arXiv:hep-th/0406040 v2 14 Aug 2004

hep-th/0406040

Non-asymptotically AdS/dS Solutions and Their Higher Dimensional Origins

Rong-Gen Cai^∗ CASPER, Department of Physics, Baylor University, Waco, TX76798-7316, USA Institute of Theoretical Physics, Chinese Academy of Sciences, P.O. Box 2735, Beijing 100080, China

Anzhong Wang^† CASPER, Department of Physics, Baylor University, Waco, TX76798-7316, USA

We look for and analyze in some details some exact solutions of Einstein-Maxwell-dilaton gravity with one or two Liouville-type dilaton potential(s) in an arbitrary dimension. Such a theory could be obtained by dimensionally reducing Einstein-Maxwell theory with a cosmological constant to a lower dimension. These (neutral/magnetic/electric charged) solutions can have a (two) black hole horizon(s), cosmological horizon, or a naked singularity. Black hole horizon or cosmological horizon of these solutions can be a hypersurface of positive, zero or negative constant curvature. These exact solutions are neither asymptotically flat, nor asymptotically AdS/dS. But some of them can be uplifted to a higher dimension, and those higher dimensional solutions are either asymptotically flat, or asymptotically AdS/dS with/without a compact constant curvature space. This observation is useful to better understand holographic properties of these non-asymptotically AdS/dS solutions.

I. INTRODUCTION

Looking for exact solutions of Einstein’s field equations with/without matter source is a subject of long standing interest. Recent years have seen a lot of activity to find and study asymptotically anti de Sitter (AdS) or de Sitter (dS) solutions. For the asymptotically AdS spaces, there are at least two reasons responsible for this. The first is related to the so-called AdS-CFT (conformal field theory) correspondence [1], which states that string/M theory on an AdS space times a compact manifold is dual to a strong coupling conformal field theory residing on the boundary of the AdS space. The radial spatial coordinate in asymptotically AdS spaces can be viewed as the energy scale in renormalization group flow of dual field theory. It has been argued by Witten [2] that the thermodynamics of black hole in AdS space can be identified with that of a certain dual CFT in the high temperature limit. For instance, the Hawking-Page phase transition [3] of black holes in AdS space is identified with the confinement/unconfinement phase transition of CFT’s. Therefore, one can gain some insights into the thermodynamic properties and phase structures of some strong coupling CFT’s by investigating the thermodynamics of AdS black holes.

The other is related to the topology structure of black hole in AdS space. Before the discovery of the AdS-CFT correspondence, it was already recognized that in an asymptotically AdS space, except for the black hole with event horizon being a positive constant curvature sphere, it is also possible to have black holes whose event horizon could be a negative constant or zero curvature hypersurface. These black hole solutions are often referred to as topological black holes in the literature [4]. Various properties associated with these topological black holes have been investigated in recent years. For example, their higher dimensional [5] and charged [6] generalizations and formation via gravitational collapse [7] have been studied. Topological black hole solutions in Lovelock gravity and associated thermodynamics have also been discussed [8]. Even some perturbative solutions in higher derivative gravity have been found and investigated in [9]. In particular, topological black holes in gauged supergravities with nontrivial scalar fields have been also discovered in [10].

In a D-dimensional Hilbert-Einstein action with a negative cosmological constant, Λ = −(D − 1)(D − 2)/2l^2, S = 1 16πG_D ∫ d^Dx √ −g ( R + (D − 1)(D − 2) l^2 ) , (1.1)

where G_D is the Newton gravitational constant in D dimensions, one has a neutral AdS black hole solution with the metric

ds^2 = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2dΣ^2_{D−2,k}, (1.2)

∗ e-mail address: cairg@itp.ac.cn; Rong-Gen Cai@baylor.edu † e-mail: Anzhong Wang@baylor.edu

where f(r) = k − 16πG_DM (D − 2)V ol(Σ)r^{D−3} + r^2 l^2

, (1.3)

M is the mass of the black hole, and dΣ^2_{D−2,k} represents the line element of a (D − 2)-dimensional hypersurface with constant curvature (D − 2)(D − 3)k and volume V ol(Σ). Without loss of generality, the characteristic curvature constant k can be taken ±1 or 0. When k = 1, the hypersurface Σ could be a (D − 2)-dimensional round sphere S^{D−2}, while k = 0, Σ could be a (D − 2)-dimensional torus T^{D−2}. When k = −1, the hypersurface Σ is a negative constant curvature space. In this case, one can obtain a closed hyperbolic hypersurface H^{D−2} with high genus through appropriate identification. In the AdS/CFT correspondence, the thermodynamics of black hole (1.1) can be viewed as that of the dual CFT residing on the boundary of the AdS space, whose metric is, up to a conformal factor, ds^2_{CFT} = −dt^2 + l^2dΣ^2_{D−2,k}. In a word, the event horizon of the black hole (1.1) can have the topology S^{D−2}, T^{D−2}, or H^{D−2}, respectively, and the dual CFT resides on a (D −1)-dimensional spacetime with topology R×S^{D−2}, R×T^{D−2}, or R × H^{D−2}, respectively.

For the dS space, similar to the AdS-CFT correspondence, Strominger [11] has argued that there is also a dS-CFT correspondence: quantum gravity on a dS space can be dual to a Euclidean CFT residing on the boundary of the dS space. The time coordinate in asymptotically dS spaces can be regarded as the energy scale of renormalization group flow for dual Euclidean field theory [12, 13]. Replacing l^2 by −l^2 and M by −M in (1.3), the resulting solution is named as the topological dS solution in [14]. In that case, black hole horizon disappears, instead a cosmological horizon occurs with a cosmological singularity at r = 0. The implication of such asymptotically dS solutions to the so-called mass bound conjecture in dS space [13] has been investigated in [14].

On the one hand, it is certainly of interest to find new, nontrivial solutions to the equations of motion of the action (1.1). On the other hand, let us note that various actions of gauged supergravities under consistent truncation, include scalar fields with potentials of exponential form (Liouville-type). Sometimes the action also includes Maxwell fields. In a simpler form, the action could be written down as S = 1 16πG_D ∫ d^Dx √ −g ( R − 1 2 (∂ϕ)^2 − 2Λ_0e^{aϕ} − 1 4 e^{−bϕ}F^2_2 ) , (1.4)

where a, b, and Λ_0 are constants and F_2 denotes the Maxwell field. Usually people are interested in the asymptotically flat/AdS/dS solutions. However, it turns out difficult (might be impossible) to find such solutions in (1.4) with a set of general parameters. Indeed, in the literature, for example, see Refs. [15]-[23], some exact solutions of the action (1.4) have been found in some special cases. These solution are asymptotically neither AdS nor dS, different from those (1.2) which are asymptotically AdS or dS. We have studied some aspects [14, 22, 23] of dual field theory to these gravity solutions in the spirit of holography, as the non-conformal generalizations of AdS-CFT correspondence and dS-CFT correspondence.

Note that an action like (1.4) can also be obtained by dimensionally reducing Einstein-Maxwell theory with a cosmological constant to a lower dimension. It is certainly worth discussing the relationship between those nonasymptotically AdS/dS solutions of the action (1.4) and asymptotically AdS/dS solutions (1.2), in order to better understand the holographic properties of those non-asymptotically AdS/dS solutions. This is one of the main aims of the present paper [30]. On the other hand, we will look for and analyze in some details, exact solutions in an action like (1.4) with one or two Liouville-type potentials, without any assumption on the relations among the parameters in the theory, which generalizes existing solutions in the literature in various directions.

The organization of the present paper is as follows. In the next section, we first discuss the case where resulting action comes from a higher dimensional Einstein-Maxwell theory with a cosmological constant and the reduced subspace is Ricci flat. In this case, the resulting action is of the form (1.4). In Sec. III, we investigate the case where the reduced subspace is a nonzero constant curvature space, where resulting action has two Liouville-type potentials. The conclusions and some discussions are presented in Sec. IV.

