing a mode-independent automorphism ω̃(σ) of the twisted current algebra in each sector σ of each open-string orbifold (see Fig. 2). Then, each sector σ has a unique, ω̃-independent Hamiltonian which describes an entire ω̃-family of T-dual twisted open strings: At the classical level, we insert the automorphism into the phase-space realization of the twisted currents, which induces ω̃-dependent non-commutative geometry and general ω̃-dependent WZW branes. At the operator level, we find ω̃-independent spectra and the general ω̃- dependent open-string KZ equations.

A^{open}_g (H) H

σ = 0 σ = 1

σ = 2 ... σ = N_c − 1

−→ A^{open}_g (H) H

σ = 0 1 2 N_c − 1 ω̃(0) ω̃(1) ω̃(2) ... ω̃(N_c −1)

A^{open}_g (H) H : The data of any open-string WZW orbifold.

ω̃(σ): An automorphism of the twisted current algebra in sector σ of A^{open}_g (H)/H. For each sector σ, one obtains an ω̃-family of T-dual twisted open WZW strings.

Fig. 2: From open-string WZW orbifold to T-dual twisted open WZW strings

Because our construction is immense, many explicit examples of our general results are discussed in the text, and for an overview, the reader may enjoy an early glance at Subsec. 3.4. Among these examples, special attention is given to: a) untwisted open WZW strings, b) twisted free-bosonic open strings and c) the open-string sectors of the WZW orientation orbifolds. In particular, we find that the open-string sectors of the WZW orientation orbifolds are T-dual to the sectors of the generalized open-string Z_2 permutation orbifolds (see Subsec. 4.2) in the basic class. Finally, Sec. 5 contains a review and examples of the general twisted boundary state equation [13, 26], which provides a complementary description of the general twisted open WZW string.

The present paper should be considered as a companion paper to Ref. [26]. In particular, we assume for brevity a familiarity with the various eigenvalue problems and duality transformations given there, and many of our results are derived by a so-called ω̃-map (see Subsec. 2.5) from the analogous results in Ref. [26].

2 Classical Theory of the General Twisted Open WZW String

2.1 Twisted Open-String Current Algebras

We begin our construction with the equal-time bracket^{‡2} algebra of the twisted strip currents given in Ref. [26]: Ĵ^{(±)}_{n(r)μ}(ξ, t, σ) ≡ Ĵ_{n(r)μ}(±ξ, t, σ) = ∑ m∈Z Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )e^{−i(m+ n(r)}ρ(σ)^{)(t±ξ)}, 0 ≤ ξ ≤ π (2.1a) Ĵ^{(±)}_{n(r)μ}(−ξ, t, σ) = Ĵ^{(∓)}_{n(r)μ}(ξ, t, σ), ∂_∓Ĵ^{(±)}_{n(r)μ}(ξ, t, σ) = 0, ∂_± ≡ ∂_t ± ∂_ξ (2.1b) {Ĵ^{(+)}_{n(r)μ}(ξ, t, σ), Ĵ^{(+)}_{n(s)ν} (η, t, σ)} = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ^{(+)}_{n(r)+n(s),δ}(η, t, σ) + δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r),ν} (σ)∂_ξ)δ n(r)_{ρ(σ)} (ξ − η) (2.1c) {Ĵ^{(+)}_{n(r)μ}(ξ, t, σ), Ĵ^{(−)}_{n(s)ν} (η, t, σ)} = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ^{(−)}_{n(r)+n(s),δ}(η, t, σ) + δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r),ν} (σ)∂_ξ)δ n(r)_{ρ(σ)} (ξ + η) (2.1d) {Ĵ^{(−)}_{n(r)μ}(ξ, t, σ), Ĵ^{(−)}_{n(s)ν} (η, t, σ)} = 2πi(F_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ^{(−)}_{n(r)+n(s),δ}(η, t, σ) − δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r),ν} (σ)∂_ξ)δ_− n(r)_{ρ(σ)} (ξ − η) (2.1e) σ = 0, . . . , N_c − 1 . (2.1f)

We emphasize that, as it must be for open strings, both the left- and the right-mover currents Ĵ^{(±)} are constructed from the same set of twisted left-mover current modes. These current modes, which satisfy the twisted affine Lie algebra ĝ(σ), are appropriated from sector σ of any closed-string WZW orbifold A_g(H)/H. The number of sectors N_c of A_g(H)/H is the number of conjugacy classes of H. The fractional moding of the currents is described by the integers ρ(σ) and n(r), where ρ(σ) is the order of the automorphism h_σ ∈ H and {n(r)} are the spectral indices of the H-eigenvalue problem [10, 12, 13] in A_g(H). All quantities in the orbifold program are periodic n(r) → n(r) ± ρ(σ) in the spectral indices n(r). The H-eigenvalue problem also leads to explicit formulae for the duality transformations [10, 12, 13] of orbifold theory, including the twisted tangent-space metric G(σ) and

‡2As in Refs. [31, 26], our brackets are rescaled by an i, so that the quantum correspondence is {Â, B̂} → [Â, B̂].

twisted structure constants F(σ) which appear in Eq. (2.1). Other important quantities in Eq. (2.1) are the phase-modified Dirac delta functions δ n(r)_{ρ(σ)} (ξ ± η) = 1 2π ∑ m∈Z e^{−i(m+} n(r) ρ(σ) )(ξ±η) = e−i n(r) ρ(σ) (ξ±η)δ(ξ ± η) = δ_{n(r)±ρ(σ)} ρ(σ) (ξ ± η) (2.2)

which have been previously discussed in Refs. [18, 26]. We note in particular that δ_{n(r)/ρ(σ)}(ξ+ η) has support only at the boundaries of the strip ξ = η = 0, π – and the appearance of this delta function reflects the interaction between a non-abelian charge at ξ (or η) with a nonabelian image charge [31, 26] at −η (or −ξ). In distinction to closed-string orbifold theory, the phase modification of δ_{n(r)/ρ(σ)}(ξ − η) can be ignored on the strip δ n(r)_{ρ(σ)} (ξ − η) ≡ δ(ξ − η) when 0 ≤ ξ, η ≤ π (2.3) although for symmetry we often leave these phases in our results. Finally, we note the boundary conditions on the twisted currents Ĵ^{(+)}_{n(r)μ}(0, t, σ) = Ĵ^{(−)}_{n(r)μ}(0, t, σ), Ĵ^{(+)}_{n(r)μ}(π, t, σ) = e^{−2πi n(r)}ρ(σ) Ĵ^{(−)}_{n(r)μ}(π, t, σ) (2.4) which follow from their moding in Eq. (2.1a).

For detailed information on particular classes of closed-string WZW orbifolds, we direct the reader to the following references:

• the WZW permutation orbifolds [8,10,12-14,16] • the inner-automorphic WZW orbifolds [12, 13, 16] • the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [14] • the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds on so(8) [17].

These references give the explicit forms of the twisted operator algebras (and twisted KZ equations), including the duality automorphisms and current algebras ĝ(σ) required in our construction.

2.2 General Phase-Space Realization of the Twisted Currents

Our next step is the key ingredient in generalizing the construction of Ref. [26]. In particular, for each twisted current algebra ĝ(σ), we introduce an ω̃-family of phase-space realizations of the twisted strip currents:

Ĵ^{(+)}_{n(r)μ}(ξ) ≡ 2πê^{−1}(x̂(ξ))_{n(r)μ}^{n(t)δ}p̂_{n(t)δ}(B̂, ξ) + 1 2 ∂_ξx̂^{n(t)δ}_σ (ξ)ê(x̂(ξ))_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (2.5a) Ĵ^{(−)}_{n(r)μ}(ξ) ≡ ω̃(n(r), σ)_μ^κ(2π ^̄e^{−1}(x̂(ξ))_{n(r),κ}^{n(t)δ}p̂_{n(t)δ}(B̂, ξ) − 1 2 ∂_ξx̂^{n(t)δ}_σ (ξ)^̄e(x̂(ξ))_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r),κ}(σ)) (2.5b) ω̃ ∈ Aut(ĝ(σ)), 0 ≤ ξ ≤ π, σ = 0, . . . , N_c − 1 . (2.5c) These phase-space realizations differ from those of Ref. [26] primarily by the matrix ω̃, which is any mode-number-independent automorphism^{‡3} of the twisted current algebra: ω̃(n(r), σ)_μ^κω̃(n(s), σ)_ν^λG_{n(r),κ;n(s),λ}(σ) = G_{n(r)μ;n(s)ν} (σ) (2.6a) ω̃(n(r), σ)_μ^κω̃(n(s), σ)_ν^λF_{n(r),κ;n(s),λ}^{n(t)δ}(σ) = F_{n(r)μ;n(s)ν}^{n(t),ϵ}(σ)ω̃(n(t), σ)_ϵ^δ . (2.6b) The special case ω̃ = 1 describes the basic class studied in Ref. [26], and, at any point in the construction below, the results of that reference can be obtained by setting ω̃ = 1. In what follows, we shall see that all the realizations in the ω̃-family are in fact related to each other by T-duality, and we therefore refer to ω̃ as the T-duality automorphism.

Aside from the T-duality automorphism ω̃, the geometric quantities which appear in the phase-space realization (2.5) are defined as follows: ĝ(T , ξ, t, σ) = e^{ix̂n(r)μσ (ξ,t)Tn(r)μ(T,σ)} (2.7a) ^T r (M(T , σ)T_{n(r)μ}(T, σ)T_{n(s)ν} (T, σ)) = G_{n(r)μ;n(s)ν} (σ) = δ_{n(r)+n(s),0 mod ρ(σ)}G_{n(r)μ;−n(r),ν} (σ) (2.7b) [T_{n(r)μ}(T, σ), T_{n(s)ν} (T, σ)] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)T_{n(r)+n(s),δ}(T, σ) (2.7c) ‡3General automorphisms ω̃ ∈ Aut(ĝ(σ)) appeared earlier in the general twisted boundary-state equation of Ref. [26], and are well-known in this context for untwisted open strings (see e. g. Ref. [32]) – where ω̃ = ω ∈ Aut(g) is an automorphism of the untwisted current algebra. The description of T-duality via the insertion of an automorphism in the phase-space realization of the currents was first proposed in Ref. [31]. The simplest example of T-duality is the case of DD and NN strings (see Subsec. 2.8), which correspond to ω = 1 and −1 respectively in the untwisted abelian limit of Eq. (2.5).

ê_{n(r)μ}(T ) ≡ −iĝ^{−1}(T ) ^∂_{n(r)μ}ĝ(T ) ≡ ê_{n(r)μ}^{n(s)ν} T_{n(s)ν} , ^∂_{n(r)μ}(ξ) ≡^∂_{∂x̂n(r)μ(ξ)} (2.7d) ^̄e_{n(r)μ}(T ) ≡ −iĝ(T ) ^∂_{n(r)μ}ĝ^{−1}(T ) ≡ ^̄e_{n(r)μ}^{n(s)ν} T_{n(s)ν} (2.7e) ê_{n(r)μ}^{n(t)δ}ê^{−1}_{n(t)δ}^{n(s)ν} = ^̄e_{n(r)μ}^{n(t)δ} ^̄e^{−1}_{n(t)δ}^{n(s)ν} = δ_{n(r)μ}^{n(s)ν} = δ^ν_μδ_{n(r)−n(s),0 mod ρ(σ)} (2.7f) Ĥ_{n(r)μ;n(s)ν;n(t)δ}(x̂) ≡ ^∂_{n(r)μ}B̂_{n(s)ν;n(t)δ}(x̂)+ ^∂_{n(s)ν}B̂_{n(t)δ;n(r)μ}(x̂)+ ^∂_{n(t)δ}B̂_{n(r)μ;n(s)ν} (x̂) = −i^T r ( M(T , σ)ê_{n(r)μ}(T , x̂)[ê_{n(s)ν} (T , x̂), ê_{n(t)δ}(T , x̂)] ) (2.7g) = ê(x̂)_{n(r)μ}^{n(r′ )μ′}ê(x̂)_{n(s)ν}^{n(s′)ν′}ê(x̂)_{n(t)δ}^{n(t′)δ′} F_{n(r}′_{)μ}′_{;n(s}′_{)ν}′_{;n(t}′_{)δ}′ (σ) (2.7h)

p̂_{n(r)μ}(B̂, ξ) ≡ p̂^σ_{n(r)μ} + 1 4π B̂_{n(r)μ;n(s)ν} (x̂(ξ))∂_ξx̂^{n(s)ν}_σ (ξ) . (2.7i)

Here ĝ is the group orbifold element, ê, ^̄e are the left- and right-invariant twisted vielbeins (with ê(0) = 1), and Ĥ is the twisted torsion field. The twisted coordinates x̂_σ and momenta p̂^σ are expected to be canonical in the bulk 0 < ξ < π. The twisted representation matrices T satisfy the orbifold Lie algebra (2.7c) of sector σ, and the explicit forms of T and the twisted data matrix M are given in Ref. [13]. The totally antisymmetric twisted structure constants F_•(σ) in (2.7h) are constructed as usual by lowering the last index of F(σ) using the twisted metric G_•(σ). All these geometric quantities are familiar in closed-string orbifold theory [18], as well as the orientation orbifolds [25] and open-string orbifold theory [26].

It is important to note however that the twisted current algebra ĝ(σ) and hence the twisted currents Ĵ^{(±)} themselves are ω̃-independent, which implies that all the other twisted fields above are implicitly ω̃-dependent: ĝ ≡ ĝ(ω̃), ê ≡ ê(ω̃), ^̄e ≡ ^̄e(ω̃), x̂ ≡ x̂(ω̃), p̂ ≡ p̂(ω̃) (2.8a) Ĥ ≡ Ĥ(ω̃), B̂ ≡ B̂(ω̃) . (2.8b) In what follows, we will construct^{‡4} the general twisted open WZW string for all T-duality automorphisms ω̃, leaving for future work the classification of ω̃ by equivalence classes. Many explicit examples of ω̃ are found e. g. in Subsecs. 2.8, 3.4 and 4.1.

At any point in the following construction, one may consider the σ = 0 sector – which

‡4The general phase-space realizations above can in principle be applied to the classical description of any twisted current-algebraic open string (related to orbifolds A(H)/H of general affine-Virasoro constructions [33-39,10,12]). In this more general setting we expect that, for ω̃ to describe a T-duality, it must also be a symmetry of the general twisted inverse inertia tensor Lω̃ω̃ = L, as shown in Eq. (3.2) for WZW orbifolds.

describes the general untwisted open WZW string: σ = 0 : n(r) = 0 (2.9a) Ĵ^{(±)}_{n(r)μ} → J^{(±)}_a , ê_{n(r)μ}^{n(s)ν} , ^̄e_{n(r)μ}^{n(s)ν} → e_i^a, ē_i^a, x̂^{n(r)μ}_σ → x^i, p̂^σ_{n(r)μ} → p_i (2.9b) G → G_{ab}, F → f_{ab}^c, T_{n(r)μ} → T_a (2.9c) ω̃(n(r), σ)_μ^ν → ω_a^b ∈ Aut(g) (2.9d) a, i = 1 . . . dim g . (2.9e) In this case, the modes J_a(m) of the currents J^{(±)}a satisfy the affine Lie algebra [40-42,37] associated to g and T is any matrix rep of g. The special case of untwisted open WZW strings at ω = 1 was worked out in Ref. [31].

2.3 The General Classical Hamiltonian and T-Duality As emphasized in Ref. [31], open-string theories are constructed from a single set of Virasoro generators {L_σ(m)}. For the general twisted open WZW string, we begin with the following classical open-string stress tensors [26]

T̂^{(±)}_σ (ξ, t) = 1_{4π} G^{n(r)μ;−n(r),ν} (σ)Ĵ^{(±)}_{n(r)μ}(ξ, t)Ĵ^{(±)}_{−n(r),ν} (ξ, t), 0 ≤ ξ ≤ π (2.10a) T̂^{(±)}_σ (−ξ, t) = T̂^{(∓)}_σ (ξ, t), ∂_∓T̂^{(±)}_σ (ξ, t) = 0 (2.10b) T̂^{(±)}_σ (ξ, t) =^1_{2π} ∑ m∈Z L_σ (m)e^{−im(t±ξ)} (2.10c)

which, like the currents Ĵ^{(±)}, are appropriated from left-mover sector σ of the underlying WZW orbifold A_g(H)/H. In terms of these stress tensors, the classical Hamiltonian of the twisted open WZW string is:

Ĥ_σ = L_σ (0) = ∫_π 0 dξ(T̂^{(+)}_σ (ξ, t) + T̂^{(−)}_σ (ξ, t)) (2.11a)

=^1_{4π} ∫_π 0 dξG^{n(r)μ;−n(r),ν} (σ) ( Ĵ^{(+)}_{n(r)μ}(ξ, t)Ĵ^{(+)}_{−n(r),ν} (ξ, t) + Ĵ^{(−)}_{n(r)μ}(ξ, t)Ĵ^{(−)}_{−n(r),ν} (ξ, t) ) (2.11b) ∂_tÂ = i{Ĥ_σ, Â}, σ = 0, . . . , N_c − 1 . (2.11c) Like the currents, the stress tensors and hence the Hamiltonian are explicitly ω̃-independent. Since each member of the ω̃-family (2.5) of phase-space realizations has the same Hamiltonian (2.11), it follows that each realization is T-dual to all the others in its ω̃-family.

With the phase-space realization (2.5), the general classical Hamiltonian can be reexpressed in terms of the phase-space variables as follows Ĥ_σ = ∫_π 0 dξĤ_σ (x̂(ξ), p̂(ξ)) (2.12a) Ĥ_σ (x̂(ξ), p̂(ξ)) = T̂^{(+)}_σ (ξ, t) + T̂^{(−)}_σ (ξ, t)

= 2πĜ^{n(r)μ;n(s)ν} (x̂)p̂_{n(r)μ}(B̂)p̂_{n(s)ν} (B̂)+ 1 8π ∂_ξx̂^{n(r)μ}_σ ∂_ξx̂^{n(s)ν}_σ Ĝ_{n(r)μ;n(s)ν} (x̂) (2.12b)

Ĝ_{n(r)μ;n(s)ν} (x̂) ≡ ê(x̂)_{n(r)μ}^{n(t)δ}ê(x̂)_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) = ^̄e(x̂)_{n(r)μ}^{n(t)δ} ^̄e(x̂)_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) (2.12c) Ĝ^{n(r)μ;n(s)ν} (x̂) ≡ G^{n(t)δ;n(u)ϵ}(σ)ê^{−1}_{n(t)δ}^{n(r)μ}ê^{−1}_{n(u)ϵ}^{n(s)ν} (2.12d) Ĝ_{n(r)μ;n(t)δ}(x̂)Ĝ^{n(t)δ;n(s)ν} (x̂) = δ_{n(r)μ}^{n(s)ν} (2.12e)

where Ĝ_• and Ĝ^• are respectively the twisted Einstein metric of sector σ and its inverse. To obtain this result, we have used the automorphic invariance (2.6a) of the twisted tangentspace metric G(σ) to cancel all the explicit ω̃-dependence, and we note that the Hamiltonian density Ĥ_σ has the same phase-space form as that found in closed-string WZW orbifold theory [18]. We remind the reader however that all the phase-space variables which appear here are implicitly ω̃-dependent.

For the discussion below, it will be convenient to define the automorphic transform ^̄e_{ω̃} of the right-invariant twisted vielbein ^̄e_{ω̃}(x̂)_{n(r)μ}^{n(s)ν} ≡ ^̄e(x̂)_{n(r)μ}^{n(s),λ}ω̃^{−1}(n(s), σ)_λ^ν (2.13a) ^̄e^{−1}_{ω̃} (x̂)_{n(r)μ}^{n(s)ν} = ω̃(n(r), σ)_μ^κ ^̄e^{−1}(x̂)_{n(r),κ}^{n(s)ν} (2.13b) Ĝ_{n(r)μ;n(s)ν} (x̂) = ^̄e_{ω̃} (x̂)_{n(r)μ}^{n(t)δ} ^̄e_{ω̃} (x̂)_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) (2.13c)

where we have used the automorphic invariance (2.6a) to obtain the alternate expression (2.13c) for the twisted Einstein metric. In terms of ^̄e_{ω̃}, the phase-space realization of Ĵ^{(−)} has the alternate form

Ĵ^{(−)}_{n(r)μ}(ξ) ≡ 2π ^̄e^{−1}_{ω̃} (x̂(ξ))_{n(r)μ}^{n(t)δ}p̂_{n(t)δ}(B̂, ξ) − 1 2 ∂_ξx̂^{n(t)δ}_σ (ξ)^̄e_{ω̃}(x̂(ξ))_{n(t)δ}^{n(s)ν} G_{n(s)ν;n(r)μ}(σ) (2.14) which follows by Eq. (2.6a) from Eq. (2.5b). As another example, the twisted-current boundary conditions in Eq. (2.4) now take the ^̄e_{ω̃}-form

4π(^̄e^{−1}_{ω̃} (x̂(ξ))n(r)μ^{n(s)ν} − ê^{−1}(x̂(ξ))n(r)μ^{n(s)ν} )p̂n(s)ν (^^B, ξ) =

= ∂_ξx̂^{n(s)ν}_σ (^̄e_{ω̃}(x̂(ξ))_{n(s)ν}^{n(t)δ} + ê(x̂(ξ))_{n(s)ν}^{n(t)δ})G_{n(t)δ;n(r)μ}(σ) at ξ = 0 (2.15a) 4π(e^{−2πi n(r)ρ(σ)} ^̄eω̃(x̂(ξ))^{−1}_{n(r)μ}^{n(s)ν} − ê(x̂(ξ))^{−1}_{n(r)μ}^{n(s)ν} )p̂n(s)ν (^^B, ξ) = = ∂_ξx̂^{n(s)ν}_σ (e^{−2πi} n(r) ρ(σ) ^̄e ω̃(x̂(ξ))_{n(s)ν}^{n(t)δ} + ê(x̂(ξ))_{n(s)ν}^{n(t)δ})G_{n(t)δ;n(r)μ}(σ) at ξ = π (2.15b)

where we have used Eqs. (2.5a) and (2.14). For reference below, we observe that Eqs. (2.14) and (2.15) differ from the corresponding results in Ref. [26] only by the substitution ^̄e → ^̄e_{ω̃}.

2.4 The Brackets of the Currents with the Coordinates

In the method of Refs. [31, 26], phase-space brackets are obtained by solving linear inhomogeneous partial differential equations derived from the current algebra and the phase-space realizations of the currents.

In this approach, the following tools are needed: We first give the so-called inverse relations

∂_ξx̂^{n(r)μ}_σ (ξ) = Ĵ^{(+)}_{n(s)ν} (ξ)G^{n(s)ν;n(t)δ}(σ)ê^{−1}(ξ)_{n(t)δ}^{n(r)μ}

− Ĵ^{(−)}_{n(s)ν} (ξ)G^{n(s)ν;n(t)δ}(σ)^̄e^{−1}_{ω̃} (ξ)_{n(t)δ}^{n(r)μ} (2.16a) p̂_{n(r)μ}(B̂, ξ) = 1 4π ( ê(ξ)_{n(r)μ}^{n(s)ν}Ĵ^{(+)}_{n(s)ν} (ξ) + ^̄e_{ω̃} (ξ)_{n(r)μ}^{n(s)ν}Ĵ^{(−)}_{n(s)ν} (ξ) ) (2.16b)

which follow for all 0 ≤ ξ ≤ π from the phase-space realizations in Eqs. (2.5) and (2.14). We will also need the spatial derivative of the group orbifold element ĝ ∂_ξĝ(T , ξ) = ∂_ξx̂^{n(r)μ}_σ ^∂_{n(r)μ}ĝ(T , ξ) = i ( ĝ(T , ξ)Ĵ^{(+)}(T , ξ) + Ĵ^{(−)}(T^{ω̃}, ξ)ĝ(T , ξ) ) (2.17a)

Ĵ^{(+)}(T , ξ) ≡ Ĵ^{(+)}_{n(r)μ}(ξ)G^{n(r)μ;n(s)ν} (σ)T_{n(s)ν} (2.17b)

Ĵ^{(−)}(T^{ω̃}, ξ) ≡ Ĵ^{(−)}_{n(r)μ}(ξ)G^{n(r)μ;n(s)ν} (σ)T^{ω̃}_{n(s)ν} (2.17c) T^{ω̃}_{n(r)μ} ≡ ω̃(n(r), σ)_μ^κT_{n(r),κ} (2.17d) Ĵ^{(+)}_{n(r)μ}(ξ) = ^T r ( M(T , σ)Ĵ^{(+)}(T , ξ)T_{n(r)μ} ) (2.17e) Ĵ^{(−)}_{n(r)μ}(ξ) = ^T r ( M(T , σ)Ĵ^{(−)}(T^{ω̃}, ξ)T^{ω̃}_{n(r)μ} ) (2.17f) which is obtained via the chain rule from Eqs. (2.16) and the definitions of the vielbeins in Eq. (2.7). This result is expressed in terms of the matrix currents Ĵ^{(+)}(T ) and Ĵ^{(−)}(T^{ω̃}), where the automorphic transform T^{ω̃} of the twisted representation matrix is defined in Eq. (2.17d). This automorphic transform satisfies the same orbifold Lie algebra (2.7c) as the original T [T^{ω̃}_{n(r)μ}, T^{ω̃}_{n(s)ν} ] = iF_{n(r)μ;n(s)ν}^{n(t)δ}(σ)T^{ω̃}_{n(t)δ} (2.18a) ^T r(MT^{ω̃}_{n(r)μ}T^{ω̃}_{n(s)ν} ) = G_{n(r)μ;n(s)ν} (σ) (2.18b)

and T^{ω̃} also appears when we reexpress the right-invariant matrix vielbein ^̄e_{n(r)μ}(T ) = −iĝ(T ) ^∂_{n(r)μ}ĝ^{−1}(T ) = (^̄e_{ω̃})_{n(r)μ}^{n(s)ν} T^{ω̃}_{n(s)ν} (2.19)

in terms of the automorphic transform of the right-invariant vielbein.

