arXiv:hep-th/0406045 v1 4 Jun 2004

USTC-ICTS-04-14 MCTP-04-31 hep-th/0406045

Generating a dynamical M2 brane from super-gravitons in a pp-wave background

Yi-Fei Chen^1 and J. X. Lu^{1,2,3}

1 Interdisciplinary Center for Theoretical Study University of Science and Technology of China, Hefei, Anhui 230026, P. R. China and 2 Interdisciplinary Center of Theoretical Studies Chinese Academy of Sciences, Beijing 100080, China and 3 Michigan Center for Theoretical Physics Randall Laboratory, Department of Physics University of Michigan, Ann Arbor, MI 48109-1120, USA

Abstract

We present a detail study of dynamically generating a M2 brane from super-gravitons (or D0 branes) in a pp-wave background possessing maximal spacetime SUSY. We have three kinds of dynamical solutions depending on the excess energy which appears as an order parameter signalling a critical phenomenon about the solutions. As the excess energy is below a critical value, we have two branches of the solution, one can have its size zero while the other cannot for each given excess energy. However there can be an instanton tunnelling between the two. Once the excess energy is above the critical value, we have a single solution whose dynamical behavior is basically independent of the background chosen and whose size can be zero at some instant. A by product of this study is that the size of particles or extended objects can grow once there is a non-zero excess energy even without the presence of a background flux, therefore lending support to the spacetime uncertainty principle.

1 Introduction

In our previous work[1], we find a dynamical creation and annihilation of a spherical D2 brane from N D0 branes via a background flux which extends earlier work of the static creation of a higher dimensional brane from lower dimensional ones via a background flux [2, 3]. In this case, the background satisfies the bulk equations of motion only to leading order when the N is large. In the present work, we try to study a similar problem but in a pp-wave background which is obtained from the pp-wave limit of either AdS_4 × S^7 or AdS_7 × S^4, and satisfies the bulk equations of motion exactly. In other words, we try to find how a spherical M2 brane can be generated dynamically from N super-gravitons (or D0 branes) once there is a non-zero excess energy. We still have three kinds of dynamical solutions as in [1] but now because of the very pp-wave background, two of the solutions differ from what we had there. For example, we no longer have the analogue of a photon creating an electron-positron pair in the presence of a background and then annihilating back to a photon. We don’t have the analogue of a finite size dynamical configuration with negative excess energy. We actually always need a positive excess energy to have a dynamical configuration in the present case. We have two branches of solution for each given excess energy when it is below a certain critical value in the present case but in [1] we have only one solution for any allowed given excess energy. We have only one non-trivial finite size static configuration which doesn’t preserve any SUSY but in present case we have two SUSY preserving BPS static configuration, one is the zero-size supergravitons and the other the finite size giant. In spite of these differences, there are still many similarities. For example, in both cases, the value of excess energy characterizes the behavior of the underlying dynamics. SUSY can be preserved only for vanishing excess energy. There is a transition behavior in both cases that signifies either a finite size can become zero or the change of branches of dynamical solution. At the transition value of the excess energy, the dynamical solution(s) can always be expressed in terms of elementary functions (rather than using, for example, Jacobian elliptic functions).

In the present case, we have a dynamical spherical M2 brane whose size cannot be zero when the positive excess energy is below the critical value. When the excess energy approaches zero, this solution reduces to the SUSY preserving BPS giant which was discovered in the matrix theory context in [4]. This dynamical spherical M2 brane with a finite size is analogous to the finite size dynamical spherical D2 brane with negative excess energy in [1] in the sense that both sizes cannot vanish classically. However, for the present case, we have in addition another dynamical solution with the same excess energy but its size can be zero at some instant. In particular, when the excess energy approaches zero, it reduces to zero-size SUSY preserving BPS super-gravitons. This configuration is degenerate with the giant one, therefore we expect instanton tunnelling between the two even though classically the two are completely disconnected. In other words, we still expect that the dynamical spherical M2 brane with a finite size can turn itself to the one with zero size at some instant by instanton tunnelling, i.e., by quantum mechanical effect, while the one discussed in [1] has no such a luxury.