II. DIMENSIONAL REDUCTION: RICCI FLAT CASE

A. Neutral solution

In this subsection, we first discuss the case without the Maxwell field. Let us start with a (D + d)-dimensional Hilbert-Einstein action with a cosmological constant Λ_0, S = 1 16πG ∫ d^{D+d}x √ −g̃(R̃ − 2Λ_0), (2.1) where G is the Newton gravitational constant in D + d dimensions, g̃ and R̃ denote the (D + d)-dimensional metric determinant and curvature scalar, respectively. Consider the (D + d)-dimensional metric line element having the following form

ds^2_{D+d} = e^{2α(x)}ds^2_D + e^{2β(x)}ds^2_d, (2.2)

where ds^2_d = q_{ij}dy^idy^j denotes a d-dimensional constant curvature space with scalar curvature d(d − 1)k_d. In this section, we consider the case k_d = 0. Namely, q_{ij} = δ_{ij}, and then ds^2_d is a d-dimensional Euclidean flat space. In addition, α and β are two functions of coordinate x in the subspace described by ds^2_D . Making dimensional reduction along y, and taking β = (2 − D)α/d, we obtain an action from (2.1) S = V_q 16πG ∫ d^Dx √ −g ( R − (D − 2)(D + d − 2) d (∂α)^2 − 2Λ_0e^{2α} ) , (2.3)

where V_q is the volume of the subspace described by ds^2_d and R is the curvature scalar of line element ds^2_D. Thus G/V_q stands for the effective Newton gravitational constant in D dimensions here. Defining

α = √ d 2(D − 2)(D + d − 2) ϕ, (2.4)

the kinetic term of the scalar field is changed to have a canonical form S = V_q 16πG ∫ d^Dx √ −g ( R − 1 2 (∂ϕ)^2 − 2Λ_0e^{aϕ} ) , (2.5)

where a = √ 2d (D − 2)(D + d − 2)

. (2.6)

The action (2.5) is just the one (1.4) with F_2 = 0. Varying the action (2.5) yields equations of motion R_{μν} = 1 2 ∂_μϕ∂_νϕ + 2 D − 2 Λ_0e^{aϕ}g_{μν}, ∇^2ϕ − 2aΛ_0e^{aϕ} = 0. (2.7)

Now we solve the equations of motion (2.7). In the process of solving these equations, for the sake of generality, we only assume that a is a positive constant (this assumption always holds because it can be made positive via ϕ → −ϕ if it was negative) without imposing the condition (2.6). Suppose that the metric is of the form,

ds^2_D = A(r)dt^2 + A(r)^{−1}dr^2 + R(r)^2h_{mn}dx^mdx^n, (2.8)

where h_{mn}dx^mdx^n denotes the line element of a (D − 2)-dimensional hypersurface with constant curvature (D − 2)(D − 3)k and volume V_h. Corresponding to the metric (2.8), we can write the equations of motion as R^t = − A^{′′} 2 − (D − 2) A^′R^′ 2R = 2 D − 2 Λ_0e^{aϕ}, (2.9) R^r = − A^{′′} 2 − (D − 2) A^′R^′ 2R − (D − 2) AR^{′′} R = 1 2 Aϕ^{′2} + 2 D − 2 Λ_0e^{aϕ}, (2.10)

R^m_n = δ^m_n { D − 3 R^2 k − 1 (D − 2)R^{D−2} [A(R^{D−2})^′]^′ } = 2 D − 2 Λ_0e^{aϕ}δ^m_n , (2.11) 1 R^{D−2} ( R^{D−2}Aϕ^′ )_′ − 2aΛ_0e^{aϕ} = 0, (2.12)

where a prime stands for the derivative with respect to r. From (2.9) and (2.10), one has

(D − 2) R^{′′} R = − 1 2 ϕ^{′2}. (2.13)

Setting R = r^N , where N is a constant to be determined shortly, one then has

ϕ^{′2} = −2N (N − 1)(D − 2)/r^2. (2.14)

Integrating this and substituting into Eqs.(2.9)-(2.12), we find solutions to the equations (2.9)-(2.12), depending on the characteristic curvature constant k.

(1). When k = 0, we have A(r) = − M r^{(D−2)N−1} − 2Λ_0e^{aϕ0} r^{2N} N (N D − 1)(D − 2) , (2.15)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = 2 2 + a^2(D − 2)

, (2.16)

where M and ϕ_0 are two integration constants. The solution (2.15) has a singularity at r = 0 only. From (2.14) and (2.16), one can see that 0 < N < 1. When a = 0, one has N = 1 and the ϕ is then a constant. In this case, the action (2.5) reduces to (1.1) and the solution (2.15) becomes (1.2) with k = 0.

We are of course interested in the case of a ≠ 0 and Λ_0 < 0. In this case, the dilaton potential in (2.5) could be viewed as a negative effective cosmological constant. (i) when 1/D < N < 1, the second term in (2.15) is positive and dominant as r → ∞. The solution therefore describes a black hole, provided M > 0, with a conformal Ricci flat horizon r_+ determined by A(r)|_{r=r+} = 0. Applying the quasilocal mass formulism of gravitational configurations developed in [26] to our case and considering the solution with M = 0 as the reference background, the quasilocal mass of the black hole is found to be (see also [22]) M = (D − 2)N V_qV_hM 16πG . (2.17)

Note that here the effective Newton gravitational constant is G/V_q. Obviously, if M < 0, the singularity at r = 0 becomes naked. (ii) When 0 < N < 1/D, the second term is negative and the first term in (2.15) is dominant as r → ∞. In this case, the solution has a black hole horizon r_+ provided M < 0 (which implies that the gravitational mass of the black hole is negative). The horizon is also determined by A(r)|_{r=r+} = 0 and is a conformal Ricci flat hypersurface. When M > 0, the singularity at r = 0 becomes naked, again.

For completeness, we also analyze the case of Λ_0 > 0 here. In this case, the dilaton potential in (2.5) can be regarded as a positive effective cosmological constant. (i) When 1/D < N < 1, the second term in (2.15) is always negative and dominant as r → ∞, therefore there is a cosmological horizon provided M < 0. The solution describes a cosmological solution with a conformal Ricci flat cosmological horizon r_c determined by A(r)|_{r=rc} = 0, and the singularity at r = 0 is a cosmological singularity. The gravitational mass of the solution is found to be (see also [14]) M = − (D − 2)N V_qV_hM 16πG , (2.18)

in the sense of [13]. When M > 0, the solution describes a naked singularity spacetime. This solution was first found in [14] and the implication of the solution in the sense of dS/CFT correspondence was discussed there. (ii) When 0 < N < 1/D, the second term is always positive and the first term is dominant as r → ∞. The solution has a cosmological horizon if M > 0, otherwise describes a naked singularity. The property of the solution is summarized in Tab. I.

TABLE I: The property of the solution (2.15) for different parameters. Here “BH” means that the outmost horizon of the solution is a black hole horizon, “CH” a cosmological horizon, and “NK” stands for that the singularity at r = 0 is naked. The same notation will be used below.

Λ0 < 0 < 0 < 0 < 0 > 0 > 0 > 0 > 0 N 0 < N < 1/D 0 < N < 1/D 1/D < N < 1 1/D < N < 1 1/D < N < 1 1/D < N < 1 0 < N < 1/D 0 < N < 1/D M < 0 > 0 > 0 < 0 < 0 > 0 > 0 < 0 Solution BH NK BH NK CH NK CH NK

Note that regardless of the values of parameters M, Λ_0 and N , the spacetime (2.8) with (2.15) and (2.16) is neither asymptotically dS, nor AdS. Now let us observe an interesting consequence if the parameter a in (2.15) has a relation

(2.6). In this case, one has N = (D + d − 2)/(D + 2d − 2), which obeys 1/2 < N < 1. We can uplift the D-dimensional, non-asymptotically AdS/dS solution (2.15) to the one (2.2) in (D + d) dimensions and obtain ds^2_{D+d} = e^{aϕ0} r^{−2d/(D+2d−2)} ( −Adt^2 + A^{−1}dr^2 ) +r^{2(D−2)/(D+2d−2)}(e^{aϕ0} δ_{mn}dx^mdx^n +e^{−(D−2)aϕ0/d}δ_{ij}dy^idy^j ). (2.19) Redefining r^{(D−2)/(D+2d−2)} → r and rescaling coordinates and the integration constant M, we find that the solution (2.19) can be rewritten as

ds^2_{D+d} = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2(δ_{mn}dx^mdx^n + δ_{ij}dy^idy^j ), (2.20)

with f(r) = − M r^{D+d−3} − 2Λ_0r^2 (D + d − 1)(D + d − 2) . This is nothing but the AdS black hole solution (1.2) with k = 0 in (D + d) dimensions if Λ_0 < 0 and M > 0. On the other hand, if Λ_0 > 0 and M < 0, the solution is a topological dS solution with k = 0 in (1.3). Clearly the solution (2.20) is asymptotically AdS/dS. Therefore some of non-asymptotically AdS/dS solutions (2.15) can be understood as the dimensional reduction of a higher dimensional, asymptotically AdS/dS solution (2.20). Certainly this observation is useful to understand the holography of the non-asymptotically AdS/dS solutions (2.15).

