arXiv:hep-th/0406127 v5 21 Jul 2006

hep-th/0406127 BHU-SNB/Preprint

HODGE DUALITY OPERATION AND ITS PHYSICAL APPLICATIONS ON SUPERMANIFOLDS

R.P.Malik S. N. Bose National Centre for Basic Sciences, Block-JD, Sector-III, Salt Lake, Calcutta-700 098, India and Centre of Advanced Studies, Physics Department, Banaras Hindu University, Varanasi-221 005, India E-mail address: malik@bhu.ac.in

Abstract: An appropriate definition of the Hodge duality ⋆ operation on any arbitrary dimensional supermanifold has been a long-standing problem. We define a working rule for the Hodge duality ⋆ operation on the (2 + 2)-dimensional supermanifold parametrized by a couple of even (bosonic) spacetime variables x^μ(μ = 0, 1) and a couple of odd (fermionic) variables θ and θ̄ of the Grassmann algebra. The Minkowski spacetime manifold, hidden in the supermanifold and parametrized by x^μ(μ = 0, 1), is chosen to be a flat manifold on which a two (1 + 1)-dimensional (2D) free Abelian gauge theory, taken as a prototype field theoretical model, is defined. We demonstrate the applications of the above definition (and its further generalization) for the discussion of the (anti-)co-BRST symmetries that exist for the field theoretical models of 2D- and 4D free Abelian gauge theories considered on the four (2 + 2)- and six (4 + 2)-dimensional supermanifolds, respectively.

PACS numbers: 11.15.-q, 12.20.-m, 03.70.+k

Keywords: 2D- and 4D Abelian gauge theories, geometrical superfield formalism, supermanifolds, Hodge duality operation, dual-horizontality condition, (anti-)co-BRST symmetries

1 Introduction

The geometrical superfield formalism is one of the most intuitive approaches to gain an insight into some of the physical and mathematical ideas behind the Becchi-Rouet-Stora- Tyutin (BRST) formalism which plays a very important role in (i) the covariant canonical quantization of the gauge theories that are endowed with the first-class constraints in the language of Dirac’s prescription for the classification of constraints (see, e.g., [1,2]), (ii) the proof of unitarity of the “quantum” gauge theories at any arbitrary order of perturbative computations (see, e.g., [3,4,5]), and (iii) providing a deep connection between the physics of gauge theories with the mathematical ideas behind the cohomology (see, e.g., [6-9]) of the differential geometry. In the usual superfield approach [10-17] to the p-form (p = 1, 2, 3....) Abelian gauge theories, defined on the D-dimensional spacetime manifold, a (p + 1)-form super curvature F̃^{(p+1)} = d̃Ã^{(p)} is constructed from the super exterior derivative d̃ = dx^μ∂_μ + dθ∂_θ + dθ̄∂¯_θ (with d̃^2 = 0) and the super p-form connection Ã^{(p)} on the (D +2)-dimensional supermanifold parametrized by D-number of even (bosonic) spacetime coordinates x^μ(μ = 0, 1, 2......D − 1) and a couple of odd (fermionic) elements θ, θ̄ (with θ^2 = θ̄^2 = 0, θθ̄ + θ̄θ = 0) of the Grassmann algebra which constitute the superspace variable Z^M = (x^μ, θ, θ̄). This (p + 1)-form super curvature is subsequently equated, due to the so-called horizontality condition^∗, to the ordinary (p + 1)-form curvature F^{(p+1)} = dA^{(p)} constructed from the ordinary exterior derivative d = dx^μ∂_μ (with d^2 = 0) and the ordinary p-form connection A^{(p)} on the ordinary D-dimensional Minkowskian spacetime manifold parametrized by the bosonic spacetime variables x^μ only. This restriction^† provides the geometrical origin and interpretation for (i) the nilpotent (anti-)BRST symmetry transformations (and the corresponding nilpotent and conserved charges) as the translation generators (∂/∂θ)∂/∂θ̄ along the Grassmannian directions of the supermanifold, (ii) the nilpotency of the above transformations (and the corresponding nilpotent generators) as a couple of successive translations (i.e. (∂/∂θ)^2 = (∂/∂θ̄)^2 = 0) along the Grassmannian directions of the supermanifold, and (iii) the anticommutativity of the (anti-)BRST transformations (and the corresponding conserved and nilpotent charges) as the anticommutativity (∂/∂θ)(∂/∂θ̄) + (∂/∂θ̄)(∂/∂θ) = 0 of the translation generators along the Grassmannian directions of the (D + 2)-dimensional supermanifold.

It is obvious from the above discussions that, in the horizontality condition, only one (i.e. (d̃)d) of the existing three (super) de Rham cohomological operators ((d̃)d, (δ̃)δ, (Δ̃)Δ) is exploited for the geometrical interpretations of some of the key properties associated with the nilpotent (anti-)BRST transformations and the corresponding conserved charges. To clarify

∗This condition is referred to as the soul-flatness condition by Nakanishi and Ojima [18] which amounts to setting equal to zero all the Grassmannian components of the (anti-)symmetric curvature tensor that constitutes the (p + 1)-form super curvature on the (D + 2)-dimensional supermanifold.

†The horizontality condition has also been applied to 1-form 4D non-Abelian gauge theory where the six (4+2)-dimensional 2-form super curvature F̃^{(2)} = d̃Ã^{(1)}+Ã^{(1)} ∧Ã^{(1)} is equated with the 4D ordinary 2-form curvature F^{(2)} = dA^{(1)} + A^{(1)} ∧ A^{(1)} leading to the derivation of (anti-)BRST symmetry transformations for the non-Abelian gauge field and the corresponding (anti-)ghost fields (see, e.g., [18]).

the above notations, it is worthwhile to be more specific about the de Rham cohomological operators of the differential geometry defined on an ordinary spacetime manifold without a boundary. On such a manifold, the operators d = dx^μ∂_μ, δ = ± ∗ d∗ and Δ = (d + δ)^2 form a set of de Rham cohomological operators where (δ)d are the nilpotent (co-)exterior derivatives, Δ is the Laplacian operator and ∗ is the Hodge duality operation on the manifold. These operators obey an algebra: d^2 = δ^2 = 0, Δ = {d, δ}, [Δ, d] = [Δ, δ] = 0 showing that Δ is the Casimir operator for the whole algebra (see, e.g., [6-9] for details). It has been a long-standing problem to exploit the other nilpotent (i.e. δ̃^2 = 0, δ^2 = 0) mathematical entities (δ̃)δ of the (super) de Rham cohomological operators in the context of the dual-horizontality condition (δ̃Ã^{(p)} = δA^{(p)}) and study its consequences on a p-form gauge theory in the framework of the geometrical superfield approach to BRST formalism. Here δ̃ = − ⋆ d̃⋆ and δ = − ∗ d∗ are the super co-exterior derivative and ordinary co-exterior derivative, respectively. The mathematical symbols ⋆ and ∗ stand for the Hodge duality operations on the (D + 2)-dimensional supermanifold and D-dimensional ordinary manifold, respectively, and the super Laplacian operator is defined as Δ̃ = (d̃ + δ̃)^2. To tap the mathematical power of δ̃ = − ⋆ d̃⋆, it is clear that the definition of the Hodge duality ⋆ operation on the (D + 2)-dimensional supermanifold is quite important.

A consistent and systematic definition of the Hodge duality ∗ operation on an ordinary spacetime manifold of any arbitrary dimensionality is already quite well-known in the literature (see, e.g., [6-9] for details). In fact, the existence of the totally symmetric metric tensor and the totally antisymmetric Levi-Civita tensor on the spacetime manifold plays a crucial role in such a consistent and systematic definition of the duality operation (∗). However, such a consistent, precise and elaborate definition of the Hodge duality ⋆ operation on a supermanifold, to the best of our knowledge, is not well-known in the literature (see, e.g., [18-26] for details). The purpose of our present paper is to provide a working rule for the definition of the Hodge duality ⋆ operation on the four (2 + 2)- and six (4 + 2)-dimensional supermanifolds on which the 2D- and 4D free 1-form (A^{(1)} = dx^μA_μ) Abelian gauge theories are defined for the derivation of the nilpotent (anti-)co-BRST symmetry transformations in the framework of superfield approach to BRST formalism. We exploit this working rule for the definition of the ⋆ operation in the context of the dualhorizontality condition (δ̃Ã^{(1)} = δA^{(1)}) where the action of the super co-exterior derivative δ̃ = −⋆d̃⋆ on the super connection 1-form Ã(1) does require, the action of the Hodge duality ⋆ operations (in δ̃Ã^{(1)} = − ⋆ d̃ ⋆ Ã^{(1)}) for the derivations of the (anti-)co-BRST symmetry transformations. To be more precise, for the case of the 4D Abelian gauge theory, defined on the six (4 + 2)-dimensional supermanifold, the ⋆ operation is defined (i) on the super 1-form Ã^{(1)} to produce (⋆ Ã^{(1)}) as a super 5-form, and subsequently (ii) on the super 6-form (d̃ ⋆ Ã^{(1)}) to produce a super 0-form (⋆d̃ ⋆ Ã^{(1)}) to obtain explicitly δ̃Ã^{(1)} = − ⋆ d̃ ⋆ Ã^{(1)}. In exactly similar fashion, the ⋆ operations could be defined for the 2D free Abelian gauge theory, considered on the four (2 + 2)-dimensional supermanifold, for the derivation of the nilpotent (anti-)co-BRST symmetries. Towards the above goals in mind, we propose, in a systematic manner, the Hodge duality ⋆ operations on all the possible super forms that could be defined on the (2 + 2)-dimensional supermanifold (cf. Section 2.2)) as well as on the (4 + 2)-dimensional supermanifold (cf. Section 3.2). These definitions are subsequently exploited for the derivation of the nilpotent (anti-)co-BRST symmetries in the framework of superfield formalism (cf. Sections 2.3 and 3.3 below). Our present study is essential on three counts. First and foremost, it has been a long-standing problem to exploit the potential and power of the (super) co-exterior derivatives δ̃ = − ⋆ d̃⋆ and δ = − ∗ d∗ in the context of the derivations of some specific nilpotent symmetries for the BRST formulation of the gauge theories. We find that the above (super) cohomological operators do play a set of decisive roles in the context of the derivations of the nilpotent (anti-)co-BRST symmetry transformations for the 2D- and 4D free Abelian gauge theories. Second, in our recent works [27-32], we have been able to exploit (δ̃)δ in the dual-horizontality condition (δ̃Ã^{(1)} = δA^{(1)}) but the precise expressions for the ⋆ operations on all the super forms, defined for some suitable supermanifolds, have not yet been obtained. Finally, our present study might turn out to be useful for the discussion of an interacting gauge theory [33,34] which has been shown to provide (i) the field theoretical model for the Hodge theory, and (ii) a model for the interacting topological field theory where topological U(1) field couples with the matter (Dirac) fields [33,34].

The contents of our present paper are organized as follows.

In Section 2, we very briefly recapitulate the bare essentials of the (anti-)BRST- and (anti-)co-BRST symmetry transformations for the 2D free Abelian gauge theory in the Lagrangian formulation. We also derive the nilpotent (anti-)BRST symmetry transformations in the framework of superfield formalism by exploiting the horizontality condition on the (2 + 2)-dimensional supermanifold and provide the geometrical interpretation for the nilpotent (anti-)BRST charges Q_{(a)b} (cf. Section 2.1). For the derivation of the (anti-)co-BRST symmetry transformations in the superfield formalism, we discuss the dual-horizontality condition and define the Hodge duality ⋆ operation, in a systematic way, for all the (super)forms defined on the four (2+2)-dimensional supermanifold on which a 2D free Abelian gauge theory is considered. The double Hodge duality ⋆ operations are also defined for all the (super)forms that are supported by the (2 + 2)-dimensional supermanifold.

