arXiv:hep-th/0406186 v2 10 Dec 2004

Preprint ZTF 04-03

Conformal entropy as a consequence of the properties of stationary Killing horizons

M. Cvitan^∗ and S. Pallua^† Department of Theoretical Physics, Faculty of Natural Sciences and Mathematics, University of Zagreb, Bijenička c. 32, pp. 331, 10000 Zagreb, Croatia

P. Prester^{‡§} Max-Planck-Institut für Gravitationsphysik (Albert-Einstein-Institut), Am Mühlenberg 1, D-14476 Golm (b. Potsdam), Germany (Dated: December 10, 2004)

We show that microscopic black hole entropy formula based on Virasoro algebra can be derived from usual properties of stationary Killing horizons alone and absence of singularities of curvature invariants on them. In such a way some usual additional assumptions are shown to be fulfilled. In addition, for all quantities power expansion near horizon and thus explicit insight of the limiting procedure is given. More important the near horizon conformal symmetry proposed by Carlip together with its consequences on microscopic entropy is given a clear geometric origin.

PACS numbers: 04.70.Dy, 11.25.Hf, 04.60.-m, 04.50.+h Keywords: black holes; entropy; conformal symmetry

I. INTRODUCTION

One of the promising efforts to understand microscopic origin of black hole entropy is due to Solodukhin [1] and Carlip [2, 3, 4, 5] approach which both try to exploit conformal symmetry and corresponding Virasoro algebra. In particular, Carlip in the case of Einstein gravity assumes a certain class of boundary conditions near horizon which enable one to identify a subalgebra of algebra of diffeomorphisms which turns out to be Virasoro algebra. Calculations of central charge then enabled to calculate entropy via Cardy formula. The refinements and open questions of this method have been discussed in various references [5, 6, 7, 8, 9]. These results have been subsequently generalised to Gauss–Bonnet gravity and for higher curvature Lagrangians [10, 11, 12]. This is the clear indication that these properties are properties of horizons and depend only on diffeomorphism invariance of gravity but not much of particular form of interaction.

However, there have been several open questions in this method which have to be answered. For instance it is important to construct examples where the boundary conditions imposed by Carlip or their consequences are indeed realised. Also the derivation required additional assumptions. This refers in particular to the assumptions on behaviour of the so called “spatial derivatives” (assumed in Appendix A of ref. [5]). In the subsequent generalisations [11, 12] to higher order interactions this

‡On leave of absence from Department of Theoretical Physics, Faculty of Natural Sciences and Mathematics, Zagreb, Croatia ∗Electronic address: mcvitan@phy.hr †Electronic address: pallua@phy.hr §Electronic address: pprester@phy.hr

was even more important.

Also, from the conceptual point of view it would be desirable to add more understanding of the origin of the obtained properties. In fact one suggestion for its physical interpretation is given in the framework of induced gravity [13]. The other proposal is that these properties have geometrical origin. Indeed, recently in [14] it was shown that existence of stationary Killing horizon together with absence of curvature singularities on horizon implies very restricted geometry near the horizon and also leads to conformal properties of Einstein tensor. It was also suggested that these properties could be the realisation of Carlip boundary conditions.

In this paper we assume existence of such stationary black hole horizon. We want to show that the boundary conditions proposed in [5] are then indeed realised. In addition we want to show that properties of stationary horizons enable to calculate the necessary quantities for central charge and entropy. It will be possible to do the explicit calculation to leading order but also to next orders which vanish when we perform integration over horizon. In such a way the conformal symmetry and Virasoro algebra have indeed geometrical interpretation in the sense that they are consequence of horizon properties, as suggested in [14].

II. BOUNDARY PROPERTIES AT KILLING HORIZONS

Axially symmetric black holes have two Killing vectors e.g.

t^a = ( ∂ ∂t )_a , ϕ^a = ( ∂ ∂ϕ )_a , (1) with corresponding coordinates t, ϕ. The other two coordintes n, z can be chosen so that in the equal time hypersurface one chooses Gauss normal coordinate n (n = 0 on the horizon) and remaining coordinate z so that metric has the form

ds^2 = −N (n, z)^2dt^2 + g_{ϕϕ}(n, z) (dϕ − ω(n, z)dt)^2 (2) + dn^2 + g_{zz}(n, z)dz^2 .