When k ≠ 0, the solution of (2.7) is found to be A(r) = − M r^{(D−2)N−1} + (D − 3)kr^{2−2N} (2N − 1)(N (D − 4) + 1)

, (2.21)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = a^2(D − 2) 2 + a^2(D − 2) , 2Λ_0 = − (D − 3)(D − 2)(1 − N )ke^{−aϕ0} 2N − 1 . (2.22)

It might be worth noticing that this set of solution with k ≠ 0 does not reduce to the one (2.15) and (2.16) when k → 0. This is caused that in the process of solving the equations (2.9)-(2.12), by use of R = r^N and ϕ given by (2.14), we can obtain a general solution of A through (2.12). In order the equation (2.11) to hold, we have to have two constraints if k ≠ 0, which result in N and Λ_0 in (2.22). If k = 0, there is only one constraint, giving us N in (2.16). Therefore within the ansatz of R = r^N , the solutions of k = 0 and k ≠ 0 belong to different branches. In addition, note that due to 0 < N < 1, the second term in (2.21) therefore is always dominant as r → ∞.

(2). When k = 1, one can see from (2.22) that the cosmological constant Λ_0 is negative as 1/2 < N < 1. In this case, the solution (2.21) describes a black hole with mass (2.17) provided M > 0, whose horizon is determined by A(r)|_{r=r+} = 0, and the horizon is a (D − 2)-dimensional, positive constant curvature hypersurface. If M < 0, it is a naked singularity solution. When 0 < N < 1/2, the cosmological constant has to be positive. In that case, the solution has a cosmological horizon determined by A(r)|_{r=rc} = 0 provided M < 0. Otherwise, it is a naked singularity solution. The gravitational mass is given by (2.18). This solution generalizes the topological dS solutions in [14]. The properties of the solution are summarized in Tab. II, where the cases of naked singularity are not included.

TABLE II: The property of the solution (2.21) for different parameters.

k 1 1 −1 −1 N 0 < N < 1/2 1/2 < N < 1 0 < N < 1/2 1/2 < N < 1 Λ0 > 0 < 0 < 0 > 0 Solution CH (M < 0) BH (M > 0) BH (M > 0) CH (M < 0)

Where a takes the value of (2.6), we can uplift the solution (2.21)-(2.22) to the one in (D + d)-dimensions. In that case, one has N = d/(D + 2d − 2) < 1/2. Namely we have to take a positive cosmological constant Λ_0 in (2.22). Upon lifting, we obtain ds^2_{D+d} = e^{aϕ0} r^{−2N} (−A(r)dt^2 + A^{−1}(r)dr^2) + e^{−(D−2)aϕ0/d}r^{2N(D−2)/d}δ_{ij} dy^idy^j + e^{aϕ0} h_{mn}dx^mdx^n. (2.23)

Redefining r^{N(D−2)/N} → r and rescaling the coordinates and the integration constant M, the solution can be rewritten as ds^2_{D+d} = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2δ_{ij} dy^idy^j + B^2h_{mn}dx^mdx^n, (2.24) where f(r) = − M r^{d−1} − 2Λ_0r^2 (d + 1)(D + d − 2)

, B^2 =

(D − 3)(D + d − 2) 2Λ_0 , and the scalar curvature of the (D−2)-dimensional positive constant curvature space h_{mn}dx^mdx^n has been normalized to (D − 2)(D − 3). If M < 0, this solution is nothing but a (d + 2)-dimensional topological dS solution with a conformal Ricci flat cosmological horizon times a (D − 2)-dimensional compact space with a positive constant curvature 2(D − 2)Λ_0/(D + d − 2). It is easy to check that the solution (2.24) satisfies the (D + d)-dimensional Einstein’s field equations with a positive cosmological constant Λ_0.

(3). When k = −1, one can see from (2.22) that the cosmological constant is positive if 1/2 < N < 1. In this case, the second term is negative and the solution (2.21) has a cosmological horizon which is a negative constant curvature hypersurface provided M < 0. The gravitational mass is given by (2.18). The solution generalizes the one in [14] to the case k = −1. If M > 0, the solution describes a naked singularity. On the other hand, when 0 < N < 1/2, the cosmological constant has to be negative. In this case, the second term in (2.21) is positive and the solution describes a black hole with a negative constant curvature horizon provided M > 0. The black hole mass is given by (2.17). If M < 0, the singularity at r = 0 becomes naked. The causal structure of the solution is summarized in Tab. II.

When a takes the value of (2.6), we have N = d/(D + 2d − 2) < 1/2. Namely, in this case, one has to have a negative cosmological constant. One can uplift the solution to (D + d) dimensions. As the case of k = 1, we find that the (D + d)-dimensional solution can be rewritten as ds^2_{D+d} = −f(r)dt^2 + f(r)^{−1}dr^2 + r^2δ_{ij} dy^idy^j + B^2h_{mn}dx^mdx^n, (2.25) where f(r) = − M r^{d−1} + 2|Λ_0|r^2 (d + 1)(D + d − 2)

, B^2 =

(D − 3)(D + d − 2) 2|Λ_0| . Note that here h_{mn}dx^mdx^n denotes a (D − 2)-dimensional negative constant curvature space with scalar curvature −(D − 2)(D − 3). It is easy to see that the solution (2.25) describes a (d + 2)-dimensional AdS black hole with a conformal Ricci flat horizon times a (D − 2)-dimensional negative constant curvature space. As the case of (2.24), the solution (2.25) obeys the (D + d)-dimensional Einstein’s field equations with a negative cosmological constant Λ_0.

B. Charged solution

Next let us add a term of Maxwell field to the action (2.1), S = 1 16πG ∫ d^{D+d}x √ −g̃ ( R̃ − 2Λ_0 − 1 4 F^2_2 ) . (2.26)

We consider magnetic charged solutions of the action (2.26). Then as the case without the Maxwell field, one can make a dimensional reduction according to (2.2) and obtain S = V_q 16πG ∫ d^Dx √ −g ( R − 1 2 (∂ϕ)^2 − 2Λ_0e^{aϕ} − 1 4 e^{−bϕ}F^2_2 ) , (2.27)

which has the same form as (1.4). Here ϕ has the same relation to α as the case without the Maxwell field (2.4), and

b = a = √ 2d (D − 2)(D + d − 2)

. (2.28)

Varying the action (2.27) yields the equations of motion R_{μν} = 1 2 (∂_μϕ)(∂_ν ϕ) + 2 D − 2 Λ_0e^{aϕ}g_{μν} + 1 2 e^{−bϕ} ( F_{μλ}F^λ_ν − 1 2(D − 2)

F^2_2 g_{μν} ) , ∂_μ( √ −ge^{−bϕ}F^{μν}) = 0, F_{μν,λ} + F_{νλ,μ} + F_{λμ,ν} = 0, ∇^2ϕ − 2aΛ_0e^{aϕ} + b 4 e^{−bϕ}F^2 = 0. (2.29)

Now we find magnetic charged solution of action (2.27). In the process of solving these equations, we just keep a and b as two constants, and do not assume that they have a relation of (2.28). In addition, for completeness we will also find electric charged solutions of action (2.27).

1. Magnetic charged solution

Here it should be mentioned that for magnetic charged solutions in (2.26), the dimensional reduction from (2.26) to (2.27) should go to D = 4. With the ansatz (2.8), we find several sets of solutions, which depend on the characteristic curvature k,

(1). When k = 0, we find two sets of solutions to (2.29).