Section 3 is devoted to (i) a concise synopsis of the local, covariant, continuous and nilpotent (anti-)BRST- and non-local, non-covariant, continuous and nilpotent (anti-)co-BRST symmetry transformations for the free 4D Abelian theory in the Lagrangian formulation, (ii) a brief discussion for the derivation of the (anti-)BRST symmetry transformations in the usual superfield formalism and its key points of differences with such a derivation for the 2D free Abelian theory, (iii) a systematic definition of the single Hodge duality ⋆ operation (and the double Hodge duality ⋆ operations) for all the (super)forms defined on the six (4 + 2)-dimensional supermanifold, and (iv) the derivation of the nilpotent (anti-)co-BRST symmetries by exploiting the ⋆ operation in the context of the dual-horizontality condition.

Finally, in Section 4, we make some concluding remarks.

2 (Anti-)BRST- and (anti-)co-BRST symmetries for 2D theory: a brief sketch

Let us begin with the BRST- and anti-BRST invariant Lagrangian density L_b for the two (1 + 1)-dimensional^‡ (2D) free Abelian gauge theory in the Feynman gauge [3,4,18,35]

L^{(2)}_b = − 1 4 F^{μν} F_{μν} + B(∂ · A) + 1 2 B^2 − i∂_μC̄∂^μC, ≡ 1 2 E^2 + B(∂ · A) + 1 2 B^2 − i∂_μC̄∂^μC, (2.1)

where F_{μν} = ∂_μA_ν −∂_ν A_μ is the antisymmetric field strength (curvature) tensor derived from the 2-form F^{(2)} = dA^{(1)} =^1_2 (dx^μ ∧ dx^ν )F_{μν} . The latter is constructed by the application of the exterior derivative d = dx^μ∂_μ (with d^2 = 0) on the 1-form connection A^{(1)} = dx^μA_μ which defines the vector potential A_μ for the Abelian gauge theory. Thus, the operation of d on 1-form increases the degree by +1. It will be noted that F_{μν} has only electric component and the magnetic component of F_{μν} is zero in 2D. The Nakanishi-Lautrup auxiliary field B has been introduced to linearize the gauge-fixing term −^1_2 (∂ · A)^2 and the fermionic (C̄^2 = C^2 = 0, CC̄ + C̄C = 0) (anti-)ghost fields (C̄)C are required to maintain the unitarity and quantum gauge (i.e. BRST) invariance together for a given physical process allowed by the theory. At this stage, it is worth emphasizing that the gauge-fixing term (∂ · A) owes its origin to the other nilpotent (δ^2 = 0) cohomological operator δ because the operation of the latter (δA^{(1)} = − ∗ d ∗ A^{(1)} = (∂ · A)) on the 1-form A^{(1)} produces it. The operator δ = − ∗ d∗, which decreases the degree of a form by 1, is known as the co-exterior derivative and ∗ is the Hodge duality operation on the 2D spacetime manifold. The action of the Laplacian operator Δ on the 1-form A^{(1)} (i.e. ΔA^{(1)} = dx^μ□A_μ) leads to the derivation of the equation of motion □A_μ = 0 for the gauge field A_μ if we demand the validity of the Laplace equation ΔA^{(1)} = 0. The degree of a form remains intact under the operation of Δ. Thus, we note that all the three de Rham cohomological operators (d, δ, Δ) of differential geometry play very important roles in the description of the gauge theories. One can linearize the kinetic energy term^1_2 E^2 of (2.1) by introducing another auxiliary field B as

L^{(2)}_B = BE −^1_2 B^2 + B(∂ · A) +^1_2 B^2 − i∂_μC̄∂^μC. (2.2)

For the special case of 2D free Abelian gauge theory, the auxiliary field B is analogous to the Nakanishi-Lautrup field B. In fact, the former linearizes of the kinetic energy term 1 2 E^2 in exactly the same manner as the latter linearizes the gauge-fixing term −^1_2 (∂ · A)^2.

‡We adopt here the convention and notations such that the flat 2D Minkowskian spacetime manifold is endowed with the flat metric η_{μν} = diag (+1, −1) and □ = η^{μν} ∂_μ∂_ν = (∂_0)^2 − (∂_1)^2, (∂ · A) = ∂_0A_0 − ∂_1A_1, F_{01} = E = −ε^{μν} ∂_μA_ν = −F^{01}. Here the 2D antisymmetric Levi-Civita tensor is chosen to satisfy ε_{01} = +1 = −ε^{01}, ε^{μν} ε_{νλ} = δ^μ_λ , etc., and the Greek indices μ, ν, λ... = 0, 1 correspond to the time- and space directions on the 2D flat Minkowskian spacetime manifold, respectively.

The above Lagrangian density (2.2) is endowed with the following local, off-shell nilpotent (s^2_{(a)b} = 0) and anticommuting (s_bs_{ab} + s_{ab}s_b = 0) (anti-)BRST s_{(a)b} transformations^§ s_bA_μ = ∂_μC, s_bC = 0, s_bC̄ = iB, s_bB = 0, s_bB = 0, s_bE = 0, s_{ab}A_μ = ∂_μC̄, s_{ab}C̄ = 0, s_{ab}C = −iB, s_{ab}B = 0, s_{ab}B = 0, s_{ab}E = 0. (2.3)

The key point to be noted, at this stage, is the fact that the kinetic energy term (more precisely the electric field itself), owing its origin to the exterior derivative d and A^{(1)}, remains invariant under the (anti-)BRST transformations. In contrast, under the following local, off-shell nilpotent (s^2_{(a)d} = 0) and anticommuting (s_ds_{ad} + s_{ad}s_d = 0) (anti-)co-BRST (or (anti-)dual-BRST) transformations s_{(a)d} s_dA_μ = −ε_{μν} ∂^νC̄, s_dC̄ = 0, s_dC = −iB, s_dB = 0, s_dB = 0, s_d(∂ · A) = 0, s_{ad}A_μ = −ε_{μν} ∂^ν C, s_{ad}C = 0, s_{ad}C̄ = +iB, s_{ad}B = 0, s_{ad}B = 0, s_{ad}(∂ · A) = 0, (2.4)

it is the gauge-fixing term (more precisely (∂ · A) itself), owing its origin to the co-exterior derivative δ and A^{(1)}, remains invariant. The anticommutator (s_w = {s_b, s_d} = {s_{ab}, s_{ad}}) of the (anti-)BRST- and (anti-)co-BRST transformations leads to the existence of a nonnilpotent s^2_w ≠ 0 bosonic symmetry transformation in the theory [36-38] under which the (anti-)ghost fields do not transform at all. This bosonic symmetry is the analogue of the Laplacian operator of the differential geometry. There exists a global ghost scale symmetry transformation: s_gA_μ = 0, s_gB = 0, s_gB = 0, s_gC = −ΛC, s_gC̄ = +ΛC̄, under which, the Lagrangian density (2.2) remains invariant. Here Λ is an infinitesimal spacetime independent (global) parameter. All the above six symmetry transformations can be concisely expressed, in terms of the generic local field Σ(x) = A_μ(x), C(x), C̄(x), B(x), B(x), as s_r Σ(x) = −i [ Σ(x), Q_r ]_±, r = b, ab, d, ad, w, g, (2.5) where (+)− signs on the square brackets stand for the (anti-)commutator for the generic local field Σ being (fermionic)bosonic in nature. Here Q_r are the generator of transformations which can be derived from the Noether’s theorem. Their exact form is not required for our present discussion but their explicit and exact form can be found in [36-38].

2.1 Superfield formulation of (anti-)BRST symmetries: a concise review

We begin here with a four (2+2)-dimensional supermanifold parametrized by the superspace coordinates Z^M = (x^μ, θ, θ̄) where x^μ(μ = 0, 1) are the two even (bosonic) spacetime coordinates and θ, θ̄ are the two odd (Grassmannian) coordinates (with θ^2 = θ̄^2 = 0, θθ̄ +

§We follow here the notations adopted in refs. [3,35]. In its full blaze of glory, the nilpotent (δ^2_B = 0) BRST transformations δ_B are the product of an anticommuting (ηC + Cη = 0, ηC̄ + C̄η = 0) spacetime independent parameter η and s_b as: δ_B = ηs_b where the nilpotency property is carried by s_b (with s^2_b = 0).

θ̄θ = 0). On this supermanifold, one can define a supervector 1-form superfield Ã(1) = dZ^M Ã_M (x, θ, θ̄) with the following component multiplet superfields (see, e.g., [13,12]) Ã_M (x, θ, θ̄) = ( B_μ(x, θ, θ̄), Φ(x, θ, θ̄), Φ̄(x, θ, θ̄) ) . (2.6)

It will be noted that component superfields B_μ(x, θ, θ̄), Φ(x, θ, θ̄), Φ̄(x, θ, θ̄) are the generalization of the basic local fields A_μ(x), C(x), C̄(x), defined on the 2D ordinary spacetime manifold, to the four (2 + 2)-dimensional supermanifold. The most general expansion of these superfields along the Grassmannian directions of the supermanifold, is [13,27-34] B_μ (x, θ, θ̄) = A_μ(x) + θ R̄_μ(x) + θ̄ R_μ(x) + i θ θ̄ S_μ(x), Φ (x, θ, θ̄) = C(x) + i θ B̄(x) − i θ̄ B(x) + i θ θ̄ s(x), Φ̄ (x, θ, θ̄) = C̄(x) − i θ B̄(x)) + i θ̄ B(x) + i θ θ̄ s̄(x), (2.7)

where (+)− signs in the above expansion have been chosen for the algebraic convenience. It should be noted that (i) in the limit θ → 0, θ̄ → 0, we get back the local basic fields A_μ(x), C(x), C̄(x) of the theory from the superfields B_μ(x, θ, θ̄), Φ(x, θ, θ̄), Φ̄(x, θ, θ̄). (ii) The fermionic degrees of freedom (C, C̄, R_μ, R̄_μ, s, s̄) match with that of the bosonic (A_μ, S_μ, B, B̄, B, B̄) degrees of freedom so that the expansion can be consistent with the basic tenets of supersymmetry. (iii) All the fields on the r.h.s. of the expansion are the local functions of spacetime x^μ alone.

The secondary fields (i.e. R_μ, R̄_μ, S_μ, s, s̄) can be expressed in terms of the basic fields (i.e. A_μ, C, C̄, B, B) of the Lagrangian density (2.2) by exploiting the horizontality condition (F̃^{(2)} = F^{(2)}) where the super curvature 2-form F̃^{(2)} = d̃Ã^{(1)}, defined on the (2 + 2)- dimensional supermanifold, is equated with the ordinary 2-form curvature F^{(2)} = dA^{(1)}, defined on the 2D ordinary flat Minkowskian spacetime manifold. The explicit expressions for these forms are

F̃ (2) =^1_2 (dZ M ∧ dZ N ) F̃_{M N} = d̃Ã(1), F (2) =^1_2 (dxμ ∧ dxν ) F_{μν} = dA(1), (2.8)

where the exact expressions for d̃, Ã^{(1)} and d̃Ã^{(1)} = F̃^{(2)} (constructed by d̃, Ã^{(1)}), are d̃ = dZ M ∂_M = dxμ ∂_μ + dθ ∂_θ + dθ̄ ∂_{θ̄} , Ã^{(1)} = dZ^M Ã_M = dx^μ B_μ(x, θ, θ̄) + dθ Φ̄(x, θ, θ̄) + dθ̄ Φ(x, θ, θ̄), (2.9) F̃ (2) = d̃Ã(1) = (dxμ ∧ dxν ) (∂_μB_ν ) − (dθ ∧ dθ) (∂_θΦ̄) + (dxμ ∧ dθ̄)(∂_μΦ − ∂_{θ̄} B_μ) + (dx^μ ∧ dθ)(∂_μΦ̄ − ∂_θB_μ) − (dθ̄ ∧ dθ̄)(∂¯_θΦ) − (dθ ∧ dθ̄)(∂_θΦ + ∂¯_θΦ̄). (2.10) Ultimately, the application of soul-flatness (horizontality) condition (d̃Ã^{(1)} = dA^{(1)}), leads to the following restrictions (cf. (2.11) ) and thereby the ensuing relationships (cf. (2.12))

∂_μΦ = ∂¯_θB_μ, ∂_μΦ̄ = ∂_θB_μ, ∂_θΦ̄ = ∂¯_θΦ = 0, ∂_μR_ν = ∂_ν R_μ, ∂_μR̄_ν = ∂_νR̄_μ, ∂_θΦ + ∂¯_θΦ̄ = 0,

(2.11)

R_μ (x) = ∂_μ C(x), R̄_μ (x) = ∂_μ C̄(x), S_μ (x) = ∂_μB (x), B (x) = B̄ (x) = 0, s̄ (x) = s (x) = 0, B(x) + B̄(x) = 0.