As pointed out in [5], a spherical brane can be viewed as a semi-spherical brane– anti semi-spherical brane pair. However such a system differs from the usual infinitely extended brane–anti brane pair in that SUSY can sometimes be preserved for the former such as most of the giant configurations found [6, 5, 7] while the latter always breaks SUSY and is unstable with the appearance of tachyon modes[8, 9]. The reason for such difference is that for those cases when SUSY preserving BPS giants can be formed, there are no excess energies involved while the latter always involve negative excess energies. In other words, such finitely extended brane-anti brane system may serve the link between the studies of the general brane–anti brane systems and the related tachyon condensations by Sen and others [8, 9, 10] and the SUSY preserving giant gravitons[6, 5, 7] and other related ones[12, 11].

From the above, we see that the excess energy plays an important role in determining whether a configuration is SUSY preserving or not. This is not surprised at all since the excess energy measures whether the corresponding BPS bound is saturated. Only for zero excess energy, we can have the bound saturated which is necessary for preserving SUSY. In other words, we have to find means to get rid of the excess energy with respect to a relevant SUSY preserving configuration so that the system under consideration becomes SUSY preserving BPS one.

It appears at present that in order to generate a finite size, for example, from gravitons (or D0 branes), we need either a relevant background flux (Myers effect) or angular momentum plus a backgound flux such as in generating giants. In other words, the generated finite size seems necessarily related to a background flux. This seems also the case for the appearance of non-commutativity in string theory[13, 14, 15, 16, 17]. However, the spacetime uncertainty principle proposed in [18, 19] seems a general one which has nothing to do with the appearance of a background flux and it basically says that when one increases one’s time resolution, any probe available will increase its physical size. Putting in another way, a particle size will grow with its energy. We try also in this paper to resolve the above apparent puzzle. As we will see that the need to have a background flux for generating a finite size from a zero one is merely an artifact and this is entirely due to the constraint of finding either a static or a stationary (BPS) configuration. We will show in section 2 that any time a particle or an extended object has an excess energy above the corresponding BPS bound, then its size will grow and no background flux is needed. Therefore we provide a direct evidence for the spacetime uncertainty principle[18].

Other relevant or related work include those in [20].

This paper is planned as follows: In section 2, we show that by considering N supergravitons described by the DLCQ matrix theory, there will appear a finite size of spherical M2 brane if there is a non-zero excess energy in a flat background with no flux, therefore lending support to the spacetime uncertainty principle. In section 3, we will consider the DLCQ matrix theory of N supergravitons in a pp-wave background and find that there are three kinds of dynamical spherical M2 branes. We will discuss the details and their differences from what we discussed in [1]. Section 4 ends with a discussion of the implications of the present work.

2 Evidence for the spacetime uncertainty principle

For this purpose, we consider the DLCQ matrix theory of N supergravitons with the simplest possible flat background without any flux presence. The bosonic part of the Lagrangian is L = 1 2R T r(Φ̇^i)^2 + R 4 T r[Φ^i, Φ^j ]^2, (1) where we have chosen the eleven dimensional plank length l_p = 1 and R is the radius of the compactification along the light-like direction x^−. We also choose the gauge field A_0 = 0 in the above. The equation of motion can be read from the above as Φ̈^i + R^2[[Φ^i, Φ^j ], Φ^j ] = 0, (2)

which has trivial static solution. We however look for a non-trivial dynamical configuration which solves the above equation. Each of the above Φ^i is a N × N matrix and it can easily be examined that Φ^i ∼ 1l_{N ×N} is a trivial solution. For the purpose of serving the need for finding evidence in support of the spacetime uncertainty principle, we here choose Φ^i for i = 1, 2, 3 each in the irreducible N × N representation of SU(2) with other Φ^j with j = 4, · · · 9 as trivial. In other words, Φ^i = u(t)J^i with J^i the SU(2) generators in the N × N irreducible representation. Therefore, we have from the above, using [J^i, J^j ] = iϵ^{ijk}J^k, the following, ü + 2R^2u^3 = 0. (3) Integrating this equation once, we have

u̇^2 + R^2u^4 = C^2, (4) where C^2 is an integration constant which is obvious non-negative and is actually proportional to the excess energy (with a positive proportional constant) above the BPS energy of the N supergravitons put on top of each other. It is also obvious that C^2 = 0 gives the trivial u = 0 solution. For C > 0, we have u(t) = − √ C R cn[ √ 2CR(t − t_0)], (5)