• Solution 1 A(r) = − M r^{2N−1} − Λ_0e^{aϕ0} r^{2N} N (4N − 1) + Q^2e^{−bϕ0} 4N r^{2N} , (2.30)

ϕ = ϕ_0 − √ 4N (1 − N ) ln r, R = r^N , N = 1 1 + a^2 , b = −a, F_{mn} = Qϵ_{mn}, (2.31)

where ϵ_{mn} is the volume element of h_{mn}dx^mdx^n and Q is an integration constant related to the magnetic charge Q via Q = QV_h/4π. (i) When 0 < N < 1/4, the first term in (2.30) is dominant as r → ∞. Therefore there is a cosmological horizon if M > 0 regardless of the sign of Λ_0 provided Q ≠ 0 (here and after when a magnetic/electric charge is present, Q ≠ 0 is always assumed), while a black hole appears if M < 0 and Λ_0 < 0. In other cases, the singularity at r = 0 is naked. (ii) when 1/4 < N < 1, the second term in (2.30) is always dominant as r → ∞. Black hole horizon will appear if M > 0 and Λ_0 < 0. In this case, the solution may have two or one black hole horizon or a naked singularity depending on the parameters M, Q and Λ_0. For instance, if N = 1/2, we have two black hole horizons

r_± = e^{−aϕ0} 2|Λ_0| ( M ± √ M^2 − 2|Λ_0|Q^2e^{2aϕ0} )

provided M^2 − 2|Λ_0|Q^2e^{2aϕ0} > 0. If Λ_0 > 0, a cosmological horizon occurs again in spite of the sign of M. The causal structure of the solution (2.30) is summarized in Tab. III. Due to the relation b = −a for this solution, which does not satisfy b = a of (2.28). Therefore this solution cannot be uplifted to the case of D + d dimensions according to (2.2) unless Q = 0 . In the case of Q = 0, it results in the solution (2.20).

TABLE III: The property of the solution (2.30) for different parameters. N 0 < N < 1/4 0 < N < 1/4 1/4 < N < 1 1/4 < N < 1 Λ0 − < 0 < 0 > 0 Solution CH (M > 0) BH (M < 0) BH (M > 0) CH

• Solution 2 A = − M r^{2N−1} + Q^2e^{−bϕ0} 2(1 − 2N ) r^{2−2N} , (2.32)

ϕ = ϕ_0 − √ 4N (1 − N ) ln r, R = r^N , N = a^2 1 + a^2 , b = a, Q^2e^{−bϕ0} = 4(2N − 1)Λ_0e^{aϕ0} , (2.33)

The second term in (2.32) is always dominant as r → ∞. The solution describes a black hole when 0 < N < 1/2 and M > 0. When 1/2 < N < 1 and M < 0, the solution has a cosmological horizon. In other cases, the singularity at r = 0 is naked. This solution is a special case of the solution 3 given by (2.38)-(2.39) below.

(2). When k ≠ 0, we find three sets of solutions to the equations of motion (2.29). • Solution 1. A = − M r^{2N−1} + k 2N − 1 r^{2−2N} + Q^2e^{−bϕ0} 4N r^{2N} , (2.34)

ϕ = ϕ_0 − √ 4N (1 − N ) ln r, R = r^N , N = a^2 1 + a^2 , b = − 1 a , Λ_0 = − (1 − N )ke^{−aϕ0} 2N − 1 , F_{mn} = Qϵ_{mn}. (2.35)

The second term in (2.34) is always dominant as r → ∞. The behavior of the solution depends on the characteristic curvature k. The properties of the solution are summarized in Tab. IV. When k = 1, the causal structure is as follows. (i) When 0 < N < 1/2, the cosmological constant is positive; the second term is negative. Therefore there will be a cosmological horizon regardless of the sign of the mass parameter M. (ii) When 1/2 < N < 1, the cosmological constant has to be negative. In that case, black hole horizon appears when M > 0. The mass of black hole mass is given by (2.17). If M < 0, the singularity at r = 0 becomes naked. In this case, the black hole (cosmological) horizon is a positive constant curvature hypersurface. When k = −1, the solution describes a black hole if 0 < N < 1/2 and M > 0. On the other hand, in the case of 1/2 < N < 1, the cosmological constant is positive and the second term is always negative. Therefore there is a cosmological horizon. Here the black hole (cosmological) horizon is a negative constant curvature hypersurface. This solution cannot be uplifted to (D + d) dimensions according to (2.2) unless Q = 0 or Λ_0 = 0. The case of Q = 0 results in the higher dimensional solution (2.24) or (2.25) with D = 4, while the higher dimensional solution is included in (2.41) as a special case when Λ_0 = 0.

TABLE IV: The property of the solution (2.34) for different parameters.

k 1 1 −1 −1 N 0 < N < 1/2 1/2 < N < 1 0 < N < 1/2 1/2 < N < 1 Λ0 > 0 < 0 < 0 > 0 Solution CH BH (M > 0) BH (M > 0) CH

• Solution 2. A = − M r^{2N−1} − Λ_0e^{aϕ0} N (4N − 1) r^{2N} + k r^{2N−2} , (2.36)

ϕ = ϕ_0 − √ 4N (1 − N ) ln r, R = r^N , N = 1 1 + a^2 , b = N a 1 − N = 1 a , Q^2 = 4(1 − N )ke^{bϕ0} , F_{mn} = Qϵ_{mn}. (2.37)

This solution is interesting. It follows from (2.37) that k > 0 since Q^2 > 0. From the expression (2.36), we can see that the third term in (2.36) is dominant as 0 < N < 1/2, while the domination term is the second term if 1/2 < N < 1 as r → ∞. (i) When 0 < N < 1/4, the solution always describes a black hole in spite of the sign of the parameter M if Λ_0 < 0; if Λ_0 > 0, one has to have M > 0 in order to have a black hole horizon. In other cases the solution describes a naked singularity. (ii) When 1/4 < N < 1/2, the solution also describes a black hole in spite of the sign of M if Λ_0 > 0. However, if Λ_0 < 0, the mass parameter has to be positive, M > 0. (iii) When 1/2 < N < 1, the solution has a cosmological horizon if Λ_0 > 0 in spite of the sign of M; if Λ_0 < 0, it is a black hole solution provided M > 0. In other cases, the singularity at r = 0 is naked. The result is summarized in Tab. V. The solution (2.36) cannot be uplifted to a higher dimension according to (2.2) unless Q = 0 or Λ_0 = 0. For the former, the uplifting solution is just the one (2.20) with D = 4. On the other hand, if Λ_0 = 0, the resulting higher dimensional solution is included in (2.41) below.

TABLE V: The property of the solution (2.36) for different parameters. N 0 < N < 1/4 0 < N < 1/4 1/4 < N < 1/2 1/4 < N < 1/2 1/2 < N < 1 1/2 < N < 1 Λ0 > 0 < 0 > 0 < 0 > 0 < 0 Solution BH (M > 0) BH BH BH (M > 0) CH BH (M > 0)

• Solution 3. A = − M r^{2N−1} − Λ_0e^{aϕ0} 1 − N r^{2−2N} + Q^2e^{−bϕ0} 4(1 − N ) r^{2−2N} , (2.38)

ϕ = ϕ_0 − √ 4N (1 − N ) ln r, R = r^N , N = a^2 1 + a^2 , b = a, Q^2e^{−bϕ0} = 4(1 − N )k + 4Λ_0(2N − 1)e^{aϕ0} , F_{mn} = Qϵ_{mn} (2.39)

The solution (2.38) can be reexpressed as A = − M r^{2N−1} + 1 2N − 1 ( k − Q^2e^{−bϕ0} 2 ) r^{2−2N} . (2.40)

The second term in (2.40) is always dominant as r → ∞. Therefore when the coefficient in front of r^{2−2N} is positive, the solution describes a black hole if M > 0, otherwise a naked singularity. On the other hand, when the coefficient in front of r^{2−2N} is negative, the solution has a cosmological horizon if M < 0, otherwise it is a naked singularity solution. When k = 0 this solution reduces to the solution 2 for the case of k = 0. Note that this set of solutions has b = a, satisfying the relation of (2.28). Therefore we can uplift this solution to the case in (D + d) dimensions according to (2.2). Redefining r^{1/(d+1)} → r and rescaling coordinates and parameters M and Q, the resulting solution can be expressed as

ds^2_{4+d} = −fdt^2 + f^{−1}dr^2 + r^2δ_{ij}dy^idy^j + B^2h_{mn}dx^mdx^n, F_{mn} = Qϵ_{mn}, (2.41)

where f = − M r^{d−1} − 2Λ_{eff} d(d + 1) r^2,

B^2 = 1 4Λ_0 ( (d + 2)k ± √ (d + 2)^2k^2 − 4Λ_0(d + 1)Q^2 ) , Λ_{eff} = d d + 2

Λ_0 − d 4(d + 2)

Q^2 B^4

, (2.42)

and h_{mn}dx^mdx^n denotes a two-dimensional space with constant curvature 2k. The solution is valid only when B^2 > 0. To our best knowledge, this solution is new. The solution (2.41) is nothing but a (d + 2)-dimensional asymptotically AdS black hole (dS) solution with conformal Ricci flat black hole (cosmological) horizon, times a two dimensional space with constant curvature 2k with M > (<)0. One can see from (2.42) that the effective cosmological constant depends on the original cosmological constant, magnetic charge Q and the curvature k. When M = 0 and Λ_{eff} < 0, this is a spacetime AdS_{d+2} × S^2, known as a Freund-Rubin type solution [27].