Using the inverse relations in Eq. (2.16) and the equal-time twisted current algebra (2.1), we have followed the steps of Ref. [26] to find partial differential equations for the bracket of Ĵ^{(+)} with x̂ ∂_η{Ĵ^{(+)}_{n(r)μ}(ξ, t, σ), x̂^{n(s)ν}_σ (η, t)} = = 2πi ( F_{n(r)μ;n(t)δ}^{n(u)ϵ}(σ)Ĵ^{(+)}_{n(u)ϵ}(η)+G_{n(r)μ;n(t)δ}(σ)∂_ξ ) × ×δ n(r)_{ρ(σ)} (ξ−η)G^{n(t)δ;n(v)κ}(σ)ê^{−1}(η)_{n(v)κ}^{n(s)ν} −2πi ( F_{n(r)μ;n(t)δ}^{n(u)ϵ}(σ)Ĵ^{(−)}_{n(u)ϵ}(η)+G_{n(r)μ;n(t)δ}(σ)∂_ξ ) × ×δ n(r)_{ρ(σ)} (ξ+η)G^{n(t)δ;n(v)κ}(σ)^̄e^{−1}_{ω̃} (η)_{n(v)κ}^{n(s)ν} +{Ĵ^{(+)}_{n(r)μ}(ξ), x̂^{n(t)δ}_σ (η)}(^∂_{n(t)δ}ê^{−1}(η)_{n(u)ϵ}^{n(s)ν} G^{n(u)ϵ;n(v)κ}(σ)Ĵ^{(+)}_{n(v)κ}(η)

− ^∂_{n(t)δ} ^̄e^{−1}_{ω̃} (η)_{n(u)ϵ}^{n(s)ν} G^{n(u)ϵ;n(v)κ}(σ)Ĵ^{(−)}_{n(v)κ}(η)) (2.20)

and similarly for {Ĵ^{(−)}, x̂} by ξ → −ξ. We note again that Eq. (2.20) differs from Eq. (3.11) of Ref. [26] only by the substitution ^̄e → ^̄e_{ω̃}. The natural solution to this set of PDEs is the ^̄e → ^̄e_{ω̃} form of the corresponding solution in Ref. [26]: {Ĵ^{(+)}_{n(r)μ}(ξ, t, σ), x̂^{n(s)ν}_σ (η, t)} = −2πi(ê^{−1}(η)_{n(r)μ}^{n(s)ν} δ n(r)_{ρ(σ)} (ξ − η) + ^̄e^{−1}_{ω̃} (η)_{n(r)μ}^{n(s)ν} δ n(r)_{ρ(σ)} (ξ + η)) (2.21a) {Ĵ^{(−)}_{n(r)μ}(ξ, t, σ), x̂^{n(s)ν}_σ (η, t)} = −2πi( ^̄e^{−1}_{ω̃} (η)_{n(r)μ}^{n(s)ν} δ_− n(r)_{ρ(σ)} (ξ − η) + ê^{−1}(η)_{n(r)μ}^{n(s)ν} δ_− n(r)_{ρ(σ)} (ξ + η)) (2.21b) 0 ≤ ξ, η ≤ π, σ = 0, . . . , N_c − 1 . (2.21c) It is not difficult to check that these brackets satisfy the twisted current boundary conditions in Eq. (2.4), but considerable algebra is necessary to verify explicitly that (2.21) solves the differential equations. In particular, one needs the phase-space realizations (2.5), (2.14) of the twisted currents, as well as the following geometric identities: ^̄e_{ω̃}(ξ)_{n(r)μ}^{n(s)ν} = −ê(ξ)_{n(r)μ}^{n(t)δ}Ω̂_{ω̃}(ξ)_{n(t)δ}^{n(s)ν} (2.22a) ê^{−1}(ξ)_{n(r)μ}^{n(u)ϵ} ^∂_{n(u)ϵ}Ω̂_{ω̃}(ξ)_{n(s)ν}^{n(t)δ} = −F_{n(r)μ;n(s)ν}^{n(u)ϵ}(σ)Ω̂_{ω̃}(ξ)_{n(u)ϵ}^{n(t)δ} (2.22b) ^̄e^{−1}_{ω̃} (ξ)_{n(r)μ}^{n(u)ϵ} ^∂_{n(u)ϵ}Ω̂_{ω̃} (ξ)_{n(s)ν}^{n(t)δ} = −Ω̂_{ω̃} (ξ)_{n(s)ν}^{n(u)ϵ}F_{n(u)ϵ;n(r)μ}^{n(t)δ}(σ) (2.22c) Ω̂_{ω̃} (ξ)_{n(r)μ}^{n(t)δ}Ω̂_{ω̃}(ξ)_{n(s)ν}^{n(u)ϵ}G_{n(t)δ;n(u)ϵ}(σ) = G_{n(r)μ;n(s)ν} (σ) (2.22d) Ω̂_{ω̃}(ξ)_{n(r)μ}^{n(u)ϵ}Ω̂_{ω̃} (ξ)_{n(s)ν}^{n(v)κ}F_{n(u)ϵ;n(v)κ}^{n(t)δ}(σ) = F_{n(r)μ;n(s)ν}^{n(u)ϵ}(σ)Ω̂_{ω̃}(ξ)_{n(u)ϵ}^{n(t)δ} (2.22e) ^̄e_{ω̃}(ξ)_{n(r)μ}^{n(u)ϵ} ^̄e_{ω̃}(ξ)_{n(s)ν}^{n(v)κ}F_{n(u)ϵ;n(v)κ}^{n(w)λ}(σ)^̄e^{−1}_{ω̃} (ξ)_{n(w)λ}^{n(t)δ} = −ê_{n(r)μ}^{n(u)ϵ}ê_{n(s)ν}^{n(v)κ}F_{n(u)ϵ;n(v)κ}^{n(w)λ}(σ)ê^{−1}_{n(w)λ}^{n(t)δ} (2.22f) ^∂_{n(r)μ}ê_{n(s)ν}^{n(t)δ} − ^∂_{n(s)ν}ê_{n(r)μ}^{n(t)δ} = ê_{n(r)μ}^{n(u)ϵ}ê_{n(s)ν}^{n(v)κ}F_{n(u)ϵ;n(v)κ}^{n(t)δ}(σ) (2.22g) ê^{−1}_{n(r)μ}^{n(t)δ} ^∂_{n(t)δ}ê^{−1}_{n(s)ν}^{n(u)ϵ} − ê^{−1}_{n(s)ν}^{n(t)δ} ^∂_{n(t)δ}ê^{−1}_{n(r)μ}^{n(u)ϵ} = F_{n(s)ν;n(r)μ}^{n(t)δ}(σ)ê^{−1}_{n(t)δ}^{n(u)ϵ} . (2.22h) Here we have introduced the automorphic transform Ω̂_{ω̃} of the twisted adjoint action Ω̂: ĝ(T , ξ, t, σ)T_{n(r)μ}ĝ^{−1}(T , ξ, t, σ) ≡ Ω̂(ξ)_{n(r)μ}^{n(s)ν} T_{n(s)ν} = Ω̂_{ω̃}(ξ)_{n(r)μ}^{n(s)ν} T^{ω̃}_{n(s)ν} (2.23a) Ω̂_{ω̃}(ξ)_{n(r)μ}^{n(s)ν} ≡ Ω̂(ξ)_{n(r)μ}^{n(s),λ}ω̃^{−1}(n(s), σ)_λ^ν . (2.23b) The relations in (2.22g), (2.22h) are respectively the twisted Cartan-Maurer and inverse twisted Cartan-Maurer identities (the CM identities also hold for ê → ^̄e_{ω̃}). Geometric identities analogous to those above are well-known [18] in the geometry of ordinary WZW orbifolds.

Finally, we give the Ĵĝ brackets {Ĵ^{(+)}_{n(r)μ}(ξ, t, σ), ĝ(T , η, t, σ)} = 2π(ĝ(T , η)T_{n(r)μ}δ n(r)_{ρ(σ)} (ξ−η) − T^{ω̃}_{n(r)μ}ĝ(T , η)δ n(r)_{ρ(σ)} (ξ+η)) (2.24a) {Ĵ^{(−)}_{n(r)μ}(ξ, t, σ), ĝ(T , η, t, σ)} = 2π( − T^{ω̃}_{n(r)μ}ĝ(T , η)δ_− n(r)_{ρ(σ)} (ξ−η) + ĝ(T , η)T_{n(r)μ}δ_− n(r)_{ρ(σ)} (ξ+η)) (2.24b)

σ = 0, . . . , N_c − 1 (2.24c) which follow from Eq. (2.21) and the chain rule. Being linear in ĝ, these brackets are easily quantized and will play a central role in the operator theory of Sec. 3.

As in the twisted current algebra (2.1), the boundary terms proportional to δ_{±n(r)/ρ(σ)}(ξ+ η) in Eqs. (2.21) and (2.24) can be interpreted [31, 24, 26] as the interaction of a non-abelian charge at ξ (or η) with a non-abelian image charge at −η (or −ξ).

2.5 The ω̃-Map

Although it was not emphasized in Refs. [31] and [26], all the classical open-string results of these two papers are determined by their Hamiltonian formulations, as given above.

This is an important point because all the results above (including in particular the ω̃- family of phase-space realizations (2.5) and the geometric identities (2.22)) can be obtained from the corresponding results of the basic class [26] at ω̃ = 1 by the following simple “ω̃- map” Ĵ^{(+)}_{n(r)μ} → Ĵ^{(+)}_{n(r)μ}, Ĵ^{(+)}(T ) → Ĵ^{(+)}(T ), ê → ê, ĝT → ĝT (2.25a)

Ĵ^{(−)}_{n(r)μ} → Ĵ^{(−)}_{n(r)μ}, Ĵ^{(−)}(T ) → Ĵ^{(−)}(T^{ω̃}), ^̄e → ^̄e_{ω̃}, T ĝ → T^{ω̃}ĝ (2.25b) Ω̂ → Ω̂_{ω̃} (2.25c)

where ω̃ ∈ Aut(ĝ(σ)) is the T-duality automorphism. The ω̃-map may therefore be applied to the remaining classical results of Ref. [26] as a shortcut to complete the classical theory of the general twisted open WZW string. Note that one replaces the twisted representation matrix T by its automorphic transform T^{ω̃} (see Eq. (2.17d)) only when T appears in the right-mover matrix current and when it acts on the left of ĝ.

For brevity, the results below are generally obtained from the ω̃-map, omitting details of the corresponding direct but lengthy computations.

2.6 Coordinate Space and Twisted Non-Commutative Geometry The first step in the coordinate-space formulation of our theory is to solve for the twisted momenta in terms of the time derivatives of the twisted coordinates: ∂_tx̂^{n(r)μ}_σ (ξ, t) = i{Ĥ_σ, x̂^{n(r)μ}_σ (ξ, t)} (2.26a) = G^{n(s)ν;n(t)δ}(σ)(ê^{−1}(ξ)_{n(s)ν}^{n(r)μ}Ĵ^{(+)}_{n(t)δ}(ξ) + ^̄e^{−1}_{ω̃} (ξ)_{n(s)ν}^{n(r)μ}Ĵ^{(−)}_{n(t)δ}(ξ)) (2.26b) = 4πĜ^{n(r)μ;n(s)ν} (x̂(ξ, t))p̂_{n(s)ν} (B̂, ξ, t) (2.26c) p̂_{n(r)μ}(B̂, ξ, t) = 1 4π Ĝ_{n(r)μ;n(s)ν} (x̂(ξ, t))∂_tx̂^{n(s)ν}_σ (ξ, t) . (2.26d) This result can be obtained by evaluating the bracket in Eq. (2.26a) or via the ω̃-map from the ω̃ = 1 result in Eq. (3.18) of Ref. [26]. Similarly, by chain rule from Eq. (2.26b), one obtains the classical open-string equations of motion ∂_+ĝ(T , ξ, t, σ) = 2iĝ(T , ξ, t, σ)Ĵ^{(+)}(T , ξ, t, σ) (2.27a) ∂_−ĝ(T , ξ, t, σ) = −2iĴ^{(−)}(T^{ω̃}, ξ, t, σ)ĝ(T , ξ, t, σ), ∂_± ≡ ∂_t ± ∂_ξ (2.27b) Ĵ^{(+)}(T , ξ, t, σ) = − i_2ĝ^{−1}(T , ξ, t, σ)∂_+ĝ(T , ξ, t, σ) (2.27c) Ĵ^{(−)}(T^{ω̃}, ξ, t, σ) = −^i_2ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ) (2.27d) ∂_− ( ĝ^{−1}(T )∂_+ĝ(T ) ) = ∂_+ ( ĝ(T )∂_−ĝ^{−1}(T ) ) = 0 (2.27e) in terms of the group orbifold elements. Furthermore, we may use Eq. (2.26d) to eliminate the momenta and obtain a variety of other coordinate-space results.

As a first example, we give the coordinate-space form of the twisted currents Ĵ^{(+)}_{n(r)μ}(ξ, t, σ) = 1_2 ∂_+x̂^{n(s)ν}_σ (ξ, t)ê(ξ, t)_{n(s)ν}^{n(t)δ}G_{n(t)δ;n(r)μ}(σ) (2.28a) Ĵ^{(−)}_{n(r)μ}(ξ, t, σ) = 1_2 ∂_−x̂^{n(s)ν}_σ (ξ, t)^̄e_{ω̃}(ξ, t)_{n(s)ν}^{n(t)δ}G_{n(t)δ;n(r)μ}(σ) (2.28b) which follows from the phase-space realizations. The relation between the matrix currents in Eq. (2.27) and the index currents in Eq. (2.28) is given in Eq. (2.17).

As a second example, the bulk Lagrange density of the general twisted open WZW string

L̂_σ ≡ ∂_tx̂^{n(r)μ}_σ p̂_{n(r)μ} − Ĥ_σ = 1 8π (Ĝ_{n(r)μ;n(s)ν} +B̂_{n(r)μ;n(s)ν} )∂_+x̂^{n(r)μ}_σ ∂_−x̂^{n(s)ν}_σ , 0 < ξ < π (2.29a) 1 8π Ĝ_{n(r)μ;n(s)ν} ∂_+x̂^{n(r)μ}_σ ∂_−x̂^{n(s)ν}_σ = − 1 8π ^T r (M(T , σ)ĝ^{−1}(T )∂_+ĝ(T )ĝ^{−1}(T )∂_−ĝ(T )) (2.29b)

is obtained via the ω̃-map from the corresponding result in the basic class, or directly from Eqs. (2.12b) and (2.26). As expected [43, 31, 26], this bulk density has the same form as (the sigma-model form of) the Lagrange density in the corresponding closed-string WZW orbifold sector [13, 18]. We remind the reader however that all the fields in this action are implicitly ω̃-dependent, as shown in Eq. (2.8).

A complete action for untwisted open WZW strings in terms of group elements and auxiliary boundary variables was given in Ref. [44], but the complete action formulation for the general twisted open WZW string is an open problem. We mention however that the complete action for the open-string sectors of the WZW orientation orbifolds was given in Ref. [25], in terms of nothing but group orbifold elements on the solid half cylinder. This may be an interesting direction to consider in the general case.

Finally, we give the twisted non-commutative geometry of the general twisted open WZW string:

{x̂^{n(r)μ}_σ (ξ, t), x̂^{n(s)ν}_σ (η, t)} = −iπΨ̂^{n(r)μ;n(s)ν} σ,ω̃ (0, 0, t) if ξ = η = 0, iπΨ̂^{n(r)μ;n(s)ν} σ,ω̃ (π, π, t) if ξ = η = π, 0 otherwise

(2.30a)

Ψ̂^{n(r)μ;n(s)ν} σ,ω̃ (ξ, ξ, t) = −Ψ̂ n(s)ν;n(r)μ σ,ω̃ (ξ, ξ, t) (2.30b) = G^{n(t)δ;n(u)ϵ}(σ)e^{−2i n(t)ρ(σ) ξ} ( ^̄e^{−1}_{ω̃} (ξ)_{n(t)δ}^{n(r)μ}ê^{−1}(ξ)_{n(u)ϵ}^{n(s)ν} −ê^{−1}(ξ)_{n(u)ϵ}^{n(r)μ} ^̄e^{−1}_{ω̃}(ξ)_{n(t)δ}^{n(s)ν} )

= ê^{−1}(ξ)_{n(u)ϵ}^{n(r)μ}G^{n(u)ϵ;n(t)δ}(σ)× × (e^{−2i n(t)ρ(σ) ξ^}Ω^{−1}_{ω̃} (ξ)n(t)δ^{n(v)κ} −^^Ωω̃(ξ)n(t)δ^{n(v)κ}e^{2i n(v)ρ(σ) ξ})ê^{−1}(ξ)n(v)κ^{n(s)ν} (2.30c)

ê(ξ) ≡ ê(x̂(ξ, t)), ^̄e_{ω̃}(ξ) ≡ ^̄e(x̂(ξ, t))ω̃^{−1}, Ω̂_{ω̃}(ξ) ≡ Ω̂(x̂(ξ, t))ω̃^{−1} (2.30d)

ω̃ ∈ Aut(ĝ(σ)), σ = 0, . . . , N_c − 1 . (2.30e)

The direct derivation of this result involves solving a set of PDEs for the {x̂, x̂} brackets, but the result (2.30) is more quickly obtained by the ω̃-map from Eq. (3.38) of Ref. [26]. Conversely, the twisted non-commutative geometry of the open-string orbifolds A^{open}_g (H)/H (i. e. the basic class) can be obtained from Eq. (2.30) by setting ω̃ = 1l. We emphasize that, as expected, the coordinate brackets (2.30) vanish in the bulk 0 < ξ < π, in parallel with the corresponding coordinate brackets of closed-string WZW orbifold theory [18]. The general twisted non-commutative geometry in Eq. (2.30) is a central result of this paper.

A simple case of the general result (2.30) is the non-commutative geometry of the general untwisted open WZW string

{x^i(ξ, t), x^j (η, t)} = −iπΨ^{ij}_ω (0, 0, t) if ξ = η = 0, iπΨ^{ij}_ω (π, π, t) if ξ = η = π, 0 otherwise

(2.31a)

Ψ^{ij}_ω (ξ, ξ, t) = −Ψ^{ji}_ω (ξ, ξ, t) = G^{ab}(ē^{−1}_ω (ξ)_a^ie^{−1}(ξ)_b^j − e^{−1}(ξ)_b^iē^{−1}_ω (ξ)_a^j )

= e^{−1}(ξ)_a^iG^{ab}(Ω^{−1}_ω (ξ) − Ω_ω(ξ))^c_b e^{−1}(ξ)_c^j (2.31b) e(ξ) ≡ e(x(ξ, t)), ē_ω(ξ) ≡ ē(x(ξ, t))ω^{−1}, Ω_ω(ξ) ≡ Ω(x(ξ, t))ω^{−1} (2.31c) a, b, c, i, j = 1, . . . , dim g, ω ∈ Aut(g) (2.31d) which is obtained via Eq. (2.9) in the σ = 0 sector. Here e and ē are the untwisted left- and right-invariant vielbeins on g and G^{ab} is the untwisted tangent-space metric. The result (2.31) generalizes the ω = 1 non-commutative geometry of Ref. [31].

Further examples of these general coordinate-space results are found in Subsecs. 2.8, 4.2 and 4.3. As in Refs. [31, 26], one may use the known brackets above and the inverse relations (2.16) to straightforwardly compute the remaining phase-space brackets – without solving any additional PDEs.

2.7 The General WZW Brane As our next coordinate-space topic, we discuss the general WZW branes which live at the ends of the general twisted open WZW string.

We begin with the boundary conditions on the twisted currents and coordinates Ĵ^{(+)}_{n(r)μ}(0, t) = Ĵ^{(−)}_{n(r)μ}(0, t), Ĵ^{(+)}_{n(r)μ}(π, t) = e^{−2πi n(r)}ρ(σ) Ĵ^{(−)}_{n(r)μ}(π, t) (2.32)

∂_tx̂^{n(r)μ}_σ (ξ, t)(^̄e_{ω̃}(ξ, t)_{n(r)μ}^{n(s)ν} − ê(ξ, t)_{n(r)μ}^{n(s)ν} ) = ∂_ξx̂^{n(r)μ}(ξ, t)( ^̄e_{ω̃} (ξ, t)_{n(r)μ}^{n(s)ν} + ê(ξ, t)_{n(r)μ}^{n(s)ν} ) at ξ = 0 (2.33a) ∂_tx̂^{n(r)μ}_σ (ξ, t)(e^{2πi} n(s) ρ(σ) ^̄e ω̃ (ξ, t)_{n(r)μ}^{n(s)ν} − ê(ξ, t)_{n(r)μ}^{n(s)ν} ) = ∂_ξx̂^{n(r)μ}(ξ, t)(e^{2πi} n(s) ρ(σ) ^̄e ω̃ (ξ, t)_{n(r)μ}^{n(s)ν} + ê(ξ, t)_{n(r)μ}^{n(s)ν} ) at ξ = π (2.33b) where Eq. (2.32) was given earlier, and Eq. (2.33) is then obtained from the coordinatespace form of the currents in Eq. (2.28). The current boundary conditions can also be rewritten in terms of the matrix currents Ĵ^{(+)}(T , 0, t, σ) = Ĵ^{(−)}(T , 0, t, σ), Ĵ^{(+)}(T , π, t, σ) = E(T, σ)Ĵ^{(−)}(T , π, t, σ)E(T, σ)^∗ (2.34a) Ĵ^{(−)}(T , ξ, t, σ) ≡ Ĵ^{(−)}_{n(r)μ}(ξ, t, σ)G^{n(r)μ;n(s)ν} (σ)T_{n(s)ν} (2.34b) and we note that the right-mover matrix current Ĵ^{(−)}(T ) is not the same as the current Ĵ^{(−)}(T^{ω̃} ) defined in Eq. (2.17c). To obtain this result, we used the selection rule of the twisted representation matrices [13] e^{2πi n(r)ρ(σ)} T_{n(r)μ}(T, σ) = E(T, σ)T_{n(r)μ}(T, σ)E^∗(T, σ) (2.35a) E(T, σ)_{N (r)μ}^{N (s)ν} = δ_μ^ν δ_{N (r)−N (s),0 mod R(σ)}e^{−2πi N (r)−N (s)R(σ)} (2.35b) where the diagonal matrix E(T, σ) is the eigenvalue matrix of the extended H-eigenvalue problem [13, 26] in sector σ of the underlying closed-string orbifold A_g(H)/H.

We would like to express the matrix-current boundary conditions (2.34) in terms of the group orbifold elements themselves. For this, one needs to define a unitary matrix W̃ by the following twisted linkage relation:

T^{ω̃}_{n(r)μ} = ω̃(n(r), σ)_μ^ν T_{n(r)ν} = W̃^† (T , σ)T_{n(r)μ}W̃ (T , σ) . (2.36)

According to this definition, the matrix W̃ ∈ Aut(ĝ(σ)) is the action of the T-duality automorphism ω̃ in twisted rep T . The twisted linkage relation is a close analogue of the ordinary linkage relation of orbifold theory [13]

T^ω_a ≡ ω(h_σ)_a^bT_b = W^† (h_σ; T )T_aW (h_σ; T ) (2.37)

where W ∈ Aut(g) is the action of the automorphism ω in untwisted rep T . In particular, Eq. (2.36) reduces to the ordinary linkage relation in untwisted open-string sector σ = 0. The existence of solutions W̃ to Eq. (2.36) follows for the same reasons [13, 14, 17] that solutions W exist for the ordinary linkage relation. For inner automorphisms ω̃ of the twisted current algebra, the matrix W̃ exists because T^{ω̃} is by definition unitarily equivalent to T in that case. When ω̃ is an outer automorphism and T^{ω̃} ≄ T , one must consider ĝ(T ) and T as multiplets

ĝ(T ) → ĝ(T ) ĝ(T^{ω̃})

ĝ(T^{ω̃2} ) ... , T → T T^{ω̃} T^{ω̃2} ... (2.38)

which collect the automorphism cycle of ω̃. Then following Refs. [13, 14, 17], the twisted linkage relation is easily solved for W̃ , which is an off-diagonal matrix of size shown in Eq. (2.38).

Using the definitions (2.17c) and (2.34b) of the two right-mover matrix currents Ĵ^{(−)}, as well as the twisted linkage relation (2.36), we find the following relation between the two:

Ĵ^{(−)}(T , ξ, t, σ) = W̃ (T , σ)Ĵ^{(−)}(T^{ω̃} , ξ, t, σ)W̃^† (T , σ) . (2.39)

This identity gives an alternate form of the matrix-current boundary conditions (2.34)

Ĵ^{(+)}(T , 0, t, σ) = W̃ (T , σ)Ĵ^{(−)}(T^{ω̃}, 0, t, σ)W̃^† (T , σ) (2.40a) Ĵ^{(+)}(T , π, t, σ) = E(T, σ)W̃ (T , σ)Ĵ^{(−)}(T^{ω̃}, π, t, σ)W̃^†(T , σ)E(T, σ)^∗ (2.40b) which explicitly involves the matrix W̃ .

With these boundary conditions and Eqs. (2.27c,d), we finally obtain the desired form of the boundary conditions in terms of group orbifold elements: ĝ^{−1}(T , ξ, t, σ)∂_+ĝ(T , ξ, t, σ) = = { W̃ (T , σ)ĝ(T , ξ, t, σ)∂_−ĝ−1(T , ξ, t, σ)W̃^† (T , σ) at ξ = 0 E(T, σ)W̃ (T , σ)ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ)W̃^† (T , σ)E(T, σ)^∗ at ξ = π . (2.41)

This is the most natural description of the general WZW branes at the ends of the general twisted open WZW string. The quantities E(T, σ) and W̃ (T , σ) are defined in Eqs. (2.35) and (2.36) respectively. Following the discussion above, we emphasize that, in the case of outer-automorphic ω̃ and T^{ω̃} ≄ T , the boundary conditions (2.41) relate different fields ĝ(T^{ω̃n} ) in the multiplet (2.38).

The general description (2.41) of branes on group orbifolds is another central result of this paper. Many explicit examples of this result are found below.

2.8 Example: Twisted Free-Bosonic Open Strings

We turn next to a large class of twisted free-bosonic open strings which is easily obtained in the formal abelian limit of our general construction.

As background for the free-bosonic case, we begin with the untwisted left-mover sector of a closed-string CFT on abelian g

{J_a(m), J_b(n)} = mG_{ab}δ_{m+n,0}, f_{ab}^c = 0, [T_a, T_b] = 0 (2.42a) e_i^a = −ē_i^a = δ_i^a, B_{ij} = H_{ijk} = 0, i, j, a, b = 1, . . . , dim g (2.42b)

where i, j and a, b label the bosons and the T ’s are the abelian momenta. Then, twisting a general automorphism of the abelian current algebra ω(h_σ ) ∈ H ⊂ Aut(g), σ = 0, . . . , N_c − 1 (2.43) one obtains the left-mover sector σ of a free-bosonic orbifold. Moreover, following the development of this paper, we find the abelian data for the corresponding ω̃-family of twisted free-bosonic open strings:

F_{n(r)μ;n(s)ν}^{n(t)δ} = 0, [T_{n(r)μ}, T_{n(s)ν} ] = [T^{ω̃}_{n(r)μ}, T^{ω̃}_{n(s)ν} ] = 0 (2.44a) {Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )} = (m+^{n(r)}_{ρ(σ)} )G_{n(r)μ;−n(r),ν} (σ)δ_{m+n+} n(r)+n(s)_{ρ(σ) ,0} (2.44b) {Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ĝ(T , ξ, t)} = ĝ(T , ξ, t)T_{n(r)μ}e^{i(m+ n(r)ρ(σ) )(t+ξ)} − T^{ω̃}_{n(r)μ}ĝ(T , ξ, t)e^{i(m+ n(r)ρ(σ) )(t−ξ)} (2.44c) ê_{n(r)μ}^{n(s)ν} = −^̄e_{n(r)μ}^{n(s)ν} = δ^ν_μδ_{n(r)−n(s),0 mod ρ(σ)} (2.44d) (^̄e_{ω̃})_{n(r)μ}^{n(s)ν} = −ω̃^{−1}(n(r), σ)_μ^ν δ_{n(r)−n(s),0 mod ρ(σ)} (2.44e) Ĝ_{n(r)μ;n(s)ν} = G_{n(r)μ;n(s)ν} (σ) = χ(σ)_{n(r)μ}χ(σ)_{n(s)ν} U(σ)_{n(r)μ}^aU(σ)_{n(s)ν}^bG_{ab} (2.44f) B̂_{n(r)μ;n(s)ν} = Ĥ_{n(r)μ;n(s)ν;n(t)δ} = 0, σ = 0, . . . , N_c − 1 (2.44g) L̂_σ = 1_{8π} G_{n(r)μ;−n(r),ν} (σ)∂_+x̂^{n(r)μ}_σ ∂_−x̂^{−n(r),ν}_σ , 0 < ξ < π (2.44h) Here ω̃, which satisfies Eq. (2.6a), is any automorphism^{‡5} of the twisted abelian current algebra (2.44b), and the unitary matrices U(σ) in Eq. (2.44f) solve the H-eigenvalue problem [10, 12, 13] for the automorphism ω(h_σ ) in Eq. (2.43). It is clear from Eqs. (2.42b) and (2.44g) that we are not treating the most general twisted free-bosonic open string, which can also involve a class of twisted B̂ fields, B̂ ≠ 0. Similarly, we will not discuss any particular target-space compactification of the twisted coordinates.