(2.12)

The insertion of all the above values into the most general expansion (2.7) on the (2 + 2)- dimensional supermanifold leads to the derivation of the off-shell nilpotent (anti-)BRST transformations for the most basic fields A_μ, C, C̄ as expressed below

B_μ (x, θ, θ̄) = A_μ(x) + θ (s_{ab}A_μ(x)) + θ̄ (s_bA_μ(x)) + θ θ̄ (s_bs_{ab}A_μ(x)), Φ (x, θ, θ̄) = C(x) + θ (s_{ab}C(x)) + θ̄ (s_bC(x)) + θ θ̄ (s_b s_{ab}C(x)), Φ̄ (x, θ, θ̄) = C̄(x) + θ (s_{ab}C̄(x)) + θ̄ (s_bC̄(x)) + θ θ̄ (s_b s_{ab}C̄(x)).

(2.13)

It should be noted that (i) the third- and the fourth terms in the above expansion of Φ(x, θ, θ̄) and the second- and the fourth terms of the above expansion of Φ̄(x, θ, θ̄) are exactly equal to zero because s_bC = 0, s_{ab}C̄ = 0, s_{(a)b}B = 0. (ii) A comparison with (2.5) establishes the geometrical interpretation for the nilpotent (Q^2_{(a)b} = 0) (anti-)BRST charges Q_{(a)b} as the translation generators along (θ)θ̄-directions of the supermanifold. In fact, there exists a mapping

s_b ↔ Lim_{θ→0} ∂ ∂θ̄ ↔ Q_b, s_{ab} ↔ Lim¯_{θ→0} ∂ ∂θ ↔ Q_{ab}, (2.14) among the (anti-)BRST transformations s_{(a)b}, the translation generators along (θ)θ̄- direction of the supermanifold and the nilpotent (anti-)BRST charges Q_{(a)b}. (iii) The geometrical interpretation of the nilpotency property is contained in the translations generators which satisfy (∂/∂θ)^2 = (∂/∂θ̄)^2 = 0. (iv) The anticommutativity properties of the transformations s_bs_{ab}+s_{ab}s_b = 0 and their corresponding generators Q_bQ_{ab}+Q_{ab}Q_b = 0 are reflected in the specific property of the translation generators (∂/∂θ)(∂/∂θ̄) + (∂/∂θ̄)(∂/∂θ) = 0. (v) Under the (anti-)BRST transformations, the superfields (Φ̄)Φ convert themselves from the general superfields (cf. (2.7)) to the (anti-)chiral superfields (i.e. Φ(x, θ, θ̄) = C(x) − i θ B(x), Φ̄(x, θ, θ̄) = C̄(x) + i θ̄ B(x)) because these satisfy ∂¯_θΦ = 0, ∂_θΦ̄ = 0.

2.2 Hodge duality operation on (2 + 2)-dimensional supermanifold

It is evident from the previous Section that we have been able to derive the local, covariant, nilpotent (s^2_{(a)b} = 0) and anticommuting (s_bs_{ab} + s_{ab}s_b = 0) (anti-)BRST symmetry transformations s_{(a)b} without any recourse to the definition of the Hodge duality operation. This is primarily due to the fact that we have exploited only the (super) exterior derivatives (d̃)d and the (super) 1-form connections (Ã^{(1)})A^{(1)} in the horizontality condition d̃Ã^{(1)} = dA^{(1)} where the Hodge duality operation plays no role at all. For the derivation of the local, covariant, nilpotent (s^2_{(a)d} = 0) and anticommuting (s_ds_{ad} + s_{ad}s_d = 0) (anti-)co-BRST symmetry transformations s_{(a)d}, we have to tap the potential and power of the super coexterior derivative δ̃ = − ⋆ d̃⋆ and the ordinary co-exterior derivative δ = − ∗ d∗ in the dual-horizontality condition δ̃Ã^{(1)} = δA^{(1)}, where (i) ⋆ and ∗ are the Hodge duality operations, and (ii) Ã^{(1)} and A^{(1)} are the (super) 1-form connections on the supermanifold and ordinary manifold, respectively. On the four (2 + 2)-dimensional supermanifold, there exist three independent 4-forms (and their linear combinations are also allowed). These independent 4-forms are

ϕ_1 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄) F_{μνθ}¯_θ , ϕ_2 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ ∧ dθ) F_{μνθθ} , ϕ_3 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄) F_{μν}¯_θ¯_θ. (2.15) It will be noted that (i) the wedge product between the pure Grassmannian differentials is symmetric (i.e. dθ ∧ dθ = dθ ∧ dθ, dθ ∧ dθ̄ = dθ̄ ∧ dθ, dθ̄ ∧ dθ̄ = dθ̄ ∧ dθ̄), the wedge product between the pure spacetime differentials is antisymmetric (i.e. dx^μ ∧ dx^ν = −dx^ν ∧ dx^μ), and the wedge product between the mixed differentials is also antisymmetric (i.e dx^μ ∧dθ = −dθ ∧ dx^μ, dx^μ ∧ dθ̄ = −dθ̄ ∧ dx^μ). Accordingly, the covariant indices of F’s will also be symmetric as well as antisymmetric corresponding to our specific choice of these indices. (ii) On the (2 + 2)-dimensional supermanifold, more than two spacetime- as well as two Grassmannian differentials (e.g. dx^μ ∧dx^ν ∧dx^λ ∧dθ, dx^μ ∧dθ∧dθ∧dθ̄ etc.) are not allowed. (iii) For the present supermanifold, the overall numerical factors (e.g.^1_{2!} ), present in the definition of the superforms (e.g. (2.15)), correspond to such numerical factors present in the definition of ordinary forms on the ordinary spacetime manifold. (iv) The Hodge duality ⋆ operation for some selected super-forms on a six (4 + 2)-dimensional supermanifold have been defined in our earlier work [42]. However, some ad-hoc assumptions have been made in [42]. No such assumptions have been made in our present Hodge duality ⋆ definitions. (v) The operation of the Hodge duality on a given form does not affect F’s per se. However, the wedge products, present in the above forms, are affected by the Hodge duality operation. For instance, a single Hodge duality ⋆ operation on the wedge product of the above cited differentials of the 4-forms, on the (2 + 2)-dimensional supermanifold, is ⋆ (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄) = ε^{μν} , ⋆ (dx^μ ∧ dx^ν ∧ dθ ∧ dθ) = ε^{μν} s^{θθ} , ⋆ (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄) = ε^{μν} s^{θ̄θ̄} , (2.16)

which, ultimately, imply the following zero-forms:

⋆ ϕ_1 =^1_{2!} ε^{μν} F_{μνθ}¯_θ , ⋆ ϕ_2 =^1_{2!} ε^{μν} s^{θθ} F_{μνθθ} , ⋆ ϕ_3 =^1_{2!} ε^{μν} s^{θ̄θ̄} F_{μν}¯_θ¯_θ. (2.17) At this juncture, a few comments are in order. First, in contrast to the ordinary spacetime differentials where (dx^μ ∧ dx^μ) = 0, the Grassmann differentials of the form (dθ ∧ dθ) and (dθ̄ ∧ dθ̄) are non-zero on the supermanifold. Second, the coordinates x^0, x^1, θ, θ̄ correspond to the four linearly independent directions on the (2 + 2)-dimensional supermanifold. This is why, a single ⋆ operation on (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄) yields only ε^{μν} on the r.h.s. The same does not happen when we take a single ⋆ operation on (dx^μ ∧ dx^ν ∧ dθ ∧ dθ) and (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄) because (dθ ∧ dθ) and (dθ̄ ∧ dθ̄) do not incorporate the linearly independent differentials dθ and dθ̄ together. Third, the symmetric quantities s^{θθ} and s^{θ̄θ̄} have been introduced so that one can keep track of the Grassmannian wedge products when a second Hodge duality operation is applied on a given form. For instance, two successive ⋆ operations on the wedge products corresponding to the independent 4-forms, yield the following ⋆ [ ⋆ (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄) ] = − (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄), ⋆ [ ⋆ (dx^μ ∧ dx^ν ∧ dθ ∧ dθ) ] = − (dx^μ ∧ dx^ν ∧ dθ ∧ dθ), ⋆ [ ⋆ (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄) ] = − (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄), (2.18) where we have used the following inputs while taking the second ⋆ operation

⋆ [ ε^{μν} ] =^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ ∧ dθ̄) ε^{μν} , ⋆ [ ε^{μν} s^{θθ} ] =^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ ∧ dθ) ε^{μν} , ⋆ [ ε^{μν} s^{θ̄θ̄} ] =^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ̄ ∧ dθ̄) ε^{μν} .

(2.19)

Thus, it is clear that the presence of the constant symmetric factors s^{θθ} , s^{θ̄θ̄} in (2.16) do provide a kind of guidance for the operation of a couple of Hodge duality ⋆ operations on a given wedge product (see, e.g., (2.18) and (2.19)). The double ⋆ operations are essential because our ⋆ definition should comply with the general requirements of a duality invariant theory where ⋆(⋆G) = ±G is true for any arbitrary form G (see, e.g., [39]).

Let us concentrate now on the 3-forms. These independent forms are five in number on the (2 + 2)-dimensional supermanifold. These are as given below

τ_1 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ) T_{μνθ} , τ_2 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ̄) T_{μν}¯_θ , τ_3 = (dx^μ ∧ dθ ∧ dθ) T_{μθθ} , τ_4 = (dx^μ ∧ dθ̄ ∧ dθ̄) T_μ¯_θ¯_θ, τ_5 = (dx^μ ∧ dθ ∧ dθ̄) T_{μθ}¯_θ. (2.20)

As discussed earlier, the operation of the Hodge duality would affect the wedge products. This is why, we shall obtain a set of 1-forms as the dual to the above 3-forms. The explicit expressions for a single ⋆ operation on the wedge products corresponding to 3-forms, are ⋆ (dx^μ ∧ dx^ν ∧ dθ) = ε^{μν} (dθ̄), ⋆ (dx^μ ∧ dx^ν ∧ dθ̄) = ε^{μν} (dθ), ⋆ (dx^μ ∧ dθ ∧ dθ̄) = ε^{μν} (dx_ν ), ⋆ (dx^μ ∧ dθ̄ ∧ dθ̄) = ε^{μν} (dx_ν )s^{θ̄θ̄}, ⋆ (dx^μ ∧ dθ ∧ dθ) = ε^{μν} (dx_ν )s^{θθ} . (2.21)

Application of (2.21) to (2.20) (with inputs as the analogue of (2.19)) imply

⋆ τ_1 =^1_{2!} ε^{μν} (dθ̄) T_{μνθ} , ⋆ τ_2 =^1_{2!} ε^{μν} (dθ) T_{μν}¯_θ , ⋆ τ_3 = ε^{μν} s^{θθ} (dx_ν ) T_{μθθ} , ⋆ τ_4 = ε^{μν} s^{θ̄θ̄} (dx_ν ) T_μ¯_θ¯_θ, ⋆ τ_5 = ε^{μν} (dx_ν ) T_{μθ}¯_θ ,

(2.22)

which are dual to the 3-forms given in (2.20). The double ⋆ operation on the wedge products corresponding to 3-forms, are ⋆ [ ⋆ (dx^μ ∧ dx^ν ∧ dθ) ] = −(dx^μ ∧ dx^ν ∧ dθ), ⋆ [ ⋆ (dx^μ ∧ dx^ν ∧ dθ̄) ] = −(dx^μ ∧ dx^ν ∧ dθ̄), ⋆ [ ⋆ (dx^μ ∧ dθ ∧ dθ̄) ] = + (dx^μ ∧ dθ ∧ dθ̄), ⋆ [ ⋆ (dx^μ ∧ dθ ∧ dθ) ] = +(dx^μ ∧ dθ ∧ dθ), ⋆ [ ⋆ (dx^μ ∧ dθ̄ ∧ dθ̄) ] = + (dx^μ ∧ dθ̄ ∧ dθ̄). (2.23)

There exist six independent 2-forms on the four (2 + 2)-dimensional supermanifold as

χ_1 =^1_{2!} (dx^μ ∧ dx^ν ) S_{μν} , χ_2 = (dθ ∧ dθ̄) S_θ¯_θ , χ_3 = (dθ ∧ dθ) S_{θθ} , χ_4 = (dθ̄ ∧ dθ̄) S¯_θ¯_θ , χ_5 = (dx^μ ∧ dθ) S_{μθ} , χ_6 = (dx^μ ∧ dθ̄) S_μ¯_θ.