2. Electric charged solution

For completeness, here we present and analyze the electric charged solution to equations (2.29). For electric charged solution we need not restrict to D = 4. Of course, the solutions presented below cannot be uplifted to (D + d) dimensions according to (2.2).

When k = 0, we find two sets of solutions.

• Solution 1. A = − M r^{(D−2)N−1} − 2Λ_0e^{aϕ0} r^{2N} N (D − 2)(DN − 1) + Q^2e^{bϕ0} 2N (D − 2)((D − 4)N + 1)r^{2(D−3)N}

, (2.43)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = 2 2 + (D − 2)a^2 , b = a, F_{tr} = Qe^{bϕ0} r^{(D−4)N+2} , (2.44)

where Q is an integration constant related to the electric charge Q of the solution via Q = QV_h/4π. The metric function A is dominant by the first term if 0 < N < 1/D, while by the second term if 1/D < N < 1 as r → ∞. (1) When 0 < N < 1/D, the case of Λ_0 < 0 describes a black hole spacetime if M < 0, and a naked singularity for M > 0. The case of Λ_0 > 0 has a cosmological horizon if M > 0, and the singularity becomes naked if M < 0. (ii) When 1/D < N < 1, if the cosmological constant is positive, the solution has a cosmological horizon regardless of the sign of M. On the other hand, if the cosmological constant is negative, the solution describes a black hole as M > 0, otherwise a naked singularity, once again. The result is summarized in Tab. VI. The cases of naked singularity are not included there. In addition, we mention here that due to the electric charge, it is possible to have two black hole horizons.

TABLE VI: The property of the solution (2.43) for different parameters. N 0 < N < 1/D 0 < N < 1/D 1/D < N < 1 1/D < N < 1 Λ0 > 0 < 0 > 0 < 0 Solution CH (M > 0) BH (M < 0) CH BH (M > 0)

• Solution 2. A = − M r^{(D−2)N−1} + Q^2e^{bϕ0} r^{2−2N} 2(1 − 2N )((D − 4)N + 1)

, (2.45)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = (D − 2)a^2 2 + (D − 2)a^2 , b = −(D − 3)a, 2Λ_0e^{aϕ0} =

N (D − 4) + 1

2(2N − 1)

Q^2e^{bϕ0} , F_{tr} = Qe^{bϕ0} r^{N(4−D)} . (2.46)

The metric function A is always dominant by the second term as r → ∞. Therefore when 0 < N < 1/2, the cosmological constant must be negative, and the solution has a black hole horizon if M > 0, otherwise it is a naked singularity. On the other hand, when 1/2 < N < 1, the cosmological constant should be positive. In this case, the solution has a cosmological horizon if M < 0, otherwise, the singularity at r = 0 becomes naked, again. The property of the solution is summarized in Tab. VII.

TABLE VII: The property of the solution (2.45) for different parameters. N 0 < N < 1/2 0 < N < 1/2 1/2 < N < 1 1/2 < N < 1 Λ0 < 0 < 0 > 0 > 0 M > 0 < 0 > 0 < 0 Solution BH NK NK CH

When k ≠ 0, we find three sets of solutions. They are

• Solution 1. A = − M r^{(D−2)N−1} + (D − 3)kr^{2−2N} (2N − 1)((D − 4)N + 1) + Q^2e^{bϕ0} r^{−2(D−3)N} 2N (D − 2)((D − 4)N + 1)

, (2.47)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = (D − 2)a^2 2 + (D − 2)a^2 , b = 2 (D − 2)a , 2Λ_0e^{aϕ0} = −

(D − 2)(D − 3)(1 − N )k

(2N − 1) , F_{tr} = Qe^{bϕ0} r^{(D−4)N+2} . (2.48)

For this solution, one can see that the second term in (2.47) always dominates over other two terms as r → ∞. (i) When k = 1, the cosmological constant has to be positive for 0 < N < 1/2, the solution always has a cosmological horizon regardless of the sign of M; for the case 1/2 < N < 1, the cosmological constant is negative. In that case black hole horizon appears if M > 0, otherwise it is a naked singularity solution. (ii) When k = −1, the solution always has a cosmological horizon if 1/2 < N < 1, while it describes a black hole in the case of 0 < N < 1/2 with M > 0. The result is summarized in Tab. VIII.

TABLE VIII: The property of the solution (2.47) for different parameters.

k 1 1 −1 −1 N 0 < N < 1/2 1/2 < N < 1 0 < N < 1/2 1/2 < N < 1 Λ0 > 0 < 0 < 0 > 0 Solution CH BH (M > 0) BH (M > 0) CH

• Solution 2. A = − M r^{(D−2)N−1} − 2Λ_0e^{aϕ0} r^{2N} N (D − 2)(N D − 1) + (D − 3)Q^2e^{bϕ0} 2(1 − N )(D − 2)((D − 4)N + 1)r^{2N−2}

, (2.49)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = 2 2 + (D − 2)a^2 , b = − 2(D − 3) (D − 2)a , Q^2e^{bϕ0} =

2(D − 3)(D − 2)(1 − N )k

(D − 4)N + 1 , F_{tr} = Qe^{bϕ0} r^{N(4−D)} . (2.50)

For nonvanishing electric charge, the solution holds only for the case of k = 1. When 0 < N < 1/2, the third term in (2.49) is always dominant over other terms as r → ∞. But the second term will changes its sign around N = 1/D. So we have three cases. (i) When 0 < N < 1/D, a black hole horizon always appears if Λ_0 < 0, otherwise in order to have a black hole horizon, the mass parameter must be positive. (ii) When 1/D < N < 1/2, a black hole horizon always appears if Λ_0 > 0. Otherwise the mass parameter has to be positive. (iii) When 1/2 < N < 1, the second term in (2.49) becomes dominant. In this case, when Λ_0 > 0, the solution always has a cosmological horizon; when Λ_0 < 0 a black hole horizon appears provided M > 0. The property of the solution (2.49) is summarized in Tab. IX.

TABLE IX: The property of the solution (2.49) for different parameters. N 0 < N < 1/D 0 < N < 1/D 1/D < N < 1/2 1/D < N < 1/2 1/2 < N < 1 1/2 < N < 1 Λ0 > 0 < 0 > 0 < 0 > 0 < 0 Solution BH (M > 0) BH BH BH (M > 0) CH BH (M > 0)

• Solution 3. A = − M r^{(D−2)N−1} − (2Λ_0e^{aϕ0} − (D − 3)Q^2e^{bϕ0} /2)r^{2−2N} (1 − N )(D − 2)((D − 4)N + 1)

, (2.51)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = a^2 2 + (D − 2)a^2 , b = −(D − 3)a, 2Λ_0e^{aϕ0} = −

(D − 2)(1 − N ) 2N − 1 ( (D − 3)k − (D − 4)N + 1 2(D − 2)(1 − N ) Q^2e^{bϕ0} ) , F_{tr} = Qe^{bϕ0} r^{N(4−D)} . (2.52)

The metric function A is always dominant by the second term in (2.51) as r → ∞. When M > 0, the solution has a black hole horizon if △ ≡ 2Λ_0e^{aϕ0} − (D − 3)Q^2 e^{bϕ0} /2 < 0, otherwise, it is a naked singularity solution. On the other hand, when M < 0 the solution has a cosmological horizon if △ > 0, while the singularity becomes naked again if △ < 0.