One may now obtain the classical description of these twisted free-bosonic open strings by substitution of the abelian data (2.44) into the general results above. For example, one obtains the ω̃-family of phase-space realizations of the twisted abelian currents Ĵ^{(±)}_{n(r)μ}(ξ, t) = ∑ m∈Z Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )e^{−i(m+ n(r)}ρ(σ)^{)(t±ξ)} (2.45a)

Ĵ^{(+)}_{n(r)μ}(ξ, t) = 2πp̂^σ_{n(r)μ}(ξ, t) + 1_2 ∂_ξx̂^{n(s)ν}_σ (ξ, t)G_{n(s)ν;n(r)μ}(σ) (2.45b) Ĵ^{(−)}_{n(r)μ}(ξ, t) = ω̃(n(r), σ)_μ^ν (− 2πp̂^σ_{n(r)ν} (ξ, t) +^1_2 ∂_ξx̂^{n(s)κ}_σ (ξ, t)G_{n(s)κ;n(r)ν} (σ)) (2.45c) from the general realization (2.5), and the corresponding ω̃-family of branes in twisted

‡5Although abelian current algebras (such as Eq. (2.44b)) can be considered as formal limits of nonabelian current algebras (such as Eq. (2.1)), the automorphism group of the abelian current algebra is of course larger than the automorphism group of the non-abelian starting point.

free-bosonic sector σ

∂_tx̂^{n(r)ν}_σ (ξ, t)(ω̃^{−1}(n(r), σ)+1l)^μ_ν = ∂_ξx̂^{n(r)ν}_σ (ξ, t)(ω̃^{−1}(n(r), σ)−1l)^μ_ν at ξ = 0 (2.46a) ∂_tx̂^{n(r)ν}_σ (ξ, t)(e^{2πi n(r)ρ(σ)} ω̃^{−1}(n(r), σ)+1l)^μ_ν = ∂_ξx̂^{n(r)ν}_σ (ξ, t)(e^{2πi n(r)ρ(σ)} ω̃^{−1}(n(r), σ)−1l)^μ_ν at ξ = π (2.46b)

follow from the general boundary conditions (2.33). In these results, the basic class [26] of twisted free-bosonic open strings is found at ω̃ = 1l.

The simplest case^{‡6} of twisted free-bosonic open strings is realized when we appropriate the initial left-mover data from a simple inversion orbifold x → −x. In this case, the resulting twisted open strings have ρ(σ) = 2,^{n̄(r)}_{ρ(σ)} =^1_2 and ω̃ = ±1:

DN : ω̃ = 1 ; ND : ω̃ = −1 . (2.47)

For this pair of half-integer-moded strings, T-duality is nothing but reversal of the branes. This example is very simple, but we remind the reader that each twisted sector σ comes equipped (via the H-eigenvalue problem [10, 12, 13]) with a set {n(r)} of spectral indices and hence a corresponding set of mixed boundary conditions (2.46) on the twisted coordinates x̂^{n(r)μ}σ . Mixed boundary conditions with B̂ = 0 have also been observed in the open-string sectors of the free-bosonic orientation orbifolds [24, 25] and in free-bosonic open-string orbifolds [26].

Even simpler free-bosonic open strings are obtained in the untwisted case, where each end of the string lies on the same type of brane:

∂_tx^i(ξ, t)δ_i^a(ω^{−1} + 1l)_a^b = ∂_ξx^i(ξ, t)δ_i^a(ω^{−1} − 1l)_a^b at ξ = 0, π (2.48a) ω ∈ Aut(g) . (2.48b) This result is obtained by using Eqs. (2.9) and (2.42) in the σ = 0 sector of Eq. (2.46). For a single coordinate (with tangent-space and Einstein metric G = 1), one encounters the cases (see e. g. Ref. [31])

S =^1_{8π} ∫ dt ∫_π 0 dξ∂_+ x∂_−x (2.49a) {J^{(+)}(ξ, t), J^{(±)}(η, t)} = 2πi∂_ξδ(ξ ∓ η), {J^{(−)}(ξ, t), J^{(±)}(η, t)} = −2πi∂_ξδ(ξ ± η) (2.49b) ‡6Twisted scalar fields and orbifold sectors were first considered in Ref. [1], and this reference led directly to the study of DN (ND) strings in Ref. [3].

DD : ω = 1, J^{(+)}(ξ) = 2πp(ξ) +^1_2 ∂_ξx(ξ) J^{(−)}(ξ) = −2πp(ξ) +^1_2 ∂_ξx(ξ) (2.49c) NN : ω = −1, J^{(+)}(ξ) = 2πp(ξ) +^1_2 ∂_ξx(ξ) J^{(−)}(ξ) = 2πp(ξ) −^1_2 ∂_ξx(ξ) (2.49d) which describe the classic example of T-duality.

Returning to the twisted case, we give the non-commutative geometry of the twisted free-bosonic open strings Ψ̂^{n(r)μ;n(s)ν} σ,ω̃ (ξ, ξ) = G n(r)δ;n(s)ν (σ) ( e^{2i n(r)ρ(σ) ξ}ω̃^{−1}(n(r), σ) − e^{−2i n(r)ρ(σ) ξ}ω̃(n(r), σ) )_μ δ (2.50a) {x̂^{n(r)μ}_σ (ξ, t), x̂^{n(s)ν}_σ (η, t)} = iπδ_{n(r)+n(s),0 mod ρ(σ)}G^{n(r),δ;−n(r),ν}(σ) ×

× (ω̃(n(r), σ) − ω̃^{−1}(n(r), σ))_δ^μ if ξ = η = 0, (e^{2πi n(r)ρ(σ)} ω̃^{−1}(n(r), σ) − e^{−2πi n(r)ρ(σ)} ω̃(n(r), σ))_δ^μ if ξ = η = π, 0 otherwise

(2.50b)

which is obtained by inserting the abelian data (2.44) into the general non-commutative geometry (2.30). This result reduces to the untwisted non-commutative geometry {x^i(ξ, t), x^j (η, t)} = { iπG^{ab}δ_b^j (ω − ω^{−1})_a^cδ_c^i if ξ = η = 0, π 0 otherwise

(2.51a)

a, i = 1 . . . dim g, g abelian (2.51b) in sector σ = 0 (see Eqs. (2.9) and (2.42)). The open-string geometries (2.50) and (2.51a) are commutative for DN, ND, DD and NN coordinates^{‡7}. Simple non-commutative examples are easily constructed with two or more coordinates, using e. g. ω̃ = 1, ρ(σ) = 3 in the twisted geometry (2.50b) or by using ω = ( cos(^{2π}_3 ) sin(^{2π}_3 ) − sin(^{2π}_3 ) cos(^{2π}_3 ) ) (2.52)

in the untwisted geometry (2.51a).

For use below, we also give the equations of motion of the twisted coordinates

∂_tx̂^{n(r)μ}_σ (ξ, t) = G^{n(r)μ;n(s)ϵ}(σ)(δ_ϵ^νĴ^{(+)}_{n(s)ν} (ξ, t) − ω̃^{−1}(n(s), σ)_ϵ^νĴ^{(−)}_{n(s)ν} (ξ, t)) (2.53a)

∂_ξx̂^{n(r)μ}_σ (ξ, t) = G^{n(r)μ;n(s)ϵ}(σ)(δ_ϵ^νĴ^{(+)}_{n(s)ν} (ξ, t) + ω̃^{−1}(n(s), σ)_ϵ^νĴ^{(−)}_{n(s)ν} (ξ, t)) (2.53b)

‡7Non-commutative geometry [45-49] is also found for NN coordinates when B ≠ 0.

and the following forms of the twisted momenta: p̂^σ_{n(r)μ}(ξ, t) =^1_{4π} ( Ĵ^{(+)}_{n(r)μ}(ξ, t, σ) − ω̃^{−1}(n(r), σ)_μ^κĴ^{(−)}_{n(r)κ}(ξ, t, σ) ) (2.54a) =^1_{4π} G_{n(r)μ;n(s)ν} (σ)∂_tx̂^{n(s)ν}_σ (ξ, t) . (2.54b) Using the automorphic invariance (2.6a) of G, these results are obtained in the abelian limits of Eqs. (2.16) and (2.26b). Note that the boundary conditions (2.46) also follow from these equations of motion.

As a final topic in this subsection, we will obtain the complete equal-time algebras of the twisted free-bosonic open strings. Following Ref. [26], we begin with the solution of the equations of motion (2.53)

x̂^{0μ}_σ (ξ, t) = q̂^{0μ} + G^{0μ;0ν} (σ)((1l − ω̃(0, σ))^δ_ν Ĵ_{0δ}(0)t + (1l + ω̃(0, σ))^δ_ν Ĵ_{0δ}(0)ξ

+ i ∑ m≠0 e^{−imt}(e^{−imξ} 1l − e^{imξ}ω̃(0, σ))^δ_ν Ĵ_{0δ}(m)

m ) (2.55a) n̄(r) ≠ 0 : x̂^{n(r)μ}_σ (ξ, t) = q̂^{n(r)μ} + iG^{n(r)δ;n(s)ν}(σ) ∑ m∈Z e^{−i(m+ n(s)ρ(σ) )t} × × (e^{−i(m+ n(s)ρ(σ) )ξ}1l − e^{i(m+ n(s)ρ(σ) )ξ}ω̃(n(r), σ))^μ_δ^{Ĵn(s)ν (m + n(s)ρ(σ) )}_{m + n(s)ρ(σ)} (2.55b) where the q̂’s are the zero modes of the twisted coordinates. The brackets of the zero modes with the twisted current modes are obtained as follows: {Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), x̂^{n(s)ν}_σ (ξ, t)} = − iδ^{n(s)}_{n(r)} (e^{i(m+ n(r)ρ(σ) )(t+ξ)}1l − ω̃(n(r), σ)e^{i(m+ n(r)ρ(σ) )(t−ξ)})^ν_μ (2.56a)

⇒ {Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), q̂^{n(s)ν} } = −i(1l − ω̃(0, σ))_μ^ν δ_{m+} n(r)_{ρ(σ) ,0}δ_{n(s),0 mod ρ(σ)} . (2.56b)

Here Eq. (2.56a) is equivalent to the abelian limit of Eq. (2.21), and Eq. (2.56b) follows by insertion of the mode expansions (2.55) into Eq. (2.56a).

Using the twisted momenta (2.54a), the mode expansions (2.55) and the brackets (2.56b), we may now compute the complete equal-time quasi-canonical algebra of the twisted free-boson system: {p̂^σ_{n(r)μ}(ξ, t), p̂^σ_{n(s)ν} (η, t)} = i 8π δ_{n(r)+n(s),0 mod ρ(σ)} × ×∂_ξ(ω̃^{−1}(n(r), σ)_μ^δδ_− n(r)_{ρ(σ)} (ξ + η) − ω̃(n(r), σ)_μ^δδ n(r)_{ρ(σ)} (ξ + η))G_{n(r)δ;−n(r),ν} (σ) (2.57a) {x̂^{n(r)μ}_σ (ξ, t), p̂^σ_{n(s)ν} (η, t)} = iδ_{n(s)ν}^{n(r)μ}δ(ξ − η) −^i_2 δ_{n(r)−n(s),0 mod ρ(σ)}(ω̃(n(r), σ)_ν^μδ n(r)_{ρ(σ)} (ξ + η) + ω̃^{−1}(n(r), σ)_ν^μδ_− n(r)_{ρ(σ)} (ξ + η)) (2.57b)

{x̂^{n(r)μ}_σ (ξ, t), x̂^{n(s)ν}_σ (η, t)} = iπδ_{n(r)+n(s),0 mod ρ(σ)}G^{n(r)δ;−n(r),ν}(σ) ×

× (ω̃(n(r), σ) − ω̃^{−1}(n(r), σ))_δ^μ if ξ = η = 0, (e^{2πi n(r)ρ(σ)} ω̃^{−1}(n(r), σ) − e^{−2πi n(r)ρ(σ)} ω̃(n(r), σ))_δ^μ if ξ = η = π, 0 otherwise

(2.57c)

0 ≤ ξ, η ≤ π . (2.57d)

To obtain these results, we used summation identities given in App. A of Ref. [24], and we also required that the coordinate brackets {x̂, x̂} vanish in the bulk. This requirement uniquely fixes the {q̂, q̂} algebra

{q̂^{0μ}, q̂^{n(r)ν} } = πiG^{0δ;n(r)ν}(σ)(ω̃(0, σ) − ω̃^{−1}(0, σ))^μ_δ (2.58a) n̄(r) ≠ 0 : {q̂^{n(r)μ}, q̂^{n(s)ν} } = πG^{n(r)δ;n(s)ν}(σ) × ×{cot(π^{n(r)}_{ρ(σ)} )(21l − ω̃(n(r), σ) + ω̃^{−1}(n(r), σ))^μ_δ + + i(ω̃(n(r), σ) − ω̃^{−1}(n(r), σ))^μ_δ } (2.58b)

and we have checked that all of the Jacobi identities among the Ĵ’s and q̂’s are satisfied trivially.

We note in particular that: 1) the general quasi-canonical algebra (2.57) is canonical in the bulk, and 2) the coordinate brackets {x̂, x̂} in Eq. (2.57c) agree exactly with the result (2.50b) given earlier. This agreement (which is based solely on the weaker assumption that {x̂, x̂} vanishes in the bulk) is an important consistency check for the twisted free-bosonic open strings.

As simple examples, we list the following cases:

DN : {x̂^1(ξ, t), p̂_1(η, t)} = i(δ(ξ − η) − δ_{1/2}(ξ + η)) (2.59a) ND : {x̂^1(ξ, t), p̂_1(η, t)} = i(δ(ξ − η) + δ_{1/2}(ξ + η)) (2.59b) DD : {x(ξ, t), p(η, t)} = i(δ(ξ − η) − δ(ξ + η)) (2.59c) NN : {x(ξ, t), p(η, t)} = i(δ(ξ − η) + δ(ξ + η)) . (2.59d) All other phase-space brackets in the respective quasi-canonical algebras vanish identically. The results for DD and NN agree with those of Ref. [31] (whose q is related to ours by q̂(σ = 0) = 2q for both DD and NN).

3 Operator Theory of the General Twisted Open WZW String

3.1 The Twisted Open-String Operator Algebra We begin this part of our discussion with the twisted affine-Sugawara constructions of the general open-string operator theory [26]: T̂^{(±)}_σ (ξ, t) = 1_{2π} L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵ (±) n(r)μ(ξ, t)Ĵ (±) −n(r),ν (ξ, t) := 1 2π ∑ m∈Z L_σ(m)e^{−im(t±ξ)} (3.1a) Ĵ^{(±)}_{n(r)μ}(ξ, t) = ∑ m∈Z Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )e^{−i(m+ n(r)}ρ(σ)^{)(t±ξ)} (3.1b)

T̂^{(±)}_σ (−ξ, t) = T̂^{(∓)}_σ (ξ, t), Ĵ^{(±)}_{n(r)μ}(−ξ, t) = Ĵ^{(∓)}_{n(r)μ}(ξ, t), ∂_∓T̂^{(±)}_σ (ξ, t) = ∂_∓Ĵ^{(±)}_{n(r)μ}(ξ, t) = 0 (3.1c)

L_σ(m) = L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) ∑ p∈Z : Ĵ_{n(r)μ}(p+^{n(r)}_{ρ(σ)} )Ĵ_{−n(r),ν} (m − p−^{n(r)}_{ρ(σ)} ) :

= L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( ∑ p∈Z : Ĵ_{n(r)μ}(p+^{n(r)}_{ρ(σ)} )Ĵ_{−n(r),ν} (m − p−^{n(r)}_{ρ(σ)} ) :_M

− i^{n̄(r)}_{ρ(σ)} F_{n(r)μ;−n(r),ν}^{0,δ}(σ)Ĵ_{0,δ}(m)) + Δ̂_0(σ)δ_{m,0} (3.1d)

: Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} ) :_M ≡ θ(m+^{n(r)}_{ρ(σ)} ≥ 0)Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ) + θ(m+^{n(r)}_{ρ(σ)} < 0)Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} ) (3.1e)

Δ̂_0(σ) ≡ ∑ r,μ,ν L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) n̄(r) 2ρ(σ)(1 − n̄(r) ρ(σ) )Gn(r)μ;−n(r),ν (σ) (3.1f)

[Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), Ĵ_{n(s)ν} (n+^{n(s)}_{ρ(σ)} )] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ} (σ)Ĵ_{n(r)+n(s),δ}(m+n+^{n(r)+n(s)}_{ρ(σ)} ) + (m+^{n(r)}_{ρ(σ)} )δ_{m+n+} n(r)+n(s)_{ρ(σ) , 0}G_{n(r)μ;−n(r)ν} (σ) (3.1g)

[L_σ(m), Ĵ_{n(r)μ}(n+^{n(r)}_{ρ(σ)} )] = −(n+^{n(r)}_{ρ(σ)} )Ĵ_{n(r)μ}(m+n+^{n(r)}_{ρ(σ)} ) (3.1h) [L_σ(m), L_σ(n)] = (m−n)L_σ(m+n) + δ_{m+n,0} ĉ 12 m(m^2 − 1) (3.1i) ĉ = 2L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)Gn(r)μ;−n(r),ν (σ) = 2L ab g G_{ab} = c_g (3.1j)

Ĥ_σ = L_σ (0) = ∫_π 0 dξ (T̂^{(+)}_σ (ξ, t) + T̂^{(−)}_σ (ξ, t)) = 1 2π ∫_π 0 dξ L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵ (+) n(r)μ(ξ, t)Ĵ (+) −n(r),ν (ξ, t)+Ĵ (−) n(r)μ(ξ, t)Ĵ (−) −n(r),ν (ξ, t) : (3.1k)

∂_tÂ(ξ, t) = i[Ĥ_σ, Â(ξ, t)] . (3.1l) Here [ , ] is commutator and the twisted affine Lie algebra ĝ(σ) is given explicitly in Eq. (3.1g). The symbol : · :_M denotes mode normal ordering [10, 12, 13] and L_{ĝ(σ)}(σ) is the twisted inverse inertia tensor which, like G(σ), is invariant [26] under the T-duality automorphism ω̃ ∈ Aut(ĝ(σ)): L^{n(r),κ;n(s),λ} ĝ(σ) (σ)ω̃(n(r), σ)κ μω̃(n(s), σ)_λ^ν = L^{n(r)μ;n(s)ν} ĝ(σ) (σ) . (3.2)

The explicit form of L_{ĝ(σ)}(σ) for any given WZW orbifold sector appears in Refs. [10, 12, 13]. The central charge ĉ = c_g in Eq. (3.1j) is the same as that of the affine-Sugawara construction [42,50-53,37] on g = ⊕_I g^I in the underlying untwisted theory. In the classical (high-level) limit

L^•_{ĝ(σ)}(σ) →^1_2 G^•(σ), [ , ] → { , } (3.3)

the operator results (3.1) reduce to the corresponding classical results of Subsecs. 2.1 and 2.3. We remind that n̄(r) in Eq. (3.1f) is the pullback of the spectral index n(r) to its fundamental range 0 ≤ n̄< ρ(σ).

We note in particular that, as in the classical theory, the operator currents and the operator stress tensors are independent of the T-duality automorphism ω̃. It follows that, for each twisted current algebra ĝ(σ), the general open-string operator Hamiltonian (3.1k) and the bulk momentum^{‡8} are also ω̃-independent. The entire ω̃-family of twisted open WZW strings are therefore related to each other by operator T-duality^{‡9}.

As far as open-string states are concerned, we first consider the scalar twist-field state |0⟩_σ , which satisfies:

Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ≥ 0)|0⟩_σ =_σ⟨0|Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ≤ 0) = 0 . (3.4)

From the defining relations in Eq. (3.4) and the mode-ordered forms (3.1d) of the Virasoro generators we find the ω̃-independent conformal weight Δ̂_0(σ) of the scalar twist-field [26]:

L_σ(m)^† = L_σ (−m) (3.5a)

(L_σ (m ≥ 0) − δ_{m,0}Δ̂_0(σ))|0⟩_σ =_σ⟨0|(L_σ (m ≤ 0) − δ_{m,0}Δ̂_0(σ)) = 0 (3.5b)

(Ĥ_σ − Δ̂_0(σ))|0⟩_σ =_σ⟨0|(Ĥ_σ − Δ̂_0(σ)) = 0 (3.5c)

Δ̂_0(σ) = x^g/2

x_g + h̃_g ∑ r n̄(r) 2ρ(σ) (1 − n̄(r) ρ(σ) ) dim[n̄(r)] . (3.5d)

The general formula for Δ̂_0(σ) is given in Eq. (3.1f), while the simplified form given in (3.5d) holds when the underlying untwisted theory is permutation-invariant

g = ⊕_I g^I , g^I ≃ simple g, k_I = k, x_g = 2k ψ^2_g

(3.6)

which includes all the basic types of WZW orbifolds. In Eq. (3.5d), the quantities h̃_g and x_g are respectively the dual Coxeter number of g and the invariant level of affine g, while dim[n̄(r)] is the degeneracy of the eigenvalue E_{n(r)}(σ) in the H-eigenvalue problem [10, 12, 13]. These results for the scalar twist-field state are the same as those obtained in closed-string orbifold theory, and further evaluation of Δ̂_0(σ) is given for specific cases in Refs. [13, 14, 16, 17].

The scalar twist-field state is the twisted affine primary state with T = 0. More generally, twisted affine primary fields ĝ(T ) and their corresponding twisted affine primary states |T ⟩_σ are discussed in Refs. [8, 13, 16, 26]. As in these references, the group orbifold elements of the previous section are the classical (high-level) limit of the twisted affine primary fields. To study these topics in further detail, we will use the operator form of the

‡8The twisted current-current form of the (non-conserved) bulk momentum is discussed in Ref. [26]. ‡9It is an interesting open question to identify the appropriate ω̃ which describes coset↔WZW T-dualities such as su(2)⊕u(1)/u(1)^′ ≃ su(2).

ω̃-map (2.25): Ĵ^{(±)}_{n(r)μ} → Ĵ^{(±)}_{n(r)μ}, ĝ(T )T → ĝ(T , ω̃)T , T ĝ(T ) → T^{ω̃}ĝ(T , ω̃) (3.7a) |T ⟩_σ T → |T , ω̃⟩_σT , T |T ⟩_σ → T^{ω̃}|T , ω̃⟩_σ . (3.7b) Here ω̃ ∈ Aut(ĝ(σ)) is the T-duality automorphism and the automorphic transform T^{ω̃} of T is defined in Eq. (2.17d).

The ω̃-map (3.7) and the results of Refs. [16, 26] then allow us to write down the action of the twisted currents on the twisted affine primary fields and states: [Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ĝ(T , ω̃, ξ, t)] = ĝ(T , ω̃, ξ, t)T_{n(r)μ}e^{i(m+} n(r) ρ(σ) )(t+ξ)

−T^{ω̃}_{n(r)μ}ĝ(T , ω̃, ξ, t)e^{i(m+} n(r) ρ(σ) )(t−ξ) (3.8a) Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ≥ 0)|T , ω̃⟩_σ = δ_{m+ n(r)ρ(σ) ,0}(|T , ω̃⟩_σ T_{n(r)μ} − T^{ω̃}_{n(r)μ}|T , ω̃⟩_σ) (3.8b) Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ≥ 0)(W̃ (T , σ)|T , ω̃⟩_σ ) = δ_{m+ n(r)ρ(σ) ,0}((W̃ (T , σ)|T , ω̃⟩_σ )T_{n(r)μ}

− T_{n(r)μ}(W̃ (T , σ)|T , ω̃⟩_σ )) . (3.8c) We note first that Eq. (3.8a) is the operator analogue of the classical brackets (2.24). The action (3.8b) of the twisted currents on the twisted affine primary states follows from the commutator (3.8a) when the states are created by the twisted affine primary fields on the scalar twist-field state [16]. In Eq. (3.8c), W̃ ∈ Aut(ĝ(σ)) is the action of the T-duality automorphism ω̃ in twisted rep T , which satisfies the twisted linkage relation (2.36). This last result shows that the action of the twisted currents on the particular linear combinations W̃ (T )|T , ω̃⟩ is in fact ω̃-independent^{‡10}. Then since the Virasoro operators are ω̃-independent quadratics in the twisted currents, we see that, as expected, the entire ω̃-family of T-dual twisted open WZW strings has the same spectrum (conformal weights):

Δ̂(T , ω̃) = Δ̂(T ), ω̃ ∈ Aut(ĝ(σ)) . (3.9)

The explicit form of Δ̂(T ) is given in the following subsection. In what follows we return to the simpler notation ĝ(T , ω̃) = ĝ(T ) for the twisted affine primary field.

We emphasize that the results (3.8b,c) hold in the non-abelian case, where the primary fields create the primary states. In the abelian (free-boson) case, on the other hand, the

‡10Note however that the W̃ -transformed states in Eq. (3.8c) are not themselves ω̃-independent.

primary states are created by the primary fields only when there is a zero mode q̂ canonically conjugate to the current zero modes Ĵ(0). Thus e. g. Eq. (3.8b) holds in the case of a single NN coordinate

ω = −1 : T^ω = ωT = −T (3.10a) J(m ≥ 0)|T, ω⟩ = δ_{m,0}(|T, ω⟩T + T |T, ω⟩) = δ_{m,0}2T |T, ω⟩ (3.10b) L(m ≥ 0)|T, ω⟩ = δ_{m,0}Δ(T )|T, ω⟩, Δ(T ) = 2T^2 (3.10c)

where T is the abelian momentum. For the corresponding DD case, however, q̂ commutes with Ĵ(0) and the abelian limit of Eq. (3.8b) does not hold. Eigenstates of J(0) which satisfy Eq. (3.10b) exist in any case, but for DD they are not created by the primary fields. Because the DD and NN Virasoro generators are identical (L(0) =^1_2 J(0)^2 + R) the DD spectrum on these eigenstates is the same as the NN spectrum. (In conventional language, this spectral equality corresponds to compactification of DD and NN on dual lattices.) More generally, the ω̃-independence of the Virasoro generators guarantees that the spectral equality (3.9) can always be maintained for ω̃-families of twisted free-bosonic open strings.