where cn(x) is Jacobian elliptic function. Like cos x, it is a periodic function with a period determined by the modulus k (here k^2 = 1/2) and −1 ≤ cn(x) ≤ 1. Therefore u(t) will oscillate between values − √ C/R ≤ u(t) ≤ √ C/R. Therefore, we expect a non-vanishing size if C ≠ 0 (for example, the time average of u^2(t) over a given period is non zero if C ≠ 0 which is consistent with the spacetime uncertainty principle). To make this a bit precise, let us follow [2] to estimate the growing size for a graviton as ΔL ∼ √ < T r(Φ^i)^2 > /N ∼ N for large N where we assume to take time average, denoted as <>, in estimating the size. The total excess energy is estimated to be ΔE ∼ N^3. From this, the excess energy for each degree of freedom (since we have U(N) here) is therefore ΔE/N^2 ∼ N. We expect ΔE ∼ ΔL. Our above satisfies this relation for N apart from order one parameters (we have chosen l_p = 1 conventions here). We are certain that an excess energy without the presence of a background flux can give rise to a finite size but there are still some subtleties involved in having the precise uncertainty relation. For examples, we are unable to explain why the time average should be taken here and why the excess energy per degree of freedom should be used.

3 The dynamical spherical M2 brane

In this section, we want to find dynamical spherical M2 brane configurations from the DLCQ matrix theory of N super-gravitons in the pp-wave background which is obtained either from AdS_4 × S^7 or from AdS_7 × S^4 by taking the usual pp-wave limit. The action is given in [4] and we need only the bosonic part of the corresponding Lagrangian. The pp-wave background is

ds^2 = −2dx^−dx^+ − [( μ 3 )_2

(x^2_1 + x^2 + x^2_3) + ( μ 6 )_2

(x^2_4 + · · · + x^2_9) ] + d⃗x^2 F_{+123} = μ, (6)

where we do DLCQ along the direction x^− ∼ x^− + 2πR and we consider the sector of the theory with momentum p^+ = −p_− = N/R. With this, the bosonic part of the Lagrangian is L = 1 2R 9∑ i=1 T r(Φ̇^i)^2 + R 4 T r 9∑ i,j=1 [Φ^i, Φ^j ]^2 + 1 2R T r − (μ 3 )_{2 3}∑ i=1 (Φ^i)^2 − ( μ 6 )_{2 9}∑ j=4 (Φ^j )^2 − μ 3 i 3∑ i,j,k=1 T rΦ^iΦ^j Φ^kϵ_{ijk} , (7)

where we have taken l_p = 1, the gauge choice A_0 = 0 and t = x^+.

The equation of motion from the above Lagrangian is

Φ̈^i + R^2 [[Φ^i, Φ^j ], Φ^j ] + (μ 3 )^2 Φ^i + iμR Φ^j Φ^k ϵ_{ijk} = 0, (for i, j, k = 1, 2, 3), Φ̈^l + R^2[[Φ^l, Φ^m], Φ^m] + (μ 6 )^2Φ^l = 0, (for l, m = 4, · · · , 9), (8)

where for the present interest and for simplicity we have assumed [Φ^i, Φ^l] = 0.

Let us consider the solutions of the second equation above, i.e., along l, m = 4, · · · , 9 directions. The trivial solution is obtained by setting Φ^l = g(t)1l_{N ×N} with 1l_{N ×N} the N × N unit matrix. We have g(t) = g_0e^{iμt/6} with g_0 a constant, i.e., a oscillating solution because of the presence of the mass term. We have also non-trivial dynamical solutions, for example, similar to the one discussed in the previous solution, by choosing three of Φ^l’s in the N ×N irreducible representation of SU(2) as Φ^{3+i} = g(t)K^i with K^i the SU(2) generators for i = 1, 2, 3 and the rest are trivial. Then we have the g(t) satisfying the equation g̈ + 2R^2g^3 + ( μ 6 )^2g = 0, (9)

which can be integrated once to give

ġ^2 + R^2 g^4 + ( μ 6 )^2g^2 = C^2, (10)

with the integration constant C^2 ≥ 0 and proportional to the contribution of the motion along these directions to the excess energy of the system under consideration. The solution is g(t) = −g_0cn[ω_0(t − t_0)], (11)

where we have

g_0 = √ (^μ_6 )^4 + 4R^2C^2 − (^μ_6 )^2 2R^2

, ω_0 = [ ( μ 6 )^2 + 4R^2C^2 ]_{1/4} . (12)

This solution has the same characteristic as the one discussed in the previous section even though there is an additional mass term in the equation. It oscillates periodically with the modulus k^2 = R^2g^2_0 /ω^2_0 and between the value g_0 and −g_0. The solution collapses to a single point g(t) = 0 once C^2 = 0.