Horizon is defined with N (n, z) = 0 . (3) Now, well known theorems imply κ ≡ lim_{n→0} ∂_nN = const > 0 , (4) on horizon (for nonextremal black holes), also Ω_H ≡ − lim_{n→0} g_{ϕt} g_{ϕϕ} = lim_{n→0} ω = constant on horizon , (5) and the property that horizon is extrinsically flat with the consequence lim_{n→0} ∂g_{μν} ∂n = 0 on horizon . (6) Absence of curvature singularities on horizon implies [14] that metric coefficients have following Taylor expansions: N (n, z) = κn + 1 3! κ_2(z)n^3 + O(n^4) (7) g_{ϕϕ}(n, z) = g_{Hϕϕ}(z) + 1 2 g_{2ϕϕ}(z)n^2 + O(n^3) g_{zz}(n, z) = g_{Hzz}(z) + 1 2 g_{2zz}(z)n^2 + O(n^3) ω(n, z) = Ω_H + 1 2 ω_2(z)n^2 + O(n^3) .

The Killing horizon has a Killing null vector χ^a = t^a + Ω_H ϕ^a . (8) On horizon (χ^2 = 0), this vector satisfies well known relation ∇^aχ^2 = −2κχ^a . (9) For χ^2 ≥ 0, left hand side of (9) defines vector ρ_a ∇_aχ^2 = −2κρ_a . (10) In the following we shall use the basis χ^a , ϕ^a , ρ^a , z^a . (11) Explicitly

χ^a = 1 Ω_H 0 0 , ϕ^a = 0 1 0 0 , (12)

ρ^a = 0 0 κn + O(n^3)

O(n^4)

, z^a = 0 0 0 1 .

Leading terms of nonvanishing products of basis vectors are χ · χ = −κ^2n^2 + O(n^4) (13) χ · ϕ = − 1 2 g_{Hϕϕ}(z) ω_2(z) n^2 + O(n^3) ϕ · ϕ = g_{Hϕϕ}(z) + O(n^2) ρ · ρ = κ^2n^2 + O(n^4) ρ · z = O(n^4) z · z = g_{Hzz} (z) + O(n^2) , and all other products are zero χ · ρ = χ · z = ϕ · ρ = ϕ · z = 0 . (14) Now we can, following Carlip, consider diffeomorphisms generated by following vector fields ξ^a = T χ^a + Rρ^a . (15) In principle diffeomorphisms could change the position of χ^2 = 0 . (16) One requires therefore the condition that surface variations keep this surface fixed or δχ^2 = 0 , (17) and even a stronger condition δχ^2 χ^2

= 0 . (18)

Straightforward calculation shows

δχ^2 = χ^aχ^bδg_{ab} = χ^aχ^b(∇_aξ_b + ∇_bξ_a) (19) = 2Rχ^b∇_χρ_b + 2(∇_χT )χ^2 .

Due to exact relation ([5] eqn. A.4) χ^b∇_χρ_b = −κρ^2 , (20) it follows that δχ^2 = −2κRρ^2 + 2(∇_χT )χ^2 . (21) Thus requirement (17) will be satisfied automatically on horizon, and the stronger requirement (18) will be fulfilled if R = − 1 κ χ^2 ρ^2

∇_χT . (22)

Selecting one parameter group of diffeomorphisms one can calculate commutator of two vector fields and provided we impose the additional condition on the diffeomoprhism defining functions ρ^a∇_aT = 0 at horizon , (23) one obtains closed algebra

{ξ_1, ξ_2}^a = (T_1∇_χT_2 − T_2∇_χT_1)χ^a (24) + 1 κ χ^2 ρ^2

∇_χ(T_1∇_χT_2 − T_2∇_χT_1)ρ^a .

As pointed in [5], this is isomorphic to Diff S^1 or Diff R. An additional natural requirement on fluctuations and thus on diffeomorphisms is made as usual δ ∫ ∂C ϵ̂ ( κ̃ − ρ |χ| κ ) = 0 , (25) where κ̃^2 = −a^2/χ^2, and a^a = χ^b∇_bχ^a is the acceleration of an orbit of χ^a. As explained elsewhere it provides us with orthogonality relations for one parameter group of diffeomorphisms.