III. DIMENSIONAL REDUCTION: CURVED CASE

In the dimensional reduction from (2.1) to (2.3), we assumed ds^2_d is a d-dimensional Ricci flat Euclidean space. Now we relax this condition and suppose it is a nonzero constant curvature space with curvature scalar

R_d = d(d − 1)k_d. (3.1)

Without loss of generality, one may take k_d = ±1. If k_d = 0, the reduction goes back to the case discussed in the previous section. Doing the reduction along y^i in (2.2), we obtain S = V_q 16πG ∫ d^Dx √ −g ( R − 1 2 (∂ϕ)^2 − 2Λ_0e^{aϕ} − 2Λ_1e^{cϕ} ) , (3.2)

where the relation between ϕ and α is the same as (2.4), a is still given by (2.6) and c = − D + d − 2 d a, 2Λ_1 = −d(d − 1)k_d. (3.3)

The action (3.2) describes an Einstein-dilaton gravity theory with two Liouville-type dilaton potentials provided a ≠ c. Otherwise, the two terms can be reduced to one. Note that there is a symmetry,

a ↔ c and Λ_0 ↔ Λ_1, (3.4)

in the action (3.2). Varying the action (3.2), we have the equations of motion R_{μν} = 1 2 ∂_μϕ∂_νϕ + 2 D − 2 Λ_0e^{aϕ}g_{μν} + 2 D − 2 Λ_1e^{cϕ}g_{μν}, ∇^2ϕ − 2aΛ_0e^{aϕ} − 2cΛ_1e^{cϕ} = 0. (3.5)

As the above, we now solve the equations of motion with the ansatz (2.8), and assuming that Λ_0, Λ_1, a and c are arbitrary constants. Once again, the solutions depend on the curvature k.

(1) When k = 0, we find that the equations (3.5) have a consistent solution only as a = c. The solution is A(r) = − M r^{(D−2)N−1} − 2(Λ_0 + Λ_1)e^{aϕ0} r^{2N} N (N D − 1)(D − 2) , ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , c = a, N = 2 2 + c^2(D − 2)

. (3.6)

Therefore the property of this solution is the same as the one (2.15). Only difference is that Λ_0 in (2.15) is replaced by Λ_0 + Λ_1 here. Because the relation between a and c in (3.6) does not satisfy (3.3), the solution therefore cannot be uplifted to (D + d) dimensions unless Λ_1 = 0 or Λ_0 = 0. When Λ_1 = 0, the resulting solution is just the one in (2.20). Here we discuss the case of Λ_0 = 0. Note that in this case, one does not need the condition c = a in (3.6). Uplifting the solution, we find that the metric can be expressed as, upon some rescalings of the coordinates and the parameters M,

ds^2_{D+d} = − ( k_d − M r^{d−1} ) dt^2 + ( k_d − M r^{d−1} )_{−1} dr^2 + r^2h_{ij}dy^idy^j + δ_{mn}dx^mdx^n. (3.7)

This is nothing but a (d + 2)-dimensional Schwarzschild metric times a (D − 2)-dimensional Ricci flat space. Here h_{ij}dy^idy^j denotes the line element of a d-dimensional space with curvature scalar d(d − 1)k_d.

(2) When k ≠ 0, we find three sets of solutions to the equations (3.5) of motion.

• Solution 1. A = − M r^{(D−2)N−1} + (D − 3)kr^{2−2N} (2N − 1)(N (D − 4) + 1) − 2Λ_1e^{cϕ0} r^{2N} N (D − 2)(N D − 1) , (3.8)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = a^2(D − 2) 2 + a^2(D − 2) , c = 2 (D − 2)a , 2Λ_0 = − (D − 3)(D − 2)(1 − N )ke^{−aϕ0} 2N − 1 . (3.9)

Let us first consider the case of k = 1. As r → ∞, the second term in (3.8) is dominant if 0 < N < 1/2, while the third term does if 1/2 < N < 1. (i) In the range 0 < N < 1/D, the cosmological constant Λ_0 must be positive. In this case, the solution must have a cosmological horizon if Λ_1 > 0, regardless of the sign of the mass parameter; on the other hand, in order to have a cosmological horizon, the mass parameter must be negative if Λ_1 < 0. (ii) In the range 1/D < N < 1/2, if Λ_1 < 0, the solution has a cosmological horizon regardless of the sign of M; to have a cosmological horizon, M must be negative if Λ_1 > 0. (iii) If 1/2 < N < 1, the cosmological constant Λ_0 is negative. When Λ_1 > 0 the solution has a cosmological horizon regardless of the sign of M, while black hole horizon appears provided M > 0 when Λ_1 < 0. In other cases, the singularity at r = 0 is naked. The result is summarized in Tab. X. This solution cannot be uplifted to (D + d) dimensions according to (2.2) unless Λ_0 = 0 or Λ_1 = 0. For the latter, the resulting solution is (2.24). For the case of Λ_0 = 0, the higher dimensional solution turns out to be (3.7).

TABLE X: The property of the solution 1 in (3.8) for different parameters in the case of k = 1. N 0 < N < 1/D 0 < N < 1/D 1/D < N < 1/2 1/D < N < 1/2 1/2 < N < 1 1/2 < N < 1 Λ0 > 0 > 0 > 0 > 0 < 0 < 0 Λ1 > 0 < 0 > 0 < 0 > 0 < 0 Solution CH CH (M < 0) CH CH(M < 0) CH BH (M > 0)

When k = −1, the cosmological constant Λ_0 is negative in the range 0 < N < 1/2, while it is positive in the range 1/2 < N < 1. (i) In the range 0 < N < 1/D, a black hole horizon always appears if Λ_1 < 0 regardless of the sign of M. If Λ_1 > 0, one has to have M > 0 in order to have a black hole horizon. (ii) In the range of 1/D < N < 1/2, the solution always has a black hole horizon if Λ_1 > 0, otherwise the mass parameter must be positive if Λ_1 < 0 in order to have a black hole horizon. (iii) In the range of 1/2 < N < 1, a cosmological horizon will appear if Λ_1 > 0 and M < 0; if Λ_1 < 0, the solution always describes a black hole spacetime. The property of the solution (3.8) is summarized in Tab. XI in the case of k = −1. Once again, because the relation between a and c in the solution (3.8) does not satisfy the one in (3.3), one cannot uplift the solution to higher dimensional case according to (2.2) unless Λ_0 = 0 or Λ_1 = 0. In the latter case, the uplifting solution is (2.25); while the solution turns out to be (3.7), once again, for the case of Λ_0 = 0.

TABLE XI: The property of the solution 1 in (3.8) for different parameters in the case of k = −1. N 0 < N < 1/D 0 < N < 1/D 1/D < N < 1/2 1/D < N < 1/2 1/2 < N < 1 1/2 < N < 1 Λ0 < 0 < 0 < 0 < 0 > 0 > 0 Λ1 > 0 < 0 > 0 < 0 > 0 < 0 Solution BH(M > 0) BH BH BH (M > 0) CH (M < 0) BH

• Solution 2. A = − M r^{(D−2)N−1} + (D − 3)kr^{2−2N} (2N − 1)(N (D − 4) + 1) − 2Λ_0e^{aϕ0} r^{2N} N (D − 2)(N D − 1) , (3.10)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = c^2(D − 2) 2 + c^2(D − 2) , a = 2 (D − 2)c , 2Λ_1 = − (D − 3)(D − 2)(1 − N )ke^{−cϕ0} 2N − 1 . (3.11)

This is symmetric to solution 1 according to (3.4). We do not therefore present the analysis of the solution here.

• Solution 3. A(r) = − M r^{(D−2)N−1} + (D − 3)kr^{2−2N} (2N − 1)(N (D − 4) + 1)

, (3.12)

ϕ = ϕ_0 − √ 2N (1 − N )(D − 2) ln r, R = r^N , N = c^2(D − 2) 2 + c^2(D − 2) , c = a, 2Λ_0 + 2Λ_1 = − (D − 3)(D − 2)(1 − N )ke^{−cϕ0} 2N − 1 . (3.13)

The solution is the same as the one (2.21) for the case with one Liouville-type potential. The only difference is Λ_0 there is replaced by Λ_0 + Λ_1 here. The causal structure of the solution is of course the same as the one for the solution (2.21). In addition, due to c = a, we also cannot uplift the solution to D + d dimensions according to (2.2) unless Λ_1 = 0 or Λ_0 = 0. For the former, resulting solution is given by (2.24) or (2.25) depending on the sign of Λ_0. For the latter, however, we find that the (D + d)-dimensional solution can be expressed as

ds^2_{D+d} = − ( k − M r^{D+d−3} ) dt^2 + ( k − M r^{D+d−3} )_{−1} + r^2(q_{ij}dy^idy^j + h_{mn}dx^mdx^n)), (3.14)

The same as the above, some rescalings of coordinates and the parameter M have been made here, and the subspace described by (q_{ij}dy^idy^j +h_{mn}dx^mdx^n) has been normalized to have constant curvature (D+d−2)(D+ d − 3)k. Note that the uplifting holds only for the case where k_b and k have same signs since in this case we have N = (D + d − 2)/(D + 2d − 2) > 1/2. It can be immediately seen that the solution satisfies the vacuum Einstein equations in (D + d) dimensions and is asymptotically flat.