Now we come to discuss the first equation above along i = 1, 2, 3. Again we have a trivial solution Φ^i = u(t)1l_{N ×N} with u(t) = u_0e^{iμt/3}. The non-trivial one can be obtained by setting Φ^i = u(t)J^i with J^i, the SU(2) generators, in the N × N irreducible representation of this group. Then we reduce the equation to the following

ü + 2R^2u^3 + ( μ 3 )^2u − Rμu^2 = 0. (13)

Integrating this equation once, we have

u̇^2 + R^2u^4 − 2Rμ 3 u^3 + ( μ 3 )^2u^2 = C^2, (14)

again with the integration constant C^2 > 0 and proportional to the excess energy. C^2 > 0 can be easily seen if we re-express the above equation as

u̇^2 + R^2u^2(u − μ 3R )^2 = C^2. (15)

For having a clear physical picture and being convenient, we here give the relevant Lagrangian and the corresponding Hamiltonian. Since we have now [Φ^i, Φ^l] = 0, the Φ^i and Φ^l with i = 1, 2, 3 and Φ^l = 4, · · · 9 are decoupled. Therefore, for the present purpose, we can simply focus on the Lagrangian, Hamiltonian etc for Φ^i only. We denote the Lagrangian and Hamiltonian as L_1, H_1 respectively. With our ansatz Φ^i = u(t)J^i with J^i the generators of SU(2) in its irreducible N × N representation, we then have

L_1 = 1 2R T r(Φ̇^i)^2 + R 4 T r[Φ^i, Φ^j ]^2 − 1 2R ( μ 3 )_2

(Φ^i)^2 − μ 3 iT rΦ^iΦ^j Φ^k ϵ_{ijk} = N(N^2 − 1) [ 1 2R u̇^2 − R 2 u^4 + μ 3 u^3 − 1 2R ( μ 3 )^2u^2 ] , (16)

where repeated indices mean summation and we have used T r(J^i)^2 = N(N^2 − 1). The Hamiltonian is H_1 = N(N^2 − 1) [ 1 2R u̇^2 + R 2 u^2(u − μ 3R )^2 ] . (17)

For convenience, we define the reduced Hamiltonian H̄_1 as

H̄_1 ≡ H^1

N(N^2 − 1) = [ 1 2R u̇^2 + R 2 u^2(u − μ 3R )^2 ] . (18)

and the corresponding reduced potential as

V̄_1 = R 2 u^2(u − μ 3R )^2 ≥ 0, (19)

Figure 1:

whose profile is shown in figure 1.

Comparing (17) and (18) with (15), we have H_1 = N(N^2 − 1)C^2/(2R) and H̄_1 = C^2/(2R) both as constant of motion as expected. Since V̄_1 ≥ 0, therefore u = 0 and u = μ/(3R) give the minima of the potential which are zero and therefore there must exist a u which gives a local maximum of V̄_1. It is not difficult in finding this u = μ/(6R) from dV̄_1/du = 0. The corresponding value of the potential is V̄_1(u = μ/(3R)) = R(μ/3R)^4/2. These three points u = 0, μ/(6R), μ/(3R) satisfy the equation of motion (15) with u̇ = 0, therefore, the corresponding C^2 = 0, R^2(μ/6R)^2 , 0, respectively. Given these, we know the profile of the potential as shown in figure 1, therefore the characteristic behavior of the solution from (15) for different C^2.

The equation (15) cannot be solved in general using elementary functions and we have to use Jacobian elliptic function cn(x) or sn(x). For this purpose, we need to find four roots of the following polynomial

P (u) = C^2 − R^2u^2(u − μ 3R )^2. (20)

Depending on the range of the C^2 value, the corresponding solution will be different. We now discuss each such solution in order.

Case (1): If C = 0, we can only have two static solutions u = 0, μ/3R. u = 0 corresponds to the SUSY preserving BPS configuration of N supergravitons while u = μ/3R corresponds to a SUSY preserving BPS spherical M2 brane which is actually a giant as discovered in [4]. These two SUSY preserving solutions are expected from the profile of the potential and from our experience on giants. This case contrasts with what we discussed in [1] in which a dynamical spherical D2 exists which represents the creation of a semi-spherical D2 brane –anti semi-spherical D2 brane pair from N D0 branes and then annihilating back to N D0 branes at the end. The only SUSY preserving objects are the N D0 branes there.