Returning to the general non-abelian case, we close this subsection with the commutators of the Virasoro generators with the twisted affine primary fields [L_σ(m), ĝ(T , ξ, t)] = ĝ(T , ξ, t)( −^i_2 ←− ∂_+ + mD_{ĝ(σ)}(T ))e^{im(t+ξ)}

+ e^{im(t−ξ)}( −^i_2 ∂_− + mD_{ĝ(σ)}(T^{ω̃} ))ĝ(T , ξ, t) (3.11a) = e^{imt} (−i cos(mξ)∂_t + sin(mξ)∂_ξ) ĝ(T , ξ, t) + me^{imt} ( e^{imξ}ĝ(T , ξ, t)D_{ĝ(σ)}(T ) + e^{−imξ}D_{ĝ(σ)}(T^{ω̃} )ĝ(T , ξ, t) ) (3.11b) D_{ĝ(σ)}(T ) ≡ L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)Tn(r)μT−n(r),ν = U(T, σ)Dg(T )U †(T, σ) (3.11c)

D_g (T ) = L^{ab}_g T_aT_b (3.11d) D_{ĝ(σ)}(T^{ω̃}) = L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)T ω̃ n(r)μT ω̃ −n(r),ν = Dĝ(σ)(T ) (3.11e)

which follow via the ω̃-map (3.7) from the corresponding ω̃ = 1l results of Ref. [26]. Here D_g (T ) is the conformal weight matrix of rep T of g under the affine-Sugawara construction [42,50-53,37] and D_{ĝ(σ)}(T ) is the corresponding twisted conformal weight matrix [13] of the twisted open WZW string.

3.2 The Twisted Vertex Operator Equations and the One-Sided Notation

As another application of the ω̃-map (3.7), one can obtain the two-sided and then the onesided forms [31, 24, 26] of the twisted vertex operator equations from the corresponding results of Ref. [26]. For example, the following two-sided form of the twisted vertex operator equations^{‡11} 1 2 ∂_+ĝ(T , ξ, t) = 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵ (+) n(r)μ(ξ, t)ĝ(T , ξ, t)T−n(r),ν :M +iĝ(T , ξ, t)D_{ĝ(σ)}(T ) − 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) n̄(r) ρ(σ)ĝ(T , ξ, t)Tn(r)μT−n(r),ν −2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) e^{−2i n̄(r)ρ(σ) ξ} 1 − e^{−2iξ} T^{ω̃}_{n(r)μ}ĝ(T , ξ, t)T_{−n(r),ν} (3.12a) 1 2 ∂_−ĝ(T , ξ, t) = −2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : T ω̃ n(r)μĴ (−) −n(r),ν (ξ, t)ĝ(T , ξ, t) :M +iD_{ĝ(σ)}(T )ĝ(T , ξ, t) − 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) −n(r) ρ(σ) T ω̃ n(r)μT ω̃ −n(r),νĝ(T , ξ, t) −2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) e^{2i −n(r)ρ(σ) ξ} 1 − e^{2iξ} T^{ω̃}_{n(r)μ}ĝ(T , ξ, t)T_{−n(r),ν} (3.12b) : Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )ĝ(T , ξ, t) :_M ≡ θ(m+^{n(r)}_{ρ(σ)} < 0)Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} )ĝ(T , ξ, t) +

+ θ(m+^{n(r)}_{ρ(σ)} ≥ 0)ĝ(T , ξ, t)Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ) (3.12c)

are obtained with ∂_± = ∂_t±∂_ξ by the ω̃-map from Eq. (4.31) of Ref. [26]. With Refs. [31, 26], we emphasize that these vertex operator equations are generically singular at ξ = 0, π – and hence so are the twisted affine primary fields themselves. These singularities result as a charge and its image approach each other at the strip boundary. The formal mechanism which generates these singularities in open-string WZW theory is reviewed in App. A, where we discuss the properties of the constituent affine primary fields ĝ = ĝ_−ĝ_+. In special cases, such as the open-string sectors of the WZW orientation orbifolds (see Sec. 4), the singularity at ξ = 0 is suppressed.

For brevity, we will present most of our results only in the simpler one-sided notation [31, 26], which is defined as follows ^̃g(T , z̄, z, σ)^{N (s)ν;N (r)μ} ≡ ĝ(T , z̄, z, σ)_{N (r)μ}^{N (s)ν} (3.13a) ‡11By solving the twisted vertex operator equations of closed-string orbifold theory [13] in the abelian limit, the twisted vertex operators of closed-string free-bosonic orbifolds were obtained in Ref. [14]. It would be interesting to explicitly solve the corresponding (see Eq. (2.44)) free-bosonic form of Eq. (3.12) for the twisted vertex operators of the general twisted free-bosonic open string. An example of this is discussed for the free-bosonic orientation orbifolds in Subsec. 4.5.

(Aĝ(T , z̄, z, σ)B)_{N (r)μ}^{N (s)ν} = A_{N (r)μ}^{N (t)δ}ĝ_{N (t)δ}^{N (u)ϵ}B_{N (u)ϵ}^{N (s)ν} = −^̃g^{N (u)ϵ;N (t)δ}B_{N (u)ϵ}^{N (s)ν} (Ā)_{N (t)δ}^{N (r)μ} (3.13b) = −(^̃g(T , z̄, z, σ)B ⊗ Ā)^{N (s)ν;N (r)μ} (3.13c) Ā ≡ −A^t, (A^t)_{N (r)μ}^{N (s)ν} ≡ A_{N (s)ν}^{N (r)μ} (3.13d)

where superscript t is matrix transpose. In our application, we will need in particular the automorphically-transformed matrices T̄^{ω̃} T̄^{ω̃}_{n(r)μ}(T, σ) ≡ −T^{ω̃}_{n(r)μ}(T, σ)^t = −ω̃(n(r), σ)_μ^ν T_{n(r)ν} (T, σ)^t (3.14a) = ω̃(n(r), σ)_μ^ν T_{n(r)ν} (T̄ , σ) = T^{ω̃}_{n(r)μ}(T̄ , σ), T̄ = −T^t (3.14b) [T̄^{ω̃}_{n(r)μ}, T̄^{ω̃}_{n(r)μ}] = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)T̄^{ω̃}_{n(r)+n(s),δ} (3.14c) which are the images on the right of the matrices T^{ω̃} . The first form of T̄^{ω̃} in (3.14b) was obtained using a result of Ref. [24]. Moreover, as shown in Eqs. (3.13b), (3.13c), T̄^{ω̃} always acts on the right indices of ^̃g, while T acts on the left indices. This B⊗Ā bookkeeping should be born in mind even though we sometimes neglect the ordering in the tensor product T̄^{ω̃} ⊗T ≃ T ⊗T̄^{ω̃} (3.15)

for notational convenience. The matrices T̄^{ω̃} satisfy the same orbifold Lie algebra (2.7c) satisfied by the twisted representation matrices T , T^{ω̃} .

In the one-sided notation, the commutators of the twisted fields take the form: [Ĵ_{n(r)μ}(m+^{n(r)}_{ρ(σ)} ), ^̃g(T , ξ, t)] = ^̃g(T , ξ, t)(T_{n(r)μ}e^{i(m+} n(r) ρ(σ) )(t+ξ) + +T̄^{ω̃}_{n(r)μ}e^{i(m+} n(r) ρ(σ) )(t−ξ)) (3.16a)

[L_σ(m), ^̃g(T , ξ, t)] = e^{imt} (−i cos(mξ)∂_t + sin(mξ)∂_ξ) ^̃g(T , ξ, t) + me^{imt}^̃g(T , ξ, t) ( e^{imξ}D_{ĝ(σ)}(T ) + e^{−imξ}D_{ĝ(σ)}(T̄^{ω̃} ) ) (3.16b) D_{ĝ(σ)}(T̄^{ω̃}) = L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)T̄ ω̃ n(r)μT̄ ω̃ −n(r),ν = L n(r)μ;−n(r),ν ĝ(σ) (σ)T̄n(r)μT̄−n(r),ν = D_{ĝ(σ)}(T )^t = D_{ĝ(σ)}(T ) . (3.16c) We remind the reader that, in spite of the identity (3.16c), the twisted conformal weight matrix D_{ĝ(σ)}(T̄^{ω̃} ) acts on the right indices of ^̃g. Similarly, the one-sided forms of the general twisted open-string vertex-operator equations 1 2 ∂_+^̃g(T , ξ, t) = 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( : Ĵ (+) n(r)μ(ξ, t)^̃g(T , ξ, t) :M

−^{n̄(r)}_{ρ(σ)} ^̃g(T , ξ, t)T_{n(r)μ} + e^{−2i n̄(r)ρ(σ) ξ} 1 − e^{−2iξ} ^̃g(T , ξ, t)T̄^{ω̃}_{n(r)μ})T_{−n(r),ν} + i^̃g(T , ξ, t)D_{ĝ(σ)}(T ) (3.17a)

1 2 ∂_−^̃g(T , ξ, t) = 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( : Ĵ (−) n(r)μ(ξ, t)^̃g(T , ξ, t) :M

−^{n̄(r)}_{ρ(σ)} ^̃g(T , ξ, t)T̄^{ω̃}_{n(r)μ} + e^{2i n̄(r)ρ(σ) ξ} 1 − e^{2iξ} ^̃g(T , ξ, t)T_{n(r)μ})T̄^{ω̃}_{−n(r),ν} + i^̃g(T , ξ, t)D_{ĝ(σ)}(T̄^{ω̃}) (3.17b)

[∂_+, ∂_−]^̃g(T , ξ, t) = 0 (3.17c) follow from the two-sided forms in Eq. (3.12).

As another application of the one-sided notation, we present the explicit form of the ω̃-independent conformal weights of the twisted affine primary states

L_σ (m ≥ 0)(|T , ω̃⟩_σ 1l ⊗ W̃ (T )^t) = δ_{m,0}(|T , ω̃⟩_σ 1l ⊗ W̃ (T )^t)Δ̂(T ) (3.18a)

Δ̂(T ) ≡ L^{0μ;0ν}_{ĝ(σ)} (σ)(T_{0μ} − T̄_{0μ})(T_{0ν} − T̄_{0ν} ) − iL^{n(r)μ;−n(r),ν} ĝ(σ) n̄(r) ρ(σ) Fn(r)μ;−n(r),ν 0δ(T_{0δ} − T̄_{0δ}) + Δ̂_0(σ) (3.18b) which was promised in Subsec. 3.1. This result for Δ̂(T ) (which in general needs further diagonalization [16]) follows directly from Eq. (3.1) and the one-sided form of Eq. (3.8c).

3.3 The General Twisted Open-String KZ System We now present the third central result of this paper, namely the one-sided form of the general twisted open-string KZ system:

^̃g_R(T , z̄, z) ≡ ^̃g(T , ξ, t)z^{−D}ĝ(σ)^{(T )} ⊗ z̄^{−D}ĝ(σ)^{(T̄ ω̃ )} (3.19a) ^̃F_σ(T , z̄, z) ≡_σ ⟨0|^̃g_R(T (1), z̄_1, z_1) . . . ^̃g_R(T (n), z̄_n, z_n)|0⟩_σ (3.19b) ∂_i ^̃F_σ(T , z̄, z) = ^̃F_σ(T , z̄, z)Ŵ_i(T , z̄, z, σ), ¯∂_i ^̃F_σ(T , z̄, z) = ^̃F_σ(T , z̄, z) ^̄W_i(T , z̄, z, σ) (3.19c)

Ŵ_i(T , z̄, z, σ) = 2L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( ∑ j≠i ( z_j z_i )^{n̄(r)}_{ρ(σ)} T (j)_{n(r)μ} ⊗ T (i)_{−n(r),ν} z_i − z_j

+ ∑ j ( z̄_j z_i )^{n̄(r)}_{ρ(σ)} T̄ (j),ω̃_{n(r)μ} ⊗ T (i)_{−n(r),ν} z_i − z̄_j −^{n̄(r)}_{ρ(σ)} 1 z_i T^{(i)}_{n(r)μ}T^{(i)}_{−n(r),ν} ) (3.19d)

^̄W_i(T , z̄, z, σ) = 2L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( ∑ j≠i ( z̄_j z̄_i )^{n̄(r)}_{ρ(σ)} T̄ (j),ω̃_{n(r)μ} ⊗ T̄ (i),ω̃_{−n(r),ν} z̄_i − z̄_j

+ ∑ j ( z_j z̄_i )^{n̄(r)}_{ρ(σ)} T (j)_{n(r)μ} ⊗ T̄ (i),ω̃_{−n(r),ν} z̄_i − z_j −^{n̄(r)}_{ρ(σ)} 1 z̄_i T̄^{(i),ω̃}_{n(r)μ} T̄^{(i),ω̃}_{−n(r),ν} ) (3.19e)

^̃F_σ(T , z̄, z)^n∑ i=1 (T^{(i)}_{0,μ} ⊗ 1l + 1l ⊗ T̄^{(i),ω̃}_{0,μ} ) = 0 (3.19f)

z_i ≡ e^{i(ti+ξi)}, z̄_i ≡ e^{i(ti−ξi)} (3.19g) ∂_i ≡^∂_{∂zi} =^{−i}_{2zi} ∂_{+i}, ¯∂_i ≡^∂_{∂z̄i} =^{−i}_{2z̄i} ∂_{−i}, ∂_{±i} ≡ ∂_{ti} ± ∂_{ξi} (3.19h) ( z_j z_i )^{n̄(r)}_{ρ(σ)} = e^{i n̄(r)ρ(σ) (tj +ξj −ti −ξi)}, ( z̄_j z_i )^{n̄(r)}_{ρ(σ)} = e^{i n̄(r)ρ(σ) (tj −ξj −ti−ξi)} (3.19i) ( z_j z̄_i )^{n̄(r)}_{ρ(σ)} = e^{i n̄(r)ρ(σ) (tj +ξj −ti +ξi)}, ( z̄_j z̄_i )^{n̄(r)}_{ρ(σ)} = e^{i n̄(r)ρ(σ) (tj −ξj −ti+ξi)} (3.19j) T^{(i)} ≡ T (T^{(i)}, σ), T̄^{(i),ω̃} ≡ −T^{ω̃}(T^{(i)}, σ)^t = ω̃(σ)T (T̄^{(i)}, σ), i = 1 . . . n (3.19k)

ω̃ ∈ Aut(ĝ(σ)), σ = 0, . . . , N_c − 1 . (3.19l)

This system can be obtained directly from Eq. (4.41) of Ref. [26], using the ω̃-map (3.7). Here |0⟩_σ is the scalar twist field state defined in Eq. (3.4), and following Ref. [26], we have removed the standard cylinder factors from the reduced affine primary fields ^̃g_R. The relation in Eq. (3.19f) is the global Ward identity associated to the residual symmetry algebra (zero modes) of the twisted current algebra ĝ(σ). We remind that T , T̄^{ω̃} are twisted representation matrices satisfying the orbifold Lie algebra (2.7c), while the integers n̄(r), ρ(σ) are defined in the H-eigenvalue problem [10, 12, 13] of the underlying untwisted theory. Because the twisted inverse inertia tensor L is invariant under the T-duality automorphism ω̃ (see Eq. (3.2)), the ω̃ factors can in fact be omitted from the terms in Eq. (3.19e) with two ω̃’s.

From a physical point of view, the twisted open-string KZ system (3.19) shows in the clearest possible terms that the only effect of the duality automorphism ω̃ is to globally

“rotate” the non-abelian image charges T̄^{(i)} at z̄_i.

The general twisted open-string KZ system (3.19) has the form of a “doubled” but standard chiral orbifold KZ system [13, 14, 16, 17] on 2n variables with a specific choice of twisted representation matrices: F̂_σ(T , {z}) ≡ ^̃F_σ(T , z̄, z), ∂_κF̂_σ(T , {z}) = F̂_σ(T , {z})Ŵ_κ(T , {z}, σ) (3.20a)

Ŵ_κ(T , {z}, σ) = 2L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)[ ∑ ρ≠κ ( z_ρ z_κ )^{n(r)}_{ρ(σ)} 1 z_{κρ} T^{(ρ)}_{n(r)μ} ⊗ T^{(κ)}_{−n(r),ν}

− 1 z_κ n(r) ρ(σ) T (κ) n(r)μT (κ) −n(r),ν ] (3.20b)

F̂_σ(T , {z}) 2n∑ κ=1 T^{(κ)}_{0,μ} = 0, ∀μ (3.20c)

∂_κ ≡ ∂ ∂z_κ , z_{κρ} ≡ z_κ − z_ρ, z_κ ≡ { z_κ, κ = 1 . . . n, z̄_{κ−n}, κ = n + 1 . . . 2n (3.20d)

T^{(κ)}_{n(r)μ} ≡ { T_{n(r)μ}(T^{(κ)}, σ) κ = 1 . . . n T^{ω̃}_{n(r)μ}(T̄^{(κ−n)}, σ) κ = n + 1 . . . 2n . (3.20e)

Then it follows as expected [54, 31, 24, 26] that the n-point correlators of our twisted open WZW strings have the same general structure as the 2n-point correlators of ordinary (closed-string) orbifold theory.

We finally remark that, if our initial data was taken from the σ = 0 sector of any closed-string WZW orbifold (including the trivial orbifold with H = 1), then the general twisted open-string operator algebra reduces to the following untwisted algebra:

[J_a(m), J_b(n)] = if_{ab}^cJ_c(m + n) + G_{ab}mδ_{m+n,0}, a, b = 1, . . . , dim g (3.21a) [J_a(m), g̃(T, z̄, z)] = g̃(T, z̄, z)(T_az^{−m} + T̄^ω_a z̄^{−m}) (3.21b) L_g(m) = L^{ab}_g ∑ p∈Z : J_a(p)J_b(m − p) :, L^{ab}_g = ⊕_I η^{a(I)b(I)} I 2k_I + Q_I

(3.21c)

[L_g(m), g̃(T, z̄, z)] = g̃(T, z̄, z)(( ←− ∂ z + mD_g(T ))z^m + ( ←−¯ ∂ z̄ + mD_g(T̄^ω))z̄^m) (3.21d)

D_g (T ) = L^{ab}_g T_aT_b, D_g(T̄^ω) = L^{ab}_g T̄^ω_a T̄^ω_b = D_g (T ), T̄^ω_a ≡ ω_a^bT̄_b = −ω_a^bT^t_b (3.21e)

[T_a, T_b] = if_{ab}^cT_c, [T̄^ω_a , T̄^ω_b ] = if_{ab}^cT̄^ω_c , ω ∈ Aut(g) . (3.21f)

Here Eq. (3.21a) is the untwisted affine Lie algebra [40-42,37] on g, and L_g(m) are the modes of the affine-Sugawara construction on g [42,50-53,37]. The corresponding general untwisted open-string KZ system F̃ (T, z̄, z) ≡ ⟨0|g̃(T^{(1)}, z̄_1, z_1) . . . g̃(T^{(n)}, z̄_n, z_n)|0⟩ n∏ i=1 z^{−Dg (T (i))} i ⊗ z̄^{−Dg (T̄ (i),ω )} i (3.22a)

∂_iF̃ = F̃ 2L^{ab}_g ( ∑ j≠i T^{(i)}a ⊗ T^{(j)}_b z_i − z_j + ∑ j T^{(i)}a ⊗ T̄^{(j),ω}_b z_i − z̄_j )

(3.22b)

¯∂_iF̃ = F̃ 2L^{ab}_g ( ∑ j≠i T̄^{(i),ω}_a ⊗ T̄^{(j),ω}_b z̄_i − z̄_j + ∑ j T̄^{(i),ω}_a ⊗ T^{(j)}_b

z̄_i − z_j )

(3.22c)

F̃^n ∑ i=1 (T^{(i)}_a ⊗1l + 1l⊗T̄^{(i),ω}_a ) = 0 (3.22d)

is similarly obtained from Eq. (3.19) in the σ = 0 sector. In this case, the non-abelian image charges T̄ = −T^t are globally rotated by an automorphism of the untwisted affine algebra. These untwisted open-string KZ equations were stated previously (with T^′ ≡ T^ω) without derivation in Eq. (6.33) of Ref. [24]. The special case ω = 1 was first derived in Ref. [31].

3.4 Overview of Examples and Subexamples

Among the twisted open WZW strings in our general construction, we focus here on those classes of examples which have to some extent been studied before: • Twisted Free-Bosonic Open Strings

The classical description of twisted free-bosonic open strings was given in Subsec. 2.8, including their branes and quasi-canonical algebra. These results were obtained from our general construction by choosing the underlying group manifold to be abelian (see Eq. (2.42)) and substituting the twisted free-bosonic data in Eq. (2.44).

Owing to the linearity of free-boson theories, the corresponding operator results for this class of examples can be obtained by the global substitution of commutators for brackets {Â, B̂} → [Â, B̂] (3.23) in all the results of Subsec. 2.8. This substitution and the data in Eq. (2.44) allow us to apply the operator results of Sec. 3 to the twisted free-bosonic open strings. We have already used this prescription implicitly in comparing NN and DD spectra in Subsec. 3.1. As further examples of this prescription, the open-string sectors of the free-bosonic orientation orbifolds [24, 25] are revisited in Subsecs. 4.3 and 4.5. • The Basic Class of Twisted Open WZW Strings

The basic class of twisted open WZW strings [26] provided the framework for the general construction given here, and is obtained by setting the T-duality automorphism ω̃ = 1l in all the results of this paper. As an example, we note the classical description of the WZW branes for the basic class [26] ^̄e_{ω̃}(x̂) = ^̄e(x̂), T^{ω̃} = T , W̃ (T , σ) = 1l (3.24a) ĝ^{−1}(T , ξ, t, σ)∂_+ĝ(T , ξ, t, σ) = = { ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ) at ξ = 0 E(T, σ)ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ)E^∗(T, σ) at ξ = π (3.24b)

as a special case of our general result in Eq. (2.41). We remind that E(T, σ) in Eq. (2.35) is the eigenvalue matrix of the extended H-eigenvalue problem [13, 26] in sector σ of the underlying WZW orbifold A_g(H)/H.

This class of examples is special because it is a collection of open-string orbifolds A^{open}_g (H)/H of open strings A^{open}_g (H), with orbifold sectors σ = 0, . . . , N_c − 1 (where N_c is the number of conjugacy classes of H). Bearing in mind that orbifolds involve interactions among sectors, it is an open question whether any other complete orbifolds can be assembled from the twisted open strings of our general construction (see the related comments on orientation orbifolds at the end of this section). Ref. [26] also discusses an explicit non-abelian example of the non-commutative geometry in the basic class, as well as the twisted free-bosonic constructions in the basic class. • The General Untwisted Open WZW String

The general untwisted open WZW string is the special case of our general construction with σ = 0, ω̃ = ω ∈ Aut(g). In this case, the WZW branes are the same at both ends of the string g^{−1}(T, ξ, t)∂_+g(T, ξ, t) = W (T )g(T, ξ, t)∂_−g^{−1}(T, ξ, t)W^† (T ) at ξ = 0, π (3.25a) T^ω_a ≡ ω_a^bT_b = W^† (T )T_aW (T ), W (T ) ∈ Aut(g) (3.25b)

where ω ∈ Aut(g) is the (untwisted) T-duality automorphism, W (T ) is the action of ω in rep T and Eq. (3.25b) is isomorphic to the ordinary linkage relation (2.37) of orbifold theory. As discussed in Refs. [13, 14, 17] and Subsec. 2.6, rep T can be reducible when W is an outer automorphism of g. The non-commutative geometry for this case is given in Eq. (2.31) and the corresponding open-string KZ system appears in Eq. (3.22).

The subexample with ω = W = 1l is the set of basic untwisted open WZW strings constructed in Ref. [31] – and this case is also a subset of the basic class above. An explicit non-abelian example of the non-commutative geometry for this case was given in an appendix of Ref. [26] (see also Ref. [55]). The description (3.25) of the WZW branes for ω = W = 1l was first given in Ref. [43], and additional discussion of branes on group manifolds appears in Refs. [60-69].

• The Permutation-Twisted Open WZW Strings

The open-string permutation orbifolds A^{open}_g (H) H , g = ⊕^K_{I=1}g^I , g^I ≃ simple g, k_I = k, H ⊆ S_K (3.26)

(i. e. the basic class of permutation-twisted open WZW strings at ω̃ = 1) were briefly discussed in Ref. [26]. More generally, permutation-twisted open WZW strings with arbitrary ω̃ are obtained in our construction when we appropriate the initial data from the left-mover sectors of any closed-string WZW permutation orbifold [13, 14, 16] on semisimple g. This data includes e. g. the twisted current algebra ĝ(σ)

[Ĵ_{ĵaj} (m+^ĵ_{fj (σ)} ), Ĵ_{l̂bl}(n+^{l̂}_{fl(σ)} )] = δ_{jl}(if_{ab}^cĴ_{ĵ+l̂,cj} (m+n+^{ĵ+l̂}_{fj (σ)} ) +

+ η_{ab}kf_j (σ)(m+^ĵ_{fj (σ)} )δ_{m+n+}^_{j+}^_{lfj (σ) ,0}) (3.27a)

n(r)μ → ĵaj,^{n(r)}_{ρ(σ)} →^ĵ_{fj (σ)} , a = 1, . . . , dim g, ^̄j = 0, . . . , f_j (σ) − 1 (3.27b)

which in this case is called a general orbifold affine algebra [8, 13, 14, 16]. This result is given in the cycle notation [14-16] for permutations, where f_j (σ) is the length of cycle j, and ĵ labels the position in each cycle, for example: Z_λ : f_j (σ) = ρ(σ), ^̄j = 0, . . . , ρ(σ)−1, j = 0, . . . ,^λ_{ρ(σ)} −1, σ = 0, . . . , ρ(σ)−1 (3.28a) Z_λ, λ = prime : ρ(σ) = λ, ^̄j = 0, . . . , λ−1, j = 0, σ = 1, . . . , λ − 1 (3.28b) S_N : f_j (σ) = σ_j, σ_{j+1} ≤ σ_j , ^̄j = 0, . . . , σ_j −1, j = 0, . . . , n(⃗σ) − 1, n(⃗σ)−1∑

j=0 σ_j = N . (3.28c)

The permutation-twisted open strings also contain a general orbifold Virasoro algebra (with fractional-moded Virasoro generators), which is similarly inherited from the permutation orbifolds [8, 56, 16]. We will return to this subject in Sec. 5.