When the Maxwell field is present, the resulting action will have an additional term S = V_q 16πG ∫ d^Dx √ −g ( R − 1 2 (∂ϕ)^2 − 2Λ_0e^{aϕ} − 2Λ_1e^{cϕ} − 1 4 e^{−bϕ}F^2_2 ) , (3.15) where a and b are given by (2.6) and (2.26), respectively, and c and Λ_1 are given by (3.3). Varying the action, we have the equations of motion R_{μν} = 1 2 ∂_μϕ∂_ν ϕ + 2 D − 2 Λ_0e^{aϕ}g_{μν} + 2 D − 2 Λ_1e^{cϕ}g_{μν} + 1 2 e^{−bϕ} ( F_{μλ}F^λ_ν − 1 2(D − 2)

F^2_2 g_{μν} ) , ∂_μ( √ −ge^{−bϕ}F^{μν}) = 0, F_{μν,λ} + F_{νλ,μ} + F_{λμ,ν} = 0, ∇^2ϕ − 2aΛ_0e^{aϕ} − 2cΛ_1e^{cϕ} + b 4 e^{−bϕ}F^2_2 = 0. (3.16)

As the case of one Liouville-type potential, it is straightforward to find and analyze the magnetic/electric charged solutions to equations (3.16) of motion. But the expressions of solutions and analysis are rather complicated and we shall not present them here.

IV. CONCLUSIONS AND DISCUSSION

By dimensionally reducing an Einstein-Maxwell theory with a cosmological constant to a lower dimension, we can obtain an Einstein-Maxwell-dilaton theory with one or two dilaton potentials of Liouville-type. We have looked for and analyzed in some details exact (neutral/magnetic/electric charged) solutions of these theories. These found solutions have a rich structure depending on the parameters in the theory. These solutions could have black hole horizon(s), cosmological horizon, or a naked singularity. These horizons can be a positive, zero or negative constant curvature hypersurface. In particular, we noted that some black hole solutions have negative gravitational mass. In addition these solutions are neither asymptotically flat nor asymptotically AdS/dS. Our study generalized existing results concerning non-asymptotically AdS/dS solutions in the literature in some directions. For example, (1) in our discussions, spacetime dimensions D and d are almost arbitrary; (2) black hole horizon(s) or cosmological horizon can be a hypersurface with positive, zero or negative constant curvature; (3) the scalar potential could be one or two Liouville-type term(s). Here it would be worth mentioning some of existing literatures about non-asymptotically AdS/dS solutions: the authors of [15] looked for solutions of Einstein-Maxwell-dilaton theory with dilaton potential, but it is restricted to the case k = 1; Chan in [16] discussed the modification of three dimensional BTZ black hole by a scalar potential; the authors of [17, 18] studied four dimensional topological dilaton black hole solutions with k = 0 or −1. Klemm in [19] found supersymmetric solution in the four dimensional gauged N = 4, SU (2)×SU (2) supergarvity; Refs. [14, 20, 22, 23] investigated domain wall solutions with k = 0 in Einstein-dilaton theory with a Liouville-type potential; Cvetic et al in [21] found a domain wall solution with k = 0 in an Einstein-Maxwell-dilaton theory with special coupling parameters a = b = √ 2/p in (2.27); for more recent discussions on the non-asymptotically AdS/dS solutions with k = 1 in four dimensional Einstein-Maxwell-dilaton theory without dilaton potential see [24, 25]; other related discussions see [28].

Since the action that we worked with could come from the dimensional reduction from a higher dimensional Einstein-Maxwell theory with a cosmological constant, some of the found solutions can be uplifted to the case of higher dimensions. We found that some of these neither asymptotically flat nor AdS/dS solutions have a higher dimensional origin; and their higher dimensional origins have well-behaved asymptotics: they are either asymptotically AdS/dS [see, for example, (2.20), (2.24), (2.25) and (2.41)], or asymptotically flat (see, for example, (3.7) and (3.14)] with/without a compact constant curvature space. From the point of view of holography, this observation is useful to better understand the holographic properties of these non-asymptotically AdS/dS solutions.

The black hole horizon and cosmological horizon of these solutions have usual thermodynamical relations. For example, the Hawking temperature of horizon is given by T = 1 4π |A^′(r)|_{r=r+ ,rc} , (4.1) where r_+ and r_c denote black hole horizon and cosmological horizon, respectively. The horizon entropy is still by the so-called area formula S = V_qV_h 4G A, (4.2)

where A = r^{(D−2)N} |_{r=r+ ,rc} , since we have worked in the Einstein frame, where the area formula of black hole entropy holds. With the black hole mass given by (2.17) or the gravitational mass (2.18) for the cosmological horizon, it is easy to show that the first law of thermodynamics holds for both black hole horizon and cosmological horizon

dM = T dS + ΦdQ, (4.3) where Q is the electric charge or magnetic charge of the solutions, and Φ is the corresponding chemical potential. As an example, let us consider the electric charged solution given by (2.43) and (2.44). In terms of black hole horizon radius r_+ determined by the equation A(r)|_{r=r+} = 0, the black hole mass is given by

M = V_q V_hr^{(D−2)N−1} + 16πG ( − 2Λ_0e^{aϕ0} r^{2N}_+ N D − 1 + Q^2e^{bϕ0} 2((D − 4)N + 1)r^{2(D−3)N} + ) . (4.4)

The Hawking temperature T and the entropy are T = 1 4πN (D − 2)r_+ ( −2Λ_0e^{aϕ0} r^{2N}_+ − Q^2e^{bϕ0} 2r^{2(D−3)N} + ) ; S = V_q V_h 4G r^{(D−2)N} + , (4.5)

respectively. Note that in order to have a black hole horizon, the constant Λ_0 has to be negative here so that the temperature is always positive definiteness. When T = 0, it indicates that the black hole is an extremal black hole with vanishing Hawking temperature. The electric charge associated with the black hole is Q = V_h 4π Q. (4.6)

And the conjugate chemical potential Φ Φ = V_q Qe^{bϕ0} 4G((D − 4)N + 1)r^{(D−4)N+1} + . (4.7)

These thermodynamic quantities satisfy the first law of black hole thermodynamics (4.3). Indeed, as was shown by Wald [29], the first law of black hole mechanics always holds for any stationary black hole spacetime in any gravitational theory.

Finally we point out that the solutions we found are not well-defined for some special values of N , for example, N = 1/D for the solution (2.15), (2.43), (2.49), and (3.6); N = 1/2 for (2.21), (2.32), (2.40), (2.45), (2.47),(2.51), (3.8), (3.10) and (3.12); and N = 1/4 for (2.30) and (2.36). In fact for these special values, we can also find solutions, but a term concerning the logarithmic function of r will appear in the metric function A. Here we do not present those solutions, although the concerned discussions are straightforward.

Acknowledgments

We thank G. Clement for a carefully reading. One of the authors (RGC) would like very much to express his gratitude to the Physics Department, Baylor University for its hospitality. This work was supported by Baylor University, a grant from Chinese Academy of Sciences, a grant from NSFC, China (No. 10325525), and a grant from the Ministry of Science and Technology of China (No. TG1999075401).

[1] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998) [Int. J. Theor. Phys. 38, 1113 (1998)] [hep-th/9711200]; S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Phys. Lett. B 428, 105 (1998) [hep-th/9802109]; E. Witten, Adv. Theor. Math. Phys. 2, 253 (1998) [hep-th/9802150].

[2] E. Witten, Adv. Theor. Math. Phys. 2, 505 (1998) [arXiv:hep-th/9803131]. [3] S. W. Hawking and D. N. Page, Commun. Math. Phys. 87, 577 (1983).