(2.24)

A single ⋆ operation on the wedge products corresponding to the above 2-forms are as ⋆ (dx^μ ∧ dx^ν ) = ε^{μν} (dθ ∧ dθ̄), ⋆ (dθ ∧ dθ̄) =^1_{2!} ε^{μν} (dx_μ ∧ dx_ν ), ⋆ (dθ ∧ dθ) =^1_{2!} s^{θθ} ε^{μν} (dx_μ ∧ dx_ν ), ⋆ (dθ̄ ∧ dθ̄) =^1_{2!} s^{θ̄θ̄}ε^{μν} (dx_μ ∧ dx_ν ), ⋆ (dx^μ ∧ dθ) = ε^{μν} (dx_ν ∧ dθ̄), ⋆ (dx^μ ∧ dθ̄) = ε^{μν} (dx_ν ∧ dθ), (2.25)

which clearly establish the fact that the dual of 2-forms (cf. 2.24) are 2-forms on a four (2 + 2)-dimensional supermanifold as listed below

⋆ χ_1 =^1_{2!} ε^{μν} (dθ ∧ dθ̄) S_{μν} , ⋆ χ_2 =^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ) S_θ¯_θ , ⋆ χ_3 = s^{θθ 1}_{2!} ε_{μν} (dx^μ ∧ dx^ν ) S_{θθ} , ⋆ χ_4 = s^{θ̄θ̄ 1}_{2!} ε_{μν} (dx^μ ∧ dx^ν ) S¯_θ¯_θ , ⋆ χ_5 = ε^{μν} (dx_ν ∧ dθ̄) S_{μθ}, ⋆ χ_6 = ε^{μν} (dx_ν ∧ dθ) S_μ¯_θ .

(2.26)

The double ⋆ operation on the wedge products corresponding to the six independent 2-forms on the (2 + 2)-dimensional supermanifold is ⋆ [ ⋆ (dx^μ ∧ dx^ν ) ] = − (dx^μ ∧ dx^ν ), ⋆ [ ⋆ (dθ ∧ dθ̄) ] = − (dθ ∧ dθ̄), ⋆ [ ⋆ (dθ ∧ dθ)] = − (dθ ∧ dθ), ⋆ [ ⋆ (dθ̄ ∧ dθ̄) ] = − (dθ̄ ∧ dθ̄), ⋆ [ ⋆ (dx^μ ∧ dθ) ] = + (dx^μ ∧ dθ), ⋆ [ ⋆ (dx^μ ∧ dθ̄) ] = + (dx^μ ∧ dθ̄). (2.27)

It is straightforward to guess that there exist only three independent 1-forms on the four (2 + 2)-dimensional supermanifold as^¶

α_1 = (dx^μ) A_μ, α_2 = (dθ) A_θ, α_3 = (dθ̄) A¯_θ. (2.28)

A single ⋆ operation on the above independent 1-forms would lead to the 3-forms on the four (2 + 2)-dimensional supermanifold. The operation of the single Hodge duality on the independent 1-form differentials are ⋆ (dx^μ) = ε^{μν} (dx_ν ∧ dθ ∧ dθ̄), ⋆ (dθ) =^1_{2!} ε^{μν} (dx_μ ∧ dx_ν ∧ dθ̄), ⋆ (dθ̄) =^1_{2!} ε^{μν} (dx_μ ∧ dx_ν ∧ dθ), (2.29)

which finally imply the following independent 3-forms corresponding to the independent 1-forms of equation (2.28), defined on the (2 + 2)-dimensional supermanifold, namely;

⋆ α_1 = ε^{μν} (dx_ν ∧ dθ ∧ dθ̄) A_μ, ⋆ α_2 =^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ̄) A_θ , ⋆ α_3 =^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ) A¯_θ.

(2.30)

The result of a couple of successive ⋆ operations on the differentials, corresponding to the 1-forms on the (2 + 2)-dimensional supermanifold, is given by

⋆ [ ⋆ (dx^μ) ] = + (dx^μ), ⋆ [ ⋆ (dθ) ] = − (dθ), ⋆ [ ⋆ (dθ̄) ] = − (dθ̄). (2.31)

¶In general, a set of three 1-forms can be constructed from the spacetime differential (dx_μ). These are α^{(1)}_1 = dx^μA^{(1)}_μ , α^{(2)}_1 = dx^μs^{θθ}A^{(2)}_μ , α^{(3)}_1 = dx^μs^{θ̄θ̄}A^{(3)}_μ . A single ⋆ operation yields ⋆ (dx^μ) = ε^{μν} (dx_ν ∧ dθ ∧ dθ̄), ⋆ [dx^μs^{θθ}] = ε^{μν} (dx_ν ∧ dθ ∧ dθ), ⋆ [dx^μs^{θ̄θ̄}] = ε^{μν} (dx_ν ∧ dθ̄ ∧ dθ̄). For obvious reasons, such kind of a triplet of 1-forms can not be constructed from the 1-forms α_2 as well as α_3 because their Hodge dual forms are not well defined on a (2 + 2)-dimensional supermanifold.

We shall be exploiting the above Hodge duality operations on the wedge products of the differentials of a given form in the forthcoming Section 2.3 in the context of the derivation of the (anti-)co-BRST symmetries for the 2D free 1-form Abelian gauge theory considered on a four (2 + 2)-dimensional supermanifold.

2.3 Superfield formulation of (anti-)co-BRST symmetries for 2D theory

It is clear from the symmetry transformations (2.4) that the local, covariant, continuous, nilpotent (s^2_{(a)d} = 0) and anticommuting (s_ds_{ad} + s_{ad}s_d = 0) (anti-)co-BRST symmetries s_{(a)d} exist for the Lagrangian density (2.2) describing the free (non-interacting) Abelian gauge theory on the flat 2D Minkowskian spacetime manifold. Exploiting the dual-horizontality condition δ̃Ã^{(1)} = δA^{(1)} with the following inputs

δ̃Ã(1) = − ⋆ d̃ ⋆ Ã(1), δA(1) = − ∗ d ∗ A(1) = (∂ · A), (2.32)

we expect to obtain all the secondary fields of the super expansion (2.7) in terms of the basic fields of the Lagrangian density (2.2) of the theory. Towards this goal in mind, we first explicitly compute δ̃Ã^{(1)} = − ⋆ d̃ ⋆ Ã^{(1)} taking the help of the definitions (2.9) and the Hodge duality operations discussed earlier. First, the dual (⋆Ã^{(1)}) of the super 1-form connection Ã^{(1)} = dZ^M Ã_M is a 3-form on the (2 + 2)-dimensional supermanifold. The explicit expression for this 3-form (i.e. dual to the 1-form super connection Ã^{(1)}) is

⋆ Ã^{(1)} = ε^{μν} (dx_ν ∧ dθ ∧ dθ̄) B_μ +^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ̄) Φ̄ +^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ) Φ,

(2.33)

where we have used the definition of the 1-form super connection Ã^{(1)} from (2.9) and the Hodge duality operations on the 1-forms from (2.29). We apply now the super exterior derivative d̃ = dZ^M ∂_M from (2.9) on the 3-form dual super connection (2.33), the outcome is d̃ (⋆Ã(1)) = εμν (dx_ξ ∧ dx_ν ∧ dθ ∧ dθ̄) (∂ξB_μ) −^1_{2!} ε_{σρ} (dxσ ∧ dxρ ∧ dθ ∧ dθ̄) (∂_θΦ̄) −^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ̄ ∧ dθ̄) (∂¯_θΦ̄) −^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ ∧ dθ̄) (∂¯_θΦ) −^1_{2!} ε_{σρ} (dx^σ ∧ dx^ρ ∧ dθ ∧ dθ) (∂_θΦ). (2.34) A few remarks are in order. First, all the wedge products with more than two spacetime differentials- as well as Grassmannian differentials are dropped out because a (2 + 2)- dimensional supermanifold cannot support such forms. Second, the negative signs, in the above, have cropped up because (dθ∂_θ)(dx^μ ∧ dx^ν ∧ dθ)Φ̄ = −(dx^μ ∧ dx^ν ∧ dθ ∧ dθ) ∂_θΦ̄, etc. The stage is now set for the application of the (−⋆) on the above super 4-forms which will lead to the derivation of a 0-form (superscalar) on the supermanifold. Exploiting the Hodge duality operation, defined in (2.16), we obtain the following expression

δ̃Ã(1) = − ⋆ d̃ ⋆ Ã(1) = (∂ · B) − (∂_θΦ̄ + ∂_{θ̄}Φ) − sθθ (∂_θΦ) − s^¯θ^¯θ (∂_{θ̄}Φ̄), (2.35) where we have used ε_{σρ}ε^{σρ} = −2!, ε^{μν} ε_{ξν} = −δ^μ_ξ , etc. When the above superscalar is equated with the ordinary scalar (i.e. δA^{(1)} = − ∗ d ∗ A^{(1)} = (∂ · A)) due to the requirement of the dual-horizontality condition (i.e. δ̃Ã^{(1)} = δA^{(1)}), we obtain the following restrictions

(∂ · B) − (∂_θΦ̄ + ∂¯_θΦ) = (∂ · A), ∂_θΦ = 0, ∂¯_θΦ̄ = 0. (2.36)

The insertion of the most general super expansions (cf. (2.7)) on the (2 + 2)-dimensional supermanifold for the superfields B_μ(x, θ, θ̄), Φ(x, θ, θ̄), Φ̄(x, θ, θ̄) into the above restriction leads to (∂ · R)(x) = 0, (∂ · R̄)(x) = 0, (∂ · S)(x) = 0, s(x) = s̄(x) = B(x) = B̄(x) = 0, B(x) + B̄(x) = 0. (2.37) It is worthwhile to mention that, unlike the horizontality condition where the secondary fields are expressed explicitly and exactly in terms of the basic fields of the Lagrangian density (2.2), the dual-horizontality condition provides only the restrictions that are quoted in (2.37). For the 2D free Abelian gauge theory, the local, covariant and continuous solutions for the above restrictions exist as given below^‖ R_μ = −ε_{μν} ∂^νC̄, R̄_μ = −ε_{μν} ∂^ν C, S_μ = +ε_{μν} ∂^ν B. (2.38) Substitution of the above values into the most general super expansion in (2.7) leads to the following expression for the expansion vis-à-vis the off-shell nilpotent (anti-)co-BRST transformations of equation (2.4):

B_μ (x, θ, θ̄) = A_μ(x) + θ (s_{ad}A_μ(x)) + θ̄ (s_dA_μ(x)) + θ θ̄ (s_ds_{ad}A_μ(x)), Φ (x, θ, θ̄) = C(x) + θ (s_{ad}C(x)) + θ̄ (s_dC(x)) + θ θ̄ (s_d s_{ad}C(x)), Φ̄ (x, θ, θ̄) = C̄(x) + θ (s_{ad}C̄(x)) + θ̄ (s_dC̄(x)) + θ θ̄ (s_d s_{ad}C̄(x)).