A large subset of these open strings are described by the following twisted representation matrices

T_{ĵaj} (T, σ) = T_at_{ĵj} (σ), t_{ĵj} (σ)_{l̂l}^{m̂m} = δ_{jl}δ_l^mδ_{ĵ+l̂−m̂,0 mod fj (σ)} (3.29a)

ω̃(^ĵ_{fj (σ)} , σ)_j^l = e^{2πi} νj ĵ fj (σ) (ω̃ P )_j^l (3.29b) T^{ω̃}_{ĵaj} (T, σ) = T_ae^{2πi} νj ĵ fj (σ) (ω̃ P )_j^lt_{ĵ,l}(σ), T̄^{ω̃}_{ĵaj} (T, σ) = T̄_ae^{2πi} νj ĵ fj (σ) (ω̃ P )_j^lt_{−ĵ,l}(σ) (3.29c)

[T_a, T_b] = if_{ab}^cT_c, t_{ĵj} (σ)t_{l̂l}(σ) = δ_{jl}t_{ĵ+l̂,j} (σ) (3.29d)

where T is any irrep of simple g and T̄ = −T^t. The matrix ω̃_P in Eq. (3.29b) is a permutation which can exchange cycles of the same length and ν_j is a cycle-dependent integer. This class of T-duality automorphisms ω̃ can be further generalized to include Lie automorphisms acting on the index a, but we will not explore this possibility here. Together with the labelling (3.27b) and the twisted inverse inertia tensor [13, 14, 16] L^{ĵaj;l̂bl}_{ĝ(σ)} (σ) = δ_{jl} f_j (σ) η^{ab} 2k + Q_g δ_{ĵ+l̂,0 mod fj (σ)} (3.30)

the twisted representation matrices in Eq. (3.29) provide the explicit form of the twisted KZ system (3.19) for the permutation-twisted open WZW strings.

The branes of these strings are described by the following special case of Eq. (2.41): ĝ^{−1}(T , ξ, t)∂_+ĝ(T , ξ, t) = = { W̃ (σ)ĝ(T , ξ, t)∂_−ĝ−1(T , ξ, t)W̃^† (σ) at ξ = 0 E(σ)W̃ (σ)ĝ(T , ξ, t)∂_−ĝ^{−1}(T , ξ, t)W̃^† (σ)E(σ)^∗ at ξ = π (3.31a)

E(σ)_{ĵj}^{l̂l} = δ_{ĵj}^{l̂l}E_{ĵj} (σ) = δ_{ĵj}^{l̂l}e^{−2πi} ĵ fj (σ) (3.31b)

W̃^† (σ)t_{ĵj} (σ)W̃ (σ) = e^{2πi νj ĵ}fj (σ) (ω̃_P )_j^lt_{ĵ,l}(σ) . (3.31c)

Here we have used the simplification E(T, σ) = E(σ) for the eigenvalue matrices, which is well-known in the theory of WZW permutation orbifolds [13, 14, 16]. The solution of the twisted linkage relation W̃ (T , σ) = W̃ (σ) is similarly independent of twisted rep T . The general solution of the reduced linkage relation (3.31c) is beyond the scope of this paper, but we remind that ω̃ = W̃ = 1l for the special case of the basic permutation-twisted open strings [26].

In the same fashion, the known left-mover data [13, 14, 16, 17] of the various closedstring WZW orbifolds A_g(H)/H on simple g can be straightforwardly substituted in the general construction above to obtain the corresponding sets of twisted open WZW strings, including in particular their branes, twisted non-commutative geometry and twisted openstring KZ equations.

• The Open-String Orientation-Orbifold Sectors

Another class of twisted open strings contained in our general construction is the set of open-string sectors of the WZW orientation orbifolds [24, 25]

A_g(H_−) H_− , H_− ⊂ Aut(g ⊕ g) (3.32) where H_− contains world-sheet orientation-reversing automorphisms. The closed-string sectors of these orbifolds arise by twisting the orientation-preserving subgroup of H_− (and hence these sectors form complete WZW orbifolds by themselves), while the open-string sectors of these orbifolds are obtained by twisting the orientation-reversing automorphisms. It follows that, in contrast to the twisted open strings of the basic class, the open-string orientation-orbifold sectors do not by themselves form an (open-string) orbifold. Like conventional orientifolds [27-30], the orientation orbifolds have an equal number of closed- and open-string sectors, but in distinction to orientifolds, both the open- and closed-string sectors of the orientation orbifolds are generically characterized by fractional moding. Presumably, the open-string sectors of the orientation orbifolds are associated to their closed-string sectors by non-planar processes, but we will not study this issue here.

In the following section we revisit the open-string orientation-orbifold sectors as a special case of our general construction, which allows us to discuss e. g. their phase-space realizations, non-commutative geometries and T-dualities for the first time.

4 Example: Open-String WZW Orientation-Orbifold Sectors

4.1 Identification in the General Construction

As a large example, we turn next to the identification of the open-string sectors of the WZW orientation orbifolds [24, 25]

A_g(H_−) H_− , H_− ⊆ Z_2(world-sheet) × H, H ⊂ Aut(g) (4.1)

in our general construction. The notation in Eq. (4.1) is a more explicit form of that given in Eq. (3.32). These twisted open WZW strings are characterized by an orbifold Virasoro algebra (including extra twisted Virasoro generators) and a doubled central charge ĉ = 2c_g, both of which directly reflect the twisting of the orientation-reversing automorphisms of closed-string WZW models.

We begin this section by reviewing some important background information about the open-string orientation-orbifold sectors. In particular, we may read off from Ref. [24] the twisted current algebra ĝ_O(σ)

[Ĵ_{n(r)μu}(m+^{n(r)}_{ρ(σ)} +^u_2 ), Ĵ_{n(s)νv}(n+^{n(s)}_{ρ(σ)} +^v_2 )] = = iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)Ĵ_{n(r)+n(s),δ,u+v} (m+n+^{n(r)+n(s)}_{ρ(σ)} +^{u+v}_2 ) + 2(m+^{n(r)}_{ρ(σ)} +^u_2 )δ_{u+v,0 mod 2}δ_{m+n+} n(r)+n(s)_{ρ(σ) +} u+v_{2 ,0}G_{n(r)μ;−n(r),ν} (σ) (4.2)

of each open-string orientation-orbifold sector. The notation here follows Ref. [24], where G_•(σ) and F(σ) are the ordinary twisted tangent-space metric and twisted structure constants of space-time orbifold theory [10, 12, 13], while u, v label the additional two-component structure of these open strings. All quantities in this section are doubly-periodic n(r) → n(r) ± ρ(σ), u → u ± 2 (4.3) in the extended spectral indices n(r), u, where ρ(σ) is the order of the Lie part h_σ of the orientation-reversing automorphism ĥ_σ in the underlying untwisted closed string (see Eq. (4.8)). We note in particular that −u is equivalent to u, and we denote the pullbacks of the spectral indices to their fundamental ranges by n̄(r) ∈ {0 . . . ρ(σ) − 1} and ū ∈ {0, 1}.

Ref. [24] also gives the fractional-moded orbifold Virasoro algebra [8, 56, 16, 24, 25] L̂_u(m+^u_2 ) = =^1_2 L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ v=0 ∑ p∈Z : Ĵ_{n(r)μv} (p+^{n(r)}_{ρ(σ)} +^v_2 )Ĵ_{−n(r),ν,u−v} (m−p−^{n(r)}_{ρ(σ)} +^{u−v}_2 ) : (4.4a)

[L̂_u(m+^u_2 ), Ĵ_{n(r)μv} (m+^{n(r)}_{ρ(σ)} +^v_2 )] = −(n+^{n(r)}_{ρ(σ)} +^u_2 )Ĵ_{n(r)μ,u+v} (m+n+^{n(r)}_{ρ(σ)} +^{u+v}_2 ) (4.4b) [L̂_u(m+^u_2 ), L̂_v(n+^v_2 )] = (m−n+^{u−v}_2 )L̂_{u+v} (m+n+^{u+v}_2 ) + δ_{m+n+} u+v_{2 ,0} 2c_g 12 (m+^u_2 )((m+^u_2 )^2 − 1) (4.4c) L_σ(m) ≡ L̂_0(m) =^1_2 L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 ∑ p∈Z : Ĵ_{n(r)μu}(p+^{n(r)}_{ρ(σ)} +^u_2 )Ĵ_{−n(r),ν,−u}(m−p−^{n(r)}_{ρ(σ)} −^u_2 ) : (4.4d)

[L_σ (m), Ĵ_{n(r)μu}(n+^{n(r)}_{ρ(σ)} +^u_2 )] = −(n+^{n(r)}_{ρ(σ)} +^u_2 )Ĵ_{n(r)μu}(m+n+^{n(r)}_{ρ(σ)} +^u_2 ) (4.4e) [L_σ(m), L_σ(n)] = (m−n)L_σ(m+n) + δ_{m+n,0} 2c_g 12 m(m^2 − 1) (4.4f)

in each open-string sector, where L^•_{ĝ(σ)}(σ) is the ordinary twisted inverse inertia tensor of space-time orbifold theory [10, 12, 13] and {L_σ (m)} are the ordinary Virasoro generators. The quantity c_g is the central charge of the left- or right-mover affine-Sugawara construction [42,50-53,37] in the underlying untwisted WZW theory. The orbifold Virasoro algebra has the following equal-time form Θ̂^{(±)}_u (ξ, t) ≡ 1_{2π} ∑ m∈Z L̂_u(m+ u_2 )e^{−i(m+ u}2^{)(t±ξ)}, T̂^{(±)}_σ (ξ, t) = Θ̂^{(±)}_0 (ξ, t) (4.5a)

[Θ̂^{(+)}_u (ξ, t), Θ̂^{(+)}_v (η, t)] = iΘ̂^{(+)}_{u+v} (η, t)∂_ξδ^u_2 (ξ − η) − iΘ̂^{(+)}_{u+v} (ξ, t)∂_ηδ^v_2 (η − ξ) − i 2c_g 24π δ_{u+v,0 mod 2}(∂^3_ξ + ∂_ξ)δ^u_2 (ξ − η) (4.5b)

in terms of the twisted stress tensors Θ̂_u.

The orientation-orbifold current algebra ĝ_O(σ) in Eq. (4.2) is a particular type of “doubly-twisted” current algebra [9, 11]. These current algebras are in fact isomorphic to the left-mover twisted current algebras of the generalized Z_2 permutation orbifold on g ⊕ g, whose automorphism group H^′ includes a general Lie automorphism on g: A_{g⊕g}(H^′) H^′ , H^′ ⊆ Z_2 × H, H ⊂ Aut(g) . (4.6) (In the WZW orientation orbifolds, the two copies of g are the left- and right-mover sectors of the closed string theory). The doubling ĉ = 2c_g of the central charge in the Virasoro algebra (4.4f) and the orbifold Virasoro algebra (4.4c), (4.5b) are easily understood in this picture.

The orientation-orbifold operator algebra (4.4) also holds in the (left-mover sector of the) generalized Z_2 permutation orbifold, but the orientation orbifolds have a distinct representation theory in terms of the twisted affine primary fields ^̃g. For the commutators with the twisted current modes, we read again from Ref. [24] [Ĵ_{n(r)μu}(m+^{n(r)}_{ρ(σ)} +^u_2 ), ^̃g(T , ξ, t)] = ^̃g(T , ξ, t)(T_{n(r)μu}(T, σ)e^{i(m+ n(r)ρ(σ) + u2 )(t+ξ)} + + T̄_{n(r)μu}(T̄ , σ)e^{i(m+ n(r)ρ(σ) + u2 )(t−ξ)}) (4.7a) T_{n(r)μu}(T, σ) ≡ T_{n(r)μ}(T, σ)τ_u, T̄_{n(r)μu}(T̄ , σ) ≡ T_{n(r)μ}(T̄ , σ)(−1)^uτ_u, u ∈ {0, 1} (4.7b) τ_0 = 1l_2, ⃗τ = Pauli matrices (4.7c) where these results are given in the one-sided notation. The matrices T_{n(r)μu}(T, σ), T̄_{n(r)μu}(T̄ , σ) are the total twisted representation matrices, while T_{n(r)μ}(T, σ), T_{n(r)μ}(T̄ , σ) are ordinary twisted representation matrices [13] constructed from the Lie part h_σ of the orientation-reversing automorphism:

ω̂(ĥ_σ ) = τ_1 ⊗ ω(h_σ ), Ŵ (ĥ_σ ; T ) = τ_1 ⊗ W (h_σ ; T ), h_σ ∈ Aut(g) (4.8a)

ω(h_σ )U^†(σ) = U^†(σ)E(σ), W (h_σ; T )U^†(T, σ) = U^†(T, σ)E(T, σ) (4.8b) T_{n(r)μ}(T, σ) = χ(σ)_{n(r)μ}U(σ)_{n(r)μ}^aU(T, σ)T_aU^†(T, σ) . (4.8c) Here τ_1 is world-sheet orientation reversal and ω̂ and Ŵ are the actions of the total orientation-reversing automorphism ĥ_σ , as discussed in Refs. [24, 25]. The relations in Eq. (4.8b) are known in closed-string orbifold theory as the H-eigenvalue problem [10, 12] and its extended form [13], which encode the action of h_σ in various representations of g.

We will also need the commutators of the twisted affine primary fields with the Virasoro generators

[L̂_u(m+^u_2 ), ^̃g(T , ξ, t)] = ^̃g(T , ξ, t)τ_u(( −^i_2 ←− ∂_+ + (m+^u_2 )D_{ĝ(σ)}(T ))e^{i(m+ u2 )(t+ξ)}

+ ( −^i_2 ←−∂− + (m+^u_2 )D^_{g(σ)}(T̄ ))e^{i(m+ u}2^{)(t−ξ)}) (4.9a)

[L_σ(m), ^̃g(T , ξ, t)] = ^̃g(T , ξ, t)(( −^i_2 ←− ∂_+ + mD_{ĝ(σ)}(T ))e^{im(t+ξ)}

+ ( −^i_2 ←−∂− + mD^_g(σ)(T̄ ))e^{im(t−ξ)}) (4.9b) = e^{imt} (−i cos(mξ)∂_t + sin(mξ)∂_ξ) ^̃g(T , ξ, t) + me^{imt}^̃g(T , ξ, t) ( e^{imξ}D_{ĝ(σ)}(T ) + e^{−imξ}D_{ĝ(σ)}(T̄ ) ) (4.9c)

D_{ĝ(σ)}(T ) = 1∑ u=0 L^{n(r)μu;−n(r),ν,−u} ĝ_O (σ) (σ)Tn(r)μu(T, σ)T−n(r),ν,−u(T, σ) = L^{n(r)μ;−n(r),ν} ĝ(σ) (σ)Tn(r)μ(T, σ)T−n(r),ν(T, σ) (4.9d) D_{ĝ(σ)}(T̄ ) = 1∑ u=0 L^{n(r)μu;−n(r),ν,−u} ĝ_O (σ) (σ)T̄n(r)μu(T̄ , σ)T̄−n(r),ν,−u(T̄ , σ) = Dĝ(σ)(T ) (4.9e) L^{n(r)μu;n(s)νv} ĝ_O (σ) (σ) = 1 2 δ_{u+v,0 mod 2}L^{n(r)μ;n(s)ν} ĝ(σ) (σ) (4.9f)

which are similarly read off from Ref. [24]. The six-index tensor L^• in Eq. (4.9f) is the total twisted inverse inertia tensor of the open-string orientation-orbifold sector, while the fourindex tensor L^• is the ordinary twisted inverse inertia tensor above – which is associated to the Lie part h_σ of the orientation-reversing automorphism.

Fractional-moded Virasoro generators are not generic in twisted open strings – and hence cannot be included explicitly in our general construction. For open strings, so far as we know, fractional-moded Virasoro generators are specific to the open-string sectors of the orientation orbifolds and the permutation-twisted open strings (see Subsec. 3.4) – where they can also be added consistently by hand.

Except for the relations involving the half-integer moded Virasoro generators L̂_1(m+^1_2), all the orientation-orbifold results above can in fact be put into the form of our general open-string construction. To do this, one needs the super-index notation n̂(r)μ̂ introduced in App. B of Ref. [24]:

n(r)μ → n̂(r)μ̂ = n(r)μu,^{n(r)}_{ρ(σ)} →^{n̂(r)}_{ρ̂(σ)} =^{n(r)}_{ρ(σ)} +^u_2 (4.10a) n̄(r) ρ(σ) → ^̄n(r) ρ̂(σ) = n(r) ρ(σ) + u 2 − ⌊^{n(r)}_{ρ(σ)} +^u_2 ⌋ (4.10b) (w z ) n̄(r)_{ρ(σ)} → (w z )^¯^n(r)_{ρ̂(σ)} = (w z )_{ȳ(r,u)} f(z, w; ȳ(r, u)) (4.10c)

ȳ(r, u) ≡^{n̄(r)}_{ρ(σ)} +^ū_2 , f(z, w; ȳ) ≡ 1 + z − w w θ(ȳ ≥ 1) (4.10d)

G_{n(r)μ;n(s)ν} (σ) → G_{n̂(r)μ̂;n̂(s)ν̂} (σ) = G_{n(r)μu;n(s)νv} (σ) = 2δ_{u+v,0 mod 2}G_{n(r)μ;n(s)ν} (σ) (4.10e) L^{n(r)μ;n(s)ν} ĝ(σ) (σ) → L n̂(r)μ̂;n̂(s)ν̂ ĝ_O (σ) (σ) = L n(r)μu;n(s)νv ĝ_O (σ) (σ) = 1 2 δ_{u+v,0 mod 2}L^{n(r)μ;n(s)ν} ĝ(σ) (σ) . (4.10f)

According to the super-index map → above, one obtains the orientation-orbifold results from our general development as follows: Take any n(r)μ result of this paper, rewrite it as an n̂(r)μ̂ result, and then expand into the n(r)μu notation of the orientation orbifolds. For instance, Eqs. (4.10e,f) illustrate this procedure in the case of the twisted tangent-space metric and inverse inertia tensor of this paper. The final (four-index) quantities G_•(σ) and L^•(σ) in Eq. (4.10e,f) are the ordinary twisted tensors associated to the Lie part h_σ of the orientation-reversing automorphism. We will also need the super-index form of the extended H-eigenvalue problem in the orientation orbifolds [24]

Ŵ (ĥ_σ ; T )Û^† (T, σ) = Û^† (T, σ)Ê(T, σ) (4.11a) E(T, σ) → Ê(T, σ) = τ_3E(T, σ) (4.11b) where Ŵ is the action in rep T of the total orientation-reversing automorphism ĥ_σ (see Eq. (4.8a)).

As another example, we give the super-index form of the (ordinary) orientation-orbifold stress tensors in Eq. (4.5a) Θ̂_0(±ξ, t) = T̂^{(±)}_σ (ξ, t) =^1_{2π} L^{n̂(r)μ̂;n̂(s)ν̂}_{ĝ(σ)} (σ) : Ĵ^{(±)}_{n̂(r)μ̂}(ξ, t)Ĵ^{(±)}_{n̂(s)ν̂} (ξ, t) :

=^1_{4π} L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 : Ĵ^{(+)}_{n(r)μu}(ξ, t)Ĵ^{(+)}_{−n(r),ν,−u}(ξ, t) : (4.12)

which is now understood as nothing but the super-index map from the general open-string stress tensors in Eq. (3.1). Similarly, the orientation-orbifold operator algebra in Eqs. (4.2), (4.4) and (4.9c) follows by the super-index map as a special case of the general twisted operator algebra in Eqs. (3.1) and (3.8).

To complete the identification of the open-string orientation-orbifold sectors in our general construction, we focus on the Ĵ, ĝ commutator in Eq. (4.7a), which may be compared to the image of Eq. (3.16a) under the super-index map (4.10): [Ĵ_{n̂(r)μ̂}(m+^{n̂(r)}_{ρ̂(σ)} ), ^̃g(T , ξ, t)] = ^̃g(T , ξ, t)(T_{n̂(r)μ̂}(T, σ)e^{i(m+ n̂(r)ρ̂(σ) )(t+ξ)} + + T̄^{ω̃}_{n̂(r)μ̂}(T, σ)e^{i(m+ n̂(r)ρ̂(σ) )(t−ξ)}) . (4.13) In this comparison, one sees first that T_{n̂(r)μ̂}(T, σ) = T_{n(r)μu}(T, σ) = T_{n(r)μ}(T, σ)τ_u (4.14) and more importantly, with Eq. (3.14), we may now identify the T-duality automorphism ω̃ T̄^{ω̃}_{n̂(r)μ̂}(T, σ) = T̄^{ω̃}_{n(r)μu}(T, σ) = −ω̃(n(r), u, σ)_μ^ν T_{n(r)νu}(T, σ)^t (4.15a) T̄_{n(r)μu}(T̄ , σ) = T_{n(r)μ}(T̄ , σ)(−1)^uτ_u = −T_{n(r)μu}(T, σ)^t(−1)^uτ_u (4.15b) T̄^{ω̃}_{n̂(r)μ̂}(T, σ) = T̄_{n(r)μu}(T̄ , σ) (4.15c) ⇒ ω̃(n(r), u, σ)_μ^ν = (−1)^uδ_μ^ν , ū ∈ {0, 1} (4.15d) in the open-string orientation-orbifold sectors. Here Eq. (4.15a) repeats the super-index map, while Eq. (4.15b) appeared earlier in Eq. (4.7b). Finally, it is easily checked that this ω̃ is indeed a mode-number-independent automorphism because the transformed current Ĵ_{n(r)μu}(m+^{n(r)}_{ρ(σ)} + u_2 )^′ ≡ ω̃(n(r),u, σ)_μ^νĴ_{n(r)νu}(m+^{n(r)}_{ρ(σ)} + u_2 ) = (−1)^uĴ_{n(r)μu}(m+^{n(r)}_{ρ(σ)} + u_2 ) (4.16) satisfies the doubly-twisted current algebra ĝ_O(σ) in Eq. (4.2).

In summary, the results above tell us that the open-string sectors of the orientation orbifolds can be viewed as twisted open strings built according to the construction of this paper, and in this case:

• the initial left-mover data is appropriated from the generalized Z_2 permutation orbifold A_{g⊕g}(H^′)/H^′ in Eq. (4.6), • the T-duality automorphism ω̃ is that given in Eq. (4.15d).

Using this characterization, the following subsection discusses the classical description and T-dual partners of the open-string orientation-orbifold sectors, and another application of this characterization is found in Sec. 5.

4.2 Classical Description of the WZW Orientation Orbifolds

Refs. [24, 25] described certain aspects of the classical theory of open-string WZW orientationorbifold sectors, including in particular the classical equations of motion of the group orbifold elements and the action formulation of each sector on the solid half cylinder. Using Sec. 2, the super-index map of the previous subsection and ω̃ = (−1)^u, we may now read off many new results in this classical theory.

We begin with the phase-space description of the open-string orientation-orbifold sectors

Ĵ^{(+)}_{n(r)μu}(ξ) = 2πê^{−1}_{n(r)μu}^{n(t)δw}p̂_{n(t)δw}(B̂) + ∂_ξx̂^{n(t)δw}_σ ê_{n(t)δw}^{n(s)νu}G_{n(s)ν;n(r)μ}(σ) (4.17a) Ĵ^{(−)}_{n(r)μu}(ξ) = (−1)^u(2π^̄e^{−1}_{n(r)μu}^{n(t)δw}p̂_{n(t)δw}(B̂) + ∂_ξx̂^{n(t)δw}_σ ^̄e_{n(t)δw}^{n(s)νu}G_{n(s)ν;n(r)μ}(σ)) (4.17b)

Ĥ_σ = ∫_π 0 dξ (^^T^{(+)}_σ (ξ, t) +^^T^{(−)}_σ (ξ, t))

=^1_{4π} ∫_π 0 dξ G^{n(r)μu;n(s)νv}(σ)(Ĵ^{(+)}_{n(r)μu}(ξ, t)Ĵ^{(+)}_{n(s)νv} (ξ, t) + Ĵ^{(−)}_{n(r)μu}(ξ, t)Ĵ^{(−)}_{n(s)νv} (ξ, t))

=^1_{8π} ∫_π 0 dξ G^{n(r)μ;n(s)ν} (σ) 1∑ u=0 (^^J^{(+)}_{n(r)μu}(ξ, t)^^J^{(+)}_{n(s)νu}(ξ, t)+^^J^{(−)}_{n(r)μu}(ξ, t)^^J^{(−)}_{n(s)νu}(ξ, t)) (4.17c)

= ∫_π 0 dξ(2π^^G^{n(r)μu;n(s)νv}(x̂(ξ))p̂n(r)μu(^^B, ξ)p̂n(s)ν v(^^B, ξ) + +^1_{8π} ∂_ξx̂^{n(r)μu}_σ (ξ)x̂^{n(s)νv}_σ (ξ)Ĝ_{n(r)μu;n(s)νv} (x̂(ξ))) (4.17d) Ĝ_{n(r)μu;n(s)νv} (x̂) = ê(x̂)_{n(r)μu}^{n(t)δw}ê(x̂)_{n(s)νv}^{n(u)ϵy} G_{n(t)δw;n(u)ϵy}(σ) (4.17e)

{Ĵ^{(+)}_{n(r)μu}(ξ, t), x̂^{n(s)νv}_σ (η, t)} = −2πi(ê^{−1}(η)_{n(r)μu}^{n(s)νv}δ_{ȳ(r,u)}(ξ − η) + (−1)^u ^̄e^{−1}(η)_{n(r)μu}^{n(s)νv}δ_{ȳ(r,u)}(ξ + η)) (4.17f) {Ĵ^{(−)}_{n(r)μu}(ξ, t), x̂^{n(s)νv}_σ (η, t)} = −2πi((−1)^u ^̄e^{−1}(η)_{n(r)μu}^{n(s)νv}δ_{−ȳ(r,u)}(ξ − η) + ê^{−1}(η)_{n(r)μu}^{n(s)νv}δ_{−ȳ(r,u)}(ξ + η)) . (4.17g) which are special cases of the general results in Subsecs. 2.2, 2.3 and 2.4. The phasemodified delta functions δ_ȳ (ξ ± η) are defined as in Eq. (2.2) with^{n(r)}_{ρ(σ)} → ȳ.