We are now in position to calculate the near horizon expansion for fluctuations δg_{ab} using decompositions (7). The leading terms and next to leading order are:

δg_{ab} = 2χ_{(a} ρ_{b)} ( T̈ κ^3n^2 + ( 3ω_2^2g_{Hϕϕ}T̈ 4κ^5 − 4κ_2T̈ 3κ^4 + ω_2∂_ϕṪ 2κ^3 ) + O(n) ) (26)

+ ρ_aρ_b ( −2Ṫ κ^2n^2 + ( −7ω_2^2g_{Hϕϕ}Ṫ 2κ^4 + 14κ_2Ṫ 3κ^3 ) + O(n) )

+ 2χ_{(a} ϕ_{b)} (( −ω_2Ṫ 2κ^2 + ∂_ϕT g_{Hϕϕ} ) − 2ω_3Ṫ κ^2 n + O(n^2) )

+ 2ρ_{(a} ϕ_{b)} (( ω_2T̈ 2κ^3 − ∂_ϕṪ g_{Hϕϕ}κ ) + ω_3T̈ κ^3 n + O(n^2) )

+ χ_aχ_b (( ω_2^2g_{Hϕϕ}Ṫ 2κ^4 − ω_2∂_ϕT κ^2 ) + O(n) )

+ ϕ_aϕ_b (( − g_{2Hϕϕ}Ṫ g_{Hϕϕ}^2 − ω_2^2Ṫ 2κ^2 ) n^2 + O(n^3) )

+ z_az_b ( − g_{2Hzz}Ṫ g_{Hzz}^2 n^2 + O(n^3) )

+ terms of order ≧ 3 ,

where the expansion of metric up to the n^4 terms was used (ω_3 is defined as ω(n, z) = Ω_H +^1_2 ω_2(z)n^2 + ω_3n^3 + . . .). Taking into consideration the equations (13) we can ascribe to basis vectors χ, ρ order n^1 and to ϕ, z order n^0. Then the above expansion is the power series containing terms up to order n^2. The leading terms are

δg_{ab} = (χ_aρ_b + ρ_aχ_b) T̈ κρ^2 − ρ_aρ_b 2Ṫ ρ^2

. (27)

Due to the fact that our manifold has boundaries it is natural to look for central extensions of this algebra. The necessary formalism of covariant phase space was explained in [15, 16, 17] and exploited in [5, 11, 12]. For this reason we shall mention here just the main equations and refer details to above mentioned references. For a given Lagrangian 4-form L we write the variation δL[ϕ] = E[ϕ]δϕ + dΘ [ϕ, δϕ] . (28)

The 3-form Θ or symplectic potential is implicitly defined in above equation. To vector fields ξ^a we associate vector current 3-form J[ξ] = Θ[ϕ, L_ξϕ] − ξ · L , (29) and corresponding Noether charge 2-form J = dQ , (30) It was shown in [15] that Hamiltonian is a pure surface term for all diffeomorphism invariant theories and δH[ξ] = ∫ C (δJ[ξ] − d(ξ · Θ[ϕ, δϕ])) , (31)

where C is a Cauchy surface.

Integrability condition requires that a 3-form B exists with the property δ ∫ ∂C ξ · B = ∫ ∂C ξ · Θ . (32)

As explained elsewhere [5] one can, starting from Hamiltonian H[ξ], corresponding to some diffeomorphism ξ^a, write algebra of its surface terms J[ξ]

{J[ξ_1], J[ξ_2]}^∗ = J[{ξ_1, ξ_2}] + K[ξ_1, ξ_2] , (33)

with J[ξ] = ∫ ∂C Q[ξ] . (34)

and the Dirac bracket

{J[ξ_1], J[ξ_2]}^∗ = ∫ ∂C (ξ_2 · Θ[ϕ, L_{ξ1} ϕ] − ξ_1 · Θ[ϕ, L_{ξ2} ϕ]

−ξ_2 · (ξ_1 · L)) . (35)

From equation (33) one can determine central charge K[ξ_1, ξ_2]. Now symplectic current is [15] Θ_{pef} = 2ϵ_{apef} (E^{abcd}∇_dδg_{bc} − ∇_dE^{abcd}δg_{bc}) , (36) where E^{abcd} = ∂L ∂R_{abcd} . (37)

This expression is valid for Lagrangians which do not contain derivatives of Riemann tensors.