(2.39)

This equation is the analogue of the expansion in (2.13) where (anti-)BRST symmetry transformations have been derived. It is clear from (2.39) (which produces the (anti-)co- BRST transformations for the basic fields A_μ, C, C̄) that (anti-)co-BRST nilpotent charges Q_{(a)d}, similar to the (anti-)BRST charges Q_{(a)b}, correspond to the translation generators (∂/∂θ, ∂/∂θ̄) along the Grassmannian directions (θ)θ̄ of the supermanifold. However, there is a clear-cut distinction between these two sets of charges when it comes to the discussion of the nilpotent transformations for the (anti-)ghost fields corresponding to the fermionic superfields Φ and Φ̄. For instance, under the nilpotent anti-BRST transformations, the superfield Φ becomes anti-chiral (i.e. Φ = C + θ (s_{ab}C(x))) but the same superfield becomes chiral (i.e. P hi = C(x) + θ̄ (s_dC(x))) due to the co-BRST transformations. Similar arguments and interpretations can be provided for the nature of the superfield Φ̄ as far as the off-shell nilpotent BRST and anti-co-BRST transformations are concerned.

‖It will be noted that the non-local and non-covariant solutions to the restrictions (2.37) also exist. For the 2D Abelian case, we have R_0 = iC̄, R_1 = i(∂_0∂_1/∇^2)C̄, R̄_0 = iC, R̄_1 = i(∂_0∂_1/∇^2)C, etc. However, for our present discussions, we avoid such kind of pathological choices. In fact, for the 4D Abelian theory, this kind of symmetries exist, too (see, e.g. [40,41], for details).

3 (Anti-)BRST and (anti-)co-BRST symmetries for 4D theory: a brief synopsis

Let us start off with the analogue of the Lagrangian density (2.1) for the 4D free Abelian gauge theory defined on the four dimensional^{∗∗} ordinary flat Minkowski spacetime manifold

L^{(4)}_b = − 1 4 F^{μν} F_{μν} + B(∂ · A) + 1 2 B^2 − i∂_μC̄∂^μC, ≡ 1 2 (E^2 − B^2) + B(∂ · A) + 1 2 B^2 − i∂_μC̄∂^μC, (3.1)

where the field strength tensor F_{μν} = ∂_μA_ν − ∂_ν A_μ, constructed from d = dx^μ∂_μ and the 1- form A^{(1)} = dx^μA_μ through F^{(2)} = dA^{(1)} =^1_2 (dx^μ ∧dx^ν )F_{μν} , has the electric (F_{0i} = E_i = E) and the magnetic (F_{ij} = ϵ_{ijk} B_k, B_i = B = −^1_2 ϵ_{ijk} F_{jk}) components and the gauge-fixing term (∂ · A) = ∂_0A_0 − ∂_iA_i is constructed by the application of the nilpotent (δ^2 = 0) coexterior derivative δ = − ∗ d∗ on the 1-form A^{(1)} = dx^μA_μ (i.e. δA^{(1)} = (∂ · A)). Here the Hodge duality ∗ operation is defined on the 4D Minkowskian flat spacetime manifold. All the other symbols carry the same meaning as discussed in Section 2. The above Lagrangian density can be linearized by introducing a couple of vector auxiliary fields b^{(1)}, b^{(2)} as [42]

L^{(4)}_B = b^{(1)}_i E_i −^1_2 (b^{(1)})^2 − b^{(2)}_i B_i +^1_2 (b^{(2)})^2 + B(∂ · A) +^1_2 B^2 − i∂_μC̄∂^μC. (3.2). The above Lagrangian density respects the following local, covariant, continuous, off-shell nilpotent (s^2_{(a)b} = 0) and anticommuting (s_bs_{ab} + s_{ab}s_b = 0) (anti-)BRST (s_{(a)b}) symmetry transformations [42] s_bA_μ = ∂_μC, s_bC = 0, s_bC̄ = iB, s_bB = 0, s_bB = 0, s_bb^{(1)} = 0, s_bb^{(2)} = 0, s_bE = 0, s_{ab}A_μ = ∂_μC̄, s_{ab}C̄ = 0, s_{ab}C = −iB, s_{ab}B = 0, s_{ab}B = 0, s_{ab}b^{(1)} = 0, s_{ab}b^{(2)} = 0, s_{ab}E = 0,

(3.3)

because (3.2) transforms to a total derivative under the above transformations. Furthermore, the same Lagrangian density is endowed with the following non-local, non-covariant, continuous, off-shell nilpotent (s^2_{(a)d} = 0) and anticommuting (s_ds_{ad} + s_{ad}s_d = 0) (anti-)co- BRST symmetry transformations (s_{(a)d}) (see, e.g., [40-42] for details)

s_dA_0 = iC̄, s_dA_i = i

∂_0∂_i ∇^2

C̄, s_dC̄ = 0, s_dB = 0, s_db(1) = 0,

s_dC = +

∂_ib^{(1)}_i ∇^2

, s_dB = 0, s_db^{(2)} = 0, s_d(∂ · A) = 0, s_{ad}A_0 = iC, s_{ad}A_i = i ∂_0∂_i ∇^2

C, s_{ad}C = 0, s_{ad}B = 0, s_{ad}b^{(1)} = 0, s_{ad}C̄ = − ∂_ib^{(1)}_i ∇^2

, s_{ad}B = 0, s_{ad}b^{(2)} = 0, s_{ad}(∂ · A) = 0,

(3.4)

∗∗We follow here the notations and conventions such that 4D Minkowskian manifold is endowed with a flat metric η_{μν} = diag (+1, −1, −1, −1) and the totally antisymmetric 4D Levi-Civita tensor ε_{μνλζ} is chosen to satisfy ε_{0123} = +1 = −ε^{0123}, ε_{0ijk} = ϵ_{ijk} = −ε^{0ijk}, ε_{μνλζ} ε^{μνλζ} = −4!, ε_{μνλζ}ε^{μνλρ} = −3!δ^ρ_ζ etc. Here the Greek indices μ, ν, λ.... = 0, 1, 2, 3 correspond to the spacetime directions on the 4D ordinary manifold and the Latin indices i, j, k.... = 1, 2, 3 stand for the space directions only. The 3-vectors are occasionally represented by the bold faced letters (i.e. B = B_i, E = E_i, b^{(1)} = b^{(1)}_i , b^{(2)} = b^{(2)}_i , etc.)

where ∇^2 = ∂_i∂_i = (∂_1)^2 + (∂_2)^2 + (∂_3)^2. At this stage, a few comments are in order. (i) It is clear that the (anti-)BRST symmetry transformations are local, covariant, continuous, nilpotent and anticommuting. In contrast, the (ant-)co-BRST symmetry transformations are non-local, non-covariant, continuous, nilpotent and anticommuting. (ii) The nilpotent (anti-)BRST as well as (anti-)co-BRST transformations keep the magnetic field B invariant. (iii) Under the (anti-)BRST and (anti-)co-BRST transformations, the 2-form F^{(2)} = dA^{(1)} and the 0-form (∂ · A) = δA^{(1)} remain invariant, respectively. (iv) It is evident that the anticommutator {s_d, s_b} = {s_{ab}, s_{ad}} = s_w leads to the definition of a non-nilpotent bosonic symmetry s_w . However, the exact expressions for these transformations are not essential for our present discussions. (v) The global scale transformations on the (anti-)ghost fields define the ghost symmetry in the theory. The corresponding conserved charge is the ghost charge Q_g. (vi) The above conserved Noether charges generate the transformations (2.5).

3.1 Superfield formulation of (anti-)BRST symmetries for 4D theory

We consider the free four (3 + 1)-dimensional (4D) Abelian gauge theory on a six (4 + 2)- dimensional supermanifold parametrized by the four spacetime x^μ(μ = 0, 1, 2, 3) bosonic variables and a couple of odd (θ^2 = θ̄^2 = 0, θθ̄ + θ̄θ = 0) Grassmannian variables θ and θ̄. The local basic fields (A_μ(x), C(x), C̄(x)) of the Lagrangian density (3.1) are now generalized to the superfields (B_μ(x, θ, θ̄), Φ(x, θ, θ̄), Φ̄(x, θ, θ̄) on the six dimensional supermanifold. These latter superfields can be expanded in terms of the basic fields as given in (2.7). However, there is a subtle difference between the expansion on the four (2 + 2)-dimensional (cf. Section 2) and the six (4+2)-dimensional supermanifold. For instance, in the following B_μ (x, θ, θ̄) = A_μ(x) + θ R̄_μ(x) + θ̄ R_μ(x) + i θ θ̄ S_μ(x), Φ (x, θ, θ̄) = C(x) + i θ B̄(x) − i θ̄ B(x) + i θ θ̄ s(x), Φ̄ (x, θ, θ̄) = C̄(x) − i θ B̄(x)) + i θ̄ B(x) + i θ θ̄ s̄(x), (3.5)

the auxiliary scalar fields B and B̄ are not the ones that have been written for the 2D free Abelian gauge theory. In particular, the auxiliary scalar field B appears explicitly in the Lagrangian density (2.2) for the 2D theory. However, it does not appear explicitly in the Lagrangian density of the 4D theory. All the rest of the steps are exactly the same (see, e.g., equations (2.8)–(2.12)) as discussed in the sub-section 2.1 for the discussion of the 2D Abelian theory on a (2+2)-dimensional supermanifold. Finally, the horizontality condition d̃Ã(1) = dA(1) leads to the derivation of the nilpotent (anti-)BRST symmetry transformations (3.3) for the 4D free Abelian gauge theory as expressed below in the language of the superfield expansion on the six (4+2)-dimensional supermanifold (see, e.g., [42] for details) B_μ (x, θ, θ̄) = A_μ(x) + θ (s_{ab}A_μ(x)) + θ̄ (s_bA_μ(x)) + θ θ̄ (s_bs_{ab}A_μ(x)), Φ (x, θ, θ̄) = C(x) + θ (s_{ab}C(x)) + θ̄ (s_bC(x)) + θ θ̄ (s_b s_{ab}C(x)), Φ̄ (x, θ, θ̄) = C̄(x) + θ (s_{ab}C̄(x)) + θ̄ (s_bC̄(x)) + θ θ̄ (s_b s_{ab}C̄(x)).

(3.6)

The above equation establishes the geometrical interpretation for the off-shell nilpotent (anti-)BRST charges Q_{(a)b} as the translation generators (∂/∂θ)∂/∂θ̄ along the (θ)θ̄- directions of the six (4 + 2)-dimensional supermanifold. In fact, the process of translations of the superfields (B_μ, Φ, Φ̄) along (θ)θ̄-directions of the supermanifold produces the internal (anti-)BRST symmetry transformations s_{(a)b} (cf. (3.3)) for the local fields (A_μ, C, C̄).