The following coordinate-space results can similarly be read from the general results of Subsec. 2.6: p̂_{n(r)μu}(B̂, ξ, t) =^1_{4π} Ĝ_{n(r)μu;n(s)νv}(x̂(ξ, t))∂_tx̂^{n(s)νv}_σ (ξ, t) (4.18a) Ĵ^{(+)}_{n(r)μu}(ξ, t, σ) = ∂_+x̂^{n(s)νv}_σ (ξ, t)ê(ξ, t)_{n(s)νv}^{n(t)δu}G_{n(t)δ;n(r)μ}(σ) (4.18b) Ĵ^{(−)}_{n(r)μu}(ξ, t, σ) = (−1)^u∂_−x̂^{n(s)νv}_σ (ξ, t)^̄e(ξ, t)_{n(s)νv}^{n(t)δu}G_{n(t)δ;n(r)μ}(σ) (4.18c) Ŝ_σ = ∫ dt ∫_π 0 dξL̂_σ , L̂_σ =^1_{8π} (Ĝ_{n(r)μu;n(s)νv} + B̂_{n(r)μu;n(s)νv})∂_+x̂^{n(r)μu}_σ ∂_−x̂^{n(s)νv}_σ (4.18d)

{x̂^{n(r)μu} σ (ξ, t), x̂^{n(s)νv}_σ (η, t)} = −iπΨ̂^{n(r)μu;n(s)νv} σ (0, 0) if ξ = η = 0, iπΨ̂^{n(r)μu;n(s)νv} σ (π, π) if ξ = η = π, 0 otherwise

(4.18e)

Ψ̂^{n(r)μu;n(s)νv} σ (ξ, ξ) = −Ψ̂^{n(s)νv;n(r)μu} σ (ξ, ξ) (4.18f) = G^{n(t)δw;n(u)ϵy} (σ)e^{−2i( n(t)ρ(σ) + w2 )ξ}((−1)^w ^̄e^{−1}(ξ)_{n(t)δw}^{n(r)μu}ê^{−1}(ξ)_{n(u)ϵy}^{n(s)νv}+ + (−1)^{w+1}ê^{−1}(ξ)_{n(u)ϵy}^{n(r)μu} ^̄e^{−1}(ξ)_{n(t)δw}^{n(s)νv} ) (4.18g)

=^1_2 G^{n(t)δ;n(u)ϵ}(σ) 1∑ w=0 e^{−2i( n(t)ρ(σ) + w2 )ξ}((−1)^w ^̄e^{−1}(ξ)_{n(t)δw}^{n(r)μu}ê^{−1}(ξ)_{n(u)ϵ,−w}^{n(s)νv} +

+ (−1)^{w+1}ê^{−1}(ξ)_{n(u)ϵ,−w}^{n(r)μu} ^̄e^{−1}(ξ)_{n(t)δw}^{n(s)νv}) . (4.18h) In Eq. (4.18d), we have given the twisted sigma-model form of the complete action [25] for this case, in agreement with the general bulk Lagrange density in Eq. (2.29). We remind the reader that the complete open-string orientation-orbifold action in terms of group orbifold elements on the solid half cylinder is also given in Ref. [25].

Moreover, the following equivalent descriptions of the WZW orientation-orbifold branes

Ĵ^{(+)}_{n(r)μu}(0, t, σ) = Ĵ^{(−)}_{n(r)μu}(0, t, σ), Ĵ^{(+)}_{n(r)μu}(π, t, σ) = e^{−2πi( n(r)}ρ(σ)^{+ u}2^)Ĵ^{(−)}_{n(r)μu}(π, t, σ) (4.19a) ∂_tx̂^{n(r)μu} σ (ξ, t)((−1)^v ^̄e(ξ, t)_{n(r)μu}^{n(s)νv} − ê(ξ, t)_{n(r)μu}^{n(s)νv}) ∂_ξx̂^{n(r)μu}_σ (ξ, t)((−1)^v ^̄e(ξ, t)_{n(r)μu}^{n(s)νv} + ê(ξ, t)_{n(r)μu}^{n(s)νv} ) at ξ = 0 (4.19b) ∂_tx̂^{n(r)μu} σ (ξ, t)(e^{2πi n(s)ρ(σ)} ^̄e(ξ, t)_{n(r)μu}^{n(s)νv} − ê(ξ, t)_{n(r)μu}^{n(s)νv} ) ∂_ξx̂^{n(r)μu}_σ (ξ, t)(e^{2πi n(s)ρ(σ)} ^̄e(ξ, t)_{n(r)μu}^{n(s)νv} + ê(ξ, t)_{n(r)μu}^{n(s)νv}) at ξ = π (4.19c) W̃ (T , σ) = τ_3 : T^{ω̃}_{n(r)μu} = T_{n(r)μ}(−1)^uτ_u = τ_3T_{n(r)μ}τ_uτ_3 = τ_3T_{n(r)μu}τ_3 (4.19d) Ĵ^{(+)}(T , ξ, t, σ) = Ĵ^{(+)}_{n(r)μu}(ξ, t, σ)G^{n(r)μu;n(s)νv}(σ)T_{n(s)νv} (4.19e) Ĵ^{(−)}(T^{ω̃}, ξ, t, σ) = Ĵ^{(−)}_{n(r)μu}(ξ, t, σ)G^{n(r)μu;n(s)νv}(σ)(−1)^vT_{n(s)νv} (4.19f) G^{n(r)μu;n(s)νv}(σ) =^1_2 δ_{u+v,0 mod 2}G^{n(r)μ;n(s)ν} (σ) (4.19g) Ĵ^{(+)}(T , 0, t, σ) = τ_3Ĵ^{(−)}(T^{ω̃} , 0, t, σ)τ_3 (4.19h) Ĵ^{(+)}(T , π, t, σ) = E(T, σ)Ĵ^{(−)}(T^{ω̃}, π, t, σ)E(T, σ)^∗ (4.19i) ĝ^{−1}(T , ξ, t, σ)∂_+ĝ(T , ξ, t, σ) = = { τ_3ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ)τ_3 at ξ = 0, E(T, σ)ĝ(T , ξ, t, σ)∂_−ĝ^{−1}(T , ξ, t, σ)E(T, σ)^∗ at ξ = π (4.19j) follow straightforwardly from the general results of Subsec. 2.7. We note in particular the simple solution W̃ in Eq. (4.19d) obtained in this case from the twisted linkage relation in Eq. (2.36). Using this W̃ and Ê(T, σ) = τ_3E(T, σ) from Eq. (4.11b), the ĝ description of the orientation-orbifold branes in Eq. (4.19j) follows as a special case of the general WZW brane description in Eq. (2.41). The quantity E(T, σ) is the eigenvalue matrix of the extended H-eigenvalue problem [13, 24] associated to the Lie part (see Eq. (4.8a)) of the automorphism in rep T .

The description of the WZW orientation-orbifold branes in Eqs. (4.19h,i,j) is exactly that given in Ref. [25] under the identifications:

Ĵ^{(+)}(T ) → Ĵ(T ), Ĵ^{(−)}(T^{ω̃}) → ^̄J(T ) . (4.20)

Aside from Eqs. (4.19h,i,j), the classical description of the open-string orientation-orbifold sectors in this subsection is new.

We finally consider T-duals to the open-string sectors of the general WZW orientation orbifolds: A_g(H_−) H_− , H_− ⊂ Z_2(world-sheet) × H, H ⊂ Aut(g) . (4.21)

According to the characterization at the end of Subsec. 4.1, the open-string orientationorbifold sectors are constructed using the left-mover data of the generalized (closed-string) Z_2 permutation orbifold A_{g⊕g}(H^′)/H^′ in Eq. (4.6). It follows that the open-string sectors of the WZW orientation orbifolds are T-dual (with ω̃ = (−1)^u) to the corresponding sectors of the generalized open-string permutation orbifold A^{open}_{g⊕g} (H^′) H^′ , H^′ ⊂ Z_2 × H, H ⊂ Aut(g) (4.22) which are constructed using the same left-mover data, but with T-duality automorphism ω̃ = 1. In particular, the twisted current algebra of A^{open}_{g⊕g} (H^′)/H^′ is the same ĝ_O(σ) in Eq. (4.2), while the Ĵĝ commutators in these sectors differ from those of Eq. (4.7) only by the omission of the (−1)^u factor.

We will illustrate this T-duality with a simple example, by comparing the branes in the single twisted sector of the simplest open-string permutation orbifold (see Ref. [26] and Subsec. 3.4) A^{open}_{g⊕g} (Z_2) Z_2

(4.23)

with those of the single twisted sector of the simplest orientation orbifold A_g(H_−) H_− , H_− = Z_2(world-sheet) . (4.24)

The untwisted sectors of these two orbifolds are respectively an open and a closed WZW string. Their twisted sectors are T-dual with the same twisted current algebra

[Ĵ_{au}(m+^u_2 ), Ĵ_{bv}(n+^v_2 )] = if_{ab}^cĴ_{c,u+v} (m+n+^{u+v}_2 ) + 2(m+^u_2 )δ_{m+n+} u+v_{2 ,0}G_{ab} (4.25a) a, b, c = 1, . . . , dim g, ū, v̄ ∈ {0, 1} (4.25b) and the same Hamiltonian, but representation theories which differ by the T-duality automorphism:

[Ĵ_{au}(m+^u_2 ), ^̃g(T , ξ, t)] = ^̃g(T , ξ, t)(T_{au}e^{i(m+ u2 )(t+ξ)} + (ω̃T̄ )_{au}e^{i(m+ u2 )(t−ξ)}) (4.26a)

T_{au} = T_aτ_u, T̄_{au} = T̄_aτ_u, [T_a, T_b] = if_{ab}^cT_c, [T̄_a, T̄_b] = if_{ab}^cT̄_c (4.26b) A^{open}_{g⊕g} (Z_2) Z_2

: ω̃ = W̃ (T ) = 1l, E(T, σ) = E(σ) = τ_3 (4.26c)

A_g(Z_2(w. s.))

Z_2(w. s.)

: ω̂(ĥ_σ ) = τ_1, ω̃ = (−1)^u, W̃ (T ) = τ_3, E(T, σ) = 1l . (4.26d)

Then using Eqs. (3.31a) and (4.19j) for the branes, we find the boundary conditions A^{open}_{g⊕g} (Z_2) Z_2

: ĝ^{−1}(T )∂_+ĝ(T ) = { ĝ(T )∂_−ĝ^{−1}(T ) at ξ = 0 τ_3ĝ(T )∂_−ĝ^{−1}(T )τ_3 at ξ = π

(4.27a)

A_g(Z_2(w. s.))

Z_2(w. s.)

: ĝ^{−1}(T )∂_+ĝ(T ) = { τ_3ĝ(T )∂_−ĝ^{−1}(T )τ_3 at ξ = 0 ĝ(T )∂_−ĝ^{−1}(T ) at ξ = π

(4.27b)

which tell us that T-duality reverses the branes in this case. Interestingly, the action of T-duality is not so simple for the corresponding non-commutative geometry in Eqs. (2.30) and (4.18), which we leave as an exercise for the reader.

4.3 Subexample: Free-Bosonic Orientation Orbifolds

Certain aspects of the open-string sectors of the free-bosonic orientation orbifolds A_g(H_−) H_− , H_− ⊆ Z_2(w. s.) × H, H ⊂ Aut(g), g abelian (4.28)

were presented in Refs. [24, 25], including their quasi-canonical algebra and action formulation:

Ŝ_σ =^1_{4π} G_{n(r)μ;−n(r),ν} (σ) ∫ dt ∫_π 0 dξ 1∑ u=0 ∂_+x̂^{n(r)μu}_σ ∂_−x̂^{−n(r),ν,−u} σ . (4.29)

Drawing on the development above, we turn now to a more complete discussion of these open-string sectors.

In the abelian limit (2.44) of the results (4.17), (4.18), we find the phase-space description of the open-string sectors of the free-bosonic orientation orbifolds [24, 25], for example:

Ĵ^{(+)}_{n(r)μu}(ξ) = 2πp̂^σ_{n(r)μu}(ξ) + ∂_ξx̂^{n(s)νu}_σ G_{n(s)ν;n(r)μ}(σ) (4.30a)

Ĵ^{(−)}_{n(r)μu}(ξ) = (−1)^u( − 2πp̂^σ_{n(r)μu}(ξ) + ∂_ξx̂^{n(s)νu}_σ G_{n(s)ν;n(r)μ}(σ)) (4.30b) [Ĵ^{(+)}_{n(r)μu}(ξ, t), x̂^{n(s)νv}_σ (η, t)] = −2πiδ_{n(r)μu}^{n(s)νv} (δ_{ȳ(r,u)}(ξ − η)+ (−1)^{u+1}δ_{ȳ(r,u)}(ξ + η)) (4.30c)

[Ĵ^{(−)}_{n(r)μu}(ξ, t), x̂^{n(s)νv}_σ (η, t)] = = −2πiδ_{n(r)μu}^{n(s)νv} ((−1)^{u+1}δ_{−ȳ(r,u)}(ξ − η) + δ_{−ȳ(r,u)}(ξ + η)) (4.30d) ∂_tx̂^{n(r)μ0}_σ (ξ, t) = ∂_ξx̂^{n(r)μ1}_σ (ξ, t) = 0 at ξ = 0 (4.30e)

cos(^{n(r)}_{ρ(σ)} π)∂_tx̂^{n(r)μu}_σ (ξ, t) − i sin(^{n(r)}_{ρ(σ)} π)∂_ξx̂^{n(r)μu}_σ (ξ, t) = 0 at ξ = π (4.30f)

p̂^σ_{n(r)μu}(ξ, t) =^1_{2π} G_{n(r)μ;n(s)ν} (σ)∂_tx̂^{n(s)ν,−u}_σ (ξ, t) (4.30g) Ψ̂^{n(r)μu;n(s)νv} σ (ξ, ξ) = iG^{n(r)μ;n(s)ν} (σ)(−1)^u sin(2(^{n(r)}_{ρ(σ)} +^u_2 )ξ) δ_{u+v,0 mod 2} . (4.30h) Here we have used the standard quantization { , } → [ , ] in Eq. (3.23) to map the classical results into their operator analogues. We emphasize that each of these twisted open-string sectors collects a set {n(r)μu} of boundary conditions (4.30e,f) whose corresponding set of twisted free bosons are sufficient to realize the orbifold Virasoro algebra in Eq. (4.4c).

We turn next to consider the open-string free-boson mode expansions obtained from the general mode expansions (2.55) via the super-index map (4.10). For this, it is helpful to recall the dictionary [24] {x̂^{0μ}} → {x̂^{n̂(r)μ̂}|^̄n(r) = 0} = {x̂^{0μ0}, x̂^{ρ(σ)2 ,μ1}} (4.31a) {x̂^{n(r)μ}|n̄(r) ≠ 0} → {x̂^{n̂(r)μ̂}|^̄n(r) ≠ 0} = {x̂^{n(r)μ0}|n̄(r) ≠ 0} ∪ {x̂^{n(r)μ1}|n̄(r) ≠^{ρ(σ)}_2 } (4.31b) which follows from the super-index map. As seen in Eq. (4.31a), the bosons with superindex ^̄n(r) = 0 split into two cases when the order ρ(σ) of ω(h_σ ) is even (because there are two solutions of this condition in terms of n̄(r) and u). Similarly, the bosons with ^̄n(r) ≠ 0 split into the two cases shown in Eq. (4.31b). Then the general mode expansions above take the specific form:

x̂^{0μ0}(ξ, t) = q̂^{0μ0} + G^{0μ0;0ν0}(σ)(2Ĵ_{0ν0}(0)ξ + 2 ∑ m≠0 e^{−imt} sin(mξ) Ĵ_{0ν0}(m)

m ) (4.32a)

x̂^{ρ(σ)2 ,μ1}(ξ, t) = q̂^{ρ(σ)2 ,μ1} + G^{ρ(σ)2 ,μ1; ρ(σ)2 ,ν1}(2Ĵ ρ(σ)_{2 ,ν1}(0)t+

+ 2i ∑ m≠−1 e^{−i(m+1)t} cos((m + 1)ξ)

Ĵ_{ρ(σ)2 ,μ1}(m + 1) m + 1 )

(4.32b)

n̄(r) ≠ 0 : x̂^{n(r)μ0}(ξ, t) = q̂^{n(r)μ0}+ + 2G^{n(r)μ0;n(s)ν0}(σ) ∑ m∈Z e^{−i(m+ n(s)ρ(σ) )t} sin((m+^{n(s)}_{ρ(σ)} )ξ)

Ĵ_{n(s)ν 0}(m+^{n(s)}_{ρ(σ)} ) m+^{n(s)}_{ρ(σ)} (4.32c)

n̄(r) ≠^{ρ(σ)}_2 : x̂^{n(r)μ1}(ξ, t) = q̂^{n(r)μ1}+ + 2iG^{n(r)μ1;n(s)ν1}(σ) ∑ m∈Z e^{−i(m+ n(s)ρ(σ) + 12 )t} cos((m+^{n(s)}_{ρ(σ)} +^1_2 )ξ)

Ĵ_{n(s)ν1}(m+^{n(s)}_{ρ(σ)} + 1_2 ) m+^{n(s)}_{ρ(σ)} +^1_2

(4.32d)

G^{n(r)μu;n(s)νv} (σ) =^1_2 δ_{u+v,0 mod 2}G^{n(r)μ;n(s)ν} (σ) . (4.32e) Here {q̂^{n(r)μu}} are the bosonic zero modes and Eq. (4.32e) expresses the total inverse twisted metric (see Eq. (4.10e)) in terms of the ordinary inverse twisted metric of space-time orbifold theory.

Similarly, the general quasi-canonical algebra (2.57) reduces in this case to the following:

[p̂^σ_{n(r)μu}(ξ, t), p̂^σ_{n(s)νv}(η, t)] = = (−1)^{u+1} 4π G_{n(r)μu;n(s)νv} (σ)∂_ξ( sin((ξ + η)ȳ(r, u)) δ(ξ + η)) (4.33a) [x̂^{n(r)μu} σ (ξ, t), p̂^σ_{n(s)νv}(η, t)] = = iδ_{n(s)νv}^{n(r)μu}(δ(ξ − η) + (−1)^{u+1} cos((ξ + η)ȳ(r, u)) δ(ξ + η)) (4.33b)

[x̂^{n(r)μu} σ (ξ, t), x̂^{n(s)νv}_σ (η, t)] = −2πG^{n(r)μu;n(s)νv} (σ) 0 if ξ = η = 0, sin(2π^{n(r)}_{ρ(σ)} ) if ξ = η = π, 0 otherwise,

(4.33c)

G^{n(r)μu;n(s)νv}(σ) =^1_2 δ_{u+v,0 mod 2}G^{n(r)μ;n(s)ν} (σ), ȳ(r, u) =^{n̄(r)}_{ρ(σ)} +^ū_2 . (4.33d)

This is precisely the algebra given for the free-boson orientation orbifolds in Ref. [24].

This concurrence is somewhat surprising however, because the mode expansions in Eq. (4.32) are in fact slightly more general than those of the open-string orientation-orbifold sectors [24]. While the Ĵ terms of both expansions are identical, the expressions here contain the extra zero-mode terms q̂^{n(r)μ0}, which are constrained to vanish in the orientation orbifolds by the world-sheet parity^{‡12}

x̂^{n(r)μu}(−ξ, t) = (−1)^{u+1}x̂^{n(r)μu}(ξ, t) ⇒ q̂^{n(r)μ0} = 0 (4.34)

of the twisted free bosons. The resolution of this puzzle is that the additional constraint q̂^{n(r)μ0} = 0 does not in fact change the quasi-canonical algebra (2.57) because the quantities q̂^{n(r)μ0} commute with all operators:

[Ĵ_{n(r)μu}(m+^{n(r)}_{ρ(σ)} +^u_2 ), q̂^{n(s)ν0}] = −i(1l − (−1)^01l)_μ^ν δ_{m+} n(r)_{ρ(σ) +} u_{2 ,0}δ_{n(s),0 mod ρ(σ)} = 0 (4.35a)

[q̂^{n(r)μu}, q̂^{n(s)ν0}] = 0 . (4.35b)

These vanishing commutators are easily seen by using the super-index map and ω̃ = (−1)^u in the general algebra (2.56b), (2.58).

In a broader context, we note that the extra q̂^{n(r)μ0} terms in the expansions (4.32) show that the open-string orientation-orbifold sectors are embedded in a larger class of “nearby” twisted open strings.

Finally, we compare these free-bosonic open-string orientation-orbifold sectors at ω̃ = (−1)^u to the T-dual sectors of the corresponding generalized open-string permutation orbifolds A^{open}_{g⊕g} (H^′) H^′ , H^′ ⊆ Z_2 × H, H ⊂ Aut(g), g abelian (4.36)

which live in our construction at ω̃ = 1l. (The corresponding T-duality for non-abelian g was discussed in the previous subsection.) For ease of comparison we present the branes and the non-commutative geometry of the free-bosonic open-string orbifolds in the same

‡12Like the twisted Virasoro operators, the world-sheet parity (4.34) is specific to the open-string sectors of the orientation orbifolds [24, 25]. Extra relations of this type are discussed more generally in the following subsection.

{n(r)μu} notation, where ū = 0, 1 is the spectral index associated to the Z_2 in Eq. (4.36). This notation allows us to use the super-index map (4.10) with Eqs. (2.46) and (2.50b) to obtain the following results at ω̃ = 1:

∂_tx̂^{n(r)μu}(ξ, t) = 0 at ξ = 0 (4.37a) cos(π^{n(r)}_{ρ(σ)} )∂_tx̂^{n(r)μ0}(ξ, t) − i sin(π^{n(r)}_{ρ(σ)} )∂_ξx̂^{n(r)μ0}(ξ, t) = 0 i sin(π^{n(r)}_{ρ(σ)} )∂_tx̂^{n(r)μ1}(ξ, t) − cos(π^{n(r)}_{ρ(σ)} )∂_ξx̂^{n(r)μ1}(ξ, t) = 0 } at ξ = π (4.37b)

[x̂^{n(r)μu}(ξ, t), x̂^{n(s)νv}(η, t)] = (−1)^{u+1}2πG^{n(r)μu;n(s)νv}(σ) 0 at ξ = η = 0, sin(^{2πn(r)}_{ρ(σ)} ) at ξ = η = π, 0 otherwise. (4.37c) These results are very different from the T-dual orientation-orbifold results at ω̃ = (−1)^u in Eqs. (4.30e,f) and (4.33c). We note however that, in the case of trivial H (i. e. n̄(r) = 0), T-duality simply reverses the branes

ω̃ = 1l : u = 0 is DD ; u = 1 is DN (4.38a) ω̃ = (−1)^u : u = 0 is DD ; u = 1 is ND (4.38b)

as noted above for the more general non-abelian case in Eq. (4.27).

4.4 The Twisted KZ Systems of the WZW Orientation Orbifolds

We return now to the open-string sectors of the general WZW orientation orbifold, as special cases of our operator results in Subsecs. 3.2 and 3.3.

We begin with the one-sided form (3.17) of the twisted vertex operator equations, which, under the super-index map, takes the following form: 1 2 ∂_+^̃g_R(T , z̄, z) = 1∑ u=0 iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( : Ĵ (+) n(r)μu(ξ, t)^̃gR(T , z̄, z) :M −(ȳ(r, u) − θ(ȳ(r, u) ≥ 1))^̃g_R(T , z̄, z)T_{n(r)μu} + (z̄ z )_{ȳ(r,u)} f(z, z̄; ȳ(r, u)) 1 − z̄/z ^̃g_R(T , z̄, z)T̄^{ω̃}_{n(r)μu})T_{−n(r),νu} (4.39a)

1 2 ∂_−^̃g_R(T , z̄, z) = 1∑ u=0 iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ)( : Ĵ (−) n(r)μu(ξ, t)^̃gR(T , z̄, z) :M

−(ȳ(r, u) − θ(ȳ(r, u) ≥ 1))^̃g_R(T , z̄, z)T̄^{ω̃}_{n(r)μu} + (z z̄ )_{ȳ(r,u)} f(z̄, z; ȳ(r, u)) 1 − z/z̄ ^̃g_R(T , z̄, z)T_{n(r)μu})T̄^{ω̃}_{−n(r),νu} (4.39b)

z = e^{i(t+ξ)}, z̄ = e^{i(t−ξ)} (4.39c) (z z̄ )_{ȳ(r,u)} ≡ e^{2iȳ(r,u)ξ}, (z̄ z )_{ȳ(r,u)} ≡ e^{−2iȳ(r,u)ξ} . (4.39d) Here ^̃g_R is the reduced twisted affine primary field defined in Eq. (3.19a), and the function f(•; ȳ) is defined in Eq. (4.10d).

We may similarly obtain the twisted open-string KZ equations for the WZW orientation orbifolds: ∂_i ^̃F_σ(T , z̄, z) = ^̃F_σ(T , z̄, z)Ŵ_i(T , z̄, z, σ), ¯∂_i ^̃F_σ(T , z̄, z) = ^̃F_σ(T , z̄, z) ^̄W_i(T , z̄, z, σ) (4.40a)

Ŵ_i(T , z̄, z, σ) ≡L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 [(^∑_{j≠i}^{(zj}_{zi}^{)ȳ(r,u) f(zi, zj ; ȳ(r, u))}_{zi − zj} T^{(j)}_{n(r)μu} + ∑ j ( z̄_j z_i )_{ȳ(r,u)} f(z_i, z̄_j ; ȳ(r, u)) z_i − z̄_j T̄^{(j),ω̃}_{n(r)μu}) ⊗ T^{(i)}_{−n(r),ν,−u}

− 1 z_i (ȳ(r, u) − θ(ȳ(r, u) ≥ 1)) T^{(i)}_{n(r)μu}T^{(i)}_{−n(r),ν,−u}] (4.40b)

^̄W_i(T , z̄, z, σ) ≡L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 [(^∑_{j≠i}^{(z̄j}_{z̄i}^{)ȳ(r,u) f(z̄i, z̄j ; ȳ(r, u))}_{z̄i − z̄j} T̄^{(j),ω̃}_{n(r)μu} + ∑ j ( z_j z̄_i )_{ȳ(r,u)} f(z̄_i, z_j ; ȳ(r, u)) z̄_i − z_j T^{(j)}_{n(r)μu}) ⊗ T̄^{(i),ω̃}_{−n(r),ν,−u}

− 1 z̄_i (ȳ(r, u) − θ(ȳ(r, u) ≥ 1)) T̄^{(i),ω̃}_{n(r)μu}T̄^{(i),ω̃}_{−n(r),ν,−u}] (4.40c)

^̃F_σ(T , z̄, z) (_n ∑ i=1 (T^{(i)}_{0,μ,0} ⊗1l + 1l⊗T̄^{(i),ω̃}_{0,μ,0} ) ) = 0, ∀μ (4.40d)

^̃F_σ(T , z̄, z) (_n ∑ i=1 (T^{(i)}_{ρ(σ)/2,μ,1}⊗1l + 1l⊗T̄^{(i),ω̃}_{ρ(σ)/2,μ,1}) ) = 0, ∀μ, for ρ(σ) even (4.40e)

T^{(i)}_{n(r)μu} ≡ T_{n(r)μ}(T^{(i)}, σ)τ_u, T̄^{(i),ω̃}_{n(r)μu} ≡ T_{n(r)μ}(T̄^{(i)}, σ)(−1)^uτ_u, ∂_i ≡ ∂ ∂z_i , ¯∂_i ≡ ∂ ∂z̄_i (4.40f) ( z_j z_i )_{ȳ(r,u)} = e^{iȳ(r,u)(tj+ξj −ti−ξi)}, ( z̄_j z_i )_{ȳ(r,u)} = e^{iȳ(r,u)(tj −ξj −ti −ξi)} (4.40g) ( z_j z̄_i )_{ȳ(r,u)} = e^{iȳ(r,u)(tj+ξj −ti+ξi)}, ( z̄_j z̄_i )_{ȳ(r,u)} = e^{iȳ(r,u)(tj −ξj −ti +ξi)} (4.40h) ȳ(r, u) =^{n̄(r)}_{ρ(σ)} +^ū_2 , f(z, w; ȳ) = 1 + z − w w θ(ȳ ≥ 1) . (4.40i)

Here the correlators ^̃F_σ of the reduced fields ^̃g_R are defined in Eq. (3.19b). Except for the phases in Eqs. (4.40g,h), this system matches the one-sided form of the twisted open-string KZ system given in Eq. (4.24) of Ref. [24]. The issue of phase conventions will be further discussed in the following subsection.