In this paper we are interested primarily in Einstein gravity case, but we shall include also the most general Lagrangian with quadratic terms in Riemann tensor or L = 1 16π R + αR^2 + βR_{μν} R^{μν} + γR_{μνρσ} R^{μνρσ} . (38) The integrals (34) and (35) are taken over 2- dimensional surface H which is intersection of Killing horizon χ^2 = 0 with the Cauchy surface C. The volume element is ϵ_{abcd} = ϵ̂_{cd}η_{ab} + . . . , (39) where only the first term contributes to the integral, and binormal η_{ab} is

η_{ab} = 2χ_{[b}N_{c]} = 2 |χ|ρ ρ_{[a}χ_{b]} + s_{[a}χ_{b]} , (40) and s^a = (0, D_1, 0, D_2) is tangent to H. N^a is future directed null normal

N^a = k^a − αχ^a − s^a , (41) and k^a ≡ − (χ^a − ρ^a|χ|/ρ) /χ^2 . (42) To find symplectic potential Θ and in particular to perform integration in (35) we need also the quantities ∇_dδg_{bc}. We calculated this quantity including the O(n^2) terms. Here we write the leading term

∇_dδg_{ab} = −2χ_dχ_aχ_b T̈ χ^4

+ 2χ_dχ_{(a}ρ_{b)}

( ... T κχ^2ρ^2 + 2κṪ χ^4 ) . (43) In fact the expression (35) can be written more explicitly

{J[ξ_1], J[ξ_2]}^∗ = − ∫ ∂C ϵ̂ { 2 ( X^{(12)}_{abcd}E^{abcd} − X̃^{(12)}_{abc} ∇_dE^{abcd} )

− ξ^a_2 ξ^b_1η_{ab}L } . (44)

Here,

X^{(12)}_{abcd} = ξ^p_1 η_{ap}∇_dδ_2g_{bc} − (1 ↔ 2) , (45)

X̃^{(12)}_{abc} = ξ^p_1 η_{ap}δ_2g_{bc} − (1 ↔ 2) . (46)

It is useful to note that tensors X^{(12)}_{abcd} and X̃^{(12)}_{abc} depend only on details of black hole and its symmetry properties (diffeomorphism defining functions) but not on the form of the Lagrangian. We have evaluated the Taylor series near horizon for X^{(12)}_{abcd} and X̃^{(12)}_{abc} and Taylor series for interaction dependent tensors E^{abcd} and ∇_dE^{abcd}. They allow us to establish the following properties on horizon

lim_{n→0} ( X^{(12)}_{abcd}E^{abcd} ) = lim_{n→0} ( − 1 4 η_{ab}η_{cd}E^{abcd} [ ( 1 κ T_1 ... T 2 − 2κT1Ṫ2) − (1 ↔ 2) ]) , (47)

lim_{n→0} ( X̃^{(12)}_{abc} ∇_dE^{abcd} ) = 0 . (48)

Of course the last term in (44) vanishes on horizon where we expect Lagrangian (38) to be regular (as a function of curvature invariants).

It is important to realise that contrary to previous procedures we now have explicitly under control the next to leading terms in the expansion parameter n (distance of horizon). We need also to calculate the Noether charge Q_{ef} = −E^{abcd}ϵ_{abef} ∇_{[c}ξ_{d]} , (49) or Q = ϵ̂ E^{abcd}Y_{abcd} , (50) where

Y_{abcd} = −η_{ab}∇_{[c}ξ_{d]} . (51)

The tensor Y_{abcd} up to terms of order 2 can also be calculated but we omit the result here.

In that case from these definitions and (33) one obtains expression for central charge K = ∫ H ϵ̂ E^{abcd}Z_{abcd} , (52)

Z_{abcd} = 2X^{(21)}_{abcd} − Y_{abcd} . (53) Now tensors Z and E can be explicitly calculated due to previous expansions. The leading term is then the expression for central charge obtained in previous references

K[ξ_1, ξ_2] = − 1 2 ∫ H ϵ̂ E^{abcd}η_{ab}η_{cd} 1 κ (Ṫ_1T̈_2 − T̈_1Ṫ_2) .(54)