How to understand the presence of a SUSY preserving BPS giant here? First we have a pp-wave background which is obtained either from AdS_4 × S^7 or from AdS_7 × S^4 and is different from the background employed in [1]. For AdS_7 × S^4, there is, in addition to a SUSY preserving BPS super-graviton, a SUSY preserving BPS giant which is actually a spherical M2 brane wrapped on a 2-sphere and orbiting on another S^1 in the S^4 part with a given angular momentum. As noticed in [5], both the zero-size graviton and the center of mass motion for the giant follow a null trajectory. For concreteness, let us write down the line element for the AdS_7 × S^4 as

ds^2 = L^2(−dt^2 cosh^2 ρ + dρ^2 + sinh^2 ρ dΩ^2_5) + L 4 (dϕ^2 cos^2 θ + dθ^2 + sin^2 θ dΩ^2), (21)

where L denotes the radius of AdS_7 and the radius of 4-sphere is L/2. Both the zero size graviton and the center of mass motion for the giant sit at ρ = 0 and θ = 0. We also know [4] that the pp-wave geometry is the one near a null trajectory of a particle moving along the ϕ direction with ρ = 0 and θ = 0. Therefore, the geometry seen by either the zero-size graviton or the center of mass motion of the giant is the pp-wave. In obtaining a well-defined geometry, we need to send the L → ∞. Those zero-size gravitons and finite size giants surviving under this limit correspond to the BPS configurations discussed here and already found in [4]. We here therefore provide an explanation about their existence. While for the background considered in [1], we don’t have a SUSY preserving BPS giant which can produce this background in a proper limit. Therefore, we don’t expect a finitesize BPS configuration with zero excess energy there.

The giant in the present case corresponds in certain sense to the dynamical spherical D2 brane with its size never vanishing in the case with a negative excess energy discussed in [1]. Unlike the present case, the D2 brane there is only one allowed configuration. Classically, the giant size can never be zero, analogous to the case for the D2 brane in [1]. As discussed in [1], this D2 brane can suck energy quantum mechanically from the surroundings by interactions with bulk and possible other branes such that it finally settles down to N D0 branes with zero excess energy. Here the story is different. The giant is itself a SUSY preserving BPS configuration and is stable. In appearance, it cannot turn itself to zero-size super-gravitons. However, it is well-known that this giant has all its properties except for the size identical to the zero-size supergraviton. In other word, we have two degenerate vacua in the present case, therefore an instanton tunnelling between the two is expected. In other words, a finite size giant can turn itself into a zero size one by this process. The instanton can actually be found in the usual way by sending

Figure 2:

t → −iτ with τ real and H̄_1(t) → H_{E1} = −H_1(t = −iτ ). The reduced potential is now V̄_1(u) → V̄_{E1} = −V̄_1(u) (see figure 2 for the profile).

In other words, the instanton has its dynamics in imaginary time. The equation of motion satisfying by the instanton is

u^{′2} − R^2u^2(u − μ 3R )^2 = −C^2, (22)

with the same C^2 as before and u^′ ≡ du/dτ . We expect such an instanton for 0 ≤ C^2 ≤ R^2(μ/3R)^4 . For the present case C = 0, the above equation can be solved easily as

u(τ ) = μ 3R 1 1 + e^{−μ(t−t0)/3} , (23)

where we have chosen u(τ = −∞) = 0 and u(τ = ∞) = μ/(3R). When we choose u(τ = −∞) = μ/(3R) and u(τ = ∞) = 0, the instanton profile is

u(τ ) = μ 3R 1 1 + e^{μ(t−t0)/3} , (24)

The WKB tunnelling amplitude can be evaluated as ∼ e^{−ΔSE} with the action change ΔS_E as ΔS_E = ∫_∞ −∞ (L_E (τ ) − L_E (end points))dτ, = N(N^2 − 1) 6R ( μ 3R )^3, (25)

for the instanton profile. So for large N, the transition probability is vanishingly small.

Case (2): If 0 < C < R(μ/6R)^2 , we have four real roots for P (u) = 0. We have two disconnected dynamical configurations, each of which resembles the periodical motion in the case of no background flux as discussed in section 2 but now the size in one case can be zero while the size in the other can never be zero. The present case has some similarity to the C < 0 case discussed in [1] but also has many differences, for example, we have an additional branch of the solution. This is entirely due to that we have two BPS configurations when C = 0, one has zero size while the other has finite size, the giant. The four real roots are a = μ + (36RC + μ^2)^{1/2} 6R , b = μ + (−36RC + μ^2)^{1/2} 6R , c = μ − (−36RC + μ^2)^{1/2} 6R , d = μ − (36RC + μ^2)^{1/2} 6R , (26)

where a > b > c > d and with d < 0.