Aside from the half-integer moded Virasoro generators in Subsec. 4.1, there are other relations which are specific to the open-string WZW orientation-orbifold sectors (and hence are not included in the general development of this paper). In particular, it is known from Refs. [24, 25] that the orientation-orbifold vertex operator equations (4.39) and twisted KZ equations (4.40) are consistent with the following special relations on the twisted affine primary fields ^̃g

^̃g(T (T̄ ), ξ, t)^t = ^̃g(T (T ), −ξ, t)τ_3 ⊗ τ_3 (4.41a)

^̃g(T (T ), ξ, t)τ_1 ⊗ 1l = ^̃g(T (T ), ξ, t)1l ⊗ τ_1 (4.41b)

where ⃗τ are the Pauli matrices. In these results, Eq. (4.41a) describes the behavior of the twisted affine primary fields under world-sheet parity and Eq. (4.41b) specifies their two-component structure. The free-boson world-sheet parity (4.34) is equivalent to (4.41a) in the limit of abelian g.

4.5 The Singularity Prescription Revisited: Euclidean vs. Minkowski

In this subsection, we will contrast the Euclidean-space phase and singularity prescription of Ref. [24] with the Minkowski-space phase and singularity prescription of this paper. Of course either prescription can be rotated to the other space, but the two prescriptions are in fact different. As we shall see in an instructive consistency check below, the Minkowskispace prescription obtained in this paper for all twisted open WZW strings is the correct one for the open-string sectors of orientation orbifolds.

In Ref. [24], when we performed the sums on u in the twisted Euclidean vertex operator equations and/or the twisted Euclidean KZ equations, we found structures of the form 1∑ u=0 (−1)^u (z̄ z )_{ȳ(r,u)} f(z, z̄; ȳ(r, u)) z − z̄ = (z̄ z )^{n̄(r)}_{ρ(σ)} 1−(z̄/z)^{12} z−z̄ when n̄(r) ρ(σ) < 1 2 1−(z/z̄)^{12} z−z̄ when n̄(r) ρ(σ) ≥ 1 2 (4.42a)

= {_1 2z + O(z̄ − z) when^{n̄(r)}_{ρ(σ)} <^1_2 −^1_{2z} + O(z̄ − z) when^{n̄(r)}_{ρ(σ)} ≥^1_2

(4.42b)

which describe the interaction of a charge at z with its image charge at z̄. As shown in Eq. (4.42b), we posited there (in parallel with the standard Euclidean treatment of (z/w)^{1/2}) that such terms were non-singular as z̄ → z because (z̄/z)^{1/2} → 1. In proposing this Euclidean-space prescription, we were motivated by common practice in untwisted open-string theory [54], but in that case fractional powers are not encountered. Similarly, the Minkowski-space prescription of this paper is based on the evaluation of a conditionally convergent sum (see Eq. (4.13) of Ref. [26]). Both prescriptions therefore merit consistency checks.

The Minkowski-space prescription in Eqs. (4.40g,h) defines the factors in Eq. (4.42a) as follows: z → e^{i(t+ξ)}, z̄ → e^{i(t−ξ)} (4.43a) 1 − (z̄/z)^12 z − z̄ = 1 − e^{−iξ} 2ie^{it} sin ξ , 1 − (z/z̄)^12 z − z̄ = 1 − e^{iξ} 2ie^{it} sin ξ . (4.43b)

This evaluation, although non-singular at ξ = 0, is singular as ξ → π (that is, as z̄ → z ∈ R^−). Both prescriptions are in agreement that there is no singularity at ξ = 0, however owing to fractional powers, the two prescriptions differ near ξ = π. Which prescription is correct?

To resolve this issue, we will consider an example where we can be completely explicit. As background for this example (see Refs. [24, 25]), we begin with the untwisted free-bosonic closed-string conformal field theory [J_μ(m), J_ν (n)] = [J̄_μ(m), J̄_ν (n)] = mG_{μν} δ_{m+n,0} (4.44a) [J_μ(m), g(T, ξ, t)] = g(T, ξ, t)T_μe^{im(t+ξ)}, [J̄_μ(m), g(T, ξ, t)] = −T_μg(T, ξ, t)e^{im(t−ξ)} (4.44b) [T_μ, T_ν ] = 0, c = c̄ = dim [μ] (4.44c) where T_μ are the abelian “momenta”, and we choose the following simple orientationreversing automorphism:

ŵ(ĥ_σ ) = τ_1 ⊗ (−1l), ω(h_σ ) = −1l (4.45a) J_μ(m)^′ = −J̄_μ(m), J̄_μ(m)^′ = −J_μ(m), g(T, ξ, t)^′ = g(T̄ , −ξ, t)^t . (4.45b) Twisting this orientation-reversing automorphism gives the following data for the corresponding open-string orientation-orbifold sector [24]

n̄(r) = 1, ρ(σ) = 2, G_{1μu;1νv}(σ) = 2δ_{u+v,0 mod 2}G_{μν} , L^{1μu;1νv}_{ĝO (σ)} (σ) =^1_4 δ_{u+v,0 mod 2}G^{μν} (4.46a) T_{1μu} = T_μτ_u, T^{ω̃}_{1μu} = (−1)^uT_μτ_u, [T_{1μu}, T_{1νv} ] = [T^{ω̃}_{1μu}, T^{ω̃}_{1νv} ] = 0 (4.46b) D_{ĝ(σ)}(T (T )) → Δ(T ) =^1_2 G^{μν} T_μT_ν (4.46c) where T and T^{ω̃} are the twisted abelian “momenta”. For this sector, the action and orbifold Virasoro generators are given by Ŝ_σ =^1_{4π} G_{μν} ∫ dt ∫_π 0 dξ 1∑ u=0 ∂_+x̂^{1μu}∂_−x̂^{1ν,−u} (4.47a)

L̂_u(m+ u_2 ) = 1_4 G^{μν} 1∑ v=0 ∑ p∈Z : Ĵ_{1μv}(p+^{1+v}_2 )Ĵ_{1ν,u−v} (m−p +^{u−v−1}_2 ) :_M +δ_{m+}^u_{2 ,0} dim [μ] 16 (4.47b)

ĉ = 2dim [μ] (4.47c) where the u = 0 and 1 coordinates are respectively DN and NN.

Substitution of the data (4.46) into the general results above gives the following quasicanonical algebra and mode expansions [p̂_{1μu}(ξ, t), p̂_{1νv} (η, t)] = (−1)^{u+1} 2π G_{μν} δ_{u+v,0 mod 2}∂_ξ( sin(^{1+ū}_2 (ξ + η))δ(ξ + η)) (4.48a)

[x̂^{1μu}(ξ, t), p̂_{1νv} (η, t)] = iδ_ν^μδ_{u+v,0 mod 2}(δ(ξ − η)+(−1)^{u+1} cos(^{1+ū}_2 (ξ + η))δ(ξ + η)) (4.48b)

[x̂^{1μu}(ξ, t), x̂^{1νv}(η, t)] = 0 (4.48c) x̂_{1μu}(ξ, t) ≡ G_{1μu;1νv}(σ)x̂^{1νv}(ξ, t) = 2G_{μν} x̂^{1ν,−u}(ξ, t) (4.48d) DN: x̂_{1μ0}(ξ, t) = 2 ∑ m∈Z Ĵ_{1μ0}(m+ 1_2 ) m+^1_2 e^{−i(m+ 12 )t} sin((m+^1_2 )ξ) (4.48e)

NN: x̂_{1μ1}(ξ, t) = q̂_{1μ1} + 2Ĵ_{1μ1}(0)t + 2i ∑ m≠0 Ĵ_{1μ1}(m) m e^{−imt} cos(mξ) (4.48f)

[Ĵ_{1μu}(m+^{u+1}_2 ), Ĵ_{1νv} (n+^{v+1}_2 )] = 2(m+^{u+1}_2 )G_{μν} δ_{m+n+1+} u+v_{2 ,0} (4.48g)

[Ĵ_{1μu}(m+^{u+1}_2 ), q̂_{1ν1}] = −4iδ_{m+} u+1_{2 ,0}G_{μν} , [q̂_{1μ1}, q̂_{1ν1}] = 0 (4.48h)

[Ĵ_{1μu}(m+^{u+1}_2 ), ĝ(T , ξ, t)] = ĝ(T , ξ, t)T_μτ_ue^{i(m+ u+12 )(t+ξ)}

+ (−1)^{u+1}T_μτ_uĝ(T , ξ, t)e^{i(m+ u+12 )(t−ξ)} (4.48i)

in agreement with the results of Ref. [24].

For our consistency checks, we will need two further results which are similarly read from the data in Eq. (4.46) and the general results above. First we give the twisted vertex operator equations for this example

∂_tĝ_R(T (T ), ξ, t) =^i_2 G^{μν} 1∑ u=0 : ( Ĵ^{(+)}_{1μu}(ξ, t) − (−1)^uĴ^{(−)}_{1μu}(ξ, t) ) ĝ_R(T (T ), ξ, t)T_ν τ_u :_M (4.49a)

∂_ξĝ_R(T (T ), ξ, t) =^i_2 G^{μν} 1∑ u=0 : ( Ĵ^{(+)}_{1μu}(ξ, t) + (−1)^uĴ^{(−)}_{1μu}(ξ, t) ) ĝ_R(T (T ), ξ, t)T_ν τ_u :_M

−ĝ_R(T (T ), ξ, t)Δ(T ) (1 − cos ξ)

sin ξ

(4.49b)

Ĵ^{(±)}_{1μu}(ξ, t) = ∑ m∈Z Ĵ_{1μu}(m+ u+1_2 )e^{−i(m+ u+1}2^{)(t±ξ)} (4.49c)

ĝ_R(T (T ), ξ, t) ≡ e^{−2itΔ(T )}ĝ(T (T ), ξ, t) (4.49d) [T_μ, ĝ] = [τ_u, ĝ] = 0 (4.49e)

where ĝ_R is the two-sided form of the reduced primary field (3.19a). The one-sided form of this system can be immediately read from Eqs. (4.39) and (4.46), but the two-sided form in Eq. (4.49) is more convenient for the purposes of this discussion. We note in particular that the singularity at ξ = π of the last term of (4.49b) is a consequence of the Minkowski-space prescription (4.43), whereas in the Euclidean-space prescription (rotated to Minkowski space) this term would be non-singular. Except for this issue, Eq. (4.49) is exactly the Minkowski-space version of the Euclidean twisted vertex operator equations in Ref. [24].

The second result needed is the L_σ , ĝ commutator in Eq. (3.11b), which reduces in this case to the following:

[L_σ(m), ĝ_R(T (T ), ξ, t)] = e^{imt}( cos(mξ)(−i∂_t + 2(m+1)Δ(T ))

+ sin(mξ)∂_ξ)ĝ_R(T (T ), ξ, t) . (4.50)

It is easily checked from the corresponding result in Ref. [24] that this equation holds in Minkowski space independent of which singularity prescription is used.

For the computations below, we reexpress the integer-moded coordinates in Eq. (4.48f) in terms of the conventional NN coordinates:

J_μ(m) ≡^{1√}_2Ĵ_{1μ1}(m), q_μ ≡^1_2^√_2q̂_{1μ1} (4.51a) 1 2x̂_{1μ1}(ξ, t) = √ 2(qμ + tJμ(0) + i^∑_{m≠0}^{Jμ(m)}_m e^{−imt} cos(mξ)) (4.51b)

[q_μ, J_ν (0)] = iG_{μν} , [J_μ(m), J_ν (n)] = mG_{μν} δ_{m+n,0} . (4.51c)

After some algebra, we then verify that the following normal-ordered exponential

ĝ_R(T (T ), ξ, t) = ĝ(T (T ), ξ, t)(1 + cos ξ)^{Δ(T )} (4.52a) ĝ(T (T ), ξ, t) ≡ : e^{ix̂}1μu^{(ξ,t)G1μu;1νv(σ)T}1νv : = : e^i_2^{x̂}1μu^{(ξ,t)Gμν T}ν^τu : ≡ (4.52b) ≡ exp[i √ 2T · qτ_1] exp[i √ 2T · J(0)tτ_1] ×

× exp[ √ 2T · ∑ m≥1 J(−m) m e^{imt} cos(mξ)τ_1] exp[− √ 2T · ∑ m≥1 J(m) m e^{−imt} cos(mξ)τ_1] ×

× exp[iT · ∑ m≤−1 Ĵ_{10}(m +^1_2 ) m +^1_2 e^{−i(m+ 12 )t} sin((m+^1_2 )ξ)]×

× exp[iT · ∑ m≥0 Ĵ_{10}(m +^1_2 ) m +^1_2 e^{−i(m+ 12 )t} sin((m+^1_2 )ξ)] (4.52c)

T · q ≡ G^{μν} T_μq_ν , T · J ≡ G^{μν} T_μJ_ν , T · Ĵ_{10} ≡ G^{μν} T_μĴ_{1ν0} (4.52d)

is the solution of the twisted vertex operator equations (4.49). The conformal weight Δ(T ) which appears here is defined in Eq. (4.46c). The (1 + cos ξ)^{Δ(T )} factor in (4.52a) arises directly by integration of the last term in the vertex operator equation (4.49b). Such ξ-dependent factors are generally present (see Eq. (7.39) of Ref. [31]) in the solution of open-string vertex operator equations, while the remaining ĝ factor is closely related to ordinary vertex operators: At ξ = 0 (and z ≡ e^{it}), the half-integral DN modes in (4.52c) decouple and the vertex operator ĝ becomes an ordinary untwisted vertex operator with momentum √ 2T τ_1.

We are interested however in the problematic limit ξ → π, where the vertex operator ĝ becomes: ξ → π, z ≡ e^{it} (4.53a) ĝ(T (T ), ξ, t) → ĝ(T (T ), π, z) = exp[i √ 2T ·qτ_1] exp[ √ 2 ln z T ·J(0)τ_1] ×

× exp[ √ 2T · ∑ m≥1 J(−m) m (−1)^mz^mτ_1] exp[− √ 2T · ∑ m≥1 J(m) m (−1)^mz^{−m}τ_1]×

× exp[iT · ∑ m≤−1 Ĵ_{10}(m+^1_2 ) m +^1_2

(−1)^mz^{−(m+ 12 )}] exp[iT · ∑ m≥0 Ĵ_{10}(m +^1_2 )

m +^1_2

(−1)^mz^{−(m+ 12 )}] . (4.53b)

The integer-moded factors here comprise the untwisted vertex operator for NN open-string emission from an NN string at ξ = π, while the half-integer-moded factors describe NN emission from a DN string – and are closely related to well-known twisted vertex operators (see e. g. Refs. [4, 14]) in orbifold theory. The following commutator with the Virasoro generators

[L_σ (m), ĝ(T (T ), π, z)] = (−1)^mz^m(z∂_z + (4m + 2)Δ(T ))ĝ(T (T ), π, z) (4.54)

is not difficult to verify by direct computation using standard properties of these vertex operators.

It is instructive to inquire into the compatibility of the [L_σ(m), ĝ_R] commutator in Eq. (4.50) with the [L_σ(m), ĝ] commutator in Eq. (4.54). In fact, the compatibility involves in an essential way the singularity near ξ = π of the last term in the vertex operator equation (4.49b). To see this, consider the sin(mξ)∂_ξĝ_R term in the commutator (4.50) and follow the steps ∂_ξĝ_R ≃ ĝ_R 2Δ(T ) ξ − π near ξ = π (4.55a)

sin(mξ) ξ − π = (−1)^mm + O(ξ − π) (4.55b)

[L_σ(m), ĝ_R] = (−1)^mz^m(z∂_z + 2Δ(T )(m + 1) + 2Δ(T )m)ĝ_R near ξ = π (4.55c)

[L_σ(m), ĝ(π, z)] = (−1)^mz^m(z∂_z + (4m + 2)Δ(T ))ĝ(π, z) (4.55d)

where (4.55a) shows the singularity, and the final result in Eq. (4.55d) was obtained by dividing both sides of (4.55c) by the (1 + cos(ξ))^{Δ(T )} factor in ĝ_R and then taking the limit. This computation provides an important consistency check on the singularity near ξ = π of the Minkowski-space prescription.

Both the Euclidean-space and the Minkowski-space prescriptions give solutions of the vertex operator equations with the factorized form

ĝ_R = ĝf(ξ) (4.56)

where ĝ is the vertex operator defined in Eq. (4.52), and the factor f(ξ) encodes the behavior of the charge and image charge as they approach each other at the strip boundary. As noted above, the last term of the vertex operator equation (4.49b) would not be singular at ξ = π in the Euclidean-space prescription, and hence f(ξ) is neither singular nor vanishing at ξ = π in this prescription. Such behavior would disrupt the connection between Eqs. (4.50) and (4.54) detailed in the previous paragraph. Then, since both of these equations hold independent of the prescription choice, the Euclidean-space singularity prescription of Ref. [24] is simply inconsistent: The interaction of charge and image charge at ξ = π must be singular, as dictated by the Minkowski-space prescription.

As a consequence, all the equations of Ref. [24] should be read either with the Minkowskispace prescription of this paper, or with its Euclidean analogue: z = Re^{iξ}, z̄ = Re^{−iξ} (4.57a) ( z_i z_j )_{ȳ(r,u)} = ( R_i R_j )_{ȳ(r,u)} e^{i(ξi−ξj )ȳ(r,u)}, ( z̄_i z̄_j )_{ȳ(r,u)} = ( R_i R_j )_{ȳ(r,u)} e^{−i(ξi−ξj )ȳ(r,u)} (4.57b) ( z_i z̄_j )_{ȳ(r,u)} = ( R_i R_j )_{ȳ(r,u)} e^{i(ξi+ξj )ȳ(r,u)}, ( z̄_i z_j )_{ȳ(r,u)} = ( R_i R_j )_{ȳ(r,u)} e^{−i(ξi+ξj )ȳ(r,u)} . (4.57c) The Euclidean prescriptions in Eq. (4.57b) are not new, and except when z̄ → z singularities are studied, the prescription (4.57) does not change any of the conclusions of Ref. [24]. In what follows, we use this prescription to detail the few instances in which the conclusions of Ref. [24] are incorrect.

The first instance concerns the structures mentioned in Eq. (4.42a) of this paper, which, although non-singular at ξ = 0, are now seen to be singular at ξ = π: 1∑ u=0 (−1)^u (z̄ z )_{ȳ(r,u)} f(z, z̄; ȳ(r, u)) z − z̄ = (z̄ z )^{n̄(r)}_{ρ(σ)} 1−(z̄/z)^{12} z−z̄ when n̄(r) ρ(σ) < 1 2 1−(z/z̄)^{12} z−z̄ when n̄(r) ρ(σ) ≥ 1 2 (4.58a)

= 2 iR sin ξ e^{−2iξ n̄(r)ρ(σ)} { 1 − e^{−iξ} when^{n̄(r)}_{ρ(σ)} <^1_2 1 − e^{iξ} when^{n̄(r)}_{ρ(σ)} ≥^1_2

(4.58b)

≃ 4ie^{−2πi n̄(r)ρ(σ)} R(ξ − π) near ξ = π . (4.58c)

This result should be read in place of the incorrect (non-singular) form in Eq. (4.29d) of Ref. [24].

Our second remark concerns the twisted Euclidean vertex operator equations in the general open-string orientation-orbifold sector ∂^̃g(T (T ), z̄, z, σ) = L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 : Ĵ_{n(r)μu}(z, σ)^̃g(T (T ), z̄, z, σ)T_{−n(r),ν,−u}(T ) :

= L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 { :^^Jn(r)μu(z, σ)^~^g(T (T ), z̄, z, σ) :M + (z̄ z )_{ȳ(r,u)} f(z, z̄; ȳ(r, u)) z − z̄ ^̃g(T (T ), z̄, z, σ)T̄_{n(r)μu}(T̄ )

− 1 z (ȳ(r, u) − θ(ȳ(r, u) ≥ 1)) ^̃g(T (T ), z̄, z, σ)T_{n(r)μu}(T )}T_{−n(r),ν,−u}(T ) (4.59a)

¯∂^̃g(T (T ), z̄, z, σ) = L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 : Ĵ_{n(r)μu}(z̄, σ)^̃g(T (T ), z̄, z, σ)T̄_{−n(r),ν,−u}(T̄ ) :

= L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ u=0 { :^^Jn(r)μu(z̄, σ)^~^g(T (T ), z̄, z, σ) :M + (z z̄ )_{ȳ(r,u)} f(z̄, z; ȳ(r, u)) z̄ − z ^̃g(T (T ), z̄, z, σ)T_{n(r)μu}(T )

− 1 z̄ (ȳ(r, u) − θ(ȳ(r, u) ≥ 1)) ^̃g(T (T ), z̄, z, σ)T̄_{n(r)μu}(T̄ )}T̄_{−n(r),ν,−u}(T̄ ) (4.59b) T_{n(r)μu}(T ) = T_{n(r)μ}(T )τ_u, T̄_{n(r)μu}(T̄ ) = T_{n(r)μ}(T̄ )(−1)^uτ_u (4.59c) which appeared in Eq. (4.22c,d) of Ref. [24]. Here : · : is operator-product normal ordering and : · :_M is the mode normal ordering in Eq. (3.12c). The equations (4.59) are termby-term equivalent to the analytic continuation of our Minkowski-space vertex operator equations (4.39) when read with the new Euclidean prescription in Eq. (4.57): (z̄ z )_{ȳ(r,u)} f(z, z̄; ȳ(r, u)) z − z̄ = (1 + 2i sin ξe^{iξ}θ(ȳ(r, u) ≥ 1))^{e−2iξȳ(r,u)}_{2iR sin ξ} (4.60a) (z z̄ )_{ȳ(r,u)} f(z̄, z; ȳ(r, u)) z̄ − z = −(1 − 2i sin ξe^{−iξ} θ(ȳ(r, u) ≥ 1))^{e2iξȳ(r,u)}_{2iR sin ξ} . (4.60b)

The sums on u of these terms then give structures of the form in Eq. (4.58), which are singular at ξ = π and regular at ξ = 0. We remind the reader that regularity of the twisted affine primary fields at ξ = 0 is a special characteristic of the open-string sectors of the WZW orientation orbifolds – and is not expected generically in twisted open WZW strings.

We finally remark on the normal-ordered products : Ĵ(z)ĝ(T , w̄, w) :, : Ĵ(z)ĝ(T , w̄, w) :_M (4.61) which are not singular as z → w and/or z → w̄, but which may be singular as w → w̄, because the twisted affine primary fields are themselves singular as w → w̄ ∈ R^−. For the same reason, normal-ordered products such as those which appear in the twisted vertex operator equations (4.59) : Ĵ(z)ĝ(T , z̄, z) :, : Ĵ(z)ĝ(T , z̄, z) :_M (4.62) may be singular as z → z̄ ∈ R^−. To investigate this issue, we recall the following relations between the two types of normal-ordered products [24]: : Ĵ_{n(r)μu}(z, σ)ĝ(T , z̄, z, σ) : = : Ĵ_{n(r)μu}(z, σ)ĝ(T , z̄, z, σ) :_M − 1 z (ȳ(r, u) − θ(ȳ(r, u) ≥ 1))ĝ(T , z̄, z, σ)T_{n(r)μu} − {( z̄ z )_{ȳ(r,u)} f(z, z̄; ȳ(r, u)) − 1 } 1 z − z̄ T̃_{n(r)μu}ĝ(T , z̄, z, σ) (4.63a) : Ĵ_{n(r)μu}(z̄, σ)ĝ(T , z̄, z, σ) : = : Ĵ_{n(r)μu}(z̄, σ)ĝ(T , z̄, z, σ) :_M + {( z z̄ )_{ȳ(r,u)} f(z̄, z; ȳ(r, u)) − 1 } 1 z̄ − z ĝ(T , z̄, z, σ)T_{n(r)μu} + 1 z̄ (ȳ(r, u) − θ(ȳ(r, u) ≥ 1))T̃_{n(r)μu}ĝ(T , z̄, z, σ) . (4.63b) Using the forms given in Eq. (4.60), we see that at least one of the normal-ordered products : · : or : · :_M is singular at ξ = π. This conclusion replaces that stated below Eq. (4.4) of Ref. [24].

5 Boundary States of the General Twisted Open WZW String

The discussion above developed the open-string description (in terms of a single set of current modes Ĵ) of the general twisted open WZW string, including its twisted noncommutative geometry, branes and twisted open-string KZ equations. In this section we review and discuss the complementary closed-string or boundary state description (in terms of Ĵ and ^̄J) of these twisted open strings.

Twisted WZW boundary states were first considered in Ref. [13] and the general twisted boundary state equation was given in Ref. [26]: ( Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ) + ω̃(n(r), σ)_μ^ν ^̄J_{n(r),ν} (m +^{n(r)}_{ρ(σ)} ) ) |B⟩_σ = 0 (5.1a) ( L_σ(m) − L̄_σ(−m) ) |B⟩_σ = 0 (5.1b) ω̃ ∈ Aut(ĝ(σ)), n̄(r) ∈ {0, . . . , ρ(σ) − 1}, σ = 0, . . . , N_c − 1 . (5.1c) Here Ĵ and L_σ are the same twisted left-mover current and Virasoro modes which appear above, while ^̄J and L̄_σ are the corresponding twisted right-mover modes – all of which live in sector σ of the general closed-string WZW orbifold A_g(H)/H. The quantity ω̃ is again a T-duality automorphism of the twisted left- or right-mover current algebra, although (for a given twisted open string) this automorphism may not^{‡13} be exactly the same T-duality automorphism ω̃ which appears above in the corresponding open-string description.

The general twisted boundary state equation in Eq. (5.1a) is consistent [ (^^J + ω̃^{^̄}J)_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), (^^J + ω̃^{^̄}J)_{n(s)ν} (n +^{n(s)}_{ρ(σ)} )^] =

= iF_{n(r)μ;n(s)ν}^{n(r)+n(s),δ}(σ)(Ĵ + ω̃ ^̄J)_{n(r)+n(s),δ}(m + n +^{n(r)+n(s)}_{ρ(σ)} ) (5.2)

because the operator terms of the twisted left- and right-mover current algebras are the same, but the central terms have opposite signs [13]. (This circumstance also gives rise to the rectification problem [13, 14, 16, 17, 26], which need not concern us in the present context). The Virasoro boundary condition in Eq. (5.1b) follows from Eq. (5.1a) and the explicit form of the general twisted affine-Sugawara construction [13].

In the special case of the untwisted sector σ = 0 of any WZW orbifold A_g(H)/H (including the trivial orbifold with H = 1), the right mover modes ^̄J(m) reduce to the untwisted right-mover modes J̄(−m) and ω̃ reduces to an automorphism of Lie g. The general twisted boundary state equation (5.1a) then reduces to the standard untwisted boundary state equation (Ja(m) + ωa^{b¯}Jb(−m))|B⟩ = 0, a, b = 1 . . . dim g, ω ∈ Aut(g) (5.3) which has been extensively studied (see for example Refs. [57, 32]).