The explicit contributions in relations for X and Y are higher order and thus vanish at horizon n = 0. In usual way one would then obtain expression for entropy S = −2π ∫ H ϵ̂ E^{abcd}η_{ab}η_{cd} . (55) Here we want to add a remark. Original proposal of this approach assumed a set of boundary conditions. Despite the fact that we presented a straightforward calculation based on properties of black hole it is of interest to check above mentioned assumptions. In fact using expansion (26) one can check that following conditions assumed in references [5, 11, 12] are indeed valid

χ^at^aδg_{ab} → 0 , ρ^a∇_a(g_{bc}δg^{bc}) = 0 , (56)

ρ^a∇_a( ρ^bδχ_b χ^2

) = 0 , ρ^a∇_a( δρ^2 χ^2

) = 0 .

It is important to note that relations (22), (23), (25) are defining the diffeomorphisms and are thus also satisfied. The explicit form of diffeomorphisms is given in previous references.

The analysis of this paper has been done for D = 4 but there does not seem that there could be obstructions for higher dimensions. There is in fact one partial result in the case of spherical and static metric in D-dimensions.

ds^2 = −f(x)dt^2 + dx^2 f(x) + r^2(x)dΩ_{D−1} . (57)

With explicit calculations we have checked that boundary conditions (56) and properties (47) and (48) are valid.

In this paper we have treated the axially symmetric black holes. As is well known axial symmetry follows from stationarity as shown by uniqueness theorems [18] under some standard conditions. However one may be interested in situations where these conditions are not fulfilled and thus investigate horizons which are not axially symmetric. This question would require separate analysis and would presumably be technically more complicated.

III. CONCLUSION

The well known calculation of entropy via Cardy formula is based on the calculation of central charge of a subalgebra of diffeomorphism algebra on the black hole horizon. The calculations have been based on additional plausible assumptions which then led to leading terms which gave contributions on horizon and without evaluation of next to leading terms. The approach used here starts from usual properties of horizons of stationary black holes together with regularity of curvature invariants on them which then imply restrictive power series expansion for metric fluctuations near horizon [14]. We are then able to obtain without previously mentioned assumptions the expansions for fluctuations of the metric and its covariant derivative and consequently for the tensor Z needed in the integrand of the central charge formula. The horizon limit was then possible to perform explicitly. In addition next to leading and next to next to leading terms are explicitly exhibited.

More important in such a way we have shown that near horizon geometry implies, as suggested by [14], near horizon conformal symmetry formulated by Carlip with its consequences for the black hole entropy.

Acknowledgments

We would like to acknowledge the financial support under the contract No. 0119261 of Ministry of Science and Technology of Republic of Croatia.

APPENDIX A

As mentioned in the text, the important ingredient in calculations are Taylor series near horizon for various quantities like δg_{ab}, ∇_dδg_{ab}, X^{(12)}_{abcd}, X̃^{(12)}_{abc} , E^{abcd} and ∇_dE^{abcd}. In the text we have exhibited expansion for δg_{ab} (26). Here we present as another example expansion of tensor X^{(12)}_{abcd} including terms n^0, n^1 and n^2 (we also symmetrize X^{(12)}_{abcd} such that X^{(12)}_{abcd} = X^{(12)}_{cdab} and X^{(12)}_{abcd} = X^{(12)}_{[ab][cd]} , which does not change product

X^{(12)}_{abcd}E^{abcd}):

X^{(12)}_{abcd} = χ_aρ_bχ_cρ_d ( 2κ^2Ṫ_2 − ... T 2 ) T_1

4κ^5n^4

+ C^{−2}_{0101} 1 n^2

+ O( 1 n ) (A1)

+ χ_aρ_bχ_cϕ_d ( C^{−2}_{0102} 1 n^2

+ C^{−1}_{0102} 1 n + O(n^0) )

+ χ_aρ_bχ_cz_d ( C^{−2}_{0103} 1 n^2

+ O(n^0) )

+ χ_aρ_bρ_cϕ_d ( C^{−2}_{0112} 1 n^2

+ C^{−1}_{0112} 1 n + O(n^0) )