With the above four roots, the dynamical oscillating configuration including u = 0, i.e., for which d ≤ u(t) ≤ c, is given as u(t) = (b − d)c − (c − d)b sn^2(R(t − t_0)/g) (b − d) − (c − d) sn^2(R(t − t_0)/g)

, (27)

where sn(x) is a Jacobian elliptic function which, like sin(x), is a periodic function and has a range of −1 ≤ sn(x) ≤ 1 with its period determined by the modulus k^2. Both of the k^2 and the parameter g appearing in the above are given in terms of the four roots as g = 2 √ (a − c)(b − d) , k^2 = (a − b)(c − d) (a − c)(b − d) . (28)

It is not difficult to check that as sn^2(R(t − t_0)/g) = 0, we have u(t) = c while sn^2(R(t − t_0)/g) = 1, u(t) = d as expected.

The other dynamical oscillating configuration including the value u = μ/(3R), i.e., for which b ≤ u ≤ a, is given as u(t) = (b − d)a + (a − b)d sn^2(R(t − t_0)/g) (b − d) + (a − b) sn^2(R(t − t_0)/g)

, (29)

where both the parameter g and the modulus k^2 used to determine the period are the same as the ones given above. When sn^2(R(t − t_0)/g) = 0, we have u(t) = a while sn^2(R(t − t_0)/g) = 1, u(t) = b, again as expected.

Now considering the limiting case C → 0, we have now a → b → μ/3R and c → d → 0. We therefore have g → 6R/μ and k^2 → 0. From the solution of d ≤ u ≤ c, we have u(t) = 0 and from the solution of b ≤ u ≤ a we have u(t) = a = μ/3R, i.e., each collapses to the corresponding SUSY preserving BPS configuration as expected.

Since we have disconnected solutions here, we again expect that there is an instanton tunnelling between the two. This is indeed true by following what we discussed above for the C = 0 case. The instanton profile can be found from solving (22) with the C falling in the present range as

u(τ ) = (a − c)b − (b − c)a sn^2[R(t − t_0)/g] (a − c) − (b − c) sn^2[R(t − t_0)/g]

, (30)

where we have four real parameters a > b > c > d as a = μ 6R ( 1 + √ 1 + 4C R ( 3R μ )^2 ) , b = μ 6R ( 1 + √ 1 − 4C R ( 3R μ )^2 )

c = μ 6R ( 1 − √ 1 − 4C R ( 3R μ )^2 ) , d = μ 6R ( 1 − √ 1 + 4C R ( 3R μ )^2 ) , (31)

and g and the modulus k^2 as g = 2 √ (a − c)(b − d) , k^2 = (b − c)(a − d) (a − c)(b − d) . (32)

The Jacobian elliptic function sn(x) is periodic, like sin(x), with its value in the range of −1 ≤ sn(x) ≤ 1. Its period is determined by the modulus k^2 given above. Our u(τ ) falls in the range c ≤ u(τ ) ≤ b. When sn^2[R(t−t_0)/g] = 0, u(τ ) = b while sn^2[R(t−t_0)/g] = 1, u(τ ) = c. Note that the present instanton profile is periodic with its period only half that of sn[R(t − t_0)/g]. One can check that this instanton profile to reduce to those in Case (1) when C → 0. The corresponding WKB transition amplitude can be calculated following what we did in Case (1).

Case (3): For C = R(μ/6R)^2 , this serves as a transition place between the solutions discussed in Case (2) and the one which will be discussed after the present case. This is also analogous to the C = 0 case discussed in [1] for which the solution is expected to be representable by elementary functions but as we will see that the behavior of the present solutions is different from the one discussed in [1]. We also have two solutions here instead of one. This is also due to the fact that we have two BPS configurations, one with zero size while the other with finite size, when C = 0. We now have three different real roots since now the roots b and c given in (26) of Case (2) become degenerate. They are now a = (1 + √ 2)μ 6R , b = c = μ 6R , d = (1 − √ 2)μ 6R , (33)

where the root d < 0 while the rest are positive. We have for d ≤ u(t) ≤ c, u(t) = μ 6R 1 − √ 2 cosh[^{μ(t−t0)}_3^√_2 ] , (34) which represents that at t = −∞, u(t) = μ/(6R), then the size becomes smaller and reaches zero at a point cosh[μ(t − t_0)/(3 √ 2)] = √ 2, then u(t) < 0 and reaches u = −( √ 2 − 1)μ/(6R) = d at t = t_0. Further, it reaches zero-size again and finally returns to u = μ/(6R) = c at t = ∞. For b ≤ u ≤ a, we have u(t) = μ 6R 1 + √ 2 cosh[^{μ(t−t0)}_3^√_2 ] . (35)