We emphasize that, beyond solutions of the untwisted case in Eq. (5.3), no explicit twisted solutions have yet been obtained to the general boundary state equation (5.1a). As

‡13For a given twisted open string, we expect that the ω̃’s in the two descriptions should be closely related; for example, they could be identical, or inverses of each other or perhaps inner-automorphically equivalent. The precise relationship of the two ω̃’s is beyond the scope of the present paper.

a pedagogical guide for future work, however, we mention here some particularly simple classes of twisted boundary states (all of which are contained in the general equation). • The Basic Class of Twisted Open WZW Strings

As noted in Ref. [26], one expects that the basic class of twisted open WZW strings A^{open}_g (H)/H (the open-string orbifolds) is described by the following basic class of twisted boundary states [13]

ω̃ = 1l : ( Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ) + ^̄J_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ) ) |B⟩_σ = 0 (5.4a) n̄(r) ∈ {0, . . . , ρ(σ) − 1}, σ = 0, . . . , N_c − 1 (5.4b) in parallel with the choice ω̃ = 1l in the corresponding open-string picture of the basic class. • The Permutation-Twisted Open WZW Strings

A large class of permutation-twisted open WZW strings was discussed in Subsec. 3.4. The corresponding boundary states of these twisted open strings are described by the following equation

ω̃(^ĵ_{fj (σ)} , σ)_j^l = e^{2πi} νj ĵ fj (σ) (ω̃ P )_j^l :

(^^J^_{jaj} (m+^ĵ_{fj (σ)} ) + e^{2πi νj ĵfj (σ)} (ω̃P )j^{l ^̄}J^_{jal}(m+^ĵ_{fj (σ)} ))|B⟩σ = 0 (5.5a)

a = 1, . . . , dim g, ^̄j = 0, . . . , f_j (σ) − 1 (5.5b)

where we have again used the cycle notation of Refs. [14-16]. We remind that ω̃_P is a permutation which can exchange cycles of the same length f_j (σ) and ν_j is a cycle-dependent integer. As noted for the corresponding open-string picture in Subsec. 3.4, this class of boundary states can be further generalized by including Lie automorphisms (which act on the Lie index a) in our ω̃.

It is known that the WZW permutation orbifolds contain an extended Virasoro algebra [8, 56, 16] T̂_σ(ξ, t) = ∑ m L_σ(m)e^{−im(t+ξ)}, ^̄T_σ(ξ, t) = ∑ m L̄_σ (m)e^{−im(t−ξ)} (5.6a)

L_σ (m) = ∑ j L̂_{0,j} (m), L̄_σ (m) = ∑ j ^̄L_{0,j} (−m), ĉ = ^̄c = Kc_g (5.6b)

Θ̂_{ĵj} (ξ, t) = ∑ m L̂_{ĵj} (m+^ĵ_{fj (σ)} )e^{−i(m+ ĵf}j^{(σ) )(t+ξ)} (5.6c)

^̄Θ_{ĵj} (ξ, t) = ∑ m ^̄L_{ĵj} (m+^^j_{fj (σ)} )e^{i(m+ ĵ}f_j (σ)^{)(t−ξ)} (5.6d)

[L̂_{ĵj} (m+^ĵ_{fj (σ)} ), L̂_{l̂l}(n+^{l̂}_{fl(σ)} )] = δ_{jl}{(m−n+^{ĵ−l̂}_{fj (σ)} )L̂_{ĵ+l̂,j} (m+n+^{ĵ+l̂}_{fj (σ)} )+ + c_gf_j (σ) 12 (m+^ĵ_{fj (σ)} )((m+^ĵ_{fj (σ)} )^2 − 1)δ_{m+n+}^_{j+}^_{lfj (σ) ,0}} (5.6e)

[ ^̄L_{ĵj} (m+^ĵ_{fj (σ)} ), ^̄L_{l̂l}(n+^{l̂}_{fl(σ)} )] = −δ_{jl}{(m−n+^{ĵ−l̂}_{fj (σ)} ) ^̄L_{ĵ+l̂,j} (m+n+^{ĵ+l̂}_{fj (σ)} )+ + c_gf_j (σ) 12 (m+^ĵ_{fj (σ)} )((m+^ĵ_{fj (σ)} )^2 − 1)δ_{m+n+}^_{j+}^_{lfj (σ) ,0}} (5.6f)

where K is the number of copies of simple g in the underlying untwisted theory. It would be interesting to determine the action of this algebra on the boundary states, generalizing the Virasoro boundary condition in Eq. (5.1b).

The explicit forms [10,12-14,16,17] of the twisted current algebras in the various closedstring WZW orbifolds on simple g can similarly be used to construct the twisted boundary state equations of the corresponding twisted open WZW strings. • The Open-String Orientation-Orbifold Sectors

As a final class of examples, we consider the open-string sectors of the WZW orientation orbifolds A_g(H_−)/H_−. One expects that these twisted open strings are described by the following class of twisted boundary states

ω̃ = (−1)^u : (Ĵ_{n(r)μu}(m+^{n(r)}_{ρ(σ)} +^u_2 ) + (−1)^u ^̄J_{n(r)μu}(m+^{n(r)}_{ρ(σ)} +^u_2 ))|B⟩_σ = 0 (5.7a) n̄(r) ∈ {0, . . . , ρ(σ) − 1}, ū ∈ {0, 1} (5.7b) in parallel with the open-string description of these sectors in Eq. (4.15d). In Eq. (5.7a), the left-mover modes Ĵ satisfy the doubly-twisted current algebra in Eq. (4.2), and the right-mover modes ^̄J satisfy the same doubly-twisted current algebra, except with the usual sign-reversal of the central term [13]. Following the characterization at the end of Subsec. 4.1, we know that both the left-mover and right-mover modes live in the generalized Z_2 permutation orbifold A_{g⊕g}(H^′)/H^′ shown in Eq. (4.6). We remind the reader (see Subsec. 4.2) that these orientation-orbifold boundary states are T-dual to the boundary states of the generalized open-string permutation orbifold A^{open}_{g⊕g} (H^′) H^′ , H^′ ⊂ Z_2 × H, H ⊂ Aut(g) (5.8) which presumably satisfy Eq. (5.7) with ω̃ = (−1)^u replaced by ω̃ = 1.

In this class of examples, the general Virasoro boundary condition in Eq. (5.1b) must have an extended form, including the half-integer moded Virasoro generators. To find this extension, we first give the explicit form of the left- and right-mover orbifold Virasoro generators in the general Z_2 permutation orbifold:

L̂_u(m+ u_2 ) =

= L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ v=0 {^∑_{p∈Z}:^^Jn(r)μv (p+^{n(r)}_{ρ(σ)} +^v_2 )^^J−n(r),ν,u−v (m−p−^{n(r)}_{ρ(σ)} +^{u−v}_2 ) :M −iF_{n(r)μ;−n(r),ν}^{0,δ}(σ)Ĵ_{0,δ,u}(m+^u_2 )(ȳ(r, v) − θ(ȳ(r, v) ≥ 1))} + δ_{m+}^u_{2 ,0}Δ̂_0(σ) (5.9a)

^̄L_u(m+ u_2 ) =

= L^{n(r)μ;−n(r),ν} ĝ(σ) (σ) 1∑ v=0 {^∑_{p∈Z}:^{^̄}Jn(r)μv (p+^{n(r)}_{ρ(σ)} +^v_2 )^{^̄}J−n(r),ν,u−v (m−p−^{n(r)}_{ρ(σ)} +^{u−v}_2 ) :¯_M

−iF_{n(r)μ;−n(r),ν}^{0,δ}(σ)Ĵ_{0,δ,u}(m+^u_2 )(ȳ_∗(r, v) − θ(ȳ_∗(r, v) ≥ 1))} + δ_{m+}^u_{2 ,0}Δ̂_0(σ) (5.9b)

[L̂_u(m+^u_2 ), L̂_v(n+^v_2 )] = (m−n+^{u−v}_2 )L̂_{u+v} (m+n+^{u+v}_2 ) +

+ δ_{m+n+} u+v_{2 ,0} 2c_g 12 (m+^u_2 )((m+^u_2 )^2 − 1) (5.9c)

[ ^̄L_u(m+^u_2 ), ^̄L_v(n+^v_2 )] = −(m−n+^{u−v}_2 ) ^̄L_{u+v} (m+n+^{u+v}_2 ) − δ_{m+n+} u+v_{2 ,0} 2c_g 12 (m+^u_2 )((m+^u_2 )^2 − 1) (5.9d)

[L̂_u(m+^u_2 ), ^̄L_v(n+^v_2 )] = 0, L̂_0(m) = L_σ (m), ^̄L_0(m) = L̄_σ (−m) (5.9e)

ȳ(r, v) =^{n̄(r)}_{ρ(σ)} +^ū_2 , ȳ_∗(r, v) ≡^{−n(r)}_{ρ(σ)} +^{−u}_2 , ^̄c = ĉ = 2c_g . (5.9f)

Here : · :_{M,}¯_M denote the standard mode normal orderings introduced in Ref. [13]. The leftmover generators in Eq. (5.9) are identical to those of the orientation orbifolds in Ref. [24], and the form given here is equivalent to the operator-product normal-ordered form in Eq. (4.4). The conformal weight Δ̂_0(σ) of the scalar twist field is given in Eq. (3.38) of Ref. [24], and c_g is the central charge of the left- or right-mover affine-Sugawara construction [42,50-53,37] on g. Finally, we determined the right-mover generators in Eq. (5.9b) from the known form of the left-movers and the general current-current OPEs in Ref. [13].

Following steps analogous to those detailed in App. A of Ref. [26], it is then straightforward to verify the following extended Virasoro boundary condition

(^^Lu(m+^u_2 ) − (−1)^{u ^̄}Lu(m+^u_2 ))|B⟩ = 0 (5.10a)

[L̂_u(m+^u_2 ) − (−1)^u ^̄L_u(m+^u_2 ), L̂_v(n+^v_2 ) − (−1)^v ^̄L_v(n+^v_2 )] =

= (m−n+^{u−v}_2 )(L̂_{u+v} (m+n+^{u+v}_2 ) − (−1)^{u+v} ^̄L_{u+v} (m+n+^{u+v}_2 )) (5.10b) from the boundary state equation (5.7). The ordinary Virasoro boundary condition (5.1b) is included in this result when u = 0. The extension in Eq. (5.10) may be considered as a prototype for the corresponding higher-order extensions in the permutation-twisted open WZW strings (see Eq. (5.6)).

The orbifold program has successfully constructed the local theory of all closed-string WZW orbifolds [8-18] and this paper completes the description of all twisted open WZW strings [31,24-26]. Classification of the automorphisms of twisted current algebras will provide at least a partial classification of the twisted open WZW strings. An important next step is to study open-closed string dualities among these twisted open and closed WZW strings.

Acknowledgements

For helpful discussions, we thank M. Aganagic, J. de Boer, O. Ganor, S. Giusto, J. Gomis, P. Hořava and C. Schweigert.

This work was supported in part by the Director, Office of Energy Research, Office of High Energy and Nuclear Physics, Division of High Energy Physics of the U.S. Department of Energy under Contract DE-AC03-76SF00098 and in part by the National Science Foundation under grant PHY00-98840.

A Twisted Chiral Affine Primary Fields

From Eq. (4.14) of Ref. [26] and the ω̃-map in Eq. (3.7), we find the factorized form [58, 59, 31, 13, 16] of the general twisted affine primary field ĝ(T , ξ, t) ≡ ĝ_−(T , ξ, t)ĝ_+(T , ξ, t) (A.1a) [Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), ĝ_+(T , ξ, t)] = ĝ_+(T , ξ, t)T_{n(r)μ}e^{i(m+} n(r) ρ(σ) )(t+ξ) (A.1b) [Ĵ_{n(r)μ}(m +^{n(r)}_{ρ(σ)} ), ĝ_−(T , ξ, t)] = −T^{ω̃}_{n(r)μ}ĝ_−(T , ξ, t)e^{i(m+} n(r) ρ(σ) )(t−ξ) (A.1c)

in the general twisted open WZW string. Here T^{ω̃} is the automorphic transform (2.17d) of the twisted representation matrix T , ĝ_± are the constituent affine primary fields, and one also finds the dynamical relations for ĝ_± 1 2 ∂_+ĝ_+(T , ξ, t) = 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : Ĵ (+) n(r)μ(ξ, t)ĝ+(T , ξ, t)T−n(r),ν :M + iĝ_+(T , ξ, t)D_{ĝ(σ)}(T ) − 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) n̄(r) ρ(σ)ĝ+(T , ξ, t)Tn(r)μT−n(r),ν (A.2a) 1 2 ∂_−ĝ_−(T , ξ, t) = −2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) : T ω̃ n(r)μĴ (−) −n(r),ν (ξ, t)ĝ−(T , ξ, t) :M + iD_{ĝ(σ)}(T^{ω̃})ĝ_−(T , ξ, t) − 2iL^{n(r)μ;−n(r),ν} ĝ(σ) (σ) −n(r) ρ(σ) T ω̃ n(r)μT ω̃ −n(r),νĝ−(T , ξ, t) (A.2b) ∂_−ĝ_+(T , ξ, t) = ∂_+ĝ_−(T , ξ, t) = 0 (A.2c)

including their chiralities in Eq. (A.2c). The mode normal ordering : · :_M here is the same as that in Eq. (3.12c) with ĝ → ĝ_±.

The chiral vertex operator equations in Eq. (A.2) in fact provide the direct derivation of the full twisted vertex operator equations for ĝ in Eq. (3.12) – which were obtained in the text by using the ω̃-map (3.7) as a shortcut. As discussed in Refs. [31, 26], this derivation requires a final re-normal ordering using Eq. (A.1). The re-normal ordering, which generates the singularities of ĝ at ξ = 0, π, is necessary because the same set of twisted current modes act on both ĝ_+ and ĝ_−. The singularities themselves describe the collision of non-abelian charge and image charge at the strip boundary. Such singularities of the affine primary fields are not found in closed string theory (including ordinary orbifolds) because the chiral constituents ĝ_± are independent in that case (or alternatively because there are no image charges in closed-string conformal field theories).

References

[1] M. B. Halpern and C. B. Thorn, “Two faces of a dual pion-quark model. II. Fermions and other things,” Phys. Rev. D4 (1971) 3084.

[2] E. Corrigan and D. B. Fairlie, “Off-Shell States in Dual Resonance Theory,” Nucl. Phys B91 (1975) 527.

[3] W. Siegel, “Strings with Dimension-Dependent Intercept,” Nucl. Phys B109 (1976) 244. [4] J. Lepowsky and R. L. Wilson, “Construction of the Affine Lie Algebra A1(1),” Comm. Math. Phys.

62 (1978) 43.

[5] L. Dixon, J. Harvey, C. Vafa and E. Witten, “Strings on Orbifolds,” Nucl. Phys. B261 (1985) 678;

“Strings on Orbifolds 2,” Nucl. Phys. B274(1986) 285.

[6] L. Dixon, D. Friedan, E. Martinec and S. Shenker, “The Conformal Field Theory of Orbifolds,” Nucl. Phys. B282 (1987) 13.

[7] R. Dijkgraff, C. Vafa, E. Verlinde, and H. Verlinde, “The operator algebra of orbifold models,” Comm. Math. Phys. 123 (1989) 485.

[8] L. Borisov, M. B. Halpern, and C. Schweigert, “Systematic approach to cyclic orbifolds,” Int. J.

Mod. Phys. A13 (1998) 125, hep-th/9701061.

[9] J. Evslin, M. B. Halpern, and J. E. Wang, “General Virasoro construction on orbifold affine algebra,” Int. J. Mod. Phys. A14 (1999) 4985, hep-th/9904105.

[10] J. de Boer, J. Evslin, M. B. Halpern, and J. E. Wang, “New duality transformations in orbifold theory,” Int. J. Mod. Phys. A15 (2000) 1297, hep-th/9908187.

[11] J. Evslin, M. B. Halpern, and J. E. Wang, “Cyclic coset orbifolds,” Int. J. Mod. Phys. A15 (2000) 3829–3860, hep-th/9912084.

[12] M. B. Halpern and J. E. Wang, “More about all current-algebraic orbifolds,” Int. J. Mod. Phys.

A16 (2001) 97, hep-th/0005187.

[13] J. de Boer, M. B. Halpern, and N. A. Obers, “The operator algebra and twisted KZ equations of WZW orbifolds,” J. High Energy Phys. 10 (2001) 011, hep-th/0105305.

[14] M. B. Halpern and N. A. Obers, “Two Large Examples in Orbifold Theory: Abelian Orbifolds and the Charge Conjugation Orbifold on su(n),” Int. J. Mod. Phys. A17 (2002) 3897, hep-th/0203056.

[15] M. B. Halpern and F. Wagner, “The General Coset Orbifold Action,” Int. J. Mod. Phys. A18 (2003) 19, hep-th/0205143.

[16] M. B. Halpern and C. Helfgott, “Extended Operator Algebra and Reducibility in the WZW Permutation Orbifolds,” Int. J. Mod. Phys. A18 (2003) 1773, hep-th/0208087.

[17] O. Ganor, M. B. Halpern, C. Helfgott and N. A. Obers, “The Outer-Automorphic WZW Orbifolds on so(2n), including Five Triality Orbifolds on so(8),” J. High Energy Phys. 0212 (2002) 019,

hep-th/0211003.

[18] J. deBoer, M. B. Halpern and C. Helfgott, “Twisted Einstein Tensors and Orbifold Geometry,” Int.

J. Mod. Phys. A18 (2003) 3489, hep-th/0212275.

[19] J. Fröhlich, O. Grandjean, A. Recknagel and V. Schomerus, “Fundamental strings in Dp-Dq brane systems,” Nucl. Phys. B583 (2000) 381, hep-th/9912079.

[20] V. G. Kac and I. T. Todorov, “Affine orbifolds and rational conformal field theory extensions of W_{1+∞},” Comm. Math. Phys. 190 (1997) 57, hep-th/9612078.

[21] P. Bantay, “Characters and modular properties of permutation orbifolds,” Phys. Lett. B419 (1998) 175–178, hep-th/9708120.

[22] L. Birke, J. Fuchs, and C. Schweigert, “Symmetry breaking boundary conditions and WZW orbifolds,” Adv. Theor. Math. Phys. 3 (1999) 671–726, hep-th/9905038.

[23] V. G. Kac, R. Longo, F. Xu, “Solitons in Affine and Permutation Orbifolds,” hep-th/0312512.

[24] M. B. Halpern and C. Helfgott, “Twisted Open Strings from Closed Strings: The WZW Orientation Orbifolds,” Int. J. Mod. Phys. A19 (2004) 2233, hep-th/0306014.

[25] M. B. Halpern and C. Helfgott, “On the Target-Space Geometry of the Open-String Orientation-Orbifold Sectors,” Ann. of Phys. 310 (2004) 302, hep-th/0309101.

[26] M. B. Halpern and C. Helfgott, “A Basic Class of Twisted Open WZW Strings,” Int. J. Mod. Phys.

A19 (2004) 3481, hep-th/0402108.

[27] A. Sagnotti, “Open Strings and Their Symmetry Groups,” ROM2F-87/25, talk presented at the Cargese Summer Institute on Non-Perturbative Methods in Field Theory, Cargese, Italy, July 16-30, 1987, hep-th/0208020.

[28] P. Horava, “Strings on World Sheet Orbifolds,” Nucl. Phys B327 (1989) 461.

[29] J. Dai, R. G. Leigh and J. Polchinski, “New Connections Among String Theories,” Mod. Phys. Lett.

A4 (1989) 2073.

[30] P. Horava, “Chern-Simons Gauge Theory on Orbifolds: Open Strings from Three Dimensions,” J.

Geom. Phys 21 (1996) 1, hep-th/9404101.

[31] S. Giusto and M. B. Halpern, “Hamiltonian Formulation of Open WZW Strings,” Int. J. Mod. Phys.

A16 (2001) 3237, hep-th/0101220.

[32] J. Fuchs and C. Schweigert, “Symmetry breaking boundaries I. General theory,” Nucl. Phys. B558 (1999) 419, hep-th/9902132.

[33] M. B. Halpern and E. Kiritsis, “General Virasoro construction on affine g,” Mod. Phys. Lett. A4 (1989) 1373.

[34] M. B. Halpern and J. Yamron, “A Generic Affine Virasoro Action,” Nucl. Phys. B351 (1991) 333. [35] M. B. Halpern, E. B. Kiritsis, and N. A. Obers, “The Lie h invariant conformal field theories and the Lie h invariant graphs,” Int. J. Mod. Phys. A7 (Suppl. 1A) (1992) 339, hep-th/9110001.

[36] J. de Boer, K. Clubok and M. B. Halpern, “Linearized Form of the Generic Affine Virasoro Action,” Int. J. Mod. Phys. A9 (1994) 2451, hep-th/9312094.

[37] M. B. Halpern, E. Kiritsis, N. A. Obers, and K. Clubok, “Irrational conformal field theory,” Physics Reports 265, Nos. 1 & 2, (1996) 1–138, hep-th/9501144.

[38] J. de Boer and M. B. Halpern, “Unified Einstein-Virasoro Master Equation in the Nonlinear Sigma Model,” Int. J. Mod. Phys. A12 (1997) 1551, hep-th/9606025.

[39] J. de Boer and M. B. Halpern, “New Spin-Two Gauged Sigma Models and General Conformal Field Theory,” Int. J. Mod. Phys. A13 (1998) 4487, hep-th/9802022.

[40] V. Kac, “Simple graded Lie algebras of finite growth,” Funct. Anal. Appl. 1 (1967) 328. [41] R. V. Moody, “Lie algebras associated with generalized Cartan matrices,” Bull. Am. Math. Soc. 73 (1967) 217–221.

[42] K. Bardakci and M. B. Halpern, “New dual quark models,” Phys. Rev. D3 (1971) 2493. [43] A. Yu. Alekseev and V. Schomerus, “D-branes in the WZW model,” Phys. Rev. D60, (1999) 061901,

hep-th/9812193.

[44] K. Gawedzki, I. Todorov and P. Tran-Ngoc-Bich, “Canonical quantization of the boundary Wess-Zumino-Witten model,” hep-th/0101170.

[45] A. Connes, M. Douglas and A. Schwarz, “Noncommutative Geometry and Matrix Theory:

Compactification on Tori,” J. High Energy Phys. 9802 (1998) 003. hep-th/9711162. [46] M. Douglas and C. Hull, ”D-branes and the Noncommutative Torus,” J. High Energy Phys. 9802 (1998) 008, hep-th/9711165.

[47] C.-S. Chu and P.-M. Ho, ”Noncommutative Open String and D-brane,” Nucl. Phys. B550 (1999) 151, hep-th/9812219.

[48] D. Bigatti and L. Susskind, ”Magnetic fields, branes and noncommutative geometry,” Phys. Rev.

D62 (2000) 066004, hep-th/9908056.

[49] N. Seiberg and E. Witten, ”String Theory and Noncommutative Geometry,” J. High Energy Phys.

9909 (1999) 032, hep-th/9908142.

[50] M. B. Halpern, “The two faces of a dual pion-quark model,” Phys. Rev. D4 (1971) 2398. [51] R. Dashen and Y. Frishman, “Four fermion interactions and scale invariance,” Phys. Rev. D11 (1975) 2781.

[52] V. G. Knizhnik and A. B. Zamolodchikov, “Current Algebra and Wess-Zumino Model in Two Dimensions,” Nucl. Phys. B247 (1984) 83.

[53] G. Segal, unpublished.

[54] J. L. Cardy, “Conformal Invariance and Surface Critical Behavior,” Nucl. Phys. B240 (1984) 514;

“Boundary Conditions, Fusion Rules and the Verlinde Formula,” Nucl. Phys. B324 (1989) 581. [55] A. Yu. Alekseev, A. Recknagel and V. Schomerus, “Open Strings and Non-commutative Geometry of Branes on Group Manifolds,” Mod. Phys. Lett. A16 (2001) 325, hep-th/0104054.

[56] R. Dijkgraaf, E. Verlinde and H. Verlinde, “Matrix String Theory,” Nucl. Phys. B 500 (1997) 43,

hep-th/9703030.

[57] N. Ishibashi, “The boundary and crosscap states in conformal field theories,” Mod. Phys. Lett. A4 (1989) 251.

[58] E. Witten, “Non-Abelian Bosonization in Two Dimensions,” Comm. Math. Phys. 92 (1984) 455.

[59] M. B. Halpern and N. A. Obers, “New semiclassical nonabelian vertex operators for chiral and nonchiral WZW theory,” Int. J. Mod. Phys. A12 (1997) 4317, hep-th/9610081.

[60] G. Pradisi, A. Sagnotti and Y. S. Stanev, “Planar Duality in SU (2) WZW Models,” Phys. Lett.

B354 (1995) 279, hep-th/9503207; “The Open Descendants of Non-Diagonal SU(2) WZW Models,” B356 (1995) 230, hep-th/9506014; “Completeness Conditions for Boundary Operators in 2D Conformal Field Theory,” B381 (1996) 97, hep-th/9603097.

[61] G. Felder, J. Fröhlich, J. Fuchs and C. Schweigert, “The geometry of WZW branes,” J. Geom. Phys.

34 (2000) 162, hep-th/9909030.

[62] S. Stanciu, “D-branes in group manifolds,” J. High Energy Phys. 0001 (2000) 025, hep-th/9909163;

“A note on D-branes in group manifolds: flux quantisation and D0-charge,” J. High Energy Phys. 0010 (2000) 015, hep-th/0006145; “A geometric approach to D-branes in group manifolds,” Fortsch. Phys. 50 (2002) 980.

[63] C. Bachas, M. Douglas and C. Schweigert, “Flux Stabilization of D-branes,” J. High Energy Phys.

0005 (2000) 048, hep-th/0003037.

[64] A. Yu. Alekseev and V.Schomerus, “RR Charges of D2-Branes in the WZW Model,”

hep-th/0007096.

[65] J.M. Figueroa-O’Farrill and S. Stanciu, “D-brane charge, flux quantisation and relative (co)homology,” J. High Energy Phys. 0101 (2001) 006, hep-th/0008038.

[66] T. Kubota and J. G. Zhou, “ RR charges of D2-branes in group manifold and Hanany-Witten effect,” J. High Energy Phys. 0012 (2000) 030, hep-th/0010170.

[67] S. Fredenhagen and V. Schomerus, “Branes on Group Manifolds, Gluon Condensates, and twisted K-theory,” J. High Energy Phys. 0104 (2001) 007, hep-th/0012164.

[68] C. Angelantonj and A. Sagnotti, “Open Strings,” Phys. Rept. 371 (2002) 1-150, hep-th/0204089.

[69] V. Schomerus, “Lectures on Branes in Curved Backgrounds,” Class. Quan. Grav. 19 (2002) 5781,

hep-th/0209241.