3.2 Hodge duality on (4 + 2)-dimensional supermanifold

To obtain the nilpotent (s^2_{(a)d} = 0) and anticommuting (s_ds_{ad} + s_{ad}s_d = 0) (anti-)co-BRST transformations s_{(a)d} for the basic fields (A_μ, C, C̄) of the 4D free Abelian gauge theory, we have to exploit the dual-horizontality condition δ̃Ã^{(1)} = δA^{(1)} where δ̃ = − ⋆ d̃⋆ and δ = − ∗ d∗ are the super co-exterior derivative and the ordinary co-exterior derivative, respectively. These derivatives are defined on the six (4 + 2)-dimensional supermanifold and the ordinary 4D Minkowskian spacetime manifold. As discussed earlier, d̃ is the super exterior derivative (see, e.g., for the definition, equation (2.9)) and ⋆ and ∗ are the Hodge duality operations on the supermanifold and the ordinary manifold, respectively. The (4 + 2)-dimensional supermanifold can support only three (super) 1-forms as given below

O_1 = dx^μ P_μ, O_2 = dθ P_θ , O_3 = dθ̄ P¯_θ . (3.7)

However, as will become clear later, a triplet of (super) 1-forms can be constructed from the differential dx^μ that is present in the definition of O_1. The Hodge duality ⋆ operation on the above 1-forms produces the following 5-forms ⋆ O_1 =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ ∧ dθ̄) P_μ, ⋆ O_2 =^1_{4!} ε^{μνλζ} (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ̄) P_θ, ⋆ O_3 =^1_{4!} ε^{μνλζ} (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ) P¯_θ. (3.8)

It will be noted, in the above, that (i) the ⋆ operation acts basically on the differentials and it does not act on P ’s. (ii) A linear combination of the 1-forms of (3.7) can also be considered as 1-form. (iii) The double ⋆ operation on the above 1-forms yields

⋆ [ ⋆ O_1 ] = + O_1, ⋆ [ ⋆ O_2 ] = − O_2, ⋆ [ ⋆ O_3 ] = − O_3, (3.9)

where we have used ε^{μνλζ} ε_{νλζρ} = +3!δ^μ_ρ , ε^{μνλζ} ε_{μνλζ} = −4!. Furthermore, we have used the ⋆ operation on the 5-forms which are found to be dual to 1-forms. In fact, the six (4 + 2)-dimensional supermanifold can support five independent 5-forms: ϕ̃_1 =^1_{3!} (dxμ ∧ dxν ∧ dxλ ∧ dθ ∧ dθ̄) F̃_{μνλθθ̄} , ϕ̃_2 =^1_{3!} (dxμ ∧ dxν ∧ dxλ ∧ dθ ∧ dθ) F̃_{μνλθθ} , ϕ̃_3 =^1_{3!} (dxμ ∧ dxν ∧ dxλ ∧ dθ̄ ∧ dθ̄) F̃_{μνλθ̄θ̄} , ϕ̃_4 =^1_{4!} (dxμ ∧ dxν ∧ dxλ ∧ dxζ ∧ dθ) F̃_{μνλζθ} , ϕ̃_5 =^1_{4!} (dxμ ∧ dxν ∧ dxλ ∧ dxζ ∧ dθ̄) F̃_{μνλζθ̄} . (3.10)

The Hodge duality ⋆ operation on the wedge products of the differentials, present in the above 5-forms, yields the following 1-form differentials^{††} ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ ∧ dθ̄) = ε^{μνλζ} (dx_ζ ), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ ∧ dθ) = s^{θθ} ε^{μνλζ} (dx_ζ ), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ̄ ∧ dθ̄) = s^{θ̄θ̄} ε^{μνλζ} (dx_ζ ), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ) = ε^{μνλζ} (dθ̄), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ̄) = ε^{μνλζ} (dθ̄). (3.11)

The presence of the symmetric constants, s^{θθ} and s^{θ̄θ̄} on the r.h.s. of (3.11), enforces the following Hodge duality ⋆ operation ⋆ [ s^{θθ} (dx^μ) ] =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ ∧ dθ), ⋆ [ s^{θ̄θ̄} (dx^μ) ] =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ̄ ∧ dθ̄). (3.12)

Taking into account (3.8), (3.11) and (3.12), it is clear that the double ⋆ operation on the 5-forms in (3.10) leads to

⋆ [ ⋆ ϕ̃_1 ] = + ϕ̃_1, ⋆ [ ⋆ ϕ̃_2 ] = + ϕ̃_2, ⋆ [ ⋆ ϕ̃_3 ] = + ϕ̃_3, ⋆ [ ⋆ ϕ̃_4 ] = − ϕ̃_4, ⋆ [ ⋆ ϕ̃_5 ] = − ϕ̃_5.

(3.13)

The six (4 + 2)-dimensional supermanifold can support six 2-forms analogous to (2.24). Their explicit expressions are as under

χ̃_1 =^1_{2!} (dx^μ ∧ dx^ν ) S̃_{μν} , χ̃_2 = (dθ ∧ dθ̄) S̃_θ¯_θ , χ̃_3 = (dθ ∧ dθ) S̃_{θθ} , χ̃_4 = (dθ̄ ∧ dθ̄) S̃¯_θ¯_θ , χ̃_5 = (dx^μ ∧ dθ) S̃_{μθ} , χ̃_6 = (dx^μ ∧ dθ̄) S̃_μ¯_θ.

(3.14)

It is clear that the components S̃_{μν} , S̃_{μθ}, S̃_μ¯_θ are antisymmetric. However, the components with the Grassmannian indices S̃_{θθ} , S̃¯_θ¯_θ , S̃_θ¯_θ are symmetric. On the above supermanifold, the operation of a single Hodge duality ⋆ operation leads to the definition of 4-forms which are dual to the above 2-forms. In fact, a single ⋆ operation on the wedge products of the differentials of the above 2-forms, are ⋆ (dx^μ ∧ dx^ν ) =^1_{2!} ε^{μνλζ} (dx_λ ∧ dx_ζ ∧ dθ ∧ dθ̄), ⋆ (dθ ∧ dθ̄) =^1_{4!} ε^{μνλζ} (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ), ⋆ (dθ ∧ dθ) =^1_{4!} s^{θθ} ε^{μνλζ} (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ), ⋆ (dθ̄ ∧ dθ̄) =^1_{4!} s^{θ̄θ̄} ε^{μνλζ} (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ), ⋆ (dx^μ ∧ dθ) =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ̄), ⋆ (dx^μ ∧ dθ̄) =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ). (3.15)

††It will be noted that there are three 1-form differentials (dx_μ), s^{θθ}(dx_μ), s^{θ̄θ̄}(dx_μ), constructed from (dx_μ), because the dual 5-form differentials on supermanifold are different for each individual of them. For instance, ⋆ (dx_μ) =^1_{3!} ε_{μνλζ} (dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ̄), ⋆ [s^{θθ}(dx_μ)] =^1_{3!} ε_{μνλζ} (dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ), ⋆ [s^{θ̄θ̄}(dx_μ)] =^1_{3!} ε_{μνλζ} (dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ̄ ∧ dθ̄). Only for the sake of brevity, a single 1-form dx^μP_μ (constructed from dx^μ) is given in (3.7). It will be noted that such kind of a triplet of superforms cannot be associated with O_2 and O_3 because their Hodge duals are not well-defined on the six (4 + 2)-dimensional supermanifold of our present discussion.

This shows that the wedge products of the differentials corresponding to the 4-forms in the above equations are Hodge dual to the wedge products of the differentials corresponding to 2-forms considered (cf. (3.14)) on the six (4 + 2)-dimensional supermanifold. The total number of the independent 4-forms on the above supermanifold are

τ̃_1 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄)T̃_{μνθ}¯_θ , τ̃_2 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄)T̃_{μν}¯_θ¯_θ, τ̃_3 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ ∧ dθ) T̃_{μνθθ} , τ̃_4 =^1_{3!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ̄) T̃_{μνλ}¯_θ , τ̃_5 =^1_{3!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ) T̃_{μνλθ}, τ̃_6 =^1_{4!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ) T̃_{μνλζ} .

(3.16)

It will be noted that the 4-forms with the wedge products (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ), (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ) s^{θθ} , (dx_μ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ) s^{θ̄θ̄} are different because their dual 2-forms are different as can be seen from (3.15). However, for the sake of brevity, we have chosen only one^{‡‡} of these in (3.16). A single ⋆ operation on the wedge products of the differentials corresponding to 4-forms are ⋆ (dx^μ ∧ dx^ν ∧ dθ ∧ dθ̄) =^1_{2!} ε^{μνλζ} (dx_λ ∧ dx_ζ ), ⋆ (dx^μ ∧ dx^ν ∧ dθ̄ ∧ dθ̄) = s^{θ̄θ̄ 1}_{2!} ε^{μνλζ} (dx_λ ∧ dx_ζ ), ⋆ (dx^μ ∧ dx^ν ∧ dθ ∧ dθ) = s^{θθ 1}_{2!} ε^{μνλζ} (dx_λ ∧ dx_ζ ), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ̄) = ε^{μνλζ} (dx_ζ ∧ dθ), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dθ) = ε^{μνλζ} (dx_ζ ∧ dθ̄), ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ) = ε^{μνλζ} (dθ ∧ dθ̄). (3.17)

It is clear from (3.15)–(3.17) that one can compute now the double ⋆ operations on the 2-forms as well as 4-forms. Finally, we focus on the independent 3-forms that can be supported on the (4 + 2)-dimensional supermanifold. There exist six such forms:

σ_1 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ) R_{μνθ} , σ_2 =^1_{2!} (dx^μ ∧ dx^ν ∧ dθ̄) R_{μν}¯_θ , σ_3 = (dx^μ ∧ dθ ∧ dθ) R_{μθθ} , σ_4 = (dx^μ ∧ dθ̄ ∧ dθ̄) R_μ¯_θ¯_θ, σ_5 = (dx^μ ∧ dθ ∧ dθ̄) R_{μθ}¯_θ , σ_6 =^1_{3!} (dx^μ ∧ dx^ν ∧ dx^λ) R_{μνλ}.

(3.18)

A single Hodge duality ⋆ operation on the above 3-forms will lead to the derivation of the dual 3-forms on the six (4 + 2)-dimensional supermanifold. Such an operation will affect the wedge products of the differentials as given below ⋆ (dx^μ ∧ dx^ν ∧ dθ) =^1_{2!} ε^{μνλζ} (dx_λ ∧ dx_ζ ∧ dθ̄), ⋆ (dx^μ ∧ dx^ν ∧ dθ̄) =^1_{2!} ε^{μνλζ} (dx_λ ∧ dx_ζ ∧ dθ), ⋆ (dx^μ ∧ dθ ∧ dθ̄) =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ), ⋆ (dx^μ ∧ dθ ∧ dθ) =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ) s^{θθ} , ⋆ (dx^μ ∧ dθ̄ ∧ dθ̄) =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ) s^{θ̄θ̄} , ⋆ (dx^μ ∧ dx^ν ∧ dx^λ) = ε^{μνλζ} (dx_ζ ∧ dθ ∧ dθ̄). (3.19)

‡‡In principle, one can define a triplet of τ̃_6 form in (3.16). These are τ̃^{(1)}_6 =^1_{4!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ) T̃^{(1)}_{μνλζ} , τ̃^{(2)}_6 =^1_{4!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ) s^{θθ} T̃^{(2)}_{μνλζ} , τ̃^{(3)}_6 =^1_{4!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ) s^{θ̄θ̄} T̃^{(3)}_{μνλζ} . It is obvious that the Hodge dual of these forms are distinct and different. For obvious reasons, no other forms in (3.16) support such kind of a triplet of superforms (as their Hodge dual forms are not well-defined on the supermanifold in the sense that they will contain more than two Grassmannian wedge products).