At t = ±∞, we have u = μ/(6R) = b while at t = t_0, u = (1 + √ 2)μ/(6R) = a. Apart from the point u = a, every other size will be reached twice when the time evolves from t = −∞ to +∞.

One can check that the two solutions can be obtained from the corresponding two discussed in Case 2 by taking the limit C → (μ/6)^4/R^2 there.

Now the instanton becomes a single point u(τ ) = μ/(6R) which can be understood from the potential −V̄_1 as shown in figure 2. It can also be obtained from the instanton profile from the one in the previous section by taking the limit C → R(μ/6R)^2 .

Case (4): If C > R(μ/6R)^2 , we have two real roots a and b with a > b and two complex roots c and c̄ which are complex conjugate to each other. They are given as follows: a = μ + (36R √ C + μ^2)^{1/2} 6R , b = μ − (36RC + μ^2)^{1/2} 6R , (36) c = μ + i(36RC − μ^2)^{1/2} 6R , c̄ = μ − i(36RC − μ^2)^{1/2} 6R . (37)

Only for this case, we have a solution whose characteristic behavior is the same as the one obtained in [1] for C > 0 there. With the above four roots, we have the periodically oscillating solution as u(t) = (aB + bA) − (aB − bA)cn[R(t − t_0)/g] (A + B) + (A − B)cn[R(t − t_0)/g]

, (38)

where the parameters A, B, g and the modulus k^2 are defined as A^2 = (a − b_1)^2 + a^2_1, B^2 = (b − b_1)^2 + a^2_1, g = 1/ √ AB, k^2 = [(a − b)^2 − (A − B)^2]/(4AB) with a^2_1 = −(c − c̄)^2/4, b_1 = (c + c̄)/2. One can check that u = b when cn[R(t − t_0)/g] = 1 while u = a when cn[R(t − t_0)/g] = −1. One can also check that this solution will collapses to the two branches of solutions discussed in Case (3) when C → (μ/6)^4/R^2 since in this case k^2 → 1 and we can solve sn[R(t − t_0)/g] in terms of elementary functions. But cn[R(t − t_0)/g] = ± √ 1 − sn^2[R(t − t_0)/g] which give rise to the two branches of solutions given in Case (3).

4 Discussions

We give a rather detail analysis of the dynamics for N supergravitons (or N D0 branes), which can be described by DLCQ matrix theory, moving in the pp-wave background obtained either from AdS_4 × S^7 or from AdS_7 × S^4. We find differences from and similarities to what we discovered about the dynamics of N D0 branes moving in a flat background with a RR 4-form flux in[1]. In addition to what have been said in the text, the differences are mainly due to that between the two backgrounds, the former preserves the maximal SUSY while the later doesn’t preserve any. The quantity which characterized the differences as well as the similarities is the parameter C which is related to energy or the excess energy. The BPS configurations can be reached in both cases for C = 0. In the present case, we have two, one is the zero-size BPS graviton and the other the finite size giant, which again are due to the maximal SUSY preserving pp-wave background. While for the case discussed in [1], the best we can have is the BPS D0 branes. The differences occur only for C below some critical value even though there are still similarities there as discussed in the text. Above that value, the characteristic behavior is essentially the same in both cases. This seems to give hints that vacua have important influences on the low energy dynamics but don’t do that much on the high energy one whose characteristic behavior seems independent of the vacuum chosen.

We also provide evidence in support of spacetime uncertainty principle by showing that the size growth of particles or extended object is indeed related to the excess energy even without the presence of a background flux.

Acknowledgements

We acknowledge support by grants from the Chinese Academy of Sciences and the grants from the NSF of China with Grant No:10245001, 90303002.

References

[1] Yi-Fei Chen and J. X. Lu, “Dynamical brane creation and annihilation via a background flux”, [hep-th/0405265].