+ χ_aρ_bϕ_cz_d ( C^0_{0123} + O(n) ) + χ_aϕ_bχ_cϕ_d ( C^0_{0202} + O(n) ) + χ_aϕ_bχ_cz_d ( C^0_{0203} + O(n) ) + χ_aϕ_bρ_cϕ_d ( C^0_{0212} + O(n) ) + χ_aϕ_bρ_cz_d ( C^0_{0213} + O(n) ) + χ_az_bχ_cz_d ( C^0_{0303} + O(n) ) + χ_az_bρ_cϕ_d ( C^0_{0312} + O(n) ) + χ_az_bρ_cz_d ( C^0_{0313} + O(n) ) + ρ_aϕ_bρ_cϕ_d ( C^0_{1212} + O(n) ) + ρ_aϕ_bρ_cz_d ( C^0_{1213} + O(n) ) + terms related by permutation of indices according to symmetries of X^{(12)}_{abcd} + terms of order ≧ 3, − (1 ↔ 2) .

Here the coefficients of nonleading terms are lengthy algebraic expressions given in terms of diffeomorphism defining function T_1, T_2 and Taylor coefficients of metric functions and not very informative. For these reasons we do not exhibit them here.

[1] S. N. Solodukhin, Phys. Lett. B 454, 213 (1999) [arXiv:hep-th/9812056].

[2] S. Carlip, Phys. Rev. Lett. 88, 241301 (2002) [arXiv:gr-qc/0203001].

[3] S. Carlip, Phys. Lett. B 508, 168 (2001) [arXiv:gr-qc/0103100].

[4] S. Carlip, Phys. Rev. Lett. 82, 2828 (1999) [arXiv:hep-th/9812013].

[5] S. Carlip, Class. Quant. Grav. 16, 3327 (1999) [arXiv:gr-qc/9906126].

[6] V. O. Soloviev, Phys. Rev. D 61 (2000) 027502, hep-th/9905220; M. I. Park and J. Ho, Phys. Rev. Lett. 83 (1999) 5595, hep-th/9910158;

S. Carlip, Phys. Rev. Lett. 83 (1999) 5596, hep-th/9910247;

M. I. Park, Nucl. Phys. B 634 (2002) 339, hep-th/0111224.

[7] O. Dreyer, A. Ghosh and J. Wisniewski, Class. Quant.

Grav. 18, 1929 (2001) [arXiv:hep-th/0101117]. [8] S. Silva, Class. Quant. Grav. 19 (2002) 3947 [arXiv:hep-th/0204179].

[9] J. l. Jing and M. L. Yan, Phys. Rev. D 62 (2000) 104013 [arXiv:gr-qc/0004061];

J. l. Jing and M. L. Yan, Phys. Rev. D 63 (2001) 024003 [arXiv:gr-qc/0005105].

[10] M. Cvitan, S. Pallua and P. Prester, Phys. Lett. B 546

(2002) 119 [arXiv:hep-th/0207265].

[11] M. Cvitan, S. Pallua and P. Prester, Phys. Lett. B 555 (2003) 248 [arXiv:hep-th/0212029].

[12] M. Cvitan, S. Pallua and P. Prester, Phys. Lett. B 571 (2003) 217 [arXiv:hep-th/0306021].

[13] V. P. Frolov, D. Fursaev and A. Zelnikov, JHEP 0303 (2003) 038 [arXiv:hep-th/0302207].

[14] A. J. M. Medved, D. Martin and M. Visser, Phys. Rev.

D 70 (2004) 024009 [arXiv:gr-qc/0403026]; Class. Quant. Grav. 21 (2004) 3111 [arXiv:gr-qc/0402069].

[15] V. Iyer and R. M. Wald, Phys. Rev. D 50 (1994) 846 [arXiv:gr-qc/9403028];

[16] C. Crnković and E. Witten, in: S. W. Hawking and W. Israel, eds., Three hundred years of gravitation (Cambridge Univ. Press, 1989) 676-684;

C. Crnković, Class. Quant. Grav. 5 (1988) 1557; E. Witten, Nucl. Phys. B 276 (1986) 291;

G. J. Zuckerman, in: S. T. Yau, ed., Mathematical aspects of string theory, Proceedings, San Diego 1986, Adv. Ser. Math. Phys. 1 (1987) 259-284; B. Julia and S. Silva, hep-th/0205072.

[17] J. Lee and R. M. Wald, J. Math. Phys. 31, 725 (1990). [18] B. Carter, in C. DeWitt and B. S. DeWitt (eds.), Black Holes, Gordon and Breach, New York, 1973.