[4] J. P. S. Lemos, Phys. Lett. B 353, 46 (1995) [arXiv:gr-qc/9404041]; J. P. Lemos, Class. Quant. Grav. 12, 1081 (1995) [gr-qc/9407024]; J. P. S. Lemos and V. T. Zanchin, Phys. Rev. D 54, 3840 (1996) [arXiv:hep-th/9511188]. C. G. Huang and C. B. Liang, Phys. Lett. A 201 (1995) 27; R. G. Cai and Y. Z. Zhang, Phys. Rev. D 54, 4891 (1996) [arXiv:gr-qc/9609065]; R. G. Cai, J. Y. Ji and K. S. Soh, Phys. Rev. D 57, 6547 (1998) [arXiv:gr-qc/9708063]. R. G. Cai, Nucl. Phys. B 524, 639 (1998) [arXiv:gr-qc/9801098]; D. R. Brill, J. Louko and P. Peldan, Phys. Rev. D 56, 3600 (1997) [arXiv:gr-qc/9705012]; S. Aminneborg, I. Bengtsson, S. Holst and P. Peldan, Class. Quant. Grav. 13, 2707 (1996) [gr-qc/9604005]. R. B. Mann, Class. Quant. Grav. 14, L109 (1997) [gr-qc/9607071]; R. B. Mann, Nucl. Phys. B 516, 357 (1998) [hep-th/9705223]. L. Vanzo, Phys. Rev. D 56, 6475 (1997) [gr-qc/9705004]. D. Klemm, Class. Quant. Grav. 15, 3195 (1998) [gr-qc/9808051];

D. Klemm, V. Moretti and L. Vanzo, Phys. Rev. D 57, 6127 (1998) [Erratum-ibid. D 60, 109902 (1998)] [gr-qc/9710123]; M. Banados, A. Gomberoff and C. Martinez, Class. Quant. Grav. 15, 3575 (1998) [hep-th/9805087]. M. F. A. da Silva, A. Wang, F. M. Paiva and N. O. Santos, Phys. Rev. D 61, 044003 (2000) [arXiv:gr-qc/9911013]; R. G. Cai, Phys. Lett. B 572, 75 (2003) [arXiv:hep-th/0306140].

[5] D. Birmingham, Class. Quant. Grav. 16, 1197 (1999) [hep-th/9808032].

[6] R. Cai and K. Soh, Phys. Rev. D 59, 044013 (1999) [gr-qc/9808067]; A. Chamblin, R. Emparan, C. V. Johnson and R. C. Myers, Phys. Rev. D 60, 064018 (1999) [arXiv:hep-th/9902170];

[7] W. L. Smith and R. B. Mann, Phys. Rev. D 56, 4942 (1997) [gr-qc/9703007]; Y. Wu, M. F. A. da Silva, N. O. Santos and A. Wang, Phys. Rev. D 68, 084012 (2003) [arXiv:gr-qc/0309002].

[8] R. Cai and K. Soh, Phys. Rev. D 59, 044013 (1999) [gr-qc/9808067]; R. Aros, R. Troncoso and J. Zanelli, Phys. Rev. D 63, 084015 (2001) [hep-th/0011097]. R. G. Cai, Phys. Rev. D 65, 084014 (2002) [arXiv:hep-th/0109133]. R. G. Cai, Phys. Lett. B 582, 237 (2004) [arXiv:hep-th/0311240]; M. H. Dehghani, Phys. Rev. D 67, 064017 (2003) [arXiv:hep-th/0211191]; M. H. Dehghani, Phys. Rev. D 69, 064024 (2004) [arXiv:hep-th/0312030].

[9] S. Nojiri and S. D. Odintsov, Phys. Lett. B 521, 87 (2001) [Erratum-ibid. B 542, 301 (2002)] [arXiv:hep-th/0109122];

M. Cvetic, S. Nojiri and S. D. Odintsov, Nucl. Phys. B 628, 295 (2002) [arXiv:hep-th/0112045]. S. Nojiri and S. D. Odintsov, Phys. Rev. D 66, 044012 (2002) [arXiv:hep-th/0204112]. Y. M. Cho and I. P. Neupane, Phys. Rev. D 66, 024044 (2002) [arXiv:hep-th/0202140]. I. P. Neupane, Phys. Rev. D 67, 061501 (2003) [arXiv:hep-th/0212092]. I. P. Neupane, arXiv:hep-th/0302132.

[10] K. Behrndt, M. Cvetic and W. A. Sabra, Nucl. Phys. B 553, 317 (1999) [arXiv:hep-th/9810227]; M. J. Duff and J. T. Liu, Nucl. Phys. B 554, 237 (1999) [arXiv:hep-th/9901149]; J. T. Liu and R. Minasian, Phys. Lett. B 457, 39 (1999) [arXiv:hep-th/9903269].

[11] A. Strominger, JHEP 0110, 034 (2001) [arXiv:hep-th/0106113]. [12] A. Strominger, JHEP 0111, 049 (2001) [arXiv:hep-th/0110087].

[13] V. Balasubramanian, J. de Boer and D. Minic, Phys. Rev. D 65, 123508 (2002) [arXiv:hep-th/0110108]. [14] R. G. Cai, Y. S. Myung and Y. Z. Zhang, Phys. Rev. D 65, 084019 (2002) [arXiv:hep-th/0110234]. [15] K. C. K. Chan, J. H. Horne and R. B. Mann, Nucl. Phys. B 447, 441 (1995) [arXiv:gr-qc/9502042]. [16] K. C. K. Chan, Phys. Rev. D 55, 3564 (1997) [arXiv:gr-qc/9603038]. [17] R. G. Cai and Y. Z. Zhang, Phys. Rev. D 54, 4891 (1996) [arXiv:gr-qc/9609065]. [18] R. G. Cai, J. Y. Ji and K. S. Soh, Phys. Rev. D 57, 6547 (1998) [arXiv:gr-qc/9708063]. [19] D. Klemm, Nucl. Phys. B 545, 461 (1999) [arXiv:hep-th/9810090]. [20] H. A. Chamblin and H. S. Reall, Nucl. Phys. B 562, 133 (1999) [arXiv:hep-th/9903225]. [21] M. Cvetic, J. T. Liu, H. Lu and C. N. Pope, Nucl. Phys. B 560, 230 (1999) [arXiv:hep-th/9905096]. [22] R. G. Cai and N. Ohta, Phys. Rev. D 62, 024006 (2000) [arXiv:hep-th/9912013]. [23] R. G. Cai and Y. Z. Zhang, Phys. Rev. D 64, 104015 (2001) [arXiv:hep-th/0105214]. [24] G. Clement and C. Leygnac, arXiv:gr-qc/0405034.

[25] G. Clement, D. Gal’tsov and C. Leygnac, Phys. Rev. D 67, 024012 (2003) [arXiv:hep-th/0208225]. [26] J. D. Brown and J. W. . York, Phys. Rev. D 47, 1407 (1993); S. W. Hawking and G. T. Horowitz, Class. Quant.

Grav. 13, 1487 (1996) [arXiv:gr-qc/9501014]; J. D. Brown, J. Creighton and R. B. Mann, Phys. Rev. D 50, 6394 (1994) [arXiv:gr-qc/9405007].

[27] P. G. O. Freund and M. A. Rubin, Phys. Lett. B 97, 233 (1980); see also V. D. Ivashchuk and V. N. Melnikov, Class.

Quant. Grav. 18, R87 (2001) [arXiv:hep-th/0110274]; and references therein.

[28] S. Mignemi and D. L. Wiltshire, Class. Quant. Grav. 6, 987 (1989); D. L. Wiltshire, Phys. Rev. D 44, 1100 (1991); S. J. Poletti and D. L. Wiltshire, Phys. Rev. D 50, 7260 (1994) [Erratum-ibid. D 52, 3753 (1995)] [arXiv:gr-qc/9407021]; S. J. Poletti, J. Twamley and D. L. Wiltshire, Phys. Rev. D 51, 5720 (1995) [arXiv:hep-th/9412076]; C. P. Burgess, C. Nunez, F. Quevedo, G. Tasinato and I. Zavala, JHEP 0308, 056 (2003) [arXiv:hep-th/0305211]. B. Hartmann, Y. Brihaye and B. Bertrand, Phys. Lett. B 570, 137 (2003) [arXiv:hep-th/0307065]; Y. Brihaye and B. Hartmann, arXiv:hep-th/0403296. E. Radu and R. J. Slagter, Class. Quant. Grav. 21, 2379 (2004) [arXiv:gr-qc/0311075].

[29] R. M. Wald, Phys. Rev. D 48, 3427 (1993) [arXiv:gr-qc/9307038].

[30] While this paper was writing up, an interesting paper [24] appears (see also [25]). The authors find that a four dimensional non-asymptotically flat black hole solution derived by Chan et al. [15] of Einstein-Maxwell-dilaton theory (1.4) without the dilaton potential term can be reobtained by taking a near horizon limit of asymptotically flat black hole solution, and that when b = √ 6 (in the notation of [24], α = √ 3), the four dimensional non-asymptotically flat, magnetic charged black hole can be understood as a dimensional reduction of a five dimensional, asymptotically flat Schwarzschild black hole along one of the azimuthal angles.