[2] R. C. Myers, “Dielectric branes”, JHEP 9912 (1999) 022, [hep-th/9910053].

[3] S. R. Das, S. P. Trivedi and S. Vaidya, “Magnetic moments of branes and giant gravitons”, JHEP 0010 (2000) 037, [hep-th/0008203].

[4] D. Berenstein, J. Maldacena and H. Nastase, “Strings in flat space and pp waves from N = 4 Super Yang Mills”, JHEP 0204 (2002) 013, [hep-th/0202021].

[5] M. T. Grisaru, R. C. Myers and O. Tafjord, “SUSY and Goliath”, JHEP 0008 (2000) 040, [hep-th/0008015].

[6] J. McGreevy, L. Susskind and N. Toumbas, “Invasion of the giant gravitons from Anti-de Sitter space”, JHEP 0006 (2000) 008, [hep-th/0003075].

[7] A. Hashimoto, S. Hirano and N. Itzhaki, “Large branes in AdS and their field theory dual”, JHEP 0008 (2000) 051, [hep-th/0008016].

[8] A. Sen, “Non-BPS states and branes in string theory”, hep-th/9904207.

[9] A. Sen, “Tachyon condensation on the brane-antibrane system”, JHEP 08 (1998) 012, [hep-th/9805170].

[10] P. Yi, “Membranes from five-branes and fundamental strings from Dp branes”, Nucl.Phys. B550 (1999) 214, [hep-th/9901159].

[11] S. R. Das, A. Jevicki and S. D. Mathur, “Giant gravitons, BPS bounds and noncommutativity”, Phys.Rev. D63 (2001) 044001, [hep-th/0008088].

[12] S. R. Das, S. P. Trivedi and S. Vaidya, “Magnetic moments of branes and giant gravitons”, JHEP 0010 (2000) 037, [hep-th/0008203].

[13] A. Connes, M. Douglas and A. Schwarz, “Noncommutative Geometry and Matrix Theory: Compactification on Tori”, JHEP 9802 (1998) 003, [hep-th/9711162].

[14] M. Douglas and A. Schwarz, “D-branes and the Noncommutative Torus”, JHEP 9802 (1998) 008, [hep-th/9711165].

[15] N. Seiberg and E. Witten, “String Theory and Noncommutative Geometry”, JHEP 9909 (1999) 032, [hep-th/9908056].

[16] C.-S. Chu and P.-M. Ho, “Noncommutative Open String and D-brane”, Nucl.Phys.

B550 (1999) 151, [hep-th/9812219]; C.-S. Chu and P.-M. Ho, “Constrained Quantization of Open String in Background B Field and Noncommutative D-brane”, Nucl.Phys. B568 (2000) 447, [hep-th/9906192].

[17] D. Bigatti and L. Susskind, “Magnetic fields, branes and noncommutative geometry”, Phys.Rev. D62 (2000) 066004, [hep-th/9908056].

[18] T. Yoneya, “Duality and indeterminacy principle in string theory” in “Wandering in the fields” eds K. Kawarabayashi and A. Ukawa (World Scientific, 1987); M. Li and T. Yoneya, “D-Particle Dynamics and The Space-Time Uncertainty Relation”, Phys.Rev.Lett. 78 (1997) 1219.

[19] L. Susskind, “The World as a Hologram”, J.Math.Phys. 36 (1995) 6377, [hep-th/9409089]; L. Susskind, “ Particle Growth and BPS Saturated States”, [hep-th/9511116]; T. Banks, W. Fischler, S. Shenker and L. Susskind, “M Theory As A Matrix Model: A Conjecture”, Phys.Rev. D55 (1997) 5112, [hep-th/9610043].

[20] P. Collins and R. Tucker, “Classical and quantum mechanics of free relativistic membranes”, Nucl. Phys. B112 (1976)150; R. Emparan, “Born-Infeld Strings Tunneling to D-branes”, Phys.Lett. B423 (1998) 71, [hep-th/9711106]; N. Constable, R. Myers and O. Tafjord, “The Noncommutative Bion Core”, Phys.Rev. D61 (2000) 106009, [hep-th/9911136]; K. Hashimoto, “Dynamical decay of brane–anti brane and dielectric brane”, JHEP 0207 (2002) 035, [hep-th/0204203]; S. Ramgoolam, B. Spence and S. Thomas, “Resolving brane collapse with 1/N corrections in non-Abelian DBI”, [hep-th/0405256].