As expected, there are three 3-forms constructed by the wedge products of the spacetime differentials (dx^μ ∧ dx^ν ∧ dx^λ), (dx^μ ∧ dx^ν ∧ dx^λ)s^{θθ} , (dx^μ ∧ dx^ν ∧ dx^λ)s^{θ̄θ̄} whose Hodge duals are different 3-forms as given below ⋆ (dx^μ ∧ dx^ν ∧ dx^λ) = ε^{μνλζ} (dx_ζ ∧ dθ ∧ dθ̄), ⋆ [ (dx^μ ∧ dx^ν ∧ dx^λ) s^{θθ} ] = ε^{μνλζ} (dx_ζ ∧ dθ ∧ dθ), ⋆ [ (dx^μ ∧ dx^ν ∧ dx^λ) s^{θ̄θ̄} ] = ε^{μνλζ} (dx_ζ ∧ dθ̄ ∧ dθ̄). (3.20)

The above considerations allow us to define the following triplet of σ_6 of (3.18)

σ^{(1)}_6 =^1_{3!} (dx^μ ∧ dx^ν ∧ dx^λ) R^{(1)}_{μνλ}, σ^{(2)}_6 =^1_{3!} (dx^μ ∧ dx^ν ∧ dx^λ) s^{θθ} R^{(2)}_{μνλ}, σ^{(3)}_6 =^1_{3!} (dx^μ ∧ dx^ν ∧ dx^λ) s^{θ̄θ̄} R^{(3)}_{μνλ}.

(3.21)

However, for the sake of brevity, we have taken only one of the above triplets in equation (3.18). It is now straightforward to check that the double Hodge duality ⋆ operations on the 3-forms of (3.18) yield the following

⋆ [ ⋆ σ_1 ] = − σ_1, ⋆ [ ⋆ σ_2 ] = − σ_2, ⋆ [ ⋆ σ_3 ] = + σ_3, ⋆ [ ⋆ σ_4 ] = + σ_4, ⋆ [ ⋆ σ_5 ] = + σ_5, ⋆ [ ⋆ σ_6 ] = + σ_6.

(3.22)

Finally, we do know that the six (4 + 2)-dimensional supermanifold can support three 6-forms, modulo some constant factors, as given below Ψ̃_1 =^1_{4!} (dxμ ∧ dxν ∧ dxλ ∧ dxζ ∧ dθ ∧ dθ̄) G̃_{μνλζθθ̄}, Ψ̃_2 =^1_{4!} (dxμ ∧ dxν ∧ dxλ ∧ dxζ ∧ dθ ∧ dθ) G̃_{μνλζθθ}, Ψ̃_3 =^1_{4!} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ̄ ∧ dθ̄) G̃_{μνλζθ̄θ̄}. (3.23)

A single Hodge duality ⋆ operation on the above 6-forms produces 0-form scalars on the six dimensional supermanifold. Such an operation on the wedge products of the differentials are ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ̄) = ε^{μνλζ} , ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ) = ε^{μνλζ} s^{θθ} , ⋆ (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ̄ ∧ dθ̄) = ε^{μνλζ} s^{θ̄θ̄}. (3.24)

Two consecutive ⋆ operation on the 6-forms of (3.23) leads to

⋆ [ ⋆ Ψ_1 ] = − Ψ_1, ⋆ [ ⋆ Ψ_2 ] = − Ψ_2, ⋆ [ ⋆ Ψ_3 ] = − Ψ_3. (3.25)

It is evident that we have collected, in the present section, all the possible super-forms, their single Hodge dual- as well as their double Hodge dual superforms, etc., that could be defined on the (4 + 2)-dimensional supermanifold.

3.3 Superfield formulation of (anti-)co-BRST symmetries for 4D theory

As evident from (3.4) that the non-local, non-covariant, continuous, off-shell nilpotent and anticommuting (s_ds_{ad} + s_{ad}s_d = 0) (anti-)co-BRST symmetries s_{(a)d} do exist for the 4D free Abelian gauge theory. To obtain these symmetries in the framework of superfield formulation, we have to exploit the dual-horizontality condition δ̃Ã^{(1)} = δA^{(1)} on the six (4 + 2)-dimensional supermanifold. It is clear that the r.h.s. of the above condition (i.e δA^{(1)} = − ∗ d ∗ A^{(1)} = (∂ · A)) is the usual gauge-fixing term on the ordinary 4D spacetime manifold. For the computation of the l.h.s. δ̃Ã^{(1)} = − ⋆ δ ⋆ Ã^{(1)}, we first concentrate on the dual (⋆Ã^{(1)} = ⋆dZ^M Ã_M ) of the super 1-form connection Ã^{(1)}. The ensuing expression for (⋆Ã^{(1)}), due to the Hodge duality operation given in (3.8) and definition (2.9), is ⋆ Ã^{(1)} =^1_{3!} ε^{μνλζ} (dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ ∧ dθ̄) B_μ(x, θ, θ̄) +^1_{4!} ε_{μνλζ} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ̄) Φ̄(x, θ, θ̄) +^1_{4!} ε_{μνλζ} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ) Φ(x, θ, θ̄), (3.26)

which is nothing but the 5-form defined on the six (4 + 2)-dimensional supermanifold. Applying now the super exterior derivative d̃ = dZ^M ∂_M on the above 5-form, we obtain the following 6-form d̃ (⋆Ã(1)) =^1_{3!} εμνλζ (dx_ρ ∧ dx_ν ∧ dx_λ ∧ dx_ζ ∧ dθ ∧ dθ̄) (∂ρB_μ)(x, θ, θ̄) −^1_{4!} ε_{μνλζ} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ̄) (∂_θΦ̄)(x, θ, θ̄) −^1_{4!} ε_{μνλζ} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ̄ ∧ dθ̄) (∂¯_θΦ̄)(x, θ, θ̄) −^1_{4!} ε_{μνλζ} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ̄) (∂¯_θΦ)(x, θ, θ̄) −^1_{4!} ε_{μνλζ} (dx^μ ∧ dx^ν ∧ dx^λ ∧ dx^ζ ∧ dθ ∧ dθ) (∂_θΦ)(x, θ, θ̄). (3.27)

It should be noted that all the wedge products with more than four spacetime differentials and two Grassmannian differentials have been dropped out because on a (4+2)-dimensional supermanifold one cannot define such kind of differential forms. On (3.27), we now apply another (−⋆) to obtain a super 0-form (superscalar) by exploiting the Hodge duality operation defined in (3.24). Such a superscalar is

δ̃Ã(1) = − ⋆ d̃ ⋆ Ã(1) = (∂ · B) − (∂_θΦ̄ + ∂_{θ̄}Φ) − sθθ (∂_θΦ) − s^¯θ^¯θ (∂_{θ̄}Φ̄). (3.28)

Equating the above superscalar with the ordinary scalar δA^{(1)}, due to the dual-horizontality condition (δ̃Ã^{(1)} = δA^{(1)}), we obtain the following relationships

(∂ · B) − (∂_θΦ̄ + ∂¯_θΦ) = (∂ · A), ∂_θΦ = 0, ∂¯_θΦ̄ = 0. (3.29)

The insertion of the most general super expansions (cf. (3.5)) leads to the following restrictions on the secondary fields of expansion (3.5):

(∂ · R)(x) = 0, (∂ · R̄)(x) = 0, (∂ · S)(x) = 0, s(x) = s̄(x) = B(x) = B̄(x) = 0, B(x) + B̄(x) = 0.

(3.30)

Consistent with the statements made after (3.5), the following choices of the secondary fields in terms of the basic fields (see, e.g., [42] for details)

R_0 = iC̄, R_i = i

∂_0∂_i ∇^2

C̄, R̄_0 = iC, R̄_i = i∂^0∂^i ∇^2 C, B = +i ∂_ib^{(1)}_i ∇^2 , B̄ = −i ∂_ib^{(1)}_i ∇^2

, S_0 =

∂_ib^{(1)}_i ∇^2

, S_i =

∂_0∂_i ∇^2

( ∂_j b^{(1)}_j ∇^2 ) , (3.31) do satisfy all the above conditions (3.30), emerging from the application of the dualhorizontality condition. It is worth emphasizing, at this juncture, that the auxiliary field b^{(2)} has not been taken into account in the expansion (3.5) as well as in the choices (3.31) because this field (and its equivalent magnetic field B) do not appear in any transformations listed in (3.3) and (3.4). Furthermore, this field, on its own, does not transform under (co-)BRST transformations. In terms of the transformations in (3.4) and expressions (3.31), we obtain the following expansions

B_0 (x, θ, θ̄) = A_0(x) + θ (s_{ad}A_0(x)) + θ̄ (s_dA_0(x)) + θ θ̄ (s_ds_{ad}A_0(x)), B_i (x, θ, θ̄) = A_i(x) + θ (s_{ad}A_i(x)) + θ̄ (s_dA_i(x)) + θ θ̄ (s_ds_{ad}A_i(x)), Φ (x, θ, θ̄) = C(x) + θ (s_{ad}C(x)) + θ̄ (s_dC(x)) + θ θ̄ (s_d s_{ad}C(x)), Φ̄ (x, θ, θ̄) = C̄(x) + θ (s_{ad}C̄(x)) + θ̄ (s_dC̄(x)) + θ θ̄ (s_d s_{ad}C̄(x)).

(3.32)

The above expansion does establish the geometrical interpretation for the conserved and nilpotent (anti-)co-BRST charges Q_{(a)d} as the translation generators along the Grassmannian directions of the six (4 + 2)-dimensional supermanifold. In fact, there exists some inter-connections among the nilpotent transformations s_{(a)d}, the translations generators along the Grassmannian directions of the supermanifold and the nilpotent charges Q_{(a)d}, as s_d ↔ Lim_{θ→0} ∂ ∂θ̄ ↔ Q_d, s_{ad} ↔ Lim¯_{θ→0} ∂ ∂θ ↔ Q_{ad}. (3.33) The above relationship is the analogue of exactly the same kind of relation existing in the context of the nilpotent (anti-)BRST symmetries (cf. (2.14)).

4 Conclusions

In our present investigation, we have been able to define a consistent Hodge duality ⋆ operation on (i) the four (2 + 2)-dimensional supermanifold, and (ii) the six (4 + 2)-dimensional supermanifold. These definitions are essential for the derivation of the nilpotent (s^2_{(a)d} = 0) (anti-)co-BRST symmetries s_{(a)d} for (i) the two (1+1)-dimensional (2D) free Abelian gauge theory, and (ii) the four (3 + 1)-dimensional (4D) free Abelian gauge theory in the framework of superfield formulation. In fact, the above 2D- and 4D free Abelian gauge theories (described by the local fields that take values on the 2D and 4D flat Minkowskian spacetime manifold) are considered on the four (2 + 2)-dimensional- and six (4 + 2)-dimensional supermanifolds, respectively. Our study on these supermanifolds (described by the superfields that take values on the supermanifold parametrized by the superspace variables Z^M = (x^μ, θ, θ̄)) does provide the geometrical origin and interpretation for the nilpotent (anti-)BRST- and (anti-)co-BRST symmetries (and the corresponding nilpotent generators). The physical application of a consistent definition of the Hodge duality ⋆ operation turns up in the context of the dual-horizontality condition δ̃Ã^{(1)} = δA^{(1)} where the use of the super co-exterior derivative δ̃ = − ⋆ d̃⋆ (on the l.h.s.) does require a consistent definition of the ⋆ operation. In fact, the existence of the nilpotent (anti-)co-BRST symmetry transformations owes its origin to the (super) co-exterior derivatives where the definition of ⋆ plays a very decisive role. In the language of physics, it is the gauge-fixing term of the (anti-)BRST invariant Lagrangian density of a gauge theory that remains invariant under the (anti-)co-BRST transformations (cf. Sections 2 and 3). This statement has been shown to be true for both the 2D- and 4D free Abelian gauge theories where there is no interaction between the U(1) gauge field and the matter fields.

One of the novel and the most decisive ingredients in our whole discussion is the introduction of the constant symmetric parameters s^{θθ} and s^{θ̄θ̄} in the definition of the Hodge duality ⋆ operation on the wedge products of the differentials of some given (super)forms on the (D + 2)-dimensional supermanifold. The usefulness of these parameters, in our whole discussion, are primarily four folds. First, these allow us, for instance, to take into account the fact that there are three (super) differentials corresponding to the 1-forms defined on the four (2 + 2)-dimensional supermanifold. These are, for the sake of emphasis, once again written as (dx^μ), (dx^μ) s^{θθ} , (dx^μ) s^{θ̄θ̄} , (4.1)

whose Hodge duals correspond to wedge products of the differentials corresponding to the 3-forms on the supermanifold as given below ⋆ (dx^μ) = ε^{μν} (dx_ν ∧ dθ ∧ dθ̄), ⋆ [(dx^μs^{θθ} )] = ε^{μν} (dx_ν ∧ dθ ∧ dθ), ⋆ [(dx^μs^{θ̄θ̄} )] = ε^{μν} (dx_ν ∧ dθ̄ ∧ dθ̄). (4.2)

In fact, the above prescription can be generalized to any (D+2)-dimensional supermanifold. Second, the presence of these parameters facilitate the action of the double ⋆ operations on any arbitrary form f that is supposed to obey ⋆(⋆f) = ±f [39]. For instance, in the above example, the following results turn out automatically

⋆ [ ⋆ (dx^μ) ] = dx^μ, ⋆ [ ⋆ (dx^μ) s^{θθ} ] = dx^μ s^{θθ} , ⋆ [ ⋆ (dx^μ) s^{θ̄θ̄} ] = dx^μ s^{θ̄θ̄}. (4.3)

Third, it is evident that the Hodge dual of a 2-superform (e.g. dθ∧dθ) will be a 2-superform on a (2 + 2)-dimensional supermanifold. The existence of s^{θθ} does allow such a definition because ⋆(dθ ∧ dθ) =^1_{2!} ε^{μν} (dx_μ ∧ dx_ν )s^{θθ} . Fourth, the existence of the above parameters is at the heart of the accurate derivation of the nilpotent (anti-)co-BRST symmetry transformations for the gauge field as well as the (anti-)ghost fields of the 2D- and 4D free Abelian gauge theories as is evident from the key equations (2.35), (2.36), (3.28) and (3.29).

It is clear from our present discussion that the geometrical superfield formalism provides an exact and unique way of deriving the local, covariant, continuous, nilpotent and anticommuting (anti-)BRST symmetry transformations. However, this is not the case with the derivation of the (anti-)co-BRST symmetries which are not found to be unique. In fact, for both the 2D- and 4D free 1-form Abelian gauge theories, the dual-horizontality condition (δ̃Ã^{(1)} = δA^{(1)}) leads to the conditions (∂ · R) = 0, (∂ · R̄) = 0, (∂ · S) = 0 on the secondary fields of the expansions in (2.7) as well as (3.5). For the 2D theory, there exist local, covariant, continuous and nilpotent solutions for R_μ, R̄_μ, S_μ so that one obtains the

(anti-)co-BRST transformations of (2.4). However, for the 4D free Abelian gauge theory, only non-local, non-covariant, continuous and nilpotent solutions exist for R_μ, R̄_μ, S_μ. Furthermore, these solutions for the latter case are not unique. In fact, there has been a whole lot of discussion on the various possibilities of the existence of the dual-BRST symmetry transformations for the Abelian gauge theory in [41]. All these possibilities of symmetries are captured by different choices of R_μ and R̄_μ (see, e.g., [42] for details). Thus, in some sense, the superfield formalism with the super co-exterior derivative δ̃ does provide the reasons behind the non-uniqueness of the nilpotent (anti-)co-BRST symmetry transformations where the dual-horizontality condition plays a very decisive role.

It would be an interesting endeavour to generalize our present work to the case of the interacting gauge theories where the gauge fields couple to the matter fields. In fact, one such example, where the U(1) gauge field A_μ couples with the Dirac fields in 2D, has been shown to present the field theoretical model for the Hodge theory. In this model, the nilpotent (anti-)BRST and (anti-)co-BRST symmetries co-exist together [33,34]. In a recent set of papers [43-47], the nilpotent symmetries for all the basic fields of (i) the interacting 2D- as well as 4D (non-)Abelian gauge theories, and (ii) a reparametrization invariant theory, have been derived by exploiting the augmented superfield formulation. In this formalism, in addition to the (dual-)horizontality conditions, the invariance of the (super)matter conserved currents on the supermanifold has also been exploited. In fact, the latter restriction yields the nilpotent symmetries for the matter fields of an interacting gauge theory. Furthermore, it would be an interesting venture to generalize our present work to the discussion of the free 4D 2-form Abelian gauge theory where the existence of the local, covariant, continuous and nilpotent (anti-)co-BRST symmetries has been shown [48,49]. Yet another direction that could be pursued is to generalize the superfield formalism with only two Grassmann variables (i.e. θ and θ̄) to the superfield approach depending upon multiple Grassmann variables (e.g. θ_α and θ̄_{α̇} with α, α̇ = 1, 2, 3...). These are some of the issues that are under investigation and our results would be reported elsewhere [50].

Acknowledgements

Fruitful discussions with V. P. Nair, K. S. Narain and G. Thompson at AS-ICTP, Trieste, Italy are gratefully acknowledged where this work was initiated. Thanks are also due to the members of the HEP group at AS-ICTP for their warm hospitality and useful conversations.

References

[1] P. A. M. Dirac, Lectures on Quantum Mechanics, Belfer Graduate School of Science, (Yeshiva University Press, New York, 1964).

[2] See, e.g., for a complete review, K. Sundermeyer, Constrained Dynamics: Lecture Notes in Physics, vol. 169 (Springer Verlag, Berlin, 1982).

[3] See, e.g., for an exhaustive review, M. Henneaux and C. Teitelboim, Quantization of Gauge Systems (Princeton University Press, New Jersey, Princeton, 1992).

[4] K. Nishijima, in: Progress in Quantum Field Theory, eds. H. Ezawa and S. Kamefuchi (North-Holland, Amsterdam, 1986) pp. 99-119;

For an extensive review, see, e.g., K. Nishijima, Czech. J. Phys. 46, 1 (1996). [5] I. J. R. Aitchison and A. J. G. Hey, Gauge Theories in Particle Physics: A Practical Introduction (Adam Hilger, Bristol, 1982).

[6] T. Eguchi, P. B. Gilkey and A. J. Hanson, Phys. Rep. 66, 213 (1980). [7] S. Mukhi and N. Mukunda, Introduction to Topology, Differential Geometry and Group Theory for Physicists (Wiley Eastern Pvt. Ltd., New Delhi, 1990).

[8] J. W. van Holten, Nucl. Phys. B 339, 158 (1990);

G. Fülöp and R. Marnelius, Nucl. Phys. B 456, 442 (1995). [9] K. Nishijima, Prog. Theo. Phys. 80, 897 (1988);

K. Nishijima, Prog. Theo. Phys. 80, 905 (1988); H. Aratyn, J. Math. Phys. 31, 1240 (1990).

[10] J. Thierry-Mieg, J. Math. Phys. 21, 2834 (1980).

[11] M. Quiros, F. J. De Urries, J. Hoyos, M. L. Mazon and E. Rodrigues, J. Math. Phys.

22, 1767 (1981).

[12] R. Delbourgo and P. D. Jarvis, J. Phys. A: Math. Gen. 15, 611 (1981);

R. Delbourgo, P. D. Jarvis and G. Thompson, Phys. Lett. B 109, 25 (1982). [13] L. Bonora and M. Tonin, Phys. Lett. B 98, 48 (1981);

L. Bonora, P. Pasti and M. Tonin, Nuovo Cimento 63 A, 353 (1981). [14] L. Baulieu and J. Thierry-Mieg, Nucl. Phys. B 197, 477 (1982);

L. Alvarez-Gaumé and L. Baulieu, Nucl. Phys. B 212, 255 (1983). [15] D. S. Hwang and C. -Y. Lee, J. Math. Phys. 38, 30 (1997).

[16] P. M. Lavrov, P. Yu. Moshin and A. A. Rashetnyak, Mod. Phys. Lett. A 10, 2687 (1995);

P. M. Lavrov and P. Yu. Moshin, Phys. Lett. B 508, 127 (2001). [17] N. R. F. Braga and A. Das, Nucl. Phys. B 442, 655 (1995).

[18] N. Nakanishi and I. Ojima, Covariant Operator Formalism of Gauge Theories and Quantum Gravity (World Scientific, Singapore, 1990).

[19] J. Wess and J. Bagger, Supersymmetry and Supergravity, (2nd Edition) (Princeton University Press, New Jersey, Princeton, 1991).

[20] A. S. Galperin, E. A. Ivanov, V. I. Ogievetsky and E. S. Sokatchev, Harmonic Superspace (Cambridge University Press, Cambridge, 2001).

[21] B. DeWitt, Supermanifolds (Cambridge University Press, Cambridge, 1992). [22] C. Bartocci, U. Bruzzo and D. H. Ruipérez, The Geometry of Supermanifolds (Kluwer Academic Publication, Dordrecht, 1991).

[23] G. Sardanashvily, Mod. Phys. Lett. A 16, 1531 (2001). [24] G. Barnich, F. Brandt and M. Henneaux, Phys. Rep. 338, 439 (2000). [25] D. Franco and C. Polito, J. Math. Phys. 45, 1447 (2004). [26] D. V. Soroka and V. A. Soroka, JHEP 0303, 001 (2003);

V. A. Soroka, Phys. Lett. B 451, 349 (1999).

[27] R. P. Malik, Phys. Lett. B 521, 409 (2001), hep-th/0108105. [28] R. P. Malik, Ann. Phys. (N.Y.) 307, 1 (2003), hep-th/0205135. [29] R. P. Malik, J. Phys. A: Math. Gen. 35, 3711 (2002), hep-th/0106215. [30] R. P. Malik, Mod. Phys. Lett. A 17, 185 (2002), hep-th/0111253. [31] R. P. Malik, J. Phys. A: Math. Gen. 35, 6919 (2002), hep-th/0112260. [32] R. P. Malik, J. Phys. A: Math. Gen. 35, 8817 (2002), hep-th/0204015. [33] R. P. Malik, Mod. Phys. Lett. A 15, 2079 (2000), hep-th/0003128. [34] R. P. Malik, Mod. Phys. Lett. A 16, 477 (2001), hep-th/9711056. [35] S. Weinberg, The Quantum Theory of Fields: Modern Applications vol. 2 (Cambridge University Press, Cambridge, 1996).

[36] R. P. Malik, J. Phys. A: Math. Gen. 33, 2437 (2000), hep-th/9902146. [37] R. P. Malik, J. Phys. A: Math. Gen. 34, 4167 (2001), hep-th/0012085. [38] R. P. Malik, Int. J. Mod. Phys. A 15, 1685 (2000), hep-th/9808040. [39] S. Deser, A. Gomberoff, M. Henneaux and C. Titelboim, Phys. Lett. B 400, 80 (1997). [40] See, e.g., D. McMullan and M. Lavelle, Phys. Rev. Lett. 71, 3758 (1993). [41] See, e.g., V. O. Rivelles, Phys. Rev. D 53, 3247 (1996). [42] R. P. Malik, J. Phys. A: Math. Gen. 37, 1059 (2004), hep-th/0306182. [43] R. P. Malik, Phys. Lett. B 584, 210 (2004), hep-th/0311001. [44] R. P. Malik, J. Phys. A: Math. Gen 37, 5261 (2004), hep-th/0311193. [45] R. P. Malik, Int. J. Mod. Phys. A 20, 4899 (2005), hep-th/0402005. [46] R. P. Malik, Mod. Phys. Lett. A 20, 1767 (2005), hep-th/0402123. [47] R. P. Malik, Int. J. Geom. Meth. Mod. Phys. 1, 467 (2004), hep-th/0403230. [48] E. Harikumar, R. P. Malik and M. Sivakumar, J. Phys. A: Math. Gen. 33, 7149 (2000), hep-th/0004145.

[49] R. P. Malik, J. Phys. A: Math. Gen. 36, 5095 (2003), hep-th/0209136. [50] R. P. Malik, in